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Preface

Number theory is indeed an area of mathematics that investigates the attributes
of positive integers like 1,2, 3 - - - Often alluded to as "higher arithmetic,” it is
one of the most natural and historical mathematical disciplines. This theory
of numbers has long held a special place in the field of mathematics. This is
as a result of the theory’s undeniable historical importance. Both professional
and amateur mathematicians have always been attracted by number theory. Al-
though solutions to the issues and proofs of the theorems frequently need for a
sophisticated mathematical background, number theory problems and theorems
can often be grasped by laypeople, in contrast to other disciplines of mathemat-
ics.

Number theory, which has no direct applications to the actual world, was
thought to be the most pure area of mathematics until the middle of the 20" cen-
tury. The development of digital computers and communications showed that
number theory may offer novel solutions to practical issues. At the same time,
breakthroughs in computer technology allowed number theorists to make out-
standing progress in tackling numerical problems that were previously thought
to be insurmountable, including factoring big numbers, figuring out primes, test-
ing hypotheses, and more.

Elementary number theory, algebraic number theory, analytic number the-
ory, geometric number theory, and probabilistic number theory are some of the
sub-fields of modern number theory. The approaches taken to solve integer-
related problems are reflected in these categories. Counting has existed since
the beginning of time. Archaeological artefacts, such a bone from the Congo
region of Africa that is 10,000 years old and has tally marks etched on itsigns
of an unidentified ancestor tallying somethingevidence this. People had begun
to understand the concept of “multiplicity” very early on in the history of civi-
lization, opening the door to the study of numbers.
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Because ancient tablets, papyri, and temple carvings from Mesopotamia,
Egypt, China, and India have survived, it is certain that these civilizations had
a mathematical understanding at the time. A good example is the Plimpton
322 tablet, which was discovered in Babylonia around 1700 BCE. Pythagoras
(c. 580 — 500 BC'E) supposedly worked in southern Italy among loyal follow-
ers. His thought emphasised the importance of number as the overarching idea
required to comprehend everything from celestial mechanics to artistic melody.

Euclid, on the other hand, introduced number theory plainly. He described
a number as “a plurality constituted of units” at the beginning of Book VII of
his Elements. The plural in this instance left out 1; according to Euclid, 2 was
the smallest "number.” Later, he went on to define a perfect number as one that
equals the sum of its proper divisors, a composite as a number that is not prime,
and a prime as a number “measured by a unit alone” (i.e., whose only proper
divisor is 1). From then, Euclid established a series of theorems that serve as
the foundation for number theory as a branch of mathematics.

Number theory got little serious attention as mathematics spread from the
Islamic world to Renaissance Europe. Important developments in geometry, al-
gebra, and probability occurred between 1400 and 1650, as well as the discovery
of logarithms and analytic geometry. However, number theory was viewed as
just a small discipline with mostly recreational significance.

The current state and future directions of numerous facets of contemporary
number theory are examined in this book ”"Fundamental Perceptions in Contem-
porary Number Theory” from a unified standpoint. The theoretical foundations
of contemporary theories are unveiled as a consequence of simple challenges.
Additionally, this book makes an effort to present the contents as simply as pos-
sible. It is primarily intended for novice mathematicians who have tried reading
other works but have struggled to comprehend them due to complex reasoning.

In this book, there are eight chapters. An overview of the initial stages of
Divisibility is given in the introduction of Chapter 1. In-depth discussion is
given on the division and the fundamental theorem of arithmetic. The Greatest
Integer Function and other Classical Functions of Number Theory are discussed
in Chapter 2. Congruence theory, along with some of its fundamental charac-
teristics and theorems, are covered in Chapter 3. Primitive roots and indices are
discussed in Chapter 4 with emphasis on the Primitive Root Theorem. Quadratic
reciprocity and its features are covered in Chapter 5. Chapter 6 defines and dis-
cusses special numbers. Waring’s Problem and Sum of Squares are presented
in Chapter 7. Also, the questions from CSIR- NET Mathematics examination
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(conducted by National Testing Agency, Govt. of India) are included at the end
of each chapter.
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Chapter 1
Divisibility

”Mathematics is the language with which God wrote the universe”
- Galileo

The fundamental ideas of elementary number theory are addressed in this chap-
ter, encompassing divisibility, GCD, LCM, Primes. Principles of induction,
Division and Euclidean Algorithms, Fundamental Thoerem of Arithmetic are
the ultimate aim in this chapter. The following integer properties are used ex-
tensively in many of the proofs.

