




Calculus
2nd edition

by Mark Ryan
Founder and owner of The Math Center



Calculus For Dummies®, 2nd Edition
Published by: John Wiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030-5774, www.wiley.com

Copyright © 2014 by John Wiley & Sons, Inc., Hoboken, New Jersey

Published simultaneously in Canada

No part of this publication may be reproduced, stored in a retrieval system or transmitted in any form or by any means, 
electronic, mechanical, photocopying, recording, scanning or otherwise, except as permitted under Sections 107 or 
108 of the 1976 United States Copyright Act, without the prior written permission of the Publisher. Requests to the 
Publisher for permission should be addressed to the Permissions Department, John Wiley & Sons, Inc., 111 River 
Street, Hoboken, NJ 07030, (201) 748-6011, fax (201) 748-6008, or online at http://www.wiley.com/go/permissions.

Trademarks: Wiley, For Dummies, the Dummies Man logo, Dummies.com, Making Everything Easier, and related 
trade dress are trademarks or registered trademarks of John Wiley & Sons, Inc., and may not be used without written 
permission. All other trademarks are the property of their respective owners. John Wiley & Sons, Inc., is not 
associated with any product or vendor mentioned in this book.

LIMIT OF LIABILITY/DISCLAIMER OF WARRANTY: WHILE THE PUBLISHER AND AUTHOR HAVE USED THEIR 
BEST EFFORTS IN PREPARING THIS BOOK, THEY MAKE NO REPRESENTATIONS OR WARRANTIES WITH RESPECT 
TO THE ACCURACY OR COMPLETENESS OF THE CONTENTS OF THIS BOOK AND SPECIFICALLY DISCLAIM ANY 
IMPLIED WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE. NO WARRANTY MAY 
BE CREATED OR EXTENDED BY SALES REPRESENTATIVES OR WRITTEN SALES MATERIALS. THE ADVICE AND 
STRATEGIES CONTAINED HEREIN MAY NOT BE SUITABLE FOR YOUR SITUATION. YOU SHOULD CONSULT WITH 
A PROFESSIONAL WHERE APPROPRIATE. NEITHER THE PUBLISHER NOR THE AUTHOR SHALL BE LIABLE FOR 
DAMAGES ARISING HEREFROM.

For general information on our other products and services, please contact our Customer Care Department within 
the U.S. at 877-762-2974, outside the U.S. at 317-572-3993, or fax 317-572-4002. For technical support, please visit 
www.wiley.com/techsupport.

Wiley publishes in a variety of print and electronic formats and by print-on-demand. Some material included with 
standard print versions of this book may not be included in e-books or in print-on-demand. If this book refers to 
media such as a CD or DVD that is not included in the version you purchased, you may download this material at 
http://booksupport.wiley.com. For more information about Wiley products, visit www.wiley.com.

Library of Congress Control Number: 2013958398

ISBN 978-1-119-29349-1 (pbk); ISBN 978-1-119-29744-4 (ePDF); ISBN 978-1-119-29743-7 (ePub)

Calculus For Dummies, 2nd Edition (9781119293491) was previously published as Calculus For Dummies, 2nd Edition 
(9781118791295). While this version features a new Dummies cover and design, the content is the same as the prior 
release and should not be considered a new or updated product.

Manufactured in the United States of America

10   9   8   7   6   5   4   3   2   1

http://www.wiley.com
http://www.wiley.com/go/permissions
http://www.wiley.com/techsupport
http://booksupport.wiley.com
http://www.wiley.com


Contents at a Glance
Introduction. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  1

Part 1: An Overview of Calculus. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 5
CHAPTER 1: What Is Calculus?. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 7
CHAPTER 2: The Two Big Ideas of Calculus: Differentiation and  

Integration — plus Infinite Series . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 13
CHAPTER 3: Why Calculus Works. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 21

Part 2: Warming Up with Calculus Prerequisites . .  .  .  .  .  .  .  .  .  .  . 27
CHAPTER 4: Pre-Algebra and Algebra Review. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 29
CHAPTER 5: Funky Functions and Their Groovy Graphs. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 43
CHAPTER 6: The Trig Tango . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 61

Part 3: Limits . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 73
CHAPTER 7: Limits and Continuity. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 75
CHAPTER 8: Evaluating Limits. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 89

Part 4: Differentiation . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  105
CHAPTER 9: Differentiation Orientation. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  107
CHAPTER 10: Differentiation Rules — Yeah, Man, It Rules . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  127
CHAPTER 11: Differentiation and the Shape of Curves . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  147
CHAPTER 12: Your Problems Are Solved: Differentiation to the Rescue!. .  .  .  .  .  .  .  .  .  171
CHAPTER 13: More Differentiation Problems: Going Off on a Tangent . .  .  .  .  .  .  .  .  .  .  193

Part 5: Integration and Infinite Series . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  207
CHAPTER 14: Intro to Integration and Approximating Area . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  209
CHAPTER 15: Integration: It’s Backwards Differentiation. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  233
CHAPTER 16: Integration Techniques for Experts. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  263
CHAPTER 17: Forget Dr. Phil: Use the Integral to Solve Problems. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  285
CHAPTER 18: Taming the Infinite with Improper Integrals . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  303
CHAPTER 19: Infinite Series. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  315

Part 6: The Part of Tens. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  339
CHAPTER 20: Ten Things to Remember . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  341
CHAPTER 21: Ten Things to Forget. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  345
CHAPTER 22: Ten Things You Can’t Get Away With. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  349

Index. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  353





Table of Contents      v

Table of Contents
INTRODUCTION . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 1

About This Book. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  1
Foolish Assumptions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  2
Icons Used in This Book. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  3
Beyond the Book. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  4
Where to Go from Here . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  4

PART 1: AN OVERVIEW OF CALCULUS. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 5

CHAPTER 1:	 What Is Calculus?. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 7
What Calculus Is Not. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  8
So What Is Calculus, Already? . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  8
Real-World Examples of Calculus. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  10

CHAPTER 2:	 The Two Big Ideas of Calculus: Differentiation 
and Integration — plus Infinite Series. .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 13
Defining Differentiation . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  14

The derivative is a slope. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  14
The derivative is a rate. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  15

Investigating Integration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .16
Sorting Out Infinite Series . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  18

Divergent series. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  18
Convergent series. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  18

