MARKET RISK ANALYSIS |11

CAROL ALEXANDER

PRACTICAL
FINANCIAL
ECONOMETRICS






Market Risk Analysis
Volume II

Practical Financial Econometrics






Market Risk Analysis
Volume II

Practical Financial Econometrics

Carol Alexander

John Wiley & Sons, Ltd



Published in 2008 by John Wiley & Sons Ltd, The Atrium, Southern Gate, Chichester,
West Sussex PO19 8SQ, England

Telephone (+44) 1243 779777

Email (for orders and customer service enquiries): cs-books @wiley.co.uk
Visit our Home Page on www.wiley.com

Copyright © 2008 Carol Alexander

Reprinted with corrections December 2008 and November 2010
Reprinted March 2009

All Rights Reserved. No part of this publication may be reproduced, stored in a retrieval system or transmitted
in any form or by any means, electronic, mechanical, photocopying, recording, scanning or otherwise, except
under the terms of the Copyright, Designs and Patents Act 1988 or under the terms of a licence issued by the
Copyright Licensing Agency Ltd, 90 Tottenham Court Road, London W1T 4LP, UK, without the permission
in writing of the Publisher. Requests to the Publisher should be addressed to the Permissions Department,
John Wiley & Sons Ltd, The Atrium, Southern Gate, Chichester, West Sussex PO19 8SQ, England,

or emailed to permreq@wiley.co.uk, or faxed to (+44) 1243 770620.

Designations used by companies to distinguish their products are often claimed as trademarks. All brand names
and product names used in this book are trade names, service marks, trademarks or registered trademarks of their
respective owners. The Publisher is not associated with any product or vendor mentioned in this book.

This publication is designed to provide accurate and authoritative information in regard to the subject matter
covered. It is sold on the understanding that the Publisher is not engaged in rendering professional services.

If professional advice or other expert assistance is required, the services of a competent professional should be
sought.

Carol Alexander has asserted her right under the Copyright, Designs and Patents Act 1988, to be identified as the
author of this work.

Other Wiley Editorial Offices

John Wiley & Sons Inc., 111 River Street, Hoboken, NJ 07030, USA

Jossey-Bass, 989 Market Street, San Francisco, CA 94103-1741, USA

Wiley-VCH Verlag GmbH, Boschstr. 12, D-69469 Weinheim, Germany

John Wiley & Sons Australia Ltd, 42 McDougall Street, Milton, Queensland 4064, Australia

John Wiley & Sons (Asia) Pte Ltd, 2 Clementi Loop #02-01, Jin Xing Distripark, Singapore 129809
John Wiley & Sons Canada Ltd, 6045 Freemont Blvd, Mississauga, Ontario, Canada L5R 4J3

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print may
not be available in electronic books.

British Library Cataloguing in Publication Data
A catalogue record for this book is available from the British Library
ISBN 978-0-470-99801-4 (H/B)

Typeset in 10/12pt Times by Integra Software Services Pvt. Ltd, Pondicherry, India
Printed and bound in Great Britain by CPI Antony Rowe, Chippenham, Wiltshire


mailto:cs-books@wiley.co.uk
http://www.wiley.com
mailto:permreq@wiley.co.uk

To Rick van der Ploeg






Contents

List of Figures

List of Tables

List of Examples

Foreword

Preface to Volume II

II.1 Factor Models

IL.1.1
1.2

I.1.3

IL.1.4

IL.1.5

IL.1.6

Introduction

Single Factor Models

II.1.2.1 Single Index Model

I.1.2.2 Estimating Portfolio Characteristics using OLS

I.1.2.3 Estimating Portfolio Risk using EWMA

II.1.2.4 Relationship between Beta, Correlation and Relative
Volatility

I.1.2.5 Risk Decomposition in a Single Factor Model

Multi-Factor Models

II.1.3.1 Multi-factor Models of Asset or Portfolio Returns

I1.1.3.2  Style Attribution Analysis

II.1.3.3 General Formulation of Multi-factor Model

I.1.3.4 Multi-factor Models of International Portfolios

Case Study: Estimation of Fundamental Factor Models

II.1.4.1 Estimating Systematic Risk for a Portfolio of US Stocks

I1.1.4.2 Multicollinearity: A Problem with Fundamental Factor
Models

I1.1.4.3 Estimating Fundamental Factor Models by Orthogonal
Regression

Analysis of Barra Model

II.1.5.1 Risk Indices, Descriptors and Fundamental Betas

I1.1.5.2 Model Specification and Risk Decomposition

Tracking Error and Active Risk

I1.1.6.1 Ex Post versus Ex Ante Measurement of Risk and Return

II.1.6.2  Definition of Active Returns

I1.1.6.3 Definition of Active Weights

I1.1.6.4 Ex Post Tracking Error

xiii
xvii

XX
xxii

XXVi

(o L S L

11
11
13
16
18
21
22

23

25
27
28
30
31
32
32
33
33



viii

Contents

I1.2

I1.3

I1.1.6.5 Ex Post Mean-Adjusted Tracking Error

I.1.6.6 Ex Ante Tracking Error

I1.1.6.7 Ex Ante Mean-Adjusted Tracking Error

I1.1.6.8 Clarification of the Definition of Active Risk
II.1.7 Summary and Conclusions

Principal Component Analysis
I1.2.1 Introduction
I1.2.2 Review of Principal Component Analysis
I1.2.2.1 Definition of Principal Components
I1.2.2.2 Principal Component Representation
I1.2.2.3 Frequently Asked Questions
I1.2.3 Case Study: PCA of UK Government Yield Curves
I1.2.3.1 Properties of UK Interest Rates
I1.2.3.2 Volatility and Correlation of UK Spot Rates
I1.2.3.3 PCA on UK Spot Rates Correlation Matrix
I1.2.3.4 Principal Component Representation
I1.2.3.5 PCA on UK Short Spot Rates Covariance Matrix
I1.2.4 Term Structure Factor Models
I1.2.4.1 Interest Rate Sensitive Portfolios
I1.2.4.2 Factor Models for Currency Forward Positions
I1.2.4.3 Factor Models for Commodity Futures Portfolios
I1.2.4.4 Application to Portfolio Immunization
I1.2.4.5 Application to Asset-Liability Management
I1.2.4.6 Application to Portfolio Risk Measurement
I1.2.4.7 Multiple Curve Factor Models
I1.2.5 Equity PCA Factor Models
II.2.5.1 Model Structure
I1.2.5.2 Specific Risks and Dimension Reduction
I1.2.5.3 Case Study: PCA Factor Model for DJTA
Portfolios
I1.2.6 Summary and Conclusions

Classical Models of Volatility and Correlation

I1.3.1 Introduction

I1.3.2 Variance and Volatility
I1.3.2.1 Volatility and the Square-Root-of-Time Rule
I1.3.2.2 Constant Volatility Assumption
I1.3.2.3 Volatility when Returns are Autocorrelated
I1.3.2.4 Remarks about Volatility

I1.3.3 Covariance and Correlation
I1.3.3.1 Definition of Covariance and Correlation
I1.3.3.2  Correlation Pitfalls
I1.3.3.3 Covariance Matrices
I1.3.3.4 Scaling Covariance Matrices

I1.3.4 Equally Weighted Averages
I1.3.4.1 Unconditional Variance and Volatility
I1.3.4.2  Unconditional Covariance and Correlation
I1.3.4.3 Forecasting with Equally Weighted Averages

36
39
40
42
44

47
47
48
49
49
50
53
53
55
56
58
60
61
62
66
70
71
72
73
76
80
80
81

82
86

89
89
90
90
92
92
93
94
94
95
96
97
98
99
102
103



Contents

ix

I1.4

I1.3.5

I1.3.6

I1.3.7

I1.3.8

11.3.9

Precision of Equally Weighted Estimates

I1.3.5.1 Confidence Intervals for Variance and Volatility
I1.3.5.2 Standard Error of Variance Estimator

I1.3.5.3 Standard Error of Volatility Estimator

I1.3.5.4 Standard Error of Correlation Estimator

Case Study: Volatility and Correlation of US Treasuries
I1.3.6.1 Choosing the Data

11.3.6.2 Our Data

I1.3.6.3 Effect of Sample Period

I1.3.6.4 How to Calculate Changes in Interest Rates
Equally Weighted Moving Averages

I1.3.7.1 Effect of Volatility Clusters

I1.3.7.2 Pitfalls of the Equally Weighted Moving Average Method
I1.3.7.3 Three Ways to Forecast Long Term Volatility
Exponentially Weighted Moving Averages

I1.3.8.1 Statistical Methodology

I1.3.8.2 Interpretation of Lambda

I1.3.8.3 Properties of EWMA Estimators

I1.3.8.4 Forecasting with EWMA

I1.3.8.5 Standard Errors for EWMA Forecasts

11.3.8.6 RiskMetrics™ Methodology

I1.3.8.7 Orthogonal EWMA versus RiskMetrics EWMA
Summary and Conclusions

Introduction to GARCH Models

11.4.1
1L4.2

11.4.3

11.4.4

11.4.5

Introduction

The Symmetric Normal GARCH Model

I1.4.2.1 Model Specification

[1.4.2.2 Parameter Estimation

I1.4.2.3 Volatility Estimates

I1.4.2.4 GARCH Volatility Forecasts

I1.4.2.5 Imposing Long Term Volatility

I1.4.2.6 Comparison of GARCH and EWMA Volatility Models

Asymmetric GARCH Models

11.43.1 A-GARCH

11.4.3.2 GJR-GARCH

I1.4.3.3 Exponential GARCH

I1.4.3.4 Analytic EEGARCH Volatility Term Structure Forecasts

I1.4.3.5 Volatility Feedback

Non-Normal GARCH Models

I1.4.4.1 Student t GARCH Models

I1.4.4.2 Case Study: Comparison of GARCH Models for the
FTSE 100

II.4.4.3 Normal Mixture GARCH Models

11.4.4.4 Markov Switching GARCH

GARCH Covariance Matrices

I1.4.5.1 Estimation of Multivariate GARCH Models

I1.4.5.2 Constant and Dynamic Conditional Correlation GARCH

I1.4.5.3 Factor GARCH

104
104
106
107
109
109
110
111
112
113
115
115
117
118
120
120
121
122
123
124
126
128
129

