Theory of ,,

. Elasticity .

- and Stress
Concentration

171 .1 T I ilo alee
BT

Voo b |

YUKITAKA MURAKAMI

1
}
T

1
1
}

W
Pk

1

WILEY






THEORY OF ELASTICITY
AND STRESS
CONCENTRATION






THEORY OF ELASTICITY
AND STRESS
CONCENTRATION

Yukitaka Murakami
Kyushu University, Fukuoka, Japan

WILEY



This edition first published 2017
© 2017 John Wiley & Sons, Ltd

Registered Office
John Wiley & Sons, Ltd, The Atrium, Southern Gate, Chichester, West Sussex, PO19 8SQ, United Kingdom

For details of our global editorial offices, for customer services and for information about how to apply for permission
to reuse the copyright material in this book please see our website at www.wiley.com.

The right of the author to be identified as the author of this work has been asserted in accordance with the Copyright,
Designs and Patents Act 1988.

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in
any form or by any means, electronic, mechanical, photocopying, recording or otherwise, except as permitted by the
UK Copyright, Designs and Patents Act 1988, without the prior permission of the publisher.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print may not be
available in electronic books.

Designations used by companies to distinguish their products are often claimed as trademarks. All brand names
and product names used in this book are trade names, service marks, trademarks or registered trademarks of their
respective owners. The publisher is not associated with any product or vendor mentioned in this book.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best efforts in preparing
this book, they make no representations or warranties with respect to the accuracy or completeness of the contents
of this book and specifically disclaim any implied warranties of merchantability or fitness for a particular purpose.
It is sold on the understanding that the publisher is not engaged in rendering professional services and neither the
publisher nor the author shall be liable for damages arising herefrom. If professional advice or other expert assistance
is required, the services of a competent professional should be sought.

Library of Congress Cataloging-in-Publication Data

Names: Murakami, Y. (Yukitaka), 1943- author.

Title: Theory of elasticity and stress concentration / Yukitaka Murakami.

Description: Chichester, West Sussex, United Kingdom : John Wiley & Sons, Inc., 2017. | Includes index.

Identifiers: LCCN 2016029049 (print) | LCCN 2016038983 (ebook) | ISBN 9781119274094 (cloth) |
ISBN 9781119274131 (pdf) | ISBN 9781119274100 (epub)

Subjects: LCSH: Elasticity. | Stress concentration.

Classification: LCC TA418 .M87 2017 (print) | LCC TA418 (ebook) | DDC 620.1/1232—dc23

LC record available at https://lccn.loc.gov/2016029049

A catalogue record for this book is available from the British Library.
Cover image: a_Taiga/Gettyimages

Set in 10/12pt Times by SPi Global, Pondicherry, India

1 2017


http://www.wiley.com

Contents

Preface xiii
Preface for Part I: Theory of Elasticity XV
Part I Nomenclature xvii
Preface for Part II: Stress Concentration Xix
Part II Nomenclature xxiii
Acknowledgments XXV
Part I Theory of Elasticity 1
1 Stress 3
1.1  Stress at the Surface of a Body 3
1.1.1 Normal Stress 3

1.1.2  Shear Stress 3

1.2 Stress in the Interior of a Body 4

1.3 Two Dimensional Stress, Three Dimensional Stress and Stress Transformation 5
1.3.1 Normal Stress 5

1.3.2  Shear Stress 6

1.3.3  Stress in an Arbitrary Direction 7

1.3.4  Principal Stresses 14

1.3.5 Principal Shear Stresses 18
Problems of Chapter 1 19

2 Strain 21
2.1 Strains in Two Dimensional Problems 21
2.2 Strains in Three Dimensional Problems 24
2.3 Strain in an Arbitrary Direction 24
2.3.1 Two Dimensional Case 24

2.3.2  Three Dimensional Case 26

2.4 Principal Strains 26



vi

Contents

2.5 Conditions of Compatibility
Problems of Chapter 2
Reference

Relationship between Stresses and Strains: Generalized Hooke’s Law
Problems of Chapter 3

Equilibrium Equations
Problems of Chapter 4

Saint Venant’s Principle and Boundary Conditions
5.1  Saint Venant’s Principle
5.2 Boundary Conditions
5.2.1  Stress Boundary Conditions
5.2.2  Displacement Boundary Conditions
5.2.3  Mixed Boundary Conditions
Problems of Chapter 5

Two Dimensional Problems
6.1 Plane Stress and Plane Strain
6.1.1  Plane Stress
6.1.2  Plane Strain
6.2  Basic Conditions for Exact Solutions: Nature of Solutions
6.3  Airy’s Stress Function
6.4 Hollow Cylinder
6.5  Stress Concentration at a Circular Hole
6.6  Stress Concentration at an Elliptical Hole
6.7  Stress Concentration at a Hole in a Finite Width Plate
6.8  Stress Concentration at a Crack
6.9  Stress Field due to a Point Force Applied at the Edge of a
Semi-Infinite Plate
6.10 Circular Disk Subjected to Concentrated Force
Problems of Chapter 6
Appendix of Chapter 6
References

Torsion of a Bar with Uniform Section
7.1  Torsion of Cylindrical Bars
7.2 Torsion of Bars Having Thin Closed Section
7.3 Saint Venant’s Torsion Problems
7.4  Stress Function in Torsion
7.4.1  Equilibrium Condition
7.4.2  Compatibility Equation
7.4.3  Boundary Conditions
7.5 Membrane Analogy: Solution of Torsion Problems by Using the
Deformation of Pressurized Membrane

28
30
31

33
38

41
44

45
45
47
47
48
48
49

53
53
53
54
56
58
60
63
69
73
75

82
87
88
91
92

95
95
97
99
100
101
101
102

105



Contents

vii

10

11

7.6
7.7

Torsion of Bars Having a Thin Unclosed Cross Section
Comparison of Torsional Rigidity between a Bar with an Open Section
and a Bar with a Closed Section