CHAPTER 3:	 Why Calculus Works. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
The Limit Concept: A Mathematical Microscope. . . . . . . . . . . . . . . . . . .21
What Happens When You Zoom In. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  22
Two Caveats; or Precision, Preschmidgen. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  24

I may lose my license to practice mathematics. . . . . . . . . . . . . . . . .25
What the heck does “infinity” really mean?. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  25

PART 2: WARMING UP WITH CALCULUS PREREQUISITES. .  .  .  27

CHAPTER 4:	 Pre-Algebra and Algebra Review. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 29
Fine-Tuning Your Fractions . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  29

Some quick rules. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  30
Multiplying fractions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  30
Dividing fractions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  30
Adding fractions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  31
Subtracting fractions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  32
Canceling in fractions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  32



vi      Calculus For Dummies, 2nd Edition

Absolute Value — Absolutely Easy . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  34
Empowering Your Powers . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  34
Rooting for Roots. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  35

Roots rule — make that, root rules. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  36
Simplifying roots . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  36

Logarithms — This Is Not an Event at a Lumberjack Competition. .  .  .  37
Factoring Schmactoring — When Am I Ever Going to Need It? . .  .  .  .  .  38

Pulling out the GCF. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  38
Looking for a pattern . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  39
Trying some trinomial factoring . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  39

Solving Quadratic Equations. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  40
Method 1: Factoring . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  40
Method 2: The quadratic formula. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  41
Method 3: Completing the square . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  42

CHAPTER 5:	 Funky Functions and Their Groovy Graphs. .  .  .  .  .  .  .  .  . 43
What Is a Function?. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  43

The defining characteristic of a function. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  43
Independent and dependent variables. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  45
Function notation . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  45
Composite functions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  46

What Does a Function Look Like?. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  47
Common Functions and Their Graphs. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  49

Lines in the plane in plain English. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  49
Parabolic and absolute value functions — even steven . .  .  .  .  .  .  .  .  53
A couple oddball functions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .53
Exponential functions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  54
Logarithmic functions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  55

Inverse Functions . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  55
Shifts, Reflections, Stretches, and Shrinks. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  57

Horizontal transformations. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  57
Vertical transformations. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  59

CHAPTER 6:	 The Trig Tango. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 61
Studying Trig at Camp SohCahToa. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  61
Two Special Right Triangles. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  62

The 45°-45°-90° triangle. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  63
The 30°-60°-90° triangle. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  63

Circling the Enemy with the Unit Circle . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  64
Angles in the unit circle. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  64
Measuring angles with radians. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  65
Honey, I shrunk the hypotenuse. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  66
Putting it all together . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  67

Graphing Sine, Cosine, and Tangent. . . . . . . . . . . . . . . . . . . . . . . . . . . . .69
Inverse Trig Functions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  71
Identifying with Trig Identities. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  72



Table of Contents      vii

PART 3: LIMITS. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 73

CHAPTER 7:	 Limits and Continuity. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 75
Take It to the Limit — NOT. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  75

Using three functions to illustrate the same limit . .  .  .  .  .  .  .  .  .  .  .  .  .  76
Sidling up to one-sided limits . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  77
The formal definition of a limit — just what you’ve been  
waiting for. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  78
Limits and vertical asymptotes . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  79
Limits and horizontal asymptotes. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  80
Calculating instantaneous speed with limits. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  80

Linking Limits and Continuity . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  83
Continuity and limits usually go hand in hand. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  84
The hole exception tells the whole story. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  85
Sorting out the mathematical mumbo jumbo of continuity. .  .  .  .  .  86

The 33333 Limit Mnemonic. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  86

CHAPTER 8:	 Evaluating Limits . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 89
Easy Limits . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  89

Limits to memorize. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  89
Plugging and chugging. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  90

The “Real Deal” Limit Problems. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  91
Figuring a limit with your calculator. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  91
Solving limit problems with algebra. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  94
Take a break and make yourself a limit sandwich. .  .  .  .  .  .  .  .  .  .  .  .  .  96

Evaluating Limits at Infinity . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  101
Limits at infinity and horizontal asymptotes. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  101
Solving limits at infinity with a calculator. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  102
Solving limits at infinity with algebra . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  103

PART 4: DIFFERENTIATION . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  105

CHAPTER 9:	 Differentiation Orientation. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  107
Differentiating: It’s Just Finding the Slope . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  108

The slope of a line. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  110
The derivative of a line. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  112

The Derivative: It’s Just a Rate. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  112
Calculus on the playground. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  113
Speed — the most familiar rate . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  114
The rate-slope connection. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  115

The Derivative of a Curve. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  115
The Difference Quotient. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  117
Average Rate and Instantaneous Rate. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  124
To Be or Not to Be? Three Cases Where the Derivative  
Does Not Exist. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  125



viii      Calculus For Dummies, 2nd Edition

CHAPTER 10:	Differentiation Rules — Yeah, Man, It Rules. .  .  .  .  .  .  127
Basic Differentiation Rules. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  128

The constant rule. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  128
The power rule. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  128
The constant multiple rule. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  130
The sum rule — hey, that’s some rule you got there. .  .  .  .  .  .  .  .  .  .  130
The difference rule — it makes no difference. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  131
Differentiating trig functions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  131
Differentiating exponential and logarithmic functions . .  .  .  .  .  .  .  .  132

Differentiation Rules for Experts — Oh, Yeah, I’m a Calculus Wonk. .  .  .  133
The product rule . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  133
The quotient rule. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  134
The chain rule. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .135

Differentiating Implicitly. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  140
Getting into the Rhythm with Logarithmic Differentiation. .  .  .  .  .  .  .  .  142
Differentiating Inverse Functions. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  143
Scaling the Heights of Higher Order Derivatives . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  144

CHAPTER 11:	Differentiation and the Shape of Curves. .  .  .  .  .  .  .  .  .  .  147
Taking a Calculus Road Trip. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  147

Climb every mountain, ford every stream: Positive  
and negative slopes . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  148
I can’t think of a travel metaphor for this section:  
Concavity and inflection points. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  149
This vale of tears: A local minimum . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  149
A scenic overlook: The absolute maximum. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  149
Car trouble: Teetering on the corner. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  150
It’s all downhill from here. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  150
Your travel diary . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  150

Finding Local Extrema — My Ma, She’s Like, Totally Extreme. .  .  .  .  .  .  151
Cranking out the critical numbers. . . . . . . . . . . . . . . . . . . . . . . . . . .151
The first derivative test. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  153
The second derivative test — no, no, anything but another test!. .  .  .  . 154