131
131
135
135
137
141
142
144
147
147
148
150
151
154
156
157
157

159
161
163
164
165
166
169



X Contents
I1.4.6  Orthogonal GARCH 171
I1.4.6.1 Model Specification 171
I1.4.6.2 Case Study: A Comparison of RiskMetrics and O-GARCH 173
I1.4.6.3 Splicing Methods for Constructing Large Covariance
Matrices 179
I1.4.7 Monte Carlo Simulation with GARCH Models 180
I1.4.7.1 Simulation with Volatility Clustering 180
I1.4.7.2 Simulation with Volatility Clustering Regimes 183
I1.4.7.3 Simulation with Correlation Clustering 185
I1.4.8 Applications of GARCH Models 188
I1.4.8.1 Option Pricing with GARCH Diffusions 188
I1.4.8.2 Pricing Path-Dependent European Options 189
I1.4.8.3 Value-at-Risk Measurement 192
I1.4.8.4 Estimation of Time Varying Sensitivities 193
I1.4.8.5 Portfolio Optimization 195
I1.4.9 Summary and Conclusions 197
II.5 Time Series Models and Cointegration 201
II.5.1 Introduction 201
I1.5.2 Stationary Processes 202
I1.5.2.1 Time Series Models 203
I1.5.2.2 Inversion and the Lag Operator 206
I1.5.2.3 Response to Shocks 206
I1.5.2.4 Estimation 208
I1.5.2.5 Prediction 210
I1.5.2.6 Multivariate Models for Stationary Processes 211
I1.5.3 Stochastic Trends 212
II.5.3.1 Random Walks and Efficient Markets 212
I1.5.3.2 Integrated Processes and Stochastic Trends 213
I1.5.3.3 Deterministic Trends 214
I1.5.3.4 Unit Root Tests 215
I1.5.3.5 Unit Roots in Asset Prices 218
I1.5.3.6  Unit Roots in Interest Rates, Credit Spreads and Implied
Volatility 220
I1.5.3.7 Reconciliation of Time Series and Continuous Time Models 223
I1.5.3.8 Unit Roots in Commodity Prices 224
II.5.4 Long Term Equilibrium 225
I1.5.4.1 Cointegration and Correlation Compared 225
I1.5.4.2 Common Stochastic Trends 227
[1.5.4.3 Formal Definition of Cointegration 228
I1.5.4.4 Evidence of Cointegration in Financial Markets 229
I1.5.4.5 Estimation and Testing in Cointegrated Systems 231
I1.5.4.6 Application to Benchmark Tracking 239
I1.5.4.7 Case Study: Cointegration Index Tracking in the Dow
Jones Index 240
I1.5.5 Modelling Short Term Dynamics 243
I1.5.5.1 Error Correction Models 243



Contents

xi

I1.6

IL.7

I1.5.6

I1.5.5.2 Granger Causality
I1.5.5.3 Case Study: Pairs Trading Volatility Index Futures
Summary and Conclusions

Introduction to Copulas

I1.6.1
I1.6.2

11.6.3

11.6.4

I1.6.5

11.6.6

11.6.7

11.6.8

11.6.9

Introduction

Concordance Metrics

I1.6.2.1 Concordance

I1.6.2.2 Rank Correlations

Copulas and Associated Theoretical Concepts

I1.6.3.1 Simulation of a Single Random Variable
I1.6.3.2 Definition of a Copula

11.6.3.3 Conditional Copula Distributions and their Quantile Curves
I1.6.3.4 Tail Dependence

I1.6.3.5 Bounds for Dependence

Examples of Copulas

[1.6.4.1 Normal or Gaussian Copulas

I1.6.4.2 Student ¢t Copulas

[1.6.4.3 Normal Mixture Copulas

[1.6.4.4 Archimedean Copulas

Conditional Copula Distributions and Quantile Curves
I1.6.5.1 Normal or Gaussian Copulas

I1.6.5.2 Student ¢ Copulas

I1.6.5.3 Normal Mixture Copulas

I1.6.5.4 Archimedean Copulas

11.6.5.5 Examples

Calibrating Copulas

I1.6.6.1 Correspondence between Copulas and Rank Correlations
[1.6.6.2 Maximum Likelihood Estimation

[1.6.6.3 How to Choose the Best Copula

Simulation with Copulas

I1.6.7.1 Using Conditional Copulas for Simulation
I1.6.7.2 Simulation from Elliptical Copulas

I1.6.7.3 Simulation with Normal and Student ¢ Copulas
I1.6.7.4 Simulation from Archimedean Copulas
Market Risk Applications

I1.6.8.1 Value-at-Risk Estimation

I1.6.8.2 Aggregation and Portfolio Diversification
I1.6.8.3 Using Copulas for Portfolio Optimization
Summary and Conclusions

Advanced Econometric Models

IL.7.1
IL.7.2

Introduction

Quantile Regression

I1.7.2.1 Review of Standard Regression

I1.7.2.2 What is Quantile Regression?

I1.7.2.3 Parameter Estimation in Quantile Regression

246
247
250

253
253
255
255
256
258
258
259
263
264
265
266
266
268
269
271
273
273
274
275
275
276
279
280
281
283
285
285
286
287
290
290
291
292
295
298

301
301
303
304
305
305



xii

Contents

I1.8

I1.7.2.4 Inference in Linear Quantile Regression
I1.7.2.5 Using Copulas for Non-linear Quantile Regression
I1.7.3 Case Studies on Quantile Regression
I1.7.3.1 Case Study 1: Quantile Regression of Vftse on FTSE 100
Index
I1.7.3.2 Case Study 2: Hedging with Copula Quantile Regression
I1.7.4 Other Non-Linear Regression Models
II.7.4.1 Non-linear Least Squares
I1.7.4.2 Discrete Choice Models
IL.7.5 Markov Switching Models
I1.7.5.1 Testing for Structural Breaks
I1.7.5.2 Model Specification
I1.7.5.3 Financial Applications and Software
II.7.6 Modelling Ultra High Frequency Data
I1.7.6.1 Data Sources and Filtering
I1.7.6.2 Modelling the Time between Trades
I1.7.6.3 Forecasting Volatility
I1.7.7 Summary and Conclusions

Forecasting and Model Evaluation
II.8.1 Introduction
I1.8.2 Returns Models
I1.8.2.1 Goodness of Fit
I1.8.2.2 Forecasting
I1.8.2.3 Simulating Critical Values for Test Statistics
I1.8.2.4 Specification Tests for Regime Switching Models
I1.8.3 Volatility Models
I1.8.3.1 Goodness of Fit of GARCH Models
I1.8.3.2 Forecasting with GARCH Volatility Models
I1.8.3.3 Moving Average Models
I1.8.4 Forecasting the Tails of a Distribution
II.8.4.1 Confidence Intervals for Quantiles
11.8.4.2 Coverage Tests
I1.8.4.3 Application of Coverage Tests to GARCH Models
I1.8.4.4 Forecasting Conditional Correlations
I1.8.5 Operational Evaluation
I1.8.5.1 General Backtesting Algorithm
I1.8.5.2 Alpha Models
11.8.5.3 Portfolio Optimization
11.8.5.4 Hedging with Futures
I1.8.5.5 Value-at-Risk Measurement
I1.8.5.6 Trading Implied Volatility
I1.8.5.7 Trading Realized Volatility
I1.8.5.8 Pricing and Hedging Options
I1.8.6 Summary and Conclusions

References

Index

307
307
309

309
314
319
319
321
325
325
327
329
330
330
332
334
337

341
341
342
343
347
348
350
350
351
352
354
356
356
357
360
361
363
363
365
366
366
367
370
372
373
375

377
387



I.1.1

II.1.2

I1.1.3

.14

I1.1.5

I1.1.6

I1.1.7

I1.1.8

I1.1.9

I1.2.1

11.2.2

I1.2.3

11.2.4

I1.2.5

EWMA beta and
systematic risk of the
two-stock portfolio
EWMA beta, relative
volatility and correlation of
Amex (A =0.95)

EWMA beta, relative
volatility and correlation of
Cisco (A=0.95)

Two communications
stocks and four possible
risk factors

A fund with ex post
tracking error of only 1%
Irrelevance of the
benchmark for tracking
error

Which fund has an ex post
tracking error of zero?
Forecast and target active
returns

Returns distributions for
two funds

UK government zero
coupon yields, 2000-2007
Volatilities of UK spot
rates, 20052007
Eigenvectors of the UK
daily spot rate correlation
matrix

Eigenvectors of the UK
daily short spot rate
covariance matrix

UK government interest
rates, monthly, 1995-2007

21

35

36

38

40

42

54

55

58

61

64

List of Figures

I1.2.6

11.2.7

I1.2.8

I1.2.9

11.2.10

11.2.11

11.2.12

11.2.13

I1.3.1

I1.3.2
I1.3.3

11.3.4

I1.3.5

11.3.6

11.3.7

Eigenvectors of the

UK monthly spot rate
covariance matrix

First principal component
for UK interest rates
Constant maturity futures
on West Texas Intermediate
crude oil

Eigenvectors of crude oil
futures correlation matrix
Credit spreads in the euro
zone

First two eigenvectors on
two-curve PCA

Three short spot curves,
December 2001 to August
2007

Eigenvectors for multiple
curve PCA factor models
Confidence interval for
variance forecasts

US Treasury rates
Volatilities of US interest
rates (in basis points)

MIB 30 and S&P 500 daily
closing prices

Equally weighted moving
average volatility estimates
of the MIB 30 index
EWMA volatility estimates
for S&P 500 with different
lambdas

EWMA versus equally
weighted volatility

65

66

70

71

76

77

78

79

105
111

112

116

117

122

123



Xiv

List of Figures

I1.3.8

11.3.9

4.1

11.4.2

11.4.3

11.4.4

11.4.5

11.4.6

11.4.7

11.4.8

11.4.9

11.4.10

11.4.11

11.4.12

11.4.13

11.4.14

11.4.15

11.4.16

Standard errors of EWMA
estimators

Comparison of the
RiskMetrics ‘forecasts’ for
FTSE 100 volatility

Solver settings for GARCH
estimation in Excel
Comparison of GARCH
and EWMA volatilities for
the FTSE 100

Term structure GARCH
volatility forecast for FTSE
100, 29 August 2007

The mean reversion effect
in GARCH volatility
Effect of imposing long
term volatility on GARCH
term structure

E-GARCH asymmetric
response function
E-GARCH volatility
estimates for the FTSE 100
Comparison of GARCH
and E-GARCH volatility
forecasts

GBP and EUR dollar rates
A-GARCH volatilities of
GBP/USD and EUR/USD
Covariances of GBP/USD
and EUR/USD