Problems of Chapter 7
Reference

Energy Principles

8.1
8.2
8.3
8.4
8.5
8.6

Strain Energy

Uniqueness of the Solutions of Elasticity Problems
Principle of Virtual Work

Principle of Minimum Potential Energy
Castigliano’s Theorem

The Reciprocal Theorem

Problems of Chapter 8
Reference

Finite Element Method

9.1
9.2

FEM for One Dimensional Problems

Analysis of Plane Stress Problems by the Finite Element Method

9.2.1 Approximation of 2D Plate Problems by a Set of Triangular
Elements

9.2.2  Relationship between Stress and Strain in Plane Stress Problem

9.2.3  Stiffness Matrix of a Triangular Plate Element

9.2.4  Stiffness Matrix of the Total Structure

9.2.5  Expression of Boundary Conditions and Basic Knowledge
for Element Meshing

Problems of Chapter 9

Bending of Plates

10.1
10.2
10.3
10.4

10.5

10.6
10.7

10.8

Simple Examples of Plate Bending

General Problems of Plate Bending

Transformation of Bending Moment and Torsional Moment

Differential Equations for a Plate Subjected to Surface Loads

and their Applications

Boundary Conditions in Plate Bending Problems

Polar Coordinate Expression of the Quantities of Plate Bending

Stress Concentration in Plate Bending Problems

10.7.1 Stress Concentration at a Circular Hole in Bending a Wide Plate
10.7.2  Stress Concentration at an Elliptical Hole in Bending a Wide Plate
Bending of a Circular Plate

Problems of Chapter 10
References

Deformation and Stress in Cylindrical Shells

11.1

Basic Equations
11.1.1 Egquilibrium Condition

107

112
114
115

117
117
122
123
126
129
133
136
136

137
138
142

142
145
145
152

155
157

161
161
165
166

169
173
176
177
177
177
178
185
186

187
187
187



viii

Contents

11.2

11.1.2 Forces and Deformations
11.1.3 Basic Differential Equation
Various Problems of Cylindrical Shells

Problems of Chapter 11

12 Thermal Stress

12.1

12.2
12.3

Thermal Stress in a Rectangular Plate — Simple Examples of
Thermal Stress

12.1.1 Constant Temperature Rise AT(x,y) = Ty (Constant)
12.1.2 Linear Temperature Distribution AT(x,y) = 2Toy/h
12.1.3 Quadratic Temperature Distribution AT(x,y) = 2To(y/h )2
Thermal Stress in a Circular Plate

Thermal Stress in a Cylinder

Problems of Chapter 12

13 Contact Stress

13.1

13.2

2D Contact Stress

13.1.1 Stress and Deformation for Uniform Pressure Distribution
13.1.2 Contact Stress by a Rigid Punch

13.1.3 Stress Field by Elliptical Contact Stress Distribution

3D Contact Stress

13.2.1 Stress and Displacement Due to a Constant Distributed Loading
13.2.2 Contact Stress Due to a Rigid Circular Punch

13.2.3 Contact Between Two Spheres

13.2.4 Contact Between Two Cylinders

Problems of Chapter 13
References

Answers and Hints for Part I Problems

Appendix for Part I

Al
A2

Rule of Direction Cosines

Green’s Theorem and Gauss’ Divergence Theorem
A.2.1 2D Green’s Theorem

A.2.2 3D Green’s Theorem

Part II Stress Concentration

1 Stress Concentration in Two Dimensional Problems

1.1
1.2

Stress Concentration at a Circular Hole

Stress Concentration at an Elliptical Hole

1.2.1  Stress Distribution and Stress Concentration Under Remote
Stress oy, O Oy

1.2.2  Stress Concentration and Stress Distribution Under Remote
Shear Stress .y

189
191
192
194

197

197
197
198
199
201
204
205

207
208
208
211
212
213
214
216
216
217
218
219

221

241
241
241
241
244

245
247
247
253
253

257



Contents

1.3
1.4

1.5

Stress Concentration at a Hole in a Finite Width Plate
Concept of Equivalent Ellipse
1.4.1  Basic Concept

1.4.2  Difference of Stress Concentration at a Circular Hole in an Infinite

Plate and at a Semi-Circular Hole on the Edge of a
Semi-Infinite Plate

1.4.3  Limitation of Applicability of the Concept of the Equivalent Ellipse

Stress Concentration at Inclusions

Problems of Chapter 1
References

2  Stress Concentration at Cracks

2.1
2.2
2.3
24
2.5
2.6
2.7

Singular Stress Distribution in the Neighborhood of a Crack Tip
Stress Distribution Near Crack Tip Under Biaxial Stress Field
Distribution of Shear Stress Near Crack Tip

Short Cracks and Long Cracks

Plastic Zone Ahead of Crack Tip: Dugdale Model

Approximate Estimation Method of K;

Crack Propagation Path

2.7.1  Propagation Direction of Mode I Crack

2.7.2  Propagation Direction of Mode Il Crack

2.7.3  Propagation Direction of Mode III Crack

Problems of Chapter 2
References

3 Stress Concentration in Three Dimensional Problems

3.1
3.2
33
34
3.5

Stress Concentration at a Spherical Cavity

Stress Concentration at a Spherical Inclusion

Stress Concentration at an Axially Symmetric Ellipsoidal Inclusion

Stress Concentration at a Surface Pit

Stress Concentration at a 3D Crack

3.5.1 Basic Problems

3.5.2  Approximate Equation for the Stress Intensity Factor K| for a
Crack of Arbitrary Shape in an Infinite Body

3.5.3  Approximate Formula of the Stress Intensity Factor K; for a
Crack of Arbitrary Shape at the Surface of a Semi-Infinite Body

Problems of Chapter 3
References

4 Interaction Effects of Stress Concentration

4.1
4.2
43

Interaction Effect which Enhances Stress Concentration
Interaction Effect which Mitigates Stress Concentration
Stress Concentration at Bolt Threads