Finding Absolute Extrema on a Closed Interval . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  157
Finding Absolute Extrema over a Function’s Entire Domain. .  .  .  .  .  .  .  160
Locating Concavity and Inflection Points. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  162
Looking at Graphs of Derivatives Till They Derive You Crazy. .  .  .  .  .  .  164
The Mean Value Theorem — GRRRRR. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  168

CHAPTER 12:	Your Problems Are Solved:  
Differentiation to the Rescue!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  171
Getting the Most (or Least) Out of Life: Optimization Problems . .  .  .  171

The maximum volume of a box. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  172
The maximum area of a corral — yeehaw!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  173



Table of Contents      ix

Yo-Yo a Go-Go: Position, Velocity, and Acceleration. .  .  .  .  .  .  .  .  .  .  .  .  .  .  176
Velocity, speed, and acceleration . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  178
Maximum and minimum height. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  179
Velocity and displacement. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  180
Speed and distance traveled. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  181
Burning some rubber with acceleration . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  182
Tying it all together. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  184

Related Rates — They Rate, Relatively. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  184
Blowing up a balloon. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .184
Filling up a trough. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  186
Fasten your seat belt: You’re approaching a calculus crossroads. .  .  .  .  .  189

CHAPTER 13:	More Differentiation Problems:  
Going Off on a Tangent. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  193
Tangents and Normals: Joined at the Hip . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  193

The tangent line problem. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  194
The normal line problem. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  195

Straight Shooting with Linear Approximations. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  197
Business and Economics Problems . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  200

Managing marginals in economics. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  201

PART 5: INTEGRATION AND INFINITE SERIES. .  .  .  .  .  .  .  .  .  .  .  .  .  207

CHAPTER 14:	Intro to Integration and Approximating Area. .  .  .  .  209
Integration: Just Fancy Addition . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  210
Finding the Area Under a Curve . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  211
Approximating Area . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  214

Approximating area with left sums. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  214
Approximating area with right sums . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  217
Approximating area with midpoint sums . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  219

Getting Fancy with Summation Notation. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  220
Summing up the basics . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  221
Writing Riemann sums with sigma notation. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  221

Finding Exact Area with the Definite Integral . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  224
Approximating Area with the Trapezoid Rule and Simpson’s Rule. .  .  .  .  228

The trapezoid rule. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  228
Simpson’s rule — that’s Thomas (1710–1761),  
not Homer (1987–) . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  230

CHAPTER 15:	Integration: It’s Backwards Differentiation. .  .  .  .  .  .  .  233
Antidifferentiation. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  233
Vocabulary, Voshmabulary: What Difference Does It Make? . .  .  .  .  .  .  235
The Annoying Area Function. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  236
The Power and the Glory of the Fundamental Theorem of Calculus. .  .  .  .  .  238



x      Calculus For Dummies, 2nd Edition

The Fundamental Theorem of Calculus: Take Two . .  .  .  .  .  .  .  .  .  .  .  .  .  .  243
Why the theorem works: Area functions explanation. .  .  .  .  .  .  .  .  .  245
Why the theorem works: The integration-differentiation  
connection . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  247
Why the theorem works: A connection to — egad! — statistics . .  .  .  249

Finding Antiderivatives: Three Basic Techniques. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  252
Reverse rules for antiderivatives. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  252
Guessing and checking. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  254
The substitution method . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  256

Finding Area with Substitution Problems . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  259

CHAPTER 16:	Integration Techniques for Experts. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  263
Integration by Parts: Divide and Conquer. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  263

Picking your u. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  266
Integration by parts: Second time, same as the first. .  .  .  .  .  .  .  .  .  .  268

Tricky Trig Integrals. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  269
Integrals containing sines and cosines. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  270
Integrals containing secants and tangents or cosecants  
and cotangents . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  273

Your Worst Nightmare: Trigonometric Substitution . .  .  .  .  .  .  .  .  .  .  .  .  .  274
Case 1: Tangents. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  275
Case 2: Sines. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  277
Case 3: Secants . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  278

The As, Bs, and Cxs of Partial Fractions . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  279
Case 1: The denominator contains only linear factors . .  .  .  .  .  .  .  .  280
Case 2: The denominator contains irreducible quadratic factors. .  .  .  .  281
Bonus: Equating coefficients of like terms. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  283

CHAPTER 17:	Forget Dr. Phil: Use the Integral to  
Solve Problems. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  285
The Mean Value Theorem for Integrals and Average Value. .  .  .  .  .  .  .  286
The Area between Two Curves — Double the Fun. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  289
Finding the Volumes of Weird Solids . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  292

The meat-slicer method. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  292
The disk method . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  294

The Washer Method. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  295
The matryoshka-doll method . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  297

Analyzing Arc Length. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  298
Surfaces of Revolution — Pass the Bottle ’Round . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  300



Table of Contents      xi

CHAPTER 18:	Taming the Infinite with Improper Integrals. .  .  .  .  .  303
L’Hôpital’s Rule: Calculus for the Sick. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  303

Getting unacceptable forms into shape. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  305
Improper Integrals: Just Look at the Way That Integral  
Is Holding Its Fork!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  307

Improper integrals with vertical asymptotes. . . . . . . . . . . . . . . . . .308
Improper integrals with one or two infinite limits of integration. .  .  .  .  .  .  310
Blowing Gabriel’s horn. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  312

CHAPTER 19:	Infinite Series. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  315
Sequences and Series: What They’re All About. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  316

Stringing sequences . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  316
Summing series. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  318

Convergence or Divergence? That Is the Question . .  .  .  .  .  .  .  .  .  .  .  .  .  .  321
A no-brainer divergence test: The nth term test. .  .  .  .  .  .  .  .  .  .  .  .  .  .  321
Three basic series and their convergence/divergence tests. .  .  .  .  322
Three comparison tests for convergence/divergence. .  .  .  .  .  .  .  .  .  325
The two “R” tests: Ratios and roots. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  331

Alternating Series . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  333
Finding absolute versus conditional convergence. .  .  .  .  .  .  .  .  .  .  .  .  334
The alternating series test. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  335

Keeping All the Tests Straight . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  337

PART 6: THE PART OF TENS. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  339

CHAPTER 20:	Ten Things to Remember. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341
Your Sunglasses. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  341
a b a2 2 ( )( )b a b . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  341
0
5