F-GARCH volatilities and
covariance

Constant maturity crude oil
futures prices

Constant maturity natural
gas futures prices
Correlation between
2-month and 6-month
crude oil futures forecasted
using RiskMetrics EWMA
and 250-day methods
Correlation between
2-month and 6-month
natural gas futures
forecasted using
RiskMetrics EWMA and
250-day methods

125

127

139

141

143

145

146

152

154

156

167

168

168

170

173

174

175

175

11.4.17

11.4.18

11.4.19

11.4.20

11.4.21

11.4.22

11.4.23

11.4.24

11.4.25

11.4.26

11.4.27

IL.5.1

IL.5.2

IL.5.3
1154

I1.5.5

I1.5.6

I1.5.7

O-GARCH 1-day volatility
forecasts for crude oil
O-GARCH I-day
correlation forecasts for
crude oil

O-GARCH 1-day volatility
forecasts for natural gas
O-GARCH I1-day
correlation forecasts for
natural gas

Comparison of normal
ii.d. and normal GARCH
simulations

Comparison of symmetric
normal GARCH and
asymmetric # GARCH
simulations

High and low volatility
components in normal
mixture GARCH
Simulations from a Markov
switching GARCH process
Correlated returns
simulated from a bivariate
GARCH process

GARCH correlation of
the returns shown in
Figure 11.4.25
Comparison of EWMA
and GARCH time varying
betas

Mean reversion in
stationary processes
Impulse response for an
ARMA(2,1) process

A stationary series
Correlogram of the spread
in Figure 11.5.3
Simulation of stationary
process with confidence
bounds

Two random walks with
drift

Stochastic trend versus
deterministic trend
processes

177

178

178

179

181

182

184

186

187

188

194

204

208
209

209

211

214

215



List of Figures XV
I1.5.8 FTSE 100 and S&P 500 I1.6.2 Bivariate Student t copula
stock indices 218 density with correlation 0.5
IL5.9 £/$ exchange rate 219 and 5 degrees of freedom 261
I1.5.10 UK 2-year interest rates 220  I1.6.3 A bivariate normal mixture
I1.5.11 The iTraxx Europe index 221 copula density 262
IL.5.12 Volatility index futures 222  IL6.4 Bivariate Clayton copula
I1.5.13 Cointegrated prices, low density for a=0.5 262
correlation in returns 226 I1.6.5 Bivariate Gumbel copula
I1.5.14 Non-cointegrated prices density for 8=1.25 263
with highly correlated I1.6.6  Bivariate normal copula
returns 226 density with o =—0.25 270
I1.5.15 FTSE 100 and S&P 500 I1.6.7 Bivariate Student 7 copula
indices, 1996-2007 233 density with ¢ =—0.25 and
11.5.16 FTSE 100 and S&P 500 seven degrees of freedom 270
indices in common I1.6.8  Bivariate nqrmal .mixture
currency, 1996-2007 233 copula density with
IL5.17 Residuals from m=0.25, 0, =0.5 and
Engle—Granger regression QZ_ = __0'5 . 270
of FTSE 100 on S&P 500 234 I1.6.9 Bivariate nqrmal 'm1xture
1L5.18 DAX 30 and CAC 40 copula density with
indices, 1996-2007 234 m=0.75, 0, =0.25 and
I1.5.19 Residuals from 0,=—075 270
. I1.6.10 Bivariate Clayton copula
Engle—Granger regression density with o = 0.75 270
of DAX 30 on CAC40 233 I1.6.11 Bivariate Gumbel copula
I1.5.20 UK short spot rates, density with 8= 1.5 270
2000_2907 237 I1.6.12 Quantile curves of normal
I1.5.21 Comparison of TEVM and and Student t copulas with
cointegration tracking error 239 sero correlation 277
I1.5.22 Residuals from ) I1.6.13 Quantile curves for
Engle—Granger regression different copulas and
of log DJIA on log stock marginals 278
prices 241 11614 Scatter plot of FTSE 100
I1.5.23  Comparison of index and Vftse index
cointegration and TEVM returns, 2004—2006 282
tracking 242 I1.6.15 Uniform simulations from
I1.5.24 Difference between log three bivariate copulas 288
spot price and log futures I1.6.16 Simulations of returns
price 245 generated by different
I1.5.25 TImpulse response of marginals and different
volatility futures and their copulas 289
spread I 249 11.6.17 Marginal densities of two
I1.5.26 Impulse response of gamma distributed random
volatility futures and their variables 294
spread II 250 I1.6.18 Distribution of the sum for
II.6.1 Bivariate normal copula different correlation
density with correlation 0.5 261 assumptions 294



XVi

List of Figures

11.6.19

11.6.20

I1.7.1
I1.7.2

I1.7.3

11.7.4

IL.7.5

I1.7.6

11.7.7

Density of the sum of the
random variables in
Figure I1.6.17 under
different dependence
assumptions

Optimal weight on FTSE
and Sharpe ratio vs
FTSE-Vftse returns
correlation

Quantile regression lines
Loss function for ¢ quantile
regression objective
Distribution of Vftse
conditional on FTSE
falling by 1% (linear
quantile regression)
Calibration of copula
quantile regressions of
Vftse on FTSE
Distribution of Vftse
conditional on FTSE
falling by 1%
Distribution of Vftse
conditional on FTSE
falling by 3%

Vodafone, HSBC and BP
stock prices (rebased)

295

297
306

306

311

312

313

313

315

I1.7.8
I1.7.9

I1.7.10
I1.7.11

I1.7.12

I1.7.13

11.7.14

I1.7.15

I1.8.1
I1.8.2

I1.8.3

11.8.4

Comparison of FTSE index
and portfolio price
EWMA hedge ratio
Quadratic regression curve
Default probabilities
estimated by discrete
choice models

Sensitivity of default
probabilities to debt—equity
ratio

Vftse and FTSE 100
indices

A simulation from the
exponential symmetric
ACD(1,1) model
Historical versus realized
volatility of S&P 500
Likelihood comparison
S&P 500 Index January
2000-September 2007
Distribution of 30-day
GARCH forecasts on
FTSE 100

Distribution of spread
between implied and
GARCH volatilities

316
318
320

324

324

326

334

335

354

368

370

371



I.1.1

I1.1.2

I1.1.3

I1.1.4

II.1.5

I1.1.6

11.1.7

I1.1.8

I1.1.9

I1.1.10

I1.1.11

I1.1.12

11.2.1

11.2.2

OLS alpha, beta and
specific risk for two stocks
and a 60:40 portfolio
Results of style analysis
for Vanguard and Fidelity
mutual funds

Risk factor correlations
and volatilities

Risk factor covariance
matrix

Factor betas from
regression model
Multicollinearity in time
series factor models
Factor correlation matrix
Eigenvalues and
eigenvectors of the risk
factor covariance matrix
Using orthogonal
regression to obtain risk
factor betas

Values of a fund and a
benchmark

Values of a fund and two
benchmarks

TE and MATE for the
funds in Figure I1.1.7
Correlation matrix of
selected UK spot rates
Eigenvalues and
eigenvectors of the
correlation matrix of UK
Spot rates

15

19

20

22

24

25

26

27

34

35

38

56

57

List of Tables

I1.2.3

11.2.4

I1.2.5

I1.2.6

11.2.7

I1.2.8

11.2.9

11.2.10

I1.2.11

11.2.12

I1.3.1

I1.3.2

I1.3.3

Eigenvalues of the UK
short spot rate covariance
matrix

Cash flows and PVO1
vector for a UK bond
portfolio

Eigenvalues of UK

yield curve covariance
matrix

Eigenvalues for UK short
spot rates

Stress test based on PCA
factor model
Eigenvectors and
eigenvalues of the
three-curve covariance
matrix

Ticker symbols for DJTA
stocks

Cumulative variation
explained by the principal
components

PCA factor models for
DIJIA stocks

Portfolio betas for the
principal component
factors, and systematic,
total and specific risk
Volatilities and correlations
of three assets

Closing prices on the
FTSE 100 index

Closing prices on the S&P
500 index

60

63

64

69

75

79

82

83

84

85

96

100

102



XVviii

List of Tables

I1.3.5

11.3.6

11.4.1

11.4.2

11.4.3

1144

11.4.5

11.4.6

11.4.7

11.4.8

11.4.9

11.4.10

11.4.11

11.4.12

11.4.13

Correlations between US
Treasury rates

Volatilities and correlation
of US Treasuries,
20062007

EViews and Matlab
estimation of FTSE

100 symmetric normal
GARCH

Estimation of FTSE

100 symmetric normal
GARCH, 2003-2007
Comparison of
symmetric and
asymmetric GARCH
models for the

FTSE 100

Parameter estimates

and standard errors of
GJR-GARCH models
Excel estimates of
E-GARCH parameters for
the FTSE 100

Student t GARCH
parameter estimates from
Excel and Matlab
Estimation of symmetric
and asymmetric normal
GARCH models for the
FTSE 100

Student #+ GARCH models
for the FTSE 100
Parameter estimates and
standard errors of NM(2)
A-GARCH models

PCA of 2mth—12mth crude
oil futures and natural gas
futures

Parameter settings for
symmetric and asymmetric
GARCH simulations
Parameter settings for
normal mixture GARCH
simulations

Diagonal vech parameters
for correlated GARCH
simulations

113

115

140

140

149

151

153

158

160

161

163

176

183

184

187

11.4.14

11.4.15

IL.5.1

I1.5.2

IL.5.3

I1.5.4

I1.5.5

I1.5.6

I1.5.7

I1.6.1

11.6.2

11.6.3

11.6.4

I1.6.5

11.6.6

I1.7.1

I1.7.2

I1.7.3

I1.8.1

I1.8.2

Multivariate A-GARCH
parameter estimates
Optimal allocations under
the two covariance
matrices

Critical values of the
Dickey—Fuller distribution
Critical values of the
augmented Dickey—Fuller
distribution

Results of ADF(1) tests
Johansen trace tests on UK
short rates

Optimal weights on 16
stocks tracking the

Dow Jones Industrial
Average

ECMs of volatility index
futures

ECMs of volatility index
futures (tested down)
Calculation of Spearman’s
rho

Calculation of Kendall’s
tau

Ninety per cent confidence
limits for X, given that
X, =3

Calibrated parameters for
Student t marginals
Empirical copula density
and distribution

1% 10-day VaR based on
different dependence
assumptions

Quantile regression
coefficient estimates of
Vftse-FTSE model
Conditional quantiles of
Vitse

Estimation of discrete
choice models

Analysis of variance for
two models

Comparison of goodness
of fit

196

197

217

217

219

238

241

248

248

257

257

279

282

284

291

310

311

323

344

344



List of Tables

Xix

11.8.3

11.8.4

Maximum R? from
regression of squared
returns on GARCH
variance forecast
Confidence intervals for
empirical quantiles of S&P
500

I1.8.5

33 186

357

Hypothetical Sharpe ratios
from alpha model backtest
results

Coverage tails for VaR
prediction on the S&P 500
index

366

369



I1.1.1
IL.1.2
I.1.3
I1.14
IL.1.5

I1.1.6

11.1.7

I1.1.8

I1.1.9

I1.1.10

I1.1.11

I1.1.12

11.1.13

I1.1.14

I1.2.1

11.2.2

I1.2.3

OLS estimates of alpha and
beta for two stocks

OLS estimates of portfolio
alpha and beta

Systematic and specific risk
Style attribution
Systematic risk at the
portfolio level
Decomposition of
systematic risk into equity
and forex factors

Total risk and systematic
risk

Tracking error of an
underperforming fund
Why tracking error only
applies to tracking funds
Irrelevance of the
benchmark for tracking
error

Interpretation of
Mean-Adjusted Tracking
Error

Comparison of TE and
MATE

Which fund is more risky
(1)?