Problems of Chapter 4
References

260
263
263

267
268
270
274
278

279
279
281
282
283
284
286
288
290
294
294
296
299

301
301
302
303
303
310
310

312

314
315
316

319
319
322
324
332
334



X Contents
5 Notch Effect and Size Effect in Fatigue: Viewpoint from Stress
Concentration 335
Problem of Chapter 5 340
References 341
6 Stress Concentration in Plate Bending 343
6.1  Stress Concentration at a Circular Hole in a Wide Plate Under Bending 343
6.2  Stress Concentration at an Elliptical Hole in a Wide Plate Under Bending 345
Problems of Chapter 6 345
References 346
7 Relevant Usage of Finite Element Method 347
7.1  Fundamentals for Element Meshing 347
7.2 Elastic—Plastic Analysis 348
7.3  Element Meshing for Cracks and Very Sharp Notches 350
Problems of Chapter 7 352
References 355
8 Hollow Cylinder Subjected to Internal or External Pressure 357
8.1  Basic Solution 357
8.2  Crack at Inner Wall of Hollow Cylinder Under Internal Pressure 358
8.3  Shrink Fit Problems 359
8.3.1  Shrink Fit of Shaft and Hollow Cylinder 363
8.4  Other Related Problems 363
Problem of Chapter 8 373
Reference 374
9 Circular Disk Subjected to Concentrated Point Forces 375
9.1 Basic Solution 375
9.2 Circular Hole in Circular Disk 376
9.3  Various Concentrated Forces 378
Problems of Chapter 9 381
Reference 382
10 Stress Concentration by Point Force 383
10.1 Point Force Acting at the Edge of Semi-Infinite Plate 383
10.2  Point Force Acting in Infinite Plate 385
10.3 Point Force Acting at the Inner Edge of a Circular Hole 385
10.4 Applications of Solutions 386
10.5 Point Force Acting on the Surface of Semi-Infinite Body 389
References 389
11 Stress Concentration by Thermal Stress 391
11.1 Thermal Residual Stress Around a 2D Circular Inclusion 391
11.2  Stress Concentration Due to Thermal Shock 394
11.3 Thermal Residual Stress Around a Spherical Inclusion 394

Reference 396



Contents

xi

12 Stress Concentration Due to Dislocations
12.1 Basic Equations
12.2 Stress Concentration Due to Slip Bands
References

13 Stress Concentration Due to Contact Stress
13.1 Basic Nature of Contact Stress Field
13.2  Stress Concentration Due to 2D Rigid Punch
13.3  Stress Concentration Due to 3D Circular Rigid Punch
13.4 Stress Concentration Due to Contact of Two Elastic Bodies
Reference

14 Strain Concentration
References

Answers and Hints for Part IT Problems

Appendices for Part II
A.1 Basis of the Theory of Elasticity
A.1.1  Rule of Shear Stress
A.1.2  Stress Transformation Equations
A.1.3  Principal Stresses
A.1.4  Stress in a Plate of Arbitrary Shape Subjected to External
Pressure p along the Outer Periphery
A.1.5 Relationship between Strains and Displacements in Axially
Symmetric Problems
A.1.6  Hooke’s Law of Isotropic and Homogeneous Elastic Material
A.2  Stress Field at Crack Tip
A.2.1  Expression of Stresses and Displacements (u, V) in x, y, Z
Orthogonal Coordinate System
A.3  Stress Concentration for a Circular or an Elliptical Hole with Diameter
Approaching to Width of Strip (¢/W — 1.0)
A.4  Stress Concentration and Stress Distribution Due to Elliptic Hole in Infinite
Plate Under Remote Stress (0y,0y,Tyy) = (0x 20y s Try ey )
A5  Verification of Stress o7, a;‘,, T;‘y at a Disk Center Subjected to Periodical
Point Forces Around the Outer Periphery
References

Index

397
397
398
400

401
401
403
404
405
406

407
415

417
425
425
425
426
427
428
430
431
433
433
435

437

438
441

443






Preface

The theory of elasticity is not applied mathematics. Solving differential equations and integral
equations is not the objective of the theory of elasticity. Students and young researchers, who
can use the modern commercial finite element method (FEM) software, are not attracted by the
classical approach of applied mathematics. This situation is not good. Students, young
researchers and young engineers skip directly from the elementary theory of the strength of
materials to FEM without understanding the basic principles of the theory of elasticity. The
author has seen many mistakes and judgement errors made by students, young researchers
and young engineers in their applications of FEM to practical problems. These mistakes
and judgement errors mostly come from a lack of basic knowledge of the theory of elasticity.
Firstly, this book provides the basic but very important essence of the theory of elasticity. Sec-
ond, many useful and interesting applications of the basic way of thinking are presented and
explained. Readers do not need special mathematical knowledge to study this book. They will
be able to understand the new approach of the theory of elasticity which is different from the
classical mathematical theory of elasticity and will enjoy solving many interesting problems
without using FEM.

The basic knowledge and engineering judgement acquired in Part I will encourage the
readers to enter smoothly into Part I in which various important new ways of thinking and sim-
ple solution methods for stress concentration problems are presented. Approximate estimation
methods for stress concentration will be very useful from the viewpoint of correct boundary
conditions as well as the magnitude and relative importance of numerical variables. Thus,
readers will be able to quickly find approximate solutions with practically sufficient accuracy
and to avoid fatal mistakes produced by FEM calculations, performed without basic knowledge
of the theory of elasticity and stress concentration.

The author believes with confidence that readers of this book will be able to develop
themselves to a higher level of research and structural design.






Preface for Part I: Theory of
Elasticity

Part I of this book presents a new way of thinking for the theory of elasticity. Several good
quality textbooks on this topic have already been published, but they tend to be too mathem-
atically based. Students can become confused by the very different approaches taken towards
the elementary theory of strength of materials (ETSM) and the theory of elasticity and, there-
fore, believe that these two cannot be easily used cooperatively.

To study this book, readers do not need special mathematical knowledge such as differential
equations, integral equations and tensor analysis. The concepts of stress field and strain are the
most important themes in the study of the theory of elasticity. However, these concepts are not
explored in sufficient depth within ETSM in order to teach engineers how to apply simple solu-
tions using the theory of elasticity to solve practical problems. As various examples included in
this book demonstrate, this book will help readers to understand not only the difference
between ETSM and the theory of elasticity but also the essential relationship between them.

In addition to the concepts of field, the concepts of infinity and infinitesimal are also import-
ant. It is natural that everyone experiences difficulties in imagining infinity or infinitesimal. As
a result, we must use caution when using unbounded or very small values, as the results are
sometimes unexpected. We should be aware that infinity and infinitesimal are relative
quantities.

Once the concepts of field and those of infinity and infinitesimal are mastered, the reader will
become a true engineer having true engineering judgement, even if they cannot solve the prob-
lems using lengthy and troublesome differential or integral equations. However, the existing
solutions must be used fully and care must be taken at times, very large values being treated
as infinitesimal and very small values as infinite values depending on the specific problem. It
will be seen in many cases treated in this book that small and large are only our impressions and
that approximation is not only reasonable but very important.