0, but 5
0

 Is Undefined . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  342

Anything 0 1. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  342
SohCahToa. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  342
Trig Values for 30, 45, and 60 Degrees. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  342
sin cos2 2 1 . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  342
The Product Rule. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  343
The Quotient Rule. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  343
Where You Put Your Keys. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  343

CHAPTER 21:	Ten Things to Forget . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  345
( )a b 2 2 2a b  — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  345

a b a b2 2  — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  345
Slope = x x

y y
2 1

2 1
 — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  345

3
3
a b
a c

b
c  — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  346

d
dx

3 23  — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  346



xii      Calculus For Dummies, 2nd Edition

If k Is a Constant, d
dx

kx k x kx  — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  346

The Quotient Rule Is ddx
u
v

v u vu
v2  — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  346

x dx x2 31
3

 — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  346

(sin ) cosx dx x c — Wrong!. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  347

Green’s Theorem. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  347

CHAPTER 22:	Ten Things You Can’t Get Away With. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  349
Give Two Answers on Exam Questions . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  349
Write Illegibly on Exams. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  349
Don’t Show Your Work on Exams. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  350
Don’t Do All of the Exam Problems. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  350
Blame Your Study Partner for Low Grade. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  350
Tell Your Teacher You Need an “A” in Calculus to Impress  
Your Significant Other. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  350
Claim Early-Morning Exams Are Unfair Because You’re  
Not a “Morning Person” . .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  350
Protest the Whole Idea of Grades. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  351
Pull the Fire Alarm During an Exam. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  351
Use This Book as an Excuse. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  351

INDEX. .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  353



Introduction      1

Introduction

The mere thought of having to take a required calculus course is enough to 
make legions of students break out in a cold sweat. Others who have no 
intention of ever studying the subject have this notion that calculus is 

impossibly difficult unless you happen to be a direct descendant of Einstein.

Well, I’m here to tell you that you can master calculus. It’s not nearly as tough as 
its mystique would lead you to think. Much of calculus is really just very advanced 
algebra, geometry, and trig. It builds upon and is a logical extension of those sub-
jects. If you can do algebra, geometry, and trig, you can do calculus.

But why should you bother — apart from being required to take a course? Why 
climb Mt. Everest? Why listen to Beethoven’s Ninth Symphony? Why visit the 
Louvre to see the Mona Lisa? Why watch South Park? Like these endeavors, doing 
calculus can be its own reward. There are many who say that calculus is one of the 
crowning achievements in all of intellectual history. As such, it’s worth the effort. 
Read this jargon-free book, get a handle on calculus, and join the happy few who 
can proudly say, “Calculus? Oh, sure, I know calculus. It’s no big deal.”

About This Book
Calculus For Dummies, 2nd Edition, is intended for three groups of readers: students 
taking their first calculus course, students who need to brush up on their calculus 
to prepare for other studies, and adults of all ages who’d like a good introduction 
to the subject.

If you’re enrolled in a calculus course and you find your textbook less than crystal 
clear, this is the book for you. It covers the most important topics in the first year 
of calculus: differentiation, integration, and infinite series.

If you’ve had elementary calculus, but it’s been a couple of years and you want to 
review the concepts to prepare for, say, some graduate program, Calculus For Dum-
mies, 2nd Edition will give you a thorough, no-nonsense refresher course.

Non-student readers will find the book’s exposition clear and accessible. Calculus 
For Dummies, 2nd Edition, takes calculus out of the ivory tower and brings it down 
to earth.
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This is a user-friendly math book. Whenever possible, I explain the calculus con-
cepts by showing you connections between the calculus ideas and easier ideas 
from algebra and geometry. I then show you how the calculus concepts work in 
concrete examples. Only later do I give you the fancy calculus formulas. All expla-
nations are in plain English, not math-speak.

The following conventions keep the text consistent and oh-so-easy to follow:

»» Variables are in italics.

»» Calculus terms are italicized and defined when they first appear in the text.

»» In the step-by-step problem-solving methods, the general action you need to 
take is in bold, followed by the specifics of the particular problem.

It can be a great aid to true understanding of calculus — or any math topic for that 
matter — to focus on the why in addition to the how-to. With this in mind, I’ve put 
a lot of effort into explaining the underlying logic of many of the ideas in this 
book. If you want to give your study of calculus a solid foundation, you should read 
these explanations. But if you’re really in a hurry, you can cut to the chase and 
read only the important introductory stuff, the example problems, the step-by- 
step solutions, and all the rules and definitions next to the icons. You can then 
read the remaining exposition only if you feel the need.

I find the sidebars interesting and entertaining. (What do you expect? I wrote 
them!) But you can skip them without missing any essential calculus. No, you 
won’t be tested on this stuff.

Minor note: Within this book, you may note that some web addresses break across 
two lines of text. If you’re reading this book in print and want to visit one of these 
web pages, simply key in the web address exactly as it’s noted in the text, as 
though the line break doesn’t exist. If you’re reading this as an e-book, you’ve got 
it easy — just click the web address to be taken directly to the web page.

Foolish Assumptions
Call me crazy, but I assume . . .

»» You know at least the basics of algebra, geometry, and trig.

If you’re rusty, Part 2 (and the online Cheat Sheet) contains a good review of 
these pre-calculus topics. Actually, if you’re not currently taking a calculus 
course, and you’re reading this book just to satisfy a general curiosity about 
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calculus, you can get a good conceptual picture of the subject without the 
nitty-gritty details of algebra, geometry, and trig. But you won’t, in that case, 
be able to follow all the problem solutions. In short, without the pre-calculus 
stuff, you can see the calculus forest, but not the trees. If you’re enrolled in a 
calculus course, you’ve got no choice — you’ve got to know the trees as well as 
the forest.

»» You’re willing to do some w_ _ _ .

No, not the dreaded w-word! Yes, that’s w-o-r-k, work. I’ve tried to make this 
material as accessible as possible, but it is calculus after all. You can’t learn 
calculus by just listening to a tape in your car or taking a pill — not yet anyway.

Is that too much to ask?

Icons Used in This Book
Keep your eyes on the icons:

Next to this icon are calculus rules, definitions, and formulas.

These are things you need to know from algebra, geometry, or trig, or things you 
should recall from earlier in the book.

The bull’s-eye icon appears next to things that will make your life easier. Take 
note.