Which fund is more risky
2)?

PCA factor model for a UK
bond portfolio

PCA factor model for
forward sterling exposures
PCA on crude oil futures

12
15

17

19

22

34

34

35

37

37

41

41

63

68
70

List of Examples

11.2.4

I1.2.5

I1.2.6

I1.2.7

I1.2.8

I1.2.9

I1.3.1

I1.3.2

I1.3.3
11.3.4

I1.3.5

I1.3.6

11.3.7

I1.3.8

11.3.9

11.3.10

Immunizing a bond
portfolio using PCA
Asset-liability management
using PCA

Stress testing a UK bond
portfolio

PCA on curves with
different credit rating

PCA on curves in different
currencies

Decomposition of total risk
using PCA factors
Calculating volatility from
standard deviation
Estimating volatility for
hedge funds

Portfolio variance

Scaling and decomposition
of covariance matrix
Equally weighted average
estimate of FTSE 100
volatility (I)

Equally weighted average
estimate of FTSE 100
volatility (IT)

Equally weighted
correlation of the FTSE 100
and S&P 500

Confidence interval for a
variance estimate
Confidence intervals for a
volatility forecast

Standard Error for
Volatility

72

73

74

77

78

83

91

93
96

97

100

101

102

105

106

108



List of Examples

Xxi

I1.3.11

I1.3.12

I1.4.1

11.4.2

I1.4.3

1144

11.4.5

11.4.6

11.4.7

11.4.8

11.4.9

11.4.10

I1.5.1

IL.5.2

IL5.3

1154

I1.5.5

I1.5.6

I1.5.7

I1.5.8

I1.5.9

IL.5.10

Testing the significance of
historical correlation
Historical volatility of MIB
30

GARCH estimates of FTSE
100 volatility

Imposing a value for long
term volatility in GARCH
An asymmetric GARCH
model for the FTSE 100
An E-GARCH model for
the FTSE 100

Symmetric Student ¢
GARCH

CC and DCC GARCH
applied to FOREX rates
F-GARCH applied to
equity returns

Pricing an Asian option
with GARCH

Pricing a barrier option
with GARCH

Portfolio optimization with
GARCH

Testing an ARMA process
for stationarity

Impulse response
Estimation of AR(2) model
Confidence limits for
stationary processes

Unit roots in stock indices
and exchange rates

Unit root tests on interest
rates

Unit root tests on credit
spreads

Unit roots in implied
volatility futures

Are international stock
indices cointegrated?
Johansen tests for
cointegration in UK interest
rates

109

116

139

145

148

153

158

167

170

190

191

196

205

207

210

210

218

220

221

221

232

237

I1.5.11

I1.5.12
I1.6.1
I11.6.2
11.6.3

11.6.4
I1.6.5

11.6.6

I1.6.7

I11.6.8

I1.7.1

I1.7.2

I1.7.3

11.7.4

I1.8.1

I1.8.2

11.8.3

11.8.4

I1.8.5

I1.8.6
I11.8.7

I1.8.8

An ECM of spot and
futures on the Hang Seng
index

Price discovery in the Hang
Seng index

Spearman’s rho

Kendall’s tau

Calibrating copulas using
rank correlations
Calibration of copulas
VaR with symmetric and
asymmetric tail dependence
Aggregation under the
normal copula
Aggregation under the
normal mixture copula
Portfolio optimization with
copulas

Non-linear regressions for
the FTSE 100 and Vftse
Simple discrete choice
models for credit default
Estimating the default
probability and its
sensitivity

Chow test

Standard goodness-of-fit
tests for regression models
Generating unconditional
distributions

Bootstrap estimation of the
distribution of a test
statistic

Quantile confidence
intervals for the S&P 500
Unconditional coverage test
for volatility forecast
Conditional coverage test
Backtesting a simple VaR
model

Using volatility forecasts to
trade implied volatility

245
247
256
257

280
282

291

293

294

296

320

322

323

326

344

346

349

357

358
359

369

370



Foreword

How many children dream of one day becoming risk managers? I very much doubt little
Carol Jenkins, as she was called then, did. She dreamt about being a wild white horse, or a
mermaid swimming with dolphins, as any normal little girl does. As I start crunching into
two kilos of Toblerone that Carol Alexander-Pézier gave me for Valentine’s day (perhaps to
coax me into writing this foreword), I see the distinctive silhouette of the Matterhorn on the
yellow package and I am reminded of my own dreams of climbing mountains and travelling
to distant planets. Yes, adventure and danger! That is the stuff of happiness, especially when
you daydream as a child with a warm cup of cocoa in your hands.

As we grow up, dreams lose their naivety but not necessarily their power. Knowledge
makes us discover new possibilities and raises new questions. We grow to understand better
the consequences of our actions, yet the world remains full of surprises. We taste the
sweetness of success and the bitterness of failure. We grow to be responsible members of
society and to care for the welfare of others. We discover purpose, confidence and a role to
fulfil; but we also find that we continuously have to deal with risks.

Leafing through the hundreds of pages of this four-volume series you will discover one
of the goals that Carol gave herself in life: to set the standards for a new profession, that of
market risk manager, and to provide the means of achieving those standards. Why is market
risk management so important? Because in our modern economies, market prices balance
the supply and demand of most goods and services that fulfil our needs and desires. We can
hardly take a decision, such as buying a house or saving for a later day, without taking some
market risks. Financial firms, be they in banking, insurance or asset management, manage
these risks on a grand scale. Capital markets and derivative products offer endless ways to
transfer these risks among economic agents.

But should market risk management be regarded as a professional activity? Sampling the
material in these four volumes will convince you, if need be, of the vast amount of knowledge
and skills required. A good market risk manager should master the basics of calculus,
linear algebra, probability — including stochastic calculus — statistics and econometrics. He
should be an astute student of the markets, familiar with the vast array of modern financial
instruments and market mechanisms, and of the econometric properties of prices and returns
in these markets. If he works in the financial industry, he should also be well versed in
regulations and understand how they affect his firm. That sets the academic syllabus for the
profession.

Carol takes the reader step by step through all these topics, from basic definitions and
principles to advanced problems and solution methods. She uses a clear language, realistic
illustrations with recent market data, consistent notation throughout all chapters, and provides
a huge range of worked-out exercises on Excel spreadsheets, some of which demonstrate
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analytical tools only available in the best commercial software packages. Many chapters on
advanced subjects such as GARCH models, copulas, quantile regressions, portfolio theory,
options and volatility surfaces are as informative as and easier to understand than entire
books devoted to these subjects. Indeed, this is the first series of books entirely dedicated to
the discipline of market risk analysis written by one person, and a very good teacher at that.

A profession, however, is more than an academic discipline; it is an activity that fulfils
some societal needs, that provides solutions in the face of evolving challenges, that calls for
a special code of conduct; it is something one can aspire to. Does market risk management
face such challenges? Can it achieve significant economic benefits?

As market economies grow, more ordinary people of all ages with different needs and
risk appetites have financial assets to manage and borrowings to control. What kind of
mortgages should they take? What provisions should they make for their pensions? The range
of investment products offered to them has widened far beyond the traditional cash, bond
and equity classes to include actively managed funds (traditional or hedge funds), private
equity, real estate investment trusts, structured products and derivative products facilitating
the trading of more exotic risks — commodities, credit risks, volatilities and correlations,
weather, carbon emissions, etc. — and offering markedly different return characteristics from
those of traditional asset classes. Managing personal finances is largely about managing
market risks. How well educated are we to do that?

Corporates have also become more exposed to market risks. Beyond the traditional expo-
sure to interest rate fluctuations, most corporates are now exposed to foreign exchange risks
and commodity risks because of globalization. A company may produce and sell exclusively
in its domestic market and yet be exposed to currency fluctuations because of foreign com-
petition. Risks that can be hedged effectively by shareholders, if they wish, do not have
to be hedged in-house. But hedging some risks in-house may bring benefits (e.g. reduction
of tax burden, smoothing of returns, easier planning) that are not directly attainable by the
shareholder.

Financial firms, of course, should be the experts at managing market risks; it is their
métier. Indeed, over the last generation, there has been a marked increase in the size of
market risks handled by banks in comparison to a reduction in the size of their credit risks.
Since the 1980s, banks have provided products (e.g. interest rate swaps, currency protection,
index linked loans, capital guaranteed investments) to facilitate the risk management of their
customers. They have also built up arbitrage and proprietary trading books to profit from
perceived market anomalies and take advantage of their market views. More recently, banks
have started to manage credit risks actively by transferring them to the capital markets
instead of warehousing them. Bonds are replacing loans, mortgages and other loans are
securitized, and many of the remaining credit risks can now be covered with credit default
swaps. Thus credit risks are being converted into market risks.

The rapid development of capital markets and, in particular, of derivative products bears
witness to these changes. At the time of writing this foreword, the total notional size of all
derivative products exceeds $500 trillion whereas, in rough figures, the bond and money
markets stand at about $80 trillion, the equity markets half that and loans half that again.
Credit derivatives by themselves are climbing through the $30 trillion mark. These derivative
markets are zero-sum games; they are all about market risk management — hedging, arbitrage
and speculation.

