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GAMER, U . ; ORCAN, Y . : On t h e Elast ic-plast ic Shr ink P i t 2 1 9 

ZAMM • Z. angew. Math. Mech. 69 (1989) 8, 219-226 

G A M E R , U . ; O R C A N , Y . 

On the Elastic-plastic Shrink Fit Rotating with Supercritical Angular Speed 

Unter Zugrundelegung der Trescaschen Fließbedingung und der zugeordneten Fließregel wird die Verteilung von Span-
nungen und Verschiebung in der vollplastizierten Nabe eines rotierenden Preßverbandes untersucht. Das Nabenmaterial 
weist lineare Verfestigung auf. Bei der kritischen Winkelgeschwindigkeit kommt es zu einem Wechsel des Tresca-Begimes. 

Based on Tresca's yield criterion and the associated flow rule, the distribution of stress and displacement in the completely 
plasticized hub of a rotating shrink fit is studied. The hub material exhibits linear hardening. At the critical angular speed, 
a change in the Tresca regime takes place. 

Ha OCHOBe yCJIOBHH njiaCTHHHOCTH TpeCKa H CBH3aHH0r0 C 3THM yCJIOBHeM lipaBHJia TeieHHH HayiiaeTCH 
pacnpeneJieHHe HaTHMieimn H CMemeniia B noJiHO-njiacTHiHOBanHOM cTynmie Bpamaiomeit npeccoBaHHotf 
CKJieiiKH. MaiepHaJi CTynmiH noKa3biBaeT jiHHetiHoe ynpoujeiine. IIpH KpiiTuqecKoii yrjioBOfl CKopoCTH 
BCTpenaeTCH HSMeHeirae pejKHMa TpecKa. 

1. Introduction 

Shrink fits are extensively used in mechanical engineering as a means of transmitting high moments at low pro-
duction costs. I t is obvious tha t the strength of the material can be utilized better by a design admitting plastic 
deformation of the hub. The elastic-plastic shrink fit problem was first studied by L U N D B E R G [1] with the help of the 
von Mises yield criterion but his approximate solution is hardly applicable. An exact solution, based on Tresca's 
yield criterion and the flow rule associated to it, is due to K O L L M A N K [2] . Since in modern machinery, running with 
high angular speeds, shrink fits are exposed to considerable centrifugal forces, K O L L M A N N investigated the depen-
dence of the interface pressure on the angular speed [3]. A discussion of the limits of the theory presented there, 
especially the critical angular speed, together with a generalization to hardening material was given by G A M E R [4] . 
The critical speed is characterized by a change in the Tresca regime. This event was studied by G A M E R and KOLL -
M A R S for a partly plasticized hub of perfectly plastic material [5]. Later, G A M E R found an analytical solution for the 
supercritical rotation of a shrink fit with fully plasticized perfectly plastic hub [6]. 

Subject of the present investigation is the supercritical rotation of a shrink fit with linear hardening hub 
material under the presumption that the hub has been completely plasticized by assemblage or by assemblage and 
subcritical rotation but the generalization to a partly plasticized hub is possible. I t is further assumed tha t the solid 
inclusion stays elastic, tha t both hub and inclusion are in a state of plane stress and that their elastic moduli agree. 

After the assemblage the circumferential stress in the hub is positive whereas the radial stress is negative. 
Hence, according to the flow rule associated to Tresca's yield criterion, equal but opposite plastic strains occur in 
circumferential and in radial directions. By rotation both stresses are raised. At the critical angular speed the slope 
of the radial stress vanishes at the outer edge of the hub. With still increasing angular speed the radial stress becomes 
positive in the outer part of the hub. Therefore, plastic deformation in the axial direction occurs with its increment 
being equal but opposite to the increment of circumferential plastic strain. In the inner part of the hub the sub-
critical plastic deformation continues but at the inwards moving border between the two parts of the plasticized 
hub the radial plastic strain is frozen to permanent plastic strain. 