This icon highlights common calculus mistakes. Take heed.
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Beyond the Book
There’s some great supplementary calculus material online that you might want 
to check out:

»» To view this book’s Cheat Sheet, simply go to www.dummies.com and search 
for “Calculus For Dummies Cheat Sheet” in the Search box; you’ll find a nice 
list of important formulas, theorems, definitions, and so on from algebra, 
geometry, trigonometry, and calculus. This is a great place to go if you forget 
a formula.

»» At www.dummies.com, there are articles on some calculus topics that many 
calculus courses skip. For example, the online article “Finding Volume with the 
Matryoshka Doll Method (a.k.a. the Cylindrical Shell Method)” covers one of 
the methods for computing volume that used to be part of the standard 
calculus curriculum, but which is now often omitted. You’ll also find other 
interesting, off-the-beaten-path calculus articles. Check them out if you just 
can’t get enough calculus.

Where to Go from Here
Why, Chapter 1, of course, if you want to start at the beginning. If you already have 
some background in calculus or just need a refresher course in one area or another, 
then feel free to skip around. Use the table of contents and index to find what 
you’re looking for. If all goes well, in a half a year or so, you’ll be able to check 
calculus off your list:

___ Run a marathon

___ Go skydiving

___ Write a book

 Learn calculus

___ Swim the English Channel

___ Cure cancer

___ Write a symphony

___Pull an inverted 720° at the X-Games

For the rest of your list, you’re on your own.

www.dummies.com
http://www.dummies.com
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IN THIS PART . . .

A brief and straightforward explanation of just what 
calculus is. Hint: It’s got a lot to do with curves and with 
things that are constantly changing.

Examples of where you might see calculus at work in 
the real world: curving cables, curving domes, and the 
curving path of a spacecraft.

The first of the two big ideas in calculus: differentiation, 
which means finding a derivative. A derivative is 
basically just the fancy calculus version of a slope; and 
it’s a simple rate — a this per that.

The second big calculus idea: integration. It’s the fancy 
calculus version of adding up small parts of something 
to get the total.

An honest-to-goodness explanation of why calculus 
works: In short, it’s because when you zoom in on 
curves (infinitely far), they become straight.
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IN THIS CHAPTER

You’re only in Chapter 1 and you’re 
already going to get your first calc test

Calculus — it’s just souped-up regular 
math

Zooming in is the key

The world before and after calculus

What Is Calculus?
“My best day in Calc 101 at Southern Cal was the day I had to cut class to get a 
root canal.”

— MARY JOHNSON

“I keep having this recurring dream where my calculus professor is coming 
after me with an axe.”

— TOM FRANKLIN, COLORADO COLLEGE SOPHOMORE

“Calculus is fun, and it’s so easy. I don’t get what all the fuss is about.”

— SAM EINSTEIN, ALBERT’S GREAT-GRANDSON

In this chapter, I answer the question “What is calculus?” in plain English, and 
I give you real-world examples of how calculus is used. After reading this and 
the following two short chapters, you will understand what calculus is all about. 

But here’s a twist: Why don’t you start out on the wrong foot by briefly checking 
out what calculus is not?

Chapter 1
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What Calculus Is Not
No sense delaying the inevitable. Ready for your first calculus test? Circle True or 
False.

True or False: Unless you actually enjoy wearing a pocket protector, you’ve got no 
business taking calculus.

True or False: Studying calculus is hazardous to your health.

True or False: Calculus is totally irrelevant.

False, false, false! There’s this mystique about calculus that it’s this ridiculously 
difficult, incredibly arcane subject that no one in their right mind would sign up 
for unless it was a required course.

Don’t buy into this misconception. Sure, calculus is difficult — I’m not going to 
lie to you — but it’s manageable, doable. You made it through algebra, geometry, 
and trigonometry. Well, calculus just picks up where they leave off — it’s simply 
the next step in a logical progression.

And calculus is not a dead language like Latin, spoken only by academics. It’s the 
language of engineers, scientists, and economists. Okay, so it’s a couple steps 
removed from your everyday life and unlikely to come up at a cocktail party. But 
the work of those engineers, scientists, and economists has a huge impact on your 
day-to-day life — from your microwave oven, cell phone, TV, and car to the med-
icines you take, the workings of the economy, and our national defense. At this 
very moment, something within your reach or within your view has been impacted 
by calculus.

So What Is Calculus, Already?
Calculus is basically just very advanced algebra and geometry. In one sense, it’s 
not even a new subject — it takes the ordinary rules of algebra and geometry and 
tweaks them so that they can be used on more complicated problems. (The rub, of 
course, is that darn other sense in which it is a new and more difficult subject.)

Look at Figure 1-1. On the left is a man pushing a crate up a straight incline. On 
the right, the man is pushing the same crate up a curving incline. The problem, in 
both cases, is to determine the amount of energy required to push the crate to the 
top. You can do the problem on the left with regular math. For the one on the 
right, you need calculus (assuming you don’t know the physics shortcuts).



CHAPTER 1  What Is Calculus?      9

For the straight incline, the man pushes with an unchanging force, and the crate 
goes up the incline at an unchanging speed. With some simple physics formulas 
and regular math (including algebra and trig), you can compute how many calo-
ries of energy are required to push the crate up the incline. Note that the amount 
of energy expended each second remains the same.

For the curving incline, on the other hand, things are constantly changing. The 
steepness of the incline is changing — and not just in increments like it’s one 
steepness for the first 3 feet then a different steepness for the next 3 feet. It’s 
constantly changing. And the man pushes with a constantly changing force — the 
steeper the incline, the harder the push. As a result, the amount of energy expended 
is also changing, not every second or every thousandth of a second, but constantly 
changing from one moment to the next. That’s what makes it a calculus problem. 
By this time, it should come as no surprise to you that calculus is described as “the 
mathematics of change.” Calculus takes the regular rules of math and applies 
them to fluid, evolving problems.

For the curving incline problem, the physics formulas remain the same, and the 
algebra and trig you use stay the same. The difference is that — in contrast to the 
straight incline problem, which you can sort of do in a single shot — you’ve got to 
break up the curving incline problem into small chunks and do each chunk 
separately. Figure 1-2 shows a small portion of the curving incline blown up to 
several times its size.

FIGURE 1-1:  
The difference 

between regular 
math and 

calculus: In a 
word, it’s the 

curve.