This does not mean, however, that all market risk management problems have been
resolved. We may have developed the means and the techniques, but we do not necessarily
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understand how to address the problems. Regulators and other experts setting standards and
policies are particularly concerned with several fundamental issues. To name a few:

1. How do we decide what market risks should be assessed and over what time
horizons? For example, should the loan books of banks or long-term liabilities of
pension funds be marked to market, or should we not be concerned with pricing
things that will not be traded in the near future? We think there is no general answer
to this question about the most appropriate description of risks. The descriptions
must be adapted to specific management problems.

2. In what contexts should market risks be assessed? Thus, what is more risky, fixed or
floating rate financing? Answers to such questions are often dictated by accounting
standards or other conventions that must be followed and therefore take on economic
significance. But the adequacy of standards must be regularly reassessed. To wit,
the development of International Accounting Standards favouring mark-to-market
and hedge accounting where possible (whereby offsetting risks can be reported
together).

3. To what extent should risk assessments be ‘objective’? Modern regulations of finan-
cial firms (Basel Il Amendment, 1996) have been a major driver in the development
of risk assessment methods. Regulators naturally want a ‘level playing field’ and
objective rules. This reinforces a natural tendency to assess risks purely on the
basis of statistical evidence and to neglect personal, forward-looking views. Thus
one speaks too often about risk ‘measurements’ as if risks were physical objects
instead of risk ‘assessments’ indicating that risks are potentialities that can only be
guessed by making a number of assumptions (i.e. by using models). Regulators try
to compensate for this tendency by asking risk managers to draw scenarios and to
stress-test their models.

There are many other fundamental issues to be debated, such as the natural tendency to
focus on micro risk management — because it is easy — rather than to integrate all significant
risks and to consider their global effect — because that is more difficult. In particular, the
assessment and control of systemic risks by supervisory authorities is still in its infancy.
But I would like to conclude by calling attention to a particular danger faced by a nascent
market risk management profession, that of separating risks from returns and focusing on
downside-risk limits.

It is central to the ethics of risk managers to be independent and to act with integrity. Thus
risk managers should not be under the direct control of line managers of profit centres and
they should be well remunerated independently of company results. But in some firms this
is also understood as denying risk managers access to profit information. I remember a risk
commission that had to approve or reject projects but, for internal political reasons, could
not have any information about their expected profitability. For decades, credit officers in
most banks operated under such constraints: they were supposed to accept or reject deals
a priori, without knowledge of their pricing. Times have changed. We understand now, at
least in principle, that the essence of risk management is not simply to reduce or control
risks but to achieve an optimal balance between risks and returns.

Yet, whether for organizational reasons or out of ignorance, risk management is often
confined to setting and enforcing risk limits. Most firms, especially financial firms, claim to
have well-thought-out risk management policies, but few actually state trade-offs between
risks and returns. Attention to risk limits may be unwittingly reinforced by regulators. Of
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course it is not the role of the supervisory authorities to suggest risk—return trade-offs; so
supervisors impose risk limits, such as value at risk relative to capital, to ensure safety and
fair competition in the financial industry. But a regulatory limit implies severe penalties
if breached, and thus a probabilistic constraint acquires an economic value. Banks must
therefore pay attention to the uncertainty in their value-at-risk estimates. The effect would
be rather perverse if banks ended up paying more attention to the probability of a probability
than to their entire return distribution.

With Market Risk Analysis readers will learn to understand these long-term problems
in a realistic context. Carol is an academic with a strong applied interest. She has helped
to design the curriculum for the Professional Risk Managers’ International Association
(PRMIA) qualifications, to set the standards for their professional qualifications, and she
maintains numerous contacts with the financial industry through consulting and seminars.
In Market Risk Analysis theoretical developments may be more rigorous and reach a more
advanced level than in many other books, but they always lead to practical applications
with numerous examples in interactive Excel spreadsheets. For example, unlike 90% of the
finance literature on hedging that is of no use to practitioners, if not misleading at times,
her concise expositions on this subject give solutions to real problems.

In summary, if there is any good reason for not treating market risk management as a
separate discipline, it is that market risk management should be the business of all decision
makers involved in finance, with primary responsibilities on the shoulders of the most senior
managers and board members. However, there is so much to be learnt and so much to be
further researched on this subject that it is proper for professional people to specialize in
it. These four volumes will fulfil most of their needs. They only have to remember that,
to be effective, they have to be good communicators and ensure that their assessments are
properly integrated in their firm’s decision-making process.

Jacques Pézier



Preface to Volume 11

For well over a decade, econometrics has been one of the major routes into finance. I took
this route myself several years ago. Starting an academic career as an algebraist, I then had
a brief encounter with game theory before discovering that the skills of an econometrician
were in greater demand. I would have found econometrics much more boring than algebra or
game theory had it not been for the inspiration of some great teachers at the London School
of Economics, and of Professor Robert Engle who introduced me to GARCH models some
twenty years ago.

At that time finance was one of the newest areas of applied econometrics and it was
relatively easy to find interesting problems that were also useful to practitioners. And this
was how my reputation grew, such as it is. I was building GARCH models for banks well
before they became standard procedures in statistical packages, applying cointegration to
construct arbitrage strategies for fund managers and introducing models for forecasting very
large covariance matrices. In the end the appreciation of this work was much greater than
the appreciation I received as an academic so I moved, briefly, to the City. Then, almost a
decade ago, I returned to academic life as a professor of financial risk management. In fact,
I believe I was the first professor to have this title in the UK, financial risk management
being such a new profession at that time. It was the late 1990s, and by then numerous
econometricians were taking the same route into finance that I had. Some of the top finance
journals were populating many of their pages with applied financial econometrics, and
theoretical econometric journals were becoming increasingly focused on financial problems.
Of course I wanted to read and learn all about this so that I could publish the academic
papers that are so important to our profession. But I was disappointed and a little dismayed
by what I read. Too few of the papers were written by authors who seemed to have a
proper grasp of the important practical problems in finance. And too much journal space
was devoted to topics that are at best marginal and at worst completely irrelevant to financial
practitioners.

Econometrics has now become a veritable motorway into finance where, for many,
prospects are presently more lucrative than those for standard macro- or micro-economists.
The industry has enormous demand for properly trained financial econometricians, and this
demand will increase. But few econometricians enter the industry with an adequate knowl-
edge of how their skills can be employed to the best advantage of their firm and its clients,
and many financial econometricians would benefit from improving their understanding of
what constitutes an important problem.
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AIMS AND SCOPE

This book introduces the econometric techniques that are commonly applied to finance,
and particularly to resolve problems in market risk analysis. It aims to fill a gap in the
market by offering a critical text on econometrics that discuss what is and what is not
important to financial practitioners. The book covers material for a one-semester graduate
course in applied financial econometrics in a very pedagogical fashion. Each time a concept
is introduced, an empirical example is given, and whenever possible this is illustrated with
an Excel spreadsheet.

In comparison with Greene (2007), which has become a standard graduate econometrics
text and which contains more than enough material for a one-year course, I have been very
selective in the topics covered. The main focus is on models that use time series data, and
relatively few formal proofs are given. However, every chapter has numerous empirical
examples that are implemented in Excel spreadsheets, many of which are interactive. And
when the practical illustration of the model requires a more detailed exposition, case studies
are included. More details are given in the section about the website below.

Econometrics is a broad discipline that draws on basic techniques in calculus, linear alge-
bra, probability, statistics and numerical methods. Readers should also have a rudimentary
knowledge of regression analysis and the first chapter, which is on factor model, refers
to the capital asset pricing model and other models derived from the theory of asset pric-
ing. All the prerequisite material is covered Market Risk Analysis Volume I: Quantitative
Methods in Finance. However, there is only one chapter on basic regression in Volume I. A
very comprehensive introductory text, written at a more elementary level than this but also
aimed towards the finance student market, is Brooks (2008). For many years Professor Chris
Brooks has been a close colleague at the ICMA Centre.

The other volumes in Market Risk Analysis are Volume III: Pricing, H edging and T rading
Financial Instruments and Volume 1V: Value at Risk M odels. Although the four volumes of
M arket Risk A nalysis are very much interlinked, each book is self-contained. This book could
easily be adopted as a stand-alone course text in applied financial econometrics, leaving
students to follow up cross-references to other volumes only if they wish.

OUTLINE OF VOLUME 11

Chapter 1, Factor Models, describes the models that are applied by portfolio managers to
analyse the potential returns on a portfolio of risky assets, to determine the allocation of
their funds to different assets and to measure portfolio risk. The chapter deals with models
having fundamental factors and which are normally estimated by regression. We focus on the
Barra model, giving a detailed description of its construction, and emphasizing the dangers
of using tracking error as a risk metric for actively managed portfolios.

Chapter 2, Principal Component A nalysis, covers statistical factor models, which are also
used for portfolio management and risk management, but they are most successful when
applied to a highly correlated system such as a term structure of interest rates, of futures
prices or of volatility. Since it is not easy to find a complete treatment of principal component
analysis in a finance-oriented text, we provide full details of the mathematics but, as usual,
we focus on the applications. Empirical examples include bond portfolio immunization,
asset-liability management and portfolio risk assessment.
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Chapter 3, Classical Models of V olatility and Correlation, provides a critical review of
the time series models that became popular in the industry during the 1990s, making
readers aware of the pitfalls of using simple moving averages for estimating and forecasting
portfolio risk. These are based on the assumption that returns are independent and identically
distributed so the volatility and correlation forecasts from these models are equal to the
current estimates. The sample estimates vary over time, but this is only due to sampling
error. There is nothing in the model to capture the volatility and correlation clustering that
is commonly observed in financial asset returns.

Chapter 4, Introduction to GARCH M odels, provides a complete and up-to-date treatment
of the generalized autoregressive conditional heteroscedasticity models that were introduced
by Engle (1982) and Bollerslev (1986). We explain how to: estimate the model parameters
by maximizing a likelihood function; use the model to forecast term structures for volatility
and correlation; target the long term volatility or correlation and use the GARCH model
to forecast volatility and correlation over the short and medium term; and extend the
model to capture non-normal conditional returns distributions and regime-switching volatil-
ity behaviour. There are so many approaches to modelling multivariate distributions with
time varying volatility and correlation that I have been very prescriptive in my treatment
of multivariate GARCH models, recommending specific approaches for different financial
problems. Throughout this long chapter we illustrate the GARCH model optimization with
simple Excel spreadsheets, employing the Excel Solver whenever possible. Excel parameter
estimates for GARCH are not recommended, so the estimates are compared with those
obtained using GARCH procedures in the Matlab and EViews software. The section on
simulation is enlightening, since it demonstrates that only regime-switching GARCH models
can properly capture the observed behaviour of financial asset returns. The final section
covers the numerous applications of GARCH models to finance, including option pricing,
risk measurement and portfolio optimization.