Part I Nomenclature

Stresses and strains in an orthogonal coordinate system
(x, ¥, 2)

Stresses and strains in a cylindrical coordinate system
(r, 0, 2)

Rotation

Normal stress and shear stress in a £-y-{ coordinate
system

Remote stress

Principal stresses

Principal strains

Direction cosines

Pressure

Concentrated force

Body force

Bending moment per unit length

Twisting moment per unit length

Twisting moment (torsional moment) or temperature
Torsional angle per unit length or crack propagation
angle

Surface tension

Airy’s stress function or stress function in torsion
Stress concentration factor

Stress intensity factor of Mode I

Stress intensity factor of Mode II

Stress intensity factor of Mode III

Normal stress (o, 0y, 6;)
Normal strain (g,, &, €,)
Shear stress (zyy, Ty, T2x)
Shear strain (Yy, ¥yz> ¥zx)
Normal stress (o,, 6y, 0.)
Normal strain (g,, &y, €,)
Shear stress (7,9, Tg;, T.r)
Shear strain (7,9, Yoz» ¥zr)
0]

Normal stress (o¢, 6,, 6¢)
Shear stress (zg,, Ty, Teg)
00, 70 OI Oxc05 Oycor Txyco
01, 02, 03

€1, €2, €3

li» my, n; (l= 1, 2, 3)
porqg

P, Q

X,Y, ZorF, Fy

M, M,

M,, or M,



Xviii

Part I Nomenclature

Radius of circle or major radius of ellipse or crack
length

Minor radius of ellipse

Notch root radius or radius of curvature in membrane
Notch depth

Young’s modulus

Poisson’s ratio

Shear modulus

Displacement in x, y, z coordinate system

Displacement of membrane
Width of plate

Q

QS m~D™ ™

u, v, w

(Note: v looks the same as
Poisson’s ratio but is different.)
z

w



Preface for Part II: Stress
Concentration

Part II of this book is a compilation of the ideas on stress concentration which the author
has developed over many years of teaching and research. This is not a handbook of stress con-
centration factors. This book guides a fundamental way of thinking for stress concentration.
Fundamentals, typical misconceptions and new ways of thinking about stress concentration
are presented. One of the motivations for writing this book is the concern about a decreasing
basic knowledge of recent engineers about the nature of stress concentration.

It was reported in the United States and Europe [1-3] that the economic loss of fracture acci-
dents reaches about 4% of GDP. Fracture accidents occur repeatedly regardless of the progress
of science and technology. It seems that the number and severity of serious accidents is increas-
ing. The author was involved in teaching strength of materials and theory of elasticity for many
years in universities and industry and a recent impression based on the author’s experience is
that many engineers do not understand the fundamentals of the theory of elasticity.

How many engineers can give the correct answers to basic problems such as those in
Figures 1 and 2?

The theory of elasticity lectures are likely to be abstract and mathematical. This trend is evi-
dent in the topics and emphasis of many text books. Such textbooks may be useful for some
researchers but are almost useless for most practicing engineers. The author has been aware of
this problem for many years and has changed the pedagogy of teaching the theory of elasticity
by introducing various useful ways of thinking (see Part I). Engineers specializing in strength
design and quality control are especially requested to acquire the fundamentals of theory of
elasticity and afterwards to develop a sense about stress concentration. The subject is not dif-
ficult. Rather, as readers become familiar with the problems contained in this book, they will
understand that the problems of stress concentration are full of interesting paradoxes.

Few accidents occur because of a numerical mistake or lack of precision in a stress analysis.
A common attitude that analysis by FEM software will guarantee the correct answer and safety
is the root cause of many failures. Most mistakes in the process of FEM analysis are made at the
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Figure 1 Stress concentration at a circular hole in a wide plate. How large is the maximum stress?
(See Figure 1.2 in Example problem 1.1 in Part II, Chapter 1.)

. 100 !
(\? " RO.4—Q «p%
& N> [ < 4@’ % J
i gj: _____ 3 g:-.i.g:__ ...... oy sl il IR— B, %"
o0
26, 8, 18, L2
362 | 413 | 45 | 413
< 200

Figure 2 A cylindrical specimen for comparison of the fracture strengths at a smooth part and a notched
part under tension (material is 0.13% annealed carbon steel, dimension unit is mm). Where does this
specimen fracture from by tensile test? (See Figure 14.7 in the Example problem 14.1 in Part II, Chapter 14.)

beginning stage of determining boundary conditions regarding forces and displacements. Even
worse, many users of FEM software are often not aware of such mistakes even after looking at
strange results because they do not have a fundamental understanding of theory of elasticity and
stress concentration.

The origin of fracture related accidents are mostly at the stress concentrations in a structure.
As machine components and structures have various shapes for functional reasons, stress con-
centration cannot be avoided. Therefore, strength designers are required to evaluate stress con-
centration correctly and to design the shape of structures so that the stress concentration does
not exceed the safety limits.

In this book, various elastic stress concentration problems are the main topic. The strains in
an elastic state can be determined by Hooke’s law in terms of stresses. In elastic—plastic con-
ditions, the relationship between stresses and strains deviates from Hooke’s law. Once plastic



Preface for Part II: Stress Concentration xxi

yielding occurs at a notch root, the stress concentration factor decreases compared to the elastic
value and approaches one. However, the strain concentration factor increases and approaches
the elastic value squared. Therefore, in elastic—plastic conditions, fatigue behavior is described
in terms of strain concentration. However, if the stress and strain relationship at the notch root
does not deviate much from Hooke’s law or work hardening of material occurs after yielding,
the description based on elastic stress concentration is valid. In general, in the case of high cycle
fatigue, it is reasonable and effective for the solution of practical problems to consider only the
elastic stress concentration. Thus, it is crucially important for strength design engineers to
understand the nature of elastic stress concentration.