FIGURE 1-2:  
Zooming in on 

the curve — voilà, 
it’s straight 

(almost).
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When you zoom in far enough, the small length of the curving incline becomes 
practically straight. Then, because it’s straight, you can solve that small chunk 
just like the straight incline problem. Each small chunk can be solved the same 
way, and then you just add up all the chunks.

That’s calculus in a nutshell. It takes a problem that can’t be done with regular 
math because things are constantly changing — the changing quantities show up 
on a graph as curves — it zooms in on the curve till it becomes straight, and then 
it finishes off the problem with regular math.

What makes the invention of calculus such a fantastic achievement is that it does 
what seems impossible: it zooms in infinitely. As a matter of fact, everything in 
calculus involves infinity in one way or another, because if something is con-
stantly changing, it’s changing infinitely often from each infinitesimal moment 
to the next.

Real-World Examples of Calculus
So, with regular math you can do the straight incline problem; with calculus you 
can do the curving incline problem. Here are some more examples.

With regular math you can determine the length of a buried cable that runs diago-
nally from one corner of a park to the other (remember the Pythagorean theorem?). 
With calculus you can determine the length of a cable hung between two towers 
that has the shape of a catenary (which is different, by the way, from a simple cir-
cular arc or a parabola). Knowing the exact length is of obvious importance to a 
power company planning hundreds of miles of new electric cable. See Figure 1-3.

FIGURE 1-3:  
Without and with 

calculus.
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You can calculate the area of the flat roof of a home with ordinary geometry. With 
calculus you can compute the area of a complicated, nonspherical shape like the 
dome of the Minneapolis Metrodome. Architects designing such a building need to 
know the dome’s area to determine the cost of materials and to figure the weight 
of the dome (with and without snow on it). The weight, of course, is needed for 
planning the strength of the supporting structure. Check out Figure 1-4.

With regular math and some simple physics, you can calculate how much a 
quarterback must lead his receiver to complete a pass. (I’m assuming here that 
the receiver runs in a straight line and at a constant speed.) But when NASA, in 
1975, calculated the necessary “lead” for aiming the Viking I at Mars, it needed 
calculus because both the Earth and Mars travel on elliptical orbits (of different 
shapes) and the speeds of both are constantly changing — not to mention the 
fact  that on its way to Mars, the spacecraft is affected by the different and 
constantly changing gravitational pulls of the Earth, the moon, Mars, and the sun. 
See Figure 1-5.

You see many real-world applications of calculus throughout this book. The 
differentiation problems in Part 4 all involve the steepness of a curve — like the 
steepness of the curving incline in Figure 1-1. In Part 5, you do integration prob-
lems like the cable-length problem shown back in Figure  1-3. These problems 
involve breaking up something into little sections, calculating each section, and 
then adding up the sections to get the total. More about that in Chapter 2.

FIGURE 1-4:  
Sans and avec 

calculus.
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FIGURE 1-5:  
B.C.E. (Before the 

Calculus Era) 
and C.E. (the 

Calculus Era).
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Chapter 2
The Two Big Ideas 
of Calculus: 
Differentiation and 
Integration — plus 
Infinite Series

This book covers the two main topics in calculus — differentiation and 
integration — as well as a third topic, infinite series. All three topics touch 
the earth and the heavens because all are built upon the rules of ordinary 

algebra and geometry and all involve the idea of infinity.

IN THIS CHAPTER

Delving into the derivative: It’s a rate 
and a slope

Investigating the integral — addition 
for experts

Infinite series: Achilles versus the 
tortoise — place your bets
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Defining Differentiation
Differentiation is the process of finding the derivative of a curve. And the word 
“derivative” is just the fancy calculus term for the curve’s slope or steepness. And 
because the slope of a curve is equivalent to a simple rate (like miles per hour or 
profit per item), the derivative is a rate as well as a slope.

The derivative is a slope
In algebra, you learned about the slope of a line — it’s equal to the ratio of the rise 

to the run. In other words, Slope rise
run

. See Figure 2-1. Let me guess: A sudden 

rush of algebra nostalgia is flooding over you.

In Figure 2-1, the rise is half as long as the run, so the line has a slope of 1/2.

On a curve, the slope is constantly changing, so you need calculus to determine its 
slope. See Figure 2-2.

Just like the line in Figure 2-1, the straight line between A and B in Figure 2-2 has 
a slope of 1/2. And the slope of this line is the same at every point between A and B. 
But you can see that, unlike the line, the steepness of the curve is changing 
between A and B. At A, the curve is less steep than the line, and at B, the curve is 
steeper than the line. What do you do if you want the exact slope at, say, point C? 
Can you guess? Time’s up. Answer: You zoom in. See Figure 2-3.

FIGURE 2-1:  
The slope of a line 

equals the rise 
over the run.

FIGURE 2-2:  
The slope of a 
curve isn’t so 

simple.
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When you zoom in far enough — really far, actually infinitely far — the little piece 
of the curve becomes straight, and you can figure the slope the old-fashioned way. 
That’s how differentiation works.

The derivative is a rate
Because the derivative of a curve is the slope — which equals rise

run
 or rise per run —  

the derivative is also a rate, a this per that like miles per hour or gallons per minute 
(the name of the particular rate simply depends on the units used on the x- and 
y-axes). The two graphs in Figure 2-4 show a relationship between distance and 
time — they could represent a trip in your car.

A regular algebra problem is shown on the left in Figure  2-4. If you know  
the x- and y-coordinates of points A and B, you can use the slope formula  

Slope rise
run

y y
x x

2 1

2 1
 to calculate the slope between A and B, and, in this problem, 

that slope gives you the average rate in miles per hour for the interval from A to B.

FIGURE 2-3:  
Zooming in on 

the curve.

FIGURE 2-4:  
Average rate and 

instantaneous 
rate.
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For the problem on the right, on the other hand, you need calculus. (You can’t use 
the slope formula because you’ve only got one point.) Using the derivative of the 
curve, you can determine the exact slope or steepness at point C. Just to the left of 
C on the curve, the slope is slightly lower, and just to the right of C on the curve, 
the slope is slightly higher. But precisely at C, for a single infinitesimal moment, 
you get a slope that’s different from the neighboring slopes. The slope for this 
single infinitesimal point on the curve gives you the instantaneous rate in miles per 
hour at point C.

Investigating Integration
Integration is the second big idea in calculus, and it’s basically just fancy addition. 
Integration is the process of cutting up an area into tiny sections, figuring the 
areas of the small sections, and then adding up the little bits of area to get the 
whole area. Figure  2-5 shows two area problems — one that you can do with 
geometry and one where you need calculus.