Chapter 5 is on Time Series Models and Cointegration. Building on the introduction to
stochastic processes given in Chapter 1.3, this begins with a mathematical introduction to
stationary and integrated processes, multivariate vector autoregressions and unit root tests.
Then we provide an intuitive definition of cointegration and review the huge literature on
applications of cointegration in financial markets. A case study focuses on the benchmark
tracking and statistical arbitrage applications that I developed more than a decade ago, and
which are now used by major fund managers. The final section provides a didactic approach
to modelling short term dynamics using error correction models, focusing on the response
of cointegrated asset prices to market shocks and the time taken for a spread to mean-revert.
Another case study examines pairs trading volatility indices.

Chapter 6, Introduction to Copulas, took much longer to write than the other chapters. I was
less familiar with copulas than with the other topics in this book, and found the available
literature a little obscure and off-putting. However, copulas are of crucial importance to the
development of our subject and no reputable financial econometrician can afford to ignore
them. So it became quite a challenge to present this material in the pedagogical style of
the rest of the book. I have programmed several copulas, including the normal, normal
mixture, Student’s 7, Clayton and Gumbel copulas, in interactive Excel spreadsheets, so that
you can see how the shape of the copula alters on changing its parameters. The quantile
curves of conditional copulas play a crucial role in financial applications — for instance,
in quantile regression — so these have been derived mathematically and also encoded into
Excel. Many other applications such as value-at-risk measurement, portfolio optimization
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and risk aggregation, which are discussed in the last section of the chapter, are based on
simulation with copulas. Two simulation algorithms are described and spreadsheets generate
simulations based on different copulas.

Chapter 7 covers the Advanced Econometric Models that have important applications to
finance. A significant portion of this chapter provides a tutorial on quantile regression,
and contains two case studies in Excel. The first implements linear and non-linear quantile
regressions to examine the relationship between an equity index and its volatility, and the
second demonstrates how non-linear quantile regression using copulas can be applied to
hedge a portfolio with futures. A relatively brief treatment of other non-linear models is
restricted to polynomial regression and discrete choice models, the latter being illustrated with
an application to credit scoring models. What I hope is an accessible specification of Markov
switching models is followed with a short review of their applications and the software that
can be used for estimation, and the chapter concludes by describing the main high frequency
data sets and two of the most important financial problems in high frequency data analysis.
First, for capturing the clustering of the times between trades we describe the autoregressive
conditional duration model. Then we review the large and growing literature on using high
frequency data to forecast realized variance and covariance, this being important for pricing
the variance swaps and covariance swaps that are actively traded in over-the-counter markets.

The last chapter, Chapter 8 on Forecasting and M odel Evaluation, describes how to select
the best model when several models are available. The model specification and evaluation
criteria and tests described here include goodness-of-fit criteria and tests, which measure the
success of a model to capture the empirical characteristics of the estimation sample, and post-
sample prediction criteria and tests, which judge the ability of the model to provide accurate
forecasts. Models for the conditional expectation, volatility and correlation of financial asset
returns that were introduced in earlier chapters are considered here, and we explain how
to apply both statistical and operational criteria and tests to these models. Amongst the
statistical tests, we emphasize the Kolmogorov—Smirnoff and related tests for the proximity
of two distributions and the coverage tests that are applied to evaluate models for predicting
quantiles of conditional distributions. We also explain how to simulate the critical values
of non-standard test statistics. A long section on operational evaluation first outlines the
model backtesting procedure in general terms, and then explains how backtests are applied in
specific contexts, including tests of: factor models used in portfolio management; covariance
matrices used for portfolio optimization and value-at-risk estimation; and models that are
used for short term hedging with futures, trading implied volatility, trading variance swaps
and hedging options

ABOUT THE WEBSITE

Whenever possible the econometric models, tests and criteria that are introduced in this
book are illustrated in an Excel spreadsheet. The Excel workbooks for each chapter may be
found on the accompanying website. Simply search for the book on wiley.com and select
‘Related Resources’ to access the material. Many of the spreadsheets are interactive, so readers
may change any parameters of the problem (the parameters are indicated in red) and see the
new solution (the output is indicated in blue). Rather than using VBA code, which will be
obscure to many readers, I have encoded the formulae directly into the spreadsheet. Thus
the reader need only click on a cell to read the formula. Whenever a data analysis tool such
as regression or a numerical tool such as Solver is used, clear instructions are given in the
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text, and/or using comments and screenshots in the spreadsheet. Hence, the spreadsheets are
designed to offer tutors the possibility to set, as exercises for their courses, an unlimited
number of variations on the examples in the text.

Excel is not always an adequate program for estimating econometric models, and I
have been particularly emphatic on this point for the spreadsheets that estimate GARCH
model parameters. Excel has its limits in other respects, too, and so references to and
recommendations of proper econometric programs are given where necessary. For instance,
the website includes the EViews code for Markov switching models that was written by
my PhD student Andreas Kaeck.

Several case studies, based on complete and up-to-date financial data, and all graphs and
tables in the text are also contained in the Excel workbooks on the website. The case
study data can be used by tutors or researchers since they were obtained from free internet
sources, and references for updating the data are provided. Also the graphs and tables can be
modified if required, and copied and pasted as enhanced metafiles into lecture notes based
on this book.
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II.1
Factor Models

II.1.1 INTRODUCTION

This chapter describes the factor models that are applied by portfolio managers to analyse
the potential returns on a portfolio of risky assets, to choose the optimal allocation of their
funds to different assets and to measure portfolio risk. The theory of linear regression-based
factor models applies to most portfolios of risky assets, excluding options portfolios but
including alternative investments such as real estate, hedge funds and volatility, as well as
traditional assets such as commodities, stocks and bonds. Stocks and bonds are the major
categories of risky assets, and whilst bond portfolios could be analysed using regression-
based factor models a much more powerful factor analysis for bond portfolios is based on
principal component analysis (see Chapter 11.2).

An understanding of both multiple linear regression and matrix algebra is necessary for
the analysis of multi-factor models. Therefore, we assume that readers are already familiar
with matrix theory from Chapter 1.2 and the theory of linear regression from Chapter 1.4.
We also assume that readers are familiar with the theory of asset pricing and the optimal
capital allocation techniques that were introduced in Chapter 1.6.

Regression-based factor models are used to forecast the expected return and the risk of a
portfolio. The expected return on each asset in the portfolio is approximated as a weighted
sum of the expected returns to several market risk factors. The weights are called factor
sensitivities or, more specifically, factor betas and are estimated by regression. If the portfo-
lio only has cash positions on securities in the same country then market risk factors could
include broad market indices, industry factors, style factors (e.g. value, growth, momentum,
size), economic factors (e.g. interest rates, inflation) or statistical factors (e.g. principal com-
ponents).! By inputting scenarios and stress tests on the expected returns and the volatilities
and correlations of these risk factors, the factor model representation allows the portfolio
manager to examine expected returns under different market scenarios.

Factor models also allow the market risk manager to quantify the systematic and specific
risk of the portfolio:

e The market risk management of portfolios has traditionally focused only on the undi-
versifiable risk of a portfolio. This is the risk that cannot be reduced to zero by holding a
large and diversified portfolio. In the context of a factor model, which aims to relate the
distribution of a portfolio’s return to the distributions of its risk factor returns, we also
call the undiversifiable risk the systematic risk. A multi-factor model, i.e. a factor model
with more than one risk factor, would normally be estimated using a multiple linear
regression where the dependent variable is the return on an individual asset and the

! But for international portfolios exchange rates also affect the returns, with a beta of one. And if the portfolio contains futures
then zero coupon rates should also be included in the market risk factors.
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independent variables are the returns on different risk factors. Then the systematic risk is
identified with the risk of the factor returns and the net portfolio sensitivities to each risk
factor.

e The specific risk, also called the idiosyncratic risk or residual risk, is the risk that is
not associated with the risk factor returns. In a linear regression model of the asset
return on risk factor returns, it is the risk arising from the variance of the residuals. The
specific risk on an individual asset may be high, especially when the model has only
a few factors to explain the asset’s returns. But in a sufficiently large and diversified
portfolio the specific risk may be reduced to almost zero, since the specific risks on
a large number of assets in different sectors of the economy, or in different countries,
tend to cancel each other out.

The outline of the chapter is as follows. Section II.1.2 explains how a single-factor model
is estimated. We compare two methods for estimating factor betas and show how the total
risk of the portfolio can be decomposed into the systematic risk due to risk of the factors,
and the specific risk that may be diversified away by holding a sufficiently large portfolio.
Section II.1.3 describes the general theory of multi-factor models and explains how they are
used in style attribution analysis. We explain how multi-factor models may be applied to
different types of portfolios and to decompose the total risk into components related to broad
classes of risk factors. Then in Section II.1.4 we present an empirical example which shows
how to estimate a fundamental factor model using time series data on the portfolio returns
and the risk factor returns. We suggest a remedy for the problem of multicollinearity that
arises here and indeed plagues the estimation of most fundamental factor models in practice.

Then Section II.1.5 analyses the Barra model, which is a specific multi-factor model that
is widely used in portfolio management. Following on from the Barra model, we analyse the
way some portfolio managers use factor models to quantify active risk, i.e. the risk of a fund
relative to its benchmark. The focus here is to explain why it is a mistake to use fracking
error, i.e. the volatility of the active returns, as a measure of active risk. Tracking error is
a metric for active risk only when the portfolio is tracking the benchmark. Otherwise, an
increase in tracking error does not indicate that active risk is increased and a decrease in
tracking error does not indicate that active risk has been reduced. The active risk of actively
managed funds which by design do not track a benchmark cannot be measured by tracking
error. However, we show how it is possible to adjust the tracking error into a correct, but
basic active risk metric. Section II.1.6 summarizes and concludes.

I1.1.2 SINGLE FACTOR MODELS

This section describes how single factor models are applied to analyse the expected return on
an asset, to find a portfolio of assets to suit the investor’s requirements, and to measure
the risk of an existing portfolio. We also interpret the meaning of a factor beta and derive
a fundamental result on portfolio risk decomposition.