References

[1] Battelle Columbus Laboratories (1983) Economic Effects of Fracture in the United States. Part 1: A Synopsis
of the September 30, 1982, Report to NBS. National Bureau of Standards and National Information Service,
Washington, DC.
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Part II Nomenclature

Stresses and strains in orthogonal coordinate system (x, y, z)
Stresses and strains in cylindrical coordinate system (r, 6, z)

Normal stress and shear stress in £&—# coordinate system

Remote stress

Principal stresses

Pressure

Concentrated force

Stress concentration factor

Stress concentration factor in elastic plastic state
Strain concentration factor in elastic plastic state
Stress intensity factor of Mode I

Stress intensity factor of Mode II

Stress intensity factor of Mode III

Radius of circle or major radius of ellipse
Minor radius of ellipse (or Burger’s vector of dislocation)
Notch root radius

Notch depth

Young’s modulus

Poisson’s ratio

Shear modulus

Displacement in x, y, z coordinate system

Shape parameter of ellipse
Plastic zone size

Normal stress (o, 6y, 6;)
Normal strain (g,, &, €;,)
Shear stress (zyy, Ty, T2x)
Shear strain (7y, ¥z ¥zx)
Normal stress (6,, 6¢, 0.)
Normal strain (g,, &y, €,)
Shear stress (7,9, Tg;, 7.1
Shear strain (7,9, Yoz ¥2r)
Normal stress (o¢, 6,,),
shear stress 7,
00, 70 OI Oxc05 Oycor Txyco
01, 02
porg
P, Q
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Stress

1.1 Stress at the Surface of a Body
1.1.1 Normal Stress

When a body is in a liquid of pressure p, the surface of the body is subject to the same pressure p
everywhere, irrespective of the material. Naturally the pressure acts perpendicular to the curved
surface, unless the surface is subject to a frictional force. However, the action of frictional force
is impossible because a liquid cannot sustain shear stress.

We describe this condition by saying that the normal stress o, at the surface of the body
is —p, that is o, = —p. Thus, the normal stress is the force per unit area, when a force acts per-
pendicular to the surface (Figure 1.1).

1.1.2  Shear Stress

When a block, of weight W, is on a flat plate, there is a minimum force, F, which is necessary to
move the block (Figure 1.2). This force is expressed by the equation

F=uW (1.1)

where p is the coefficient of static friction. Hence, both the bottom surface of the block and the
top surface of the plate are subject to the same frictional force, F. In this situation both surfaces
are subject to a shear stress 7. Denoting the average magnitude of the shear stress by 7,ye,
we have

Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami.
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Figure 1.1
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w
Figure 1.2
F

Tne =y (1.2)

where A is the area of the bottom surface of the block. In this way we can use the term shear
stress to express the tangential force per unit area.

1.2 Stress in the Interior of a Body

If we consider the small area, AA, in the body shown in Figure 1.1, we can see that it is sub-
jected to a force acting on the area AA. However, we cannot talk about the normal stress o, at
that point yet, because we do not know either the magnitude or the direction of the internal
force. However, supposing that there exists a normal component of the internal force, AF;,
we can use this to define the normal stress o, at that same point in the same way as we did
at the surface by the limiting expression

o= lim =" (1.3)
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Similarly, supposing there exists a tangential component AF; of the internal force, we can
define the shear stress, z, at AA by a similar equation,

AF,

7= lim —
AA—0 AA

(1.4)

In the previous case shown in Figure 1.1 we see that, irrespective of the position and direction
of the area, the only force acting is the normal one. That is to say, o, = —p and T=0 everywhere
in the body. However, in general problems the conditions are different and the stress varies
from point to point and the stress field is not uniform.

When we first meet a problem, we usually have no information about the stress state inside
the body, as only the stresses at the surface are known. Hence, we can only use this information
to solve the problem. The stresses at the surface of the body are the keys to solving the problem.
These, already known stresses (or deformations), are called boundary conditions.

So now we can start to use the theory of elasticity using boundary conditions, but how can we
use them to obtain the stresses inside the body?

1.3 Two Dimensional Stress, Three Dimensional Stress and Stress
Transformation

1.3.1 Normal Stress

When a plate of uniform thickness having an arbitrary shape (Figure 1.3) is subjected to a con-
stant pressure, p, along its periphery I', the normal stress 6,, and the shear stress T at the per-
iphery I" are o, = —p and 1 =0, respectively. However, we still cannot determine the values of
o, and 7 at an arbitrary point A. How to find the stresses at point A will be explained later.
Now let us consider a rectangular plate of uniform thickness, as illustrated in Figure 1.4. Its
boundary conditions are ¢, = oy along the side BC and AD, o, = 6y along the side AB and CD

Figure 1.3
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and 7=0 along all sides. The usual method of describing these conditions is to say, ox = oo,
7xy =0 along BC and AD, and oy = 6y, 7yx =0 along AB and CD. The subscripts, x and y in o
and o, mean that o, and oy are normal stresses in the directions of the x and y axes respectively.
The order of the double subscripts, like Xy in 7y, have a universal meaning. The first indicates
the face on which the stress acts and the second indicates the direction of the shear stress. Thus,
Tyy acts on a face normal to the x axis and acts in the y direction.

If 640 =0, we can easily see that 6 = 04 at an arbitrary point, E, inside the plate. Likewise, if
ox0 =0, then 6y = 6y everywhere in the plate. Therefore, when either o, or oy is not zero, we
can easily see that 6, = 0 and oy =6y in the plate. This interpretation comes from considering
the equilibrium of forces within the plate.

1.3.2 Shear Stress

Considering the case where shear stresses are the only boundary conditions, as shown in
Figure 1.5, how do we find the stresses inside the plate? From the equilibrium of forces we
can see that if 7y acts along AB in the negative x direction, 7y along CD must act in the
positive x direction, otherwise the plate would not be in equilibrium. By the same reasoning
we can see that the shear stresses along BC and AD will act in opposite directions.

In addition, the plate must be in equilibrium from the viewpoint of rotation as well. There
must be no effective moments to cause rotation. This is known as the condition of rotation.
Considering the condition of rotation we can use any z axis which pierces the plate. If we
choose the z axis which pierces the plate at the point, A, then the equilibrium condition for
rotation is written as follows.

BC:74-AB-CD 17, -AD=0 (L.5)
and as CD=AB and AD =BC then this simplifies to

Txy0 = Tyx0 (16)
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This is simple, but a very important relationship. Equation (1.6) means that shear stresses exist
only as shown in Figure 1.6a, b. All the shear stresses are equal in magnitude and a shear stress
cannot exist only on a single side (e.g. AB) or only on a couple of parallel sides (e.g. a couple of
AB and CD). This rule also holds inside the plate. Although students and engineers sometimes
underestimate this rule, an exact understanding of it will help to solve advanced problems later.