The shaded area on the left is a simple rectangle, so its area, of course, equals 
length times width. But you can’t figure the area on the right with regular geom-
etry because there’s no area formula for this funny shape. So what do you do? 
Why, zoom in, of course. Figure 2-6 shows the top portion of a narrow strip of the 
weird shape blown up to several times its size.

When you zoom in as shown in Figure 2-6, the curve becomes practically straight, 
and the further you zoom in, the straighter it gets. After zooming in, you get the 
shape on the right in Figure 2-6, which is practically an ordinary trapezoid (its top 
is still slightly curved). Well, with the magic of integration, you zoom in infinitely 
close (sort of — you can’t really get infinitely close, right?). At that point, the 
shape is exactly an ordinary trapezoid — or, if you want to get really basic, it’s a 

FIGURE 2-5:  
If you can’t 

determine the 
area on the left, 

hang up your 
calculator.
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triangle sitting on top of a rectangle. Because you can compute the areas of 
rectangles, triangles, and trapezoids with ordinary geometry, you can get the area 
of this and all the other thin strips and then add up all these areas to get the total 
area. That’s integration.

Figure 2-7 has two graphs of a city’s electrical energy consumption on a typical 
summer day. The horizontal axes show the number of hours after midnight, and 
the vertical axes show the amount of power (in kilowatts) used by the city at dif-
ferent times during the day.

The crooked line on the left and the curve on the right show how the number of 
kilowatts of power depends on the time of day. In both cases, the shaded area gives 
the number of kilowatt-hours of energy consumed during a typical 24-hour 
period. The shaded area in the oversimplified and unrealistic problem on the left 
can be calculated with regular geometry. But the true relationship between the 
amount of power used and the time of day is more complicated than a crooked 
straight line. In a realistic energy-consumption problem, you’d get something like 
the graph on the right. Because of its weird curve, you need calculus to determine 
the shaded area. In the real world, the relationship between different variables is 
rarely as simple as a straight-line graph. That’s what makes calculus so useful.

FIGURE 2-6:  
For the ump-
teenth time, 

when you zoom 
in, the curve 

becomes straight.

FIGURE 2-7:  
Total kilowatt-

hours of energy 
used by a city 

during a 
single day.
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Sorting Out Infinite Series
Infinite series deal with the adding up of an infinite number of numbers. Don’t try 
this on your calculator unless you’ve got a lot of extra time on your hands. Here’s 
a simple example. The following sequence of numbers is generated by a simple 
doubling process — each term is twice the one before it:

1, 2, 4, 8, 16, 32, 64, 128, . . .

The infinite series associated with this sequence of numbers is just the sum of the 
numbers:

1 + 2 + 4 + 8 + 16 + 32 + 64 + 128 + . . .

Divergent series
The preceding series of doubling numbers is divergent because if you continue the 
addition indefinitely, the sum will grow bigger and bigger without limit. And if 
you could add up “all” the numbers in this series — that’s all infinitely many 
of  them — the sum would be infinity. Divergent usually means — there are 
exceptions — that the series adds up to infinity.

Divergent series are rather uninteresting because they do what you expect. You 
keep adding more numbers, so the sum keeps growing, and if you continue this 
forever, the sum grows to infinity. Big surprise.

Convergent series
Convergent series are much more interesting. With a convergent series, you also 
keep adding more numbers, the sum keeps growing, but even though you add 
numbers forever and the sum grows forever, the sum of all the infinitely many 
terms is a finite number. This surprising result brings me to Zeno’s famous para-
dox of Achilles and the tortoise. (That’s Zeno of Elea, of course, from the 5th 
century b.c.)

Achilles is racing a tortoise — some gutsy warrior, eh? Our generous hero gives 
the tortoise a 100-yard head start. Achilles runs at 20 mph; the tortoise “runs” at 
2 mph. Zeno used the following argument to “prove” that Achilles will never catch 
or pass the tortoise. If you’re persuaded by this “proof,” by the way, you’ve really 
got to get out more.

Imagine that you’re a journalist covering the race for Spartan Sports Weekly, and 
you’re taking a series of photos for your article. Figure 2-8 shows the situation at 
the start of the race and your first two photos.



CHAPTER 2  The Two Big Ideas of Calculus      19

You take your first photo the instant Achilles reaches the point where the tortoise 
started. By the time Achilles gets there, the tortoise has “raced” forward and is 
now 10 yards ahead of Achilles. (The tortoise moves a tenth as fast as Achilles, so 
in the time it takes Achilles to travel 100 yards, the tortoise covers a tenth as much 
ground, or 10 yards.) If you do the math, you find that it took Achilles about 
10 seconds to run the 100 yards. (For the sake of argument, let’s call it exactly 
10 seconds.)

You have a cool app that allows you to look at your first photo and note precisely 
where the tortoise is as Achilles crosses the tortoise’s starting point. The tor-
toise’s position is shown as point A in the middle image in Figure 2-8. Then you 

FIGURE 2-8:  
Achilles versus 

the tortoise — it’s 
a photo finish.
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take your second photo when Achilles reaches point A, which takes him about one 
more second. In that second, the tortoise has moved ahead 1 yard to point B. You 
take your third photo (not shown) when Achilles reaches point B and the tortoise 
has moved ahead to point C.

Every time Achilles reaches the point where the tortoise was, you take another 
photo. There is no end to this series of photographs. Assuming you and your cam-
era can work infinitely fast, you will take an infinite number of photos. And every 
single time Achilles reaches the point where the tortoise was, the tortoise has 
covered more ground — even if only a millimeter or a millionth of a millimeter. 
This process never ends, right? Thus, the argument goes, because you can never 
get to the end of your infinite series of photos, Achilles can never catch or pass the 
tortoise.

Well, as everyone knows, Achilles does in fact reach and pass the tortoise —thus 
the paradox. The mathematics of infinite series explains how this infinite series of 
time intervals sums to a finite amount of time — the precise time when Achilles 
passes the tortoise. Here’s the sum for those who are curious:

10 1 0 1 0 01 0 001

11 111

sec sec sec sec sec

sec

. . . . . . . . ...

. ... ., oor seconds11 1
9

.

Achilles passes the tortoise after 111
9

 seconds at the 1111
9

-yard mark.