II.1.2.1 Single Index Model

The capital asset pricing model (CAPM) was introduced in Section 1.6.4. It hypothesizes the
following relationship between the expected excess return on any single risky asset and the
expected excess return on the market portfolio:

E(Ri) - Rf = Bi(E(RM) - Rf)’
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where R, is the return on the ith risky asset, R; is the return on the risk free asset, R, is the
return on the market portfolio and (3; is the beta of the ith risky asset. The CAPM implies
the following linear model for the relationship between ordinary returns rather than excess
returns:

ER) =, +B,ERy), (IL1.1)

where «; # 0 unless (3, = 1.

The single index model is based on the expected return relationship (II.1.1) where the
return X on a factor such as a broad market index is used as a proxy for the market
portfolio return R,,. Thus the single index model allows one to investigate the risk and
return characteristics of assets relative to the broad market index. More generally, if the
performance of a portfolio is measured relative to a benchmark other than a broad market
index, then the benchmark return is used for the factor return X.

We can express the single index model in the form

R,=a,+B3,X,+¢e,, &,~iid(0,07). (IL.1.2)

Here o; measures the asset’s expected return relative to the benchmark or index (a positive
value indicates an expected outperformance and a negative value indicates an expected
underperformance); (3; is the risk factor sensitivity of the asset; 3,0y is the systematic
volatility of the asset, gy being the volatility of the index returns; and o; is the specific
volatility of the asset.

Consider a portfolio containing m risky assets with portfolio weights w = (w,,
W,,...,w,), and suppose that each asset has a returns representation (II.1.2). Then the
portfolio return may be written

Y,=a+03X,+e, t=1,...,T, (II.1.3)

where each characteristic of the portfolio (i.e. its alpha and beta and its specific return) is a
weighted sum of the individual assets’ characteristics, i.e.

a=) wa, B=)wh, &= wg,. (IL.1.4)
i=1 i=1 =1

Now the portfolio’s characteristics can be estimated in two different ways:

* Assume some portfolio weights w and use estimates of the alpha, beta and residuals
for each asset in (II.1.4) to infer the characteristics of this hypothetical portfolio. This
way an asset manager can compare many different portfolios for recommendation to
his investors.

* A risk manager, on the other hand, will apply the weights w of an existing portfolio
that is held by an investor to construct a constant weighted artificial returns history for
the portfolio. This series is used for Y, in (II.1.3) to assess the relative performance,
the systematic risk and the specific risk of an existing portfolio.?

Thus risk managers and asset managers apply the same factor model in different ways,
because they have different objectives. Asset managers need estimates of (I.1.2) for every

2 The reconstructed ‘constant weight’ series for the portfolio returns will not be the same as the actual historical returns series for
the portfolio, unless the portfolio was rebalanced continually so as to maintain the weights constant. The reason for using current
weights is that the risk manager needs to represent the portfolio as it is now, not as it was last week or last year, and to use this
representation to forecast its risk over a future risk horizon of a few days, weeks or months.
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asset in the investor’s universe in order to forecast the performance of many different
portfolios and hence construct an optimal portfolio; by contrast, a risk manager takes an
existing portfolio and uses (II.1.3) to forecast its risk characteristics. The next section
explains how risk managers and asset managers also use different data and different statistical
techniques to estimate the factor models that they use.

I1.1.2.2 Estimating Portfolio Characteristics using OLS

The main lesson to learn from this section is that risk managers and asset managers require
quite different techniques to estimate the parameters of factor models because they have
different objectives:

* When asset managers employ a factor model of the form (II.1.2) they commonly use
long histories of asset prices and benchmark values, measuring returns at a weekly or
monthly frequency and assuming that the true parameters are constant. In this case,
the ordinary least squares (OLS) estimation technique is appropriate and the more data
used to estimate them the better, as the sampling error will be smaller. Three to five
years of monthly or weekly data is typical.

* When risk managers employ a factor model of the form (II.1.3) they commonly use
shorter histories of portfolio and benchmark values than the asset manager, measuring
returns daily and not assuming that the true values of the parameters are constant. In
this case, a time varying estimation technique such as exponentially weighted moving
averages or generalized autoregressive conditional heteroscedasticity is appropriate.

We shall now describe how to estimate (II.1.2) and (II.1.3) using the techniques that are
appropriate for their different applications. For model (II.1.2) the OLS parameter estimates
based on a sample of size T are given by the formulae?

A T (X,-X)(R,—R; A
B,‘ — Zt:l (Tt ( )(jﬂz z) and &-:Rl—BiX, (H.I.S)
Zt:l X[—X

where X denotes the sample mean of the factor returns and R, denotes the sample mean of
the ith asset returns. The OLS estimate of the specific risk of the ith asset is the estimated
standard error of the model, given by

_ [Rss,

, 1.1.6
=7 (IL.1.6)

where RSS, is the residual sum of squares in the ith regression. See Section 1.4.2 for further
details. The following example illustrates the use of these formulae to estimate model (II.1.2)
for two US stocks, using the S&P 500 index as the risk factor.

ExXAMPLE 11.1.1: OLS ESTIMATES OF ALPHA AND BETA FOR TWO STOCKS

Use weekly data from 3 January 2000 until 27 August 2007 to estimate a single factor
model for the Microsoft Corporation (MSFT) stock and the National Western Life Insurance
Company (NWL) stock using the S&P 500 index as the risk factor.®

3 See Section 1.4.2.2.
4 Dividend adjusted data were downloaded from Yahoo! Finance.
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(a) What do you conclude about the stocks’ characteristics?

(b) Assuming the stocks’ specific returns are uncorrelated, what are the characteris-
tics of a portfolio with 70% of its funds invested in NWL and 30% invested in
MSFT?

SoruTioN  The spreadsheet for this example computes the weekly returns on the index and
on each of the stocks and then uses the Excel regression data analysis tool as explained in
Section 1.4.2.7. The results are

v, =0.00358+0.50596 R, 5wy =0.03212,

(IL1.7)
Ruyser = —0,00066 + 110421 Ry, syyspr =0.03569,

—0.3699) (14.002)

where the figures in parentheses are the ¢ ratios. We conclude the following:

e Since Gyy =0.00358 and this is equivalent to an average outperformance of 18.6%
per annum, NWL is a stock with a significant alpha. It also has a low systematic risk
because Byw. = 0.50596, which is much less than 1. Its specific risk, expressed as an
annual volatility, is 0.03212 x V52=23.17%.

 Since the ¢ ratio on Gyger is very small, MSFT has no significant outperformance or
underperformance of the index. It also has a high systematic risk because the beta is
slightly greater than 1 and a specific risk of 0.03569 x +/52 =25.74%, which is greater
than the specific risk of NWL.

Now applying (II.1.4) gives a portfolio with the following characteristics:

a=0.7 x 0.00358 — 0.3 x 0.00066 = 0.00231,
B=0.7 x 0.50596 4+ 0.3 x 1.10421 =0.68543,

and assuming the specific returns are uncorrelated implies that we can estimate the specific
risk of the portfolio as

s=+/0.72 x 23.172 4 0.3% x 25.74? = 17.96%.

The next example shows that it makes no difference to the portfolio alpha and beta estimates
whether we estimate them:

e from the OLS regressions for the stocks, applying the portfolio weights to the stocks
alphas and betas using (II.1.4) as we did above;

* by using an OLS regression of the form (II.1.3) on the constant weighted portfolio
returns.

However, it does make a difference to our estimate of the specific risk on the portfolio!

ExAamMPLE 11.1.2: OLS ESTIMATES OF PORTFOLIO ALPHA AND BETA

A portfolio has 60% invested in American Express (AXP) stock and 40% invested in Cisco
Systems (CSCO). Use daily data from 3 January 2000 to 31 December 2007 on the prices of
these stocks and on the S&P 100 index (OEX) to estimate the portfolio’s characteristics by:>

3 Data were downloaded from Yahoo! Finance. The reason we use log returns in this example is explained in Section 1.1.4.4.
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(a) applying the same method as in Example II.1.1;
(b) regressing the constant weighted returns series {0.6 x Amex Return + 0.4 x Cisco
Return} on the index returns.

SoruTioN  The results are computed using an OLS regression of each stock return and of
the constant weighted portfolio returns, and the alpha and beta estimates are summarized in
Table II.1.1. Note that for the first two rows the last column is a weighted sum of the first
two. That is, the portfolio’s alpha could equally well have been calculated by just taking the
weighted sum of the stocks’ alphas, and similarly for the beta. However, if we compute the
specific risk of the portfolio using the two methods we obtain, using method (a),

Sp= V0.62 x 0.014162 4 0.42 x 0.023372 x /250 = 19.98%.
But using method (b), we have
5p=0.01150 x +/250 = 18.19%.
The problem is that the specific risks are not uncorrelated, even though we made this

assumption when we applied method (a).

Table II.1.1 OLS alpha, beta and specific risk for two stocks and a 60:40

portfolio

Amex Cisco Portfolio
Alpha 0.00018 —0.00022 0.00002
Beta 1.24001 1.76155 1.44863
Regression standard error 0.01416 0.02337 0.01150
Specific risk 22.39 % 36.96 % 18.19 %

We conclude that to estimate the specific risk of a portfolio we need to apply method
(b). That is, we need to reconstruct a constant weighted portfolio series and calculate the
specific risk from that regression. Alternatively and equivalently, we can save the residuals
from the OLS regressions for each stock return and calculate the covariance matrix of these
residuals. More details are given in Section II.1.3.3 below.

I1.1.2.3 Estimating Portfolio Risk using EWMA

Whilst OLS may be adequate for asset managers, it is not appropriate to use a long price
history of monthly or weekly data for the risk management of portfolios. Market risks require
monitoring on a frequent basis — daily and even intra-daily — and the parameter estimates
given by OLS will not reflect current market conditions. They merely represent an average
value over the time period covered by the sample used in the regression model.