1.3.3  Stress in an Arbitrary Direction
1.3.3.1 Two Dimensional Stress Transformation

If the boundary conditions of a rectangular plate are like those shown in Figure 1.7, we can
immediately see that the stresses at an arbitrary point inside the plate are o4 =060, 6y =0y
and 7,y = 7y0. However, these stresses are those defined in the x-y coordinate system. In many
practical problems the stresses in different coordinate systems are needed.

Now let us determine the stresses o¢, ¢, and 7z, defined in the coordinate system (&, #7) which
is rotated by the angle 6 from the x axis in the counterclockwise direction.

If we imagine a right angle triangle ABC as in Figure 1.8, inside the rectangular plate of
Figure 1.7, the stresses oy, oy and 7, along the sides AB and AC are ox =0y (along AC)
oy =0y (along AB) and 74y = 7y0 (along AB and AC) respectively. For the sake of simplicity
we take the length of the side BC to be unity, that is |BC|=1.
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Figure 1.8

Using the direction cosines of the £ and 5 axes with respect to the x and y axes, we can
express the equilibrium conditions of the triangle AABC in the £ and # directions.
Table 1.1 defines the direction cosines as follows:
[y =cosO, m;=sinBO

I, =—sinO, my=cosO

In the above equations, the quantities in the parentheses are forces acting on the side of the
triangle, (stress - area), and the direction cosines that follow the parentheses are the operators for
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Table 1.1 Direction cosine

X y
3 L my
n b my

obtaining the components of the forces. A common mistake students make when using the
stress transformation is that they multiply stresses and direction cosines only once. This is
because they use the wrong condition of stress instead of force' when they are trying to solve
for equilibrium conditions.

Arranging Equations 1.7 and 1.8 and adding that for o, gives:

0§=ax112+aym12+21xyllm1 (19)
Oy :5xl22 +O'yI7122 + 2Txylzm2 (110)
T§”=6xl|lz+0ym|n’l2+Txy(llm2+lzm|) (111)

Rewriting these equations using the angle 0 in Figure 1.8 gives:

O =0y cos20 + oy sin’0 + 27,,c086-sind
6, = 0,5in*0 + 6, c0s>0— 21, cos 0 sind (1.12)

Ty = (0y—0,)cos0-sind + 7, (cos’0—sin’6)

When students look at Equation 1.12, they often forget that it was derived using the equi-
librium condition of forces. This is a very important equation and later we will use it often to
solve various problems.

On deriving Equation 1.12, we usually draw a diagram similar to that in Figure 1.8. How-
ever, it should be noted that in Figure 1.8 we know the stresses on two sides (AB, AC) of the
triangle and on only one side, (BC), is the stress unknown.

If we draw the figure like Figure 1.9 instead of Figure 1.8 then we cannot derive
Equation 1.12 because we know only the stresses on the side (AB) and we do not know the
stresses oz, o, and 7, acting on BC and AC. This is another mistake that confuses many
students.

Equation 1.12 was derived assuming that the plate of Figure 1.7 was subjected to a uniform
stress. However, as we did not talk about the size of the plate we can also use Equation 1.12 in
the cases of non-uniform stress, simply by imagining a sufficiently small rectangle inside the
arbitrarily shaped plate, over which the stresses do not vary. As we shall see, Equation 1.12 is
used often in such cases.

! The author believes that the teaching of Mohr’s circle is another major cause of misunderstanding. This is because the
use of Mohr’s circle is usually taught after the derivation of Equation 1.12 and cosine and sine appear only once in its
analysis.
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Figure 1.9

Example problem 1.1

When an arbitrarily shaped plate of uniform thickness is subjected to a constant pressure, p
along its periphery, I, verify that the normal stress, o, and the shear stress, 7, are 6= —p
and 7 =0 throughout the plate (Figure 1.10).

Figure 1.10

Solution
We cannot solve this problem by dividing the plane into small parts. We will solve the problem
by visualizing the plate as an arbitrary shaped part within a larger, known plate instead.
Look at Figure 1.11. We know that the plate is subject to a constant pressure p along its per-
iphery. We also know that the stresses inside the plate will be 6 = —p, 6y = —p and 7., =0 when
the x—y coordinate system is used. Now, drawing in the periphery I, as shown with the dotted
line in Figure 1.11, we take the £ axis to be normal to periphery at the arbitrary point B on the
periphery I. Now we take an arbitrary point on the axis, the point O’, and define a &-5
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Figure 1.11

coordinate system with the origin at the point O’. When the angle between the x axis and the &
axis is 6, the stresses at the point B can be obtained from Equation 1.12 and are as follows:

or= 6,c05°0 + Oy sin?0 + 27,,c0s0-sinf = —pcos?0—psin0+0=—p
7, = (6y—0) cos0-sind + 7., (cos*0 - sin*0)

= (—p+p)cosO-sind +0(cos’0—sin’@) =0

Point B is not a special point on the periphery of the plate and so we can see that the normal
stress and shear stress will be the same everywhere along the periphery. This means that the
conditions on the boundary of the plate in Figure 1.10, correspond to those of the periphery
of the plate indicated by I, described within the rectangular plate in Figure 1.11. Consequently,
to determine the stress state at point A in Figure 1.10, we have only to think of the stress state of
the identical point A in Figure 1.11.

As was noted before, point B is not a special point in the rectangular plate and so the stresses
at point A can be expressed in the same way as those at point B. Thus we can see that the stres-
ses will be 6= —p and =0 at any point and direction within 7.

This example demonstrates how we can determine the stress state inside a plate, knowing
only the boundary conditions and the stress transformation equation. We should notice the fact
that we did not mention the material of the plate besides its uniform thickness. Never forget the
conclusion gained from this problem. It is very important not only in elasticity but also in vari-
ous problems of plasticity.

1.3.3.2 Three Dimensional Stress Transformation

This section describes the method to find the stresses in an arbitrary direction, when a solid,
brick-like body is subjected to a uniform stress (Figure 1.12).