1.1. Preliminaries

The fundamental concepts required to comprehend basic number theory are cov-
ered in this part. That includes, what are integers and their properties, principles
involoving natural numbers.

The set of all integers is denoted by Z. Thatis, Z = {0, £1,+2, £3--- | }.

Properties of Integers. Let a, b, c € Z. Then
(i) a+b=b+a

(i) a—b=—(b—a)

(iii) ab = ba

(iv) a+ (b+c¢c)=(a+b)+c
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(v) a(be) = (ab)c
. a,ifa >0
Vi) |a| = )
—a,ifa <0
vi) a+0=04+a=a
(vili) a —a =0

Principle of Weak Induction. Let P(n) be a statement regarding a positive
integer n and let a € N be fixed. If

(i) P(a) is true
(ii) for every m > a, if P(m) is true, then P(m + 1) is true,

then P(n) is true for all n > a.

Principle of Strong Induction. Let P(n) be a statement regarding a positive
integer n and let a € N be fixed. If

(i) P(a) is true

(ii) for every m > a, if P(a), P(a+1),---, P(m) are true, then P(m + 1)
is true,

then P(n) is true for all n > a.

Theorem 1.1 (Well-Ordering Principle). Every non-empty set of positive inte-
gers contains a least element.

Proof. Let A be a non- empty subset of N and that has no least element and
B = N\A. Let us prove thatif n € N, thenn € B. If 1 € A, then 1 is the
least element in the set A. But this is not possible by the construction of A.
Thus1 ¢ Aandsol € B. Assumethatn € B. 1f2,3,--- ,n—1 € A, then A
contains a least element. Hence 2,3,--- ,n—1¢ Aands02,3,---,n—1€ B.
If n4+1 € A, then itis the least element in A. Thusn+1 ¢ Aandson+1 € B.
Hence n € B for all n € N. Thatis, B = N and hence A must be empty, a
contradiction. O

Problem 1.1. Let a and b be integers such that a > b > 0. Then the set {a —
b,a — 2b,- - -} contains a least positive integer.
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Solution. Suppose the set {a—b, a—2b, a—3b, - - - } contains no positive integer.
Then a — nb < 0, for alln > 1. But we have a > b. This implies a — b > 0.
This is a contradiction to a — nb < 0, for all n > 1. Therefore, there exist
n € IN such that {a—b,a—2b,--- ,a—nb} is a set of positive integers. By well
ordering principle {a —b,a — 2b, - - - , a — nb} contains a least positive integer
and it is the least positive integer in {a — b,a — 2b,a — 3b, - - - }.

Problem 1.2. Let a be a negative integer and b be a positive integer. Then the
set {a+b,a+ 2b,a+ 3b,- -} contains a least positive integer.

Solution. Since a < 0, let it be a = —ay1, a1 > 0. We have to find n € IN such
that a +nb > 0.

Case 1. If a1 = b, then we have n = 2, since a + nb = —aj + 2a7 = a1 > 0.

Case 2. Ifa; > b, then we have n = a1 +b, Since a+nb = a1 (b—1)+b* > 0,
forallb € IN.

Case 3. Ifa; < b, then we haven = 1, Since a +nb=5b—a; > 0.