So, for the purpose of mapping a portfolio and assessing its risks, higher frequency data
(e.g. daily) could be used to estimate a time varying portfolio beta for the model

Y,=o,+BX, +s, (I1.1.8)

where X, and Y, denote the returns on the market factor and on the stock (or portfolio),
respectively, at time #. In this model the systematic and specific risks are no longer assumed
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constant over time. The time varying beta estimates in (II.1.8) better reflect the current
risk factor sensitivity for daily risk management purposes. To estimate time varying betas
we cannot apply OLS so that it covers only the recent past. This approach will lead to
very significant problems, as demonstrated in Section I1.3.6. Instead, a simple time vary-
ing model for the covariance and variance may be applied to estimate the parameters of
(II.1.8). The simplest possible time varying parameter estimates are based on an exponen-
tially weighted moving average (EWMA) model. However the EWMA model is based on
a very simple assumption, that returns are i.i.d. The EWMA beta estimates vary over time,
even though the model specifies only a constant, unconditional covariance and variance.
More advanced techniques include the class of generalized autoregressive conditional het-
eroscedasticity (GARCH) models, where we model the conditional covariance and variance
and so the true parameters as well as the parameter estimates change over time.®

A time varying beta is estimated as the covariance of the asset and factor returns divided
by the variance of the factor returns. Denoting the EWMA smoothing constant by A, the
EWMA estimate of beta that is made at time ¢ is

an_ Cov(X,, Y)
' Vx (X t)
That is, the EWMA beta estimate is the ratio of the EWMA covariance estimate to the
EWMA variance estimate with the same smoothing constant. The modeller must choose
a value for N between O and 1, and values are normally in the region of 0.9-0.975. The
decision about the value of A is discussed in Section 11.3.7.2.

We now provide an example of calculating the time varying EWMA betas for the portfolio
in Example II.1.2. Later on, in Section 11.4.8.3 we shall compare this beta with the beta that
is obtained using a simple bivariate GARCH model. We assume A =0.95, which corresponds
to a half-life of approximately 25 days (or 1 month, in trading days) and compare the EWMA
betas with the OLS beta of the portfolio that was derived in Example II.1.2. These are
shown in Figure II.1.1, with the OLS beta of 1.448 indicated by a horizontal grey line. The
EWMA beta, measured on the left-hand scale, is the time varying black line. The OLS beta
is the average of the EWMA betas over the sample. Also shown in the figure is the EWMA
estimate of the systematic risk of the portfolio, given by

Systematic Risk =3*/V, (X,) x V%, (11.1.10)

where & denotes the number of returns per year, assumed to be 250 in this example.

During 2001 the portfolio had a beta much greater than 1.448, and sometimes greater than
2. The opposite is the case during the latter part of the sample. But note that this remark does
depend on the choice of A: the greater the value of A the smoother the resulting series, and
when N =1 the EWMA estimate coincides with the OLS estimate. However, when \ < 1
the single value of beta, equal to 1.448, that is obtained using OLS does not reflect the
day-to-day variation in the portfolio’s beta as measured by the EWMA estimate.

A time varying estimate of the systematic risk is also shown in Figure II.1.1. The portfolio’s
systematic risk is depicted in the figure as an annualized percentage, measured on the right-
hand scale. There are two components of the systematic risk, the beta and the volatility of
the market factor, and the systematic risk is the product of these. Hence the systematic risk
was relatively low, at around 10% for most of the latter part of the sample even though the

(I1.1.9)

% EWMA and GARCH models are explained in detail in Chapters II.3 and I1.4.
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Figure I1.1.1 EWMA beta and systematic risk of the two-stock portfolio

portfolio’s beta was greater than 1, because the S&P 100 index had a very low volatility
during this period. On the other hand, in August and October 2002 the portfolio had a
high systematic risk, not because it had a high beta but because the market was particularly
volatile then. By contrast, the OLS estimate of systematic risk is unable to reflect such time
variation. The average volatility of the S&P 100 over the entire sample was 18.3% and so
OLS produces the single estimate of 18.3% x 1.448 =26.6% for systematic risk. This figure
represents only an average of the systematic risk over the sample period.

I1.1.2.4 Relationship between Beta, Correlation and Relative Volatility

In the single index model the beta, market correlation and relative volatility of an asset or a
portfolio with return ¥ when the market return is X are defined as

B=Cov(X,Y) _ Covx.¥) _[VE) (L1.11)

vx) Q_,/V(X)V(Y)’ SV VX)

Hence,
B=ov, (I1.1.12)

i.e. the equity beta is the product of the market correlation @ and the relative volatility v of
the portfolio with respect to the index or benchmark.

The correlation is bounded above and below by +1 and —1 and the relative volatility
is always positive. So the portfolio beta can be very large and negative if the portfolio is
negatively correlated with the market, which happens especially when short positions are
held. On the other hand, very high values of beta can be experienced for portfolios containing
many risky stocks that are also highly correlated with the market.

In Figures I1.1.2 and II.1.3 we show the daily EWMA estimates of beta, relative volatil-
ity and correlation (on the right-hand scale) of the Amex and Cisco stocks between
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Figure I1.1.2 EWMA beta, relative volatility and correlation of Amex (A =0.95)
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Figure I1.1.3 EWMA beta, relative volatility and correlation of Cisco (A =0.95)

January 2001 and December 2007.” The same scales are used in both graphs, and it is clear
that Cisco has a greater systematic risk than Amex. The average market correlation of both
stocks is higher for Amex (0.713 for Amex and 0.658 for Cisco) but Cisco is much more
volatile than Amex, relative to the market. Hence, EWMA correlation is more unstable and
its EWMA beta is usually considerably higher than the beta on Amex.

7 As before, A =0.95.
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II.1.2.5 Risk Decomposition in a Single Factor Model

The principle of portfolio diversification implies that asset managers can reduce the specific
risk of their portfolio by diversifying their investments into a large number of assets that have
low correlation — and/or by holding long and short positions on highly correlated assets. This
way the portfolio’s specific risk can become insignificant. Passive managers, traditionally
seeking only to track the market index, should aim for a net o« =0 and a net portfolio
=1 whilst simultaneously reducing the portfolio’s specific risk as much as possible. A ctive
managers, on the other hand, may have betas that are somewhat greater than 1 if they are
willing to accept an increased systematic risk for an incremental return above the index.
Taking the expectation and variance of (II.1.3) gives

E(Y)=a+BEX). (IL1.13)
If we assume Cov(X, &) =0,
V(Y)=B*V(X)+ V(). (I1.1.14)

It is very important to recognize that the total portfolio variance (II.1.14) represents the
variance of portfolio returns around the expected return (II.1.13). It does not represent the
variance about any other value! This is a common mistake and so I stress it here: it is
statistical nonsense to measure the portfolio variance using a factor model and then to assume
this figure represents the dispersion of portfolio returns around a mean that is anything other
than (II.1.13). For example, the variance of a portfolio that is estimated from a factor model
does not represent the variance about the target returns, except in the unlikely case that the
expected return that is estimated by the model is equal to this target return.

The first term in (II.1.14) represents the systematic risk of the portfolio and the second
represents the specific risk. When risk is measured as standard deviation the systematic
risk component is 3,/V (X) and the specific risk component is \/V (g). These are normally
quoted as an annualized percentage, as in the estimates given in the examples above.

From (II.1.14) we see that the volatility of the portfolio return — about the expected return
given by the factor model — can be decomposed into three sources:

¢ the sensitivity to the market factor beta,
¢ the volatility of the market factor, and
¢ the specific risk.

One of the limitations of the equity beta as a risk measure is that it ignores the other two
sources of risk: it says nothing about the risk of the market factor itself or about the specific
risk of the portfolio.

We may express (II.1.14) in words as

Total Variance = Systematic Variance + Specific Variance (II.1.15)

or, since risk is normally identified with standard deviation (or annualized standard deviation,
i.e. volatility),

Total Risk = (Systematic Risk” 4 Specific Risk?)"2. (I.1.16)

Thus the components of risk are not additive. Only variance is additive, and then only under
the assumption that the covariance between each risk factor’s return and the specific return
is 0.
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II.1.3 MULTI-FACTOR MODELS

The risk decomposition (II.1.14) rests on an assumption that the benchmark or index is
uncorrelated with the specific returns on a portfolio. That is, we assumed in the above
that Cov(X, &) = 0. But this is a very strong assumption that would not hold if there were
important risk factors for the portfolio, other than the benchmark or index, that have some
correlation with the benchmark or index. For this reason single factor models are usually
generalized to include more than one risk factor, as assumed in the arbitrage pricing theory
developed by Ross (1976). By generalizing the single factor model to include many risk
factors, it becomes more reasonable to assume that the specific return is not correlated with
the risk factors and hence the risk decomposition (II.1.16) is more likely to hold.

The success of multi-factor models in predicting returns in financial asset markets and
analysing risk depends on both the choice of risk factors and the method for estimating
factor sensitivities. Factors may be chosen according to fundamentals (price—earning ratios,
dividend yields, style factors, etc.), economics (interest rates, inflation, gross domestic
product, etc.), finance (such as market indices, yield curves and exchange rates) or statistics
(e.g. principal component analysis or factor analysis). The factor sensitivity estimates for
fundamental factor models are sometimes based on cross-sectional regression; economic or
financial factor model betas are usually estimated via time series regression; and statistical
factor betas are estimated using statistical techniques based on the analysis of the eigenvectors
and eigenvalues of the asset returns covariance or correlation matrix. These specific types of
multi-factor models are discussed in Sections II.1.4-I1.1.6 below. In this section we present
the general theory of multi-factor models and provide several empirical examples.

1I.1.3.1 Multi-factor Models of Asset or Portfolio Returns

Consider a set of k risk factors with returns X, ..., X, and let us express the systematic
return of the asset or the portfolio as a weighted sum of these. In a multi-factor model for
an asset return or a portfolio return, the return Y is expressed as a sum of the systematic
component and an idiosyncratic or specific component & that is not captured by the risk
factors. In other words, a multi-factor model is a multiple regression model of the form®

Y,=a+B8,X,+...+BX, +&,. (I1.1.17)

In the above we have used a subscript ¢ to denote the time at which an observation is made.
However, some multi-factor models are estimated using cross-sectional data, in which case
the subscript i would be used instead.

Matrix Form

It is convenient to express (II.1.17) using matrix notation, but here we use a slightly different
notation from that which we introduced for multivariate regression in Section 1.4.4.2. For
reasons that will become clear later, and in particular when we analyse the Barra model, it
helps to isolate the constant term alpha in the matrix notation. Thus we write

y=a+XB+e, g ~iid(0,0?), (I1.1.18)

8 In this chapter, since we are dealing with alpha models, it is convenient to separate the constant term alpha from the other
coefficients. Hence we depart from the notation used for multiple regression models in Chapter 1.4. There the total number of
coefficients including the constant is denoted k, but here we have k + 1 coefficients in the model.