Suppose that the stresses oy, 6y, 64, Txy, Tyz, Tox (NOLE: Tyx =Ty, Ty, = Tzy, Txz = Tzx) are known
and the stresses in the £—n—{ coordinate system are required. We denote the direction cosines
between these two coordinate systems as shown in Table 1.2.
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Even before we find the solution it is possible to guess the form of the final solution. It is
similar to the method adopted for the two dimensional (2D) case (Section 1.3.3.1) but is length-
ier. So, before taking the lengthy approach, let us look at Equations 1.9 to 1.11 carefully, spe-
cifically by paying attention to the regularity of the direction cosines. In addition, we should be
aware of the fact that the 2D case is just a special case of a 3D case, that is in 2D cases the z and
¢ axes are perpendicular to the 2D plane (x—y and £—# planes). Thus, from these considerations
and Equations 1.9 to 1.11, we can predict the following equations for the 3D case:

o= lelz +0ym12 +azn12 +2(Txyllm1 + 7y MmNy +szn111)

15,7=0xlllz+aym1m2+0zn1n2+‘rxy(llm2+lzm1)
+Tyz(m11’l2+l/l12nl>+Ta(nllz+nzll) (1 13)

Tg:axl113+aym1m3 +o.nins +Txy(llm3+l3m1) .

+1'yz(m1n3 +Wl31’ll) +Tu(l’lll3 +I’l3ll)

Actually, Equation 1.13 is an exact expression. The orthodox, and lengthy, derivation of
Equation 1.13 was obtained by considering a triangular pyramid (tetrahedron) instead of the
triangle that was used for the 2D case (Figure 1.8). We take the £ axis to be perpendicular
to the plane ABC and the area of AABC to be 1. Denoting the areas of AOBC, AOAC and
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AOAB by Ay, A, and A,, respectively, we can see that Ay =/;, Ay =m; and A, =n;. Using these
relationships and by following a similar method based on the equilibrium condition of force, we
can obtain Equation 1.13.

How the stresses of Equation 1.13 act on the plane ABC is illustrated in Figure 1.13. In
Figure 1.14, we denote o: by ¢ and express the resultant shear stress, 7, on the plane ABC
(é-n plane), as follows:

TZ=T§,12+T§§2 (114)

We also express the resultant stress, p, on the &~ plane by the following equation:

pPP=c*+7 (1.15)
z
C
A,
’ é(ll’ my, nl)
Tyx
-
O, e
Y77 y
Tyz o Tox B
Ty‘;‘f N
24
A
X
Figure 1.13

Figure 1.14
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When =0, we have p=¢ and the resultant force acts perpendicular to the £~ plane. In this
case, we call £ a principal axis. As will be shown later, there are three principal axes.

1.3.4  Principal Stresses
1.3.4.1 Principal Stresses in 2D Stress State

By looking at Figures 1.7 and 1.8, we can see that in general there will be two kinds of stresses
acting on the plane BC: normal stress o and shear stress 7z,. However, if we vary the angle 0
continuously from 0 to 2x, we will find that ¢, vanishes at certain values of 6.

In Figure 1.15, p is the resultant stress, where p? = 6:? + 7. If we take the length [BC| =1
then we have |AB|=m, and |AC|=1;. Now, by considering the equilibrium conditions of the
element ABC and denoting the x and y components of the force acting on the side BC by p, and
Dy, respectively, we have:

Px=o0 l] + T, M
e (1.16)
Py =Txli +0,m
As was mentioned before, at certain values of 8, 7, vanishes, so we can write
px=0¢l
o (1.17)
Dy=0¢emy

because p =o; at those special angles.

Figure 1.15
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From Equations 1.16 and 1.17 and denoting o by o, we have

ol +tymy =0l
’ (1.18)
Tyl +oymy =omy
Rewriting Equation 1.18 gives
ox—0)l|+7,m =0
(o =0)h +7 (1.19)
Toply + (ay—a)ml =0

And by considering the properties of the direction cosines so that we know /; and m; cannot
both be zero at the same angle, (i.e. ;> +m;> #0) then the following equation must hold.

(6x=0) 7Ty

=0 1.20
o (0,-0) (1.20)

Solving Equation 1.20 gives us two roots of ¢. Denoting these roots by ¢, and o,, we obtain,

(ox + ay) + (ax —ay) o 47,2
2

(1.21)

01,02 =

o1 and o, are the principal stresses (we define o] > 65). In a 2D stress state, such as this, there
are usually two principal stresses.

From the above discussion, the principal stresses are the normal stresses acting on the
planes with no shear stress. We can see that the process to obtain Equation 1.21 from
Equation 1.16 is identical with that to obtain the eigenvalues in linear algebra. This means that
o and o, correspond to the eigenvalues and, therefore, are the maximum and minimum normal
stresses, respectively. The directions they act in are called the principal axes. The direction
cosines for the principal axes can be obtained from Equation 1.19, that is

m

=tan0=""2" or @=tan”! (""”") (1.22)

L Tyy Tyy

In linear algebra, two eigenvectors, (i.e. the two principal axes), orthogonally intersect one
another. This means (y,m;)- (l;',m;") =0. The same result can be derived by differentiating o
with respect to 6 in Equation 1.12 and using the condition do:/d6=0. However, the author
recommends readers to memorize Equation 1.20 rather than Equation 1.21 or the conventional
derivation by do: /d6 =0, because Equation 1.20 is not only easy to memorize but it also helps
us to see the physical meaning in a compact way. This method for the interpretation of the phys-
ical meaning of the principal stresses helps us to move easily into 3D problems, in which the
conventional method of reduction becomes very lengthy and boring.
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Example problem 1.2

Verify that the principal stresses ¢ and o, are the maximum and minimum values which nor-
mal stress can take.

Solution
Denoting the direction cosines between the principal axis 1 and the axes (&, ) by ({;, [5) and the
direction cosines between the principal axis 2 and (¢, n7) by (m;, m,), from Equation 1.9:

0§=61112+O'211112£61112+O'1m12=01

05=01112+02m12202112+02m12=02
Hence, 62 <0:< 0.

Example problem 1.3
Find the principal stresses on the surface of a uniform round bar which is subjected to torsion,
by determining a shear stress z on the surface.

Solution

(Gx -0) Txy

—0 T
= =¢2-72=0
Try (ay—a) T -0
61=T, 62=-T
_,01_0y . c _ b4
O=tan"! —Z =tan"' = =tan"'1==
Tyy T 4
_102-0x ~102 - T
Gry=tan”' " =tan”' = =tan"'(-1)=-=
Tyy T 4

This result means that, as shown in Figure 1.16, the stress state of ox =6, =0, T,y =7 is iden-
tical to the stress state of oy =7 (tension) and o, = —7 (compression) if looked from +45°. The
phenomena of shear fracture of ductile materials along the plane perpendicular to the axis of

01=7 T
"N r=-
/ 45° I | T
T>>-jp——a— - —— = <7
PANZAN ="
1 0=—7T

Figure 1.16
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twisting moment and spiral shape fracture of brittle materials along the plane of ~45° are
related to this stress state.