Infinite series problems are rich with bizarre, counterintuitive paradoxes. You see 
more of them in Part 5.
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IN THIS CHAPTER

Using limits to zoom in on curves

Slope equals rise over run

Area of a triangle equals one-half base 
times height

The Pythagorean theorem: a b c2 2 2

Why Calculus Works

In Chapters 1 and 2, I talk a lot about the process of zooming in on a curve till it 
looks straight. The mathematics of calculus works because of this basic nature of 
curves — that they’re locally straight — in other words, curves are straight at the 

microscopic level. The earth is round, but to us it looks flat because we’re sort of at 
the microscopic level when compared to the size of the earth. Calculus works because 
after you zoom in and curves look straight, you can use regular algebra and geometry 
with them. The zooming-in process is achieved through the mathematics of limits.

The Limit Concept: A Mathematical 
Microscope

The mathematics of limits is the microscope that zooms in on a curve. Here’s how 
a limit works. Say you want the exact slope or steepness of the parabola y x 2 at 
the point (1, 1). See Figure 3-1.

With the slope formula from algebra, you can figure the slope of the line between 
(1, 1) and (2, 4). From (1, 1) to (2, 4), you go over 1 and up 3, so the slope is 3

1
, or 

just 3. But you can see in Figure 3-1 that this line is steeper than the tangent line 
at (1, 1) that shows the parabola’s steepness at that specific point. The limit process 
sort of lets you slide the point that starts at (2, 4) down toward (1, 1) till it’s a thou-
sandth of an inch away, then a millionth, then a billionth, and so on down to the 
microscopic level. If you do the math, the slopes between (1, 1) and your moving 
point would look something like 2.8, then 2.6, then 2.4, and so on, and then, once 

Chapter 3
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you get to a thousandth of an inch away, 2.001, 2.000001, 2.000000001, and so on. 
And with the almost magical mathematics of limits, you can conclude that the 
slope at (1, 1) is precisely 2, even though the sliding point never reaches (1, 1). (If it 
did, you’d only have one point left and you need two separate points to use the 
slope formula.) The mathematics of limits is all based on this zooming-in process, 
and it works, again, because the further you zoom in, the straighter the curve gets.

What Happens When You Zoom In
Figure 3-2 shows three diagrams of one curve and three things you might like to 
know about the curve: 1) the exact slope or steepness at point C, 2) the area under 
the curve between A and B, and 3) the exact length of the curve from A to B. You 
can’t answer these questions with regular algebra or geometry formulas because 
the regular formulas for slope, area, and length work for straight lines (and simple 
curves like circles), but not for weird curves like this one.

The first row of Figure 3-3 shows a magnified detail from the three diagrams of 
the curve in Figure 3-2. The second row shows further magnification, and the 
third row yet another magnification. For each little window that gets blown up 
(like from the first to the second row of Figure 3-3), I’ve drawn in a new dotted 
diagonal line to help you see how with each magnification, the blown up pieces of 
the curves get straighter and straighter. This process is continued indefinitely.

Finally, Figure 3-4 shows the result after an “infinite” number of magnifications — 
sort of. After zooming in forever, an infinitely small piece of the original curve and 
the straight diagonal line are now one and the same. You can think of the lengths 
3 and 4 in Figure 3-4 (no pun intended) as 3 and 4 millionths of an inch, no, make 
that 3 and 4 billionths of an inch, no, trillionths, no, gazillionths, . . .

FIGURE 3-1:  
The parabola 
y x 2 with a 

tangent line at  
(1, 1).



CHAPTER 3  Why Calculus Works      23

Now that you’ve zoomed in “forever,” the curve is perfectly straight and you can 
use regular algebra and geometry formulas to answer the three questions about 
the curve in Figure 3-2.

For the diagram on the left in Figure 3-4, you can now use the regular slope for-
mula from algebra to find the slope at point C. It’s exactly 3

4
 — that’s the answer 

to the first question in Figure 3-2. This is how differentiation works.

FIGURE 3-2:  
One curve — 

three questions.

FIGURE 3-3:  
Zooming in to the 
microscopic level.
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For the diagram in the middle of Figure 3-4, the regular triangle formula from 
geometry gives you an area of 6. Then you can get the shaded area inside the strip 
shown in Figure 3-2 by adding this 6 to the area of the thin rectangle under the 
triangle (the dark-shaded rectangle in Figure 3-2). Then you repeat this process 
for all the other narrow strips (not shown), and finally just add up all the little 
areas. This is how integration works.

And for the diagram on the right of Figure 3-4, the Pythagorean theorem from 
geometry gives you a length of 5. Then to find the total length of the curve from A 
to B in Figure 3-2, you do the same thing for the other minute sections of the 
curve and then add up all the little lengths. This is how you calculate arc length 
(another integration problem).

Well, there you have it. Calculus uses the limit process to zoom in on a curve till 
it’s straight. After it’s straight, the rules of regular-old algebra and geometry 
apply. Calculus thus gives ordinary algebra and geometry the power to handle 
complicated problems involving changing quantities (which on a graph show up as 
curves). This explains why calculus has so many practical uses, because if there’s 
something you can count on — in addition to death and taxes — it’s that things 
are always changing.

Two Caveats; or, Precision, Preschmidgen
Not everything in this chapter (or this book for that matter) will satisfy the high 
standards of the Grand Poobah of Precision in Mathematical Writing.

FIGURE 3-4:  
Your final 

destination — the 
sub, sub, sub . . .  
subatomic level.
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I may lose my license to  
practice mathematics
With regard to the middle diagrams in Figures 3-2 through 3-4, I’m playing a bit 
fast and loose with the mathematics. The process of integration — finding the 
area under a curve — doesn’t exactly work the way I explained. My explanation 
isn’t really wrong, it’s just a bit sideways. But — I don’t care what anybody says — 
that’s my story and I’m stickin’ to it. Actually, it’s not a bad way to think about 
how integration works, and, anyhow, this is only an introductory chapter.

What the heck does “infinity” really mean?
The second caveat is that whenever I talk about infinity — like in the last section 
where I discussed zooming in an infinite number of times — I do something like 
put the word “infinity” in quotes or say something like “you sort of zoom in for-
ever.” I do this to cover my butt. Whenever you talk about infinity, you’re always 
on shaky ground. What would it mean to zoom in forever or an infinite number of 
times? You can’t do it; you’d never get there. We can imagine — sort of — what 
it’s like to zoom in forever, but there’s something a bit fishy about the idea — and 
thus the qualifications.