Thus in all cases, we can find n such that a + nb > 0. Since n < n+ 1, we
must have a +nb < a+ (n+1)b. Thus 0 < a+nb < a+ (n+1)b < ---
and so {a+nb,a+ (n+1)b, - - -} is a set of positive integers. By well ordering
principle {a + nb,a+ (n + 1)b, - - - } contains a least positive integer and it is
the least positive integer of the given set.

1.2. Division Algorithm

The most crucial and frequently applied notion relating to integers (divisibility)
is covered in this section. Additionally, examples are provided that address the
quotient and remainders while dividing as well as the parity of integers and their
divisibility. The division algorithm, which provides the path to acquire quotient
and remainders, is the major subject of this section.

Definition 1.1. An integer b is said to be divisible by an integer a(#£ 0), if b is
a multiple of a.

If b is divisible by a, we write a | b, (i.e. a divides b) and otherwise we write
a1b (ie. adoesnotdivideb).

Example. [. Ifa=75, b=10,thenb = 2a and soa | b.
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2. Ifa=3,b=4,thenatb.
Note. 1. 1]|aforanya € Z.
2. a|O0foranya € Z.
3. a| aforanya € Z.
Properties. For any integers a(# 0), b, ¢, d, the following hold:
1. Ifa|banda | c,thena| (b+ c).
2. Ifa| b, then a | be.
3. Ifa|bandb |c,thena | c.
4. Ifa|banda | c, then a | (mb+ nc) whenever m & n are integers.
5. a|liffa=+l1.
6. Ifa | bandc| d, then ac | bd.
7. a|bandb | aifand only if a = +b.
8 Ifa|bandb # 0, then |a| < |b|.

Proof. 1. Suppose a | b and a | ¢. Then b = kia and ¢ = ksa for some
k1,ke € Z. Now, b+ ¢ = (k1 + k2)a. Since k1 + ko € Z, we can
conclude that a | (b+ ¢).

2. Suppose a | b. Then b = ka for some k € Z. Multiply both sides by ¢,
we have be = (kc)a. Since ke € Z., we have a | be.

3. Supposea | band b | c. Then b = kya, ¢ = kab for some k1, ko € Z.

Now,
Cc = k‘gb
= k‘g(k‘la)
Cc = (k‘gk‘l)a

Therefore, alc.
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4. Suppose a | band a | c. Then b = kya and ¢ = ksya for some ki1ky € Z.

Let m,n € Z. Then b = kya = mb = m(kia) = mya, where

my = mky € Z and ¢ = koa = nc = n(ksa) = nya, where

n1 = nko € 7Z. Thus we obtain mb = mja and nc = nja. Therefore,
a|mb& a|ncandsoa | (mb+ nc)

5. Suppose a | 1. Then 1 = ka for some k € Z. Since k and a are integer,
this is possible only if k = 1, a = 1 ora = —1, £k = —1. That is,
a = =+1.
Conversely, suppose thata = +1. Then 1 = ka, where k =1, a = 1 and
—1 = ka where k = 1, a = —1. Therefore, a | 1.

6. Supposea | band ¢ | d. b= kja and d = koc for some k1, ko € Z.
Then

b=kia = bd=(kia)d
bd = (klkg)ac

Therefore, ac | bd.

7. Suppose a | band b | a. Then b = kya and a = kob where k1, ko € Z.
Now,

b=Fkia = b=ki(ke)b
= b= (kiko)b
— kiko=1
— ki=1=kyork; =—-1=ko

Therefore, a = kob = a = =£b. Conversely, suppose that a = +b.
Thena=b = a=1(b) = b]a.

a=-b = b=-a = b= (-1)a = a | b. Therefore,
bla&alb.

8. Suppose a|b and b # 0. Then b = ka, for some k € Z. Taking modulus
on both sides, we get |b| = |ka| = |k||a|] > |al|. Therefore, |a| < |b|.

O

Definition 1.2 (Even Integer ). An integer a is said to be even if 2 | a.

Definition 1.3 (Odd Integer). An integer a is said to be odd if 2 { a.