1.3.4.2 Principal Stresses in 3D Stress State

In a manner similar to that used with 2D problems, we can obtain an equation which determines
the three principal stresses o, 0, and 03, (61 > 062 >03) in 3D problems:

(0:—0) Txy Tox
ty  (oy-0) 7. [=0 (1.23)
Tox Tyz (0.—0)

Resolving Equation 1.23:

- (ax +oy,+ 02)02 + (axay +0,0,+ 0,0, — Ty — Ty, —Tuz)a (1.24)

- (axayaz + 27Ty T — axryzz —ayrzxz —azrxyz) =0
If we denote the roots by ¢, 0, and o3, Equation 1.24 can be rewritten in the following form:
(6—01)-(6-062)-(6-03)=0 (1.25)
And resolving again we have
o’ =J16°=Jro—J3=0 (1.26)
where

Ji=o1+02+03

JZZ —(0162 + 0703 +6361)
1
= 6 (61 —0'2)2+ (0'2—63)2+ (03—0'])2—2(61 +62+63)2:|

J3=010203

Since the principal stresses o1, 0, and o3 are independent of the coordinates chosen, Ji, J, and
Js are constant in a certain stress state and are called the first, second and third stress invariants.
If we note the equivalence of Equations 1.24 and 1.26, we will understand that

Ji=o1+062+03=0,+0y,+0,=0s+0,+0; (1.27)

J,=—(0102+06203+0301) = — (axay +0y0.+ Uzax—rxyz —Tyzz —TUCQ) (1.28)
= —(G:Gn+0n04+0¢0¢—T¢n2—fnc2—fc§2) '
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J3= 010203 = 0,0,0, + 200 Ty Ty — 0x Ty — Oy To” — 0Ty

Z

(1.29)
= 6:0,0¢ + 2Te)TyeTee—OeTye s — OpTeet — O e Ten>
£0n0¢ EntnCtlE—0&tnd ntge tén

We have obtained these important equations (Equations 1.27 to 1.29) without solving
Equations 1.23 and 1.24. In general we cannot solve Equation 1.24 in the traditional manner,
using a compass and triangles (which are used to find the principal stresses in 2D problems).
This means that we cannot draw a so-called Mohr’s circle from the stresses (oy, oy, 6, Txy
Tys T,x). However, we should not be disappointed, because Mohr’s circles are not as important
as they are widely assumed to be. J; is the quantity related to the component of hydrostatic com-
pression of a stress state and, as explained later, it is the quantity related to the volume change in
terms of strains through Hooke’s law. J, is the quantity related to the cause of plastic deformation.
The meaning of J3 is not clear as J, and J,. Equation 1.23 is simple and impressive, and as engin-
eers know there is beauty in simplicity. This equation will also be very useful in later problems.

Example problem 1.4
Verify that the three principal axes intersect each other orthogonally in 3D problems.

Hint
Pay attention to the definition of the principal stress and the nature of shear stress.

1.3.5 Principal Shear Stresses

In the case of 2D stress states, the principal shear stress is called the maximum shear stress.
Materials can fail by tensile normal stress or by shear stress depending on their ductility or
brittleness. Failure of materials by shear stress occurs mostly in a plane with the maximum
shear stress.

First we shall consider the maximum shear stress in a 2D stress state. From Equation 1.11,
when oy, 6, and 7, are known, the shear stress on the plane £ = constant, or 7 = constant, can be
expressed as

Teg = lellz +oymimy + ’z‘xy(llmz + lzml)

Since oy, oy and Ty, are known, we can determine the principal stresses o and o, and the
direction cosines. Now, supposing that /,’, ' and so on are direction cosines defined between
the £ and 5 axes and the principal axes (direction of the principal stresses), we have

7§n=01l1/12/+02m1’m2/, 01>0) (130)
and by considering the nature of the direction cosines (see Appendix A.1 of Part I),
11/12/ + mllmg/ = 07
we obtain,

= (01-02)1i' D (1.31)
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Now we need to know the direction in which /,’l,’ becomes maximum. Since (6] —65) is a quan-
tity that is constant irrespective of the direction, we must make |/;'l,| the maximum.

Since I'12+ 2= 1, we have the absolute maximum value of z¢, when |/;'| =|L'| and so we
have the angle at which the maximum shear stress acts:

O=n/4 or (z/2+xn/4) (1.32)

—_

Tmax = ¢—(51_0'2) (133)

[\

In Equation 1.33, the plus and minus signs in front of the parentheses are not important, they
only indicate the direction of the shear stress. This result means that the maximum shear stress is
in the plane at an angle of &t /4 from both the principal axes. Looking at the stress state from the
direction of one of the principal axes and using a similar method, we can derive the principal
shear stresses in three dimensions that correspond to 7,,,x in 2D problems as follows:

1 1 1
T1=§|O'2—(73|, 1'2=§|O'3—01|, T3:§|01—O'2| (134)

One of the shear stresses is algebraically maximum, another minimum and the last one is
between these. 7, acts on the plane which divides equally the angle made by two planes on
which o, and o3 act. The same rule applies to 7, and 73 respectively.

Problems of Chapter 1

1. A tensile test was carried out on a belt which was made by bonding the straight ends, as
shown in Figure 1.17a. A tensile fracture occurred from the bonded end at 1/400 of the
original strength of the belt. In order to increase the strength of the bonded end, the belt
was sliced in an inclined direction and was bonded again with the same bond. Determine
the approximate angle of slicing in Figure 1.17b to prevent fracture at the bonded interface.
Assume that the bonded interface fractures only by tensile normal stress and the fracture is
not influenced by shear stress.

(a) (b)
Bonding
/
H tl = H 0 =

Bonding

Figure 1.17

2. Determine the stress inside a cylinder which is subjected to the same internal pressure p;
and external pressure p,, that is p; =p, = —py.

3. When the normal stress o: and shear stress 7, in the direction of 8 =6, against the axis of
the bar at the outer radius of a cylindrical bar under a twisting moment are oz =0 and