2. The elastic inclusion and the inner part of the plasticized hub 

The equation of motion 

doy/dr + (ay — oq) jf = —Qw2r 

where q denotes the density and w the angular speed and the geometrical relations 

e r = dujdr , So = ujr 

hold in the entire shrink fit irrespective of the material behavior. 

For elastic behavior these equations are supplemented by Hooke Law 

Esr = ov — vae, Ess = oe — var. 

Therewith, the stresses and the displacement in the elastic inclusion are given by [7, 8] 

a r = K - \ (3 + v) qcoV , a0 = K - i (1 + 3v) qwh* , 

Eu = ( 1 - v) (oy + | qa>2r2) r = ( 1 - v) [K - \ ( 1 + v) qoW] r . 
Since for subcritical angular speed the circumferential stress is positive and the radial 

plastic deformation of the inner part of the hub is governed by the yield condition 

00 — a, = av . 

(2 .1) 

(2 .2) 

(2.3) 

(2.4), (2.5) 

(2 .6) 

stress is negative, the 

(2.7) 
16* 
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According to the flow rule associated to this yield condition there hold 

defjdei = - 1 , de | = 0 . (2.8) 

Due to the lack of plastic predeformation similar relations hold also for the accumulated plastic strain in the inner 
plastic region. Consideration of the equivalence of the increment of plastic work yields 

SEQ = ee • (2.9) 
The equivalent plastic strain (2.9) is used in the hardening law 

ov = <r0(l + rjsEQ) (2.10) 

where a0 is the initial yield limit and rj the hardening parameter. Therefrom, one can derive the stresses, the radial 
displacement and the plastic strains as [4, 8] 

and 

1 ( HC 1 ) 
ffr = Y^TH\a°logr + (3 + H1> + ' 

1 i HC 1 1 
= Y T n f o ( 1 + l o g r ) + I F ' ~ " 8 [ 4 + ( 1 + ? , v ) H ] q c o h \ + C l ' 

Eu = (1 - v) (o> + r + ^ 

Eu = 
1 +H { 

(1 - v) a0r\ogr + - [ 2 + (1 + v) H] 4 ^ - (1 - v) ecoV + (1 - v) Gjf 1 
Eev

e = -Esf = -av + j (1 - v) QCOV + ^ 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

Eel = -Eev
r l+H 

1 C 
- i ? l , + 7 ( l - i ' ) QCO2T2 + -§• (2.16) 

4 ' " ' r* 
with H := otf/E. 

From the geometrical condition ul(a) — u"(a) = i and making use of (2.6) and (2.13) one obtains immediately 
0 2 = Eai since the radial stress has to be continuous a t the interface r — a. In the above, s stands for shaft and I 
for the first or inner plastic region of the hub. In the following, I I denotes the second or outer plastic region of the 
hub. 

3. The outer part of the plasticized hub 

As soon as the critical angular speed 

with Qi : = gcy262/c;0 and I := Eaij(a0b2) is reached [4], the outer plastic region appears a t the outer edge r = b of 
the hub and spreads inwards with increasing angular speed. In this region the stresses satisfy the inequality 

aa > cr, 5 0 . (3.2) 

Hence, Tresca's yield condition becomes 

= °y • (3-3) 

The equation of motion (2.1) and the yield condition (3.3) lead to 

aT = j j Oydr- j6co2r2 + (3.4) 

To be able to perform the integration, one needs the dependence of er„ on r. This follows from a second relation be-
tween the equivalent plastic strain and the yield stress. Therefore, deformation is considered. 

The flow rule associated to (3.2) and (3.3) reads 

defydel = - 1 , de? = 0 . (3.5) 

In integrating these relations, plastic predeformation has to be taken into account. According to (3.5) the increment 
of radial strain is governed by Hooke's law, 

der = JT (dcrr — v doa) , (3.6) JL 


