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Preface

The theory of mathematical programming has developed considerably during the last
years due to the stimulus given by an increasing demand from management and tech-
nology and it is therefore understandable that courses on mathematical programming
now belong to standard teaching programs of Universities and Institutes.

Our aim in writing this book is to introduce students of mathematics, science, econom-
ies and management to the qualitative theory of mathematical programming in vector
spaces. Prerequisite for the study of this book is a basic knowledge of analysis and linear
algebra. We also apply some elementary ideas of functional analysis for a more rigorous
construction of proofs and for some generalizations of the finite dimensional theory
enclosing Banach-spaces. The problems are presented in such a way that the theory can
be generalized to apply to topological vector spaces.

Many different concrete programming problems possess one and the same theoretical
basis, which we can formulate as a principle of duality. Many authors have generalized
the well known relations of duality of linear programming for problems of non-linear
programming. In this connection, the Fenchel theory of conjugate functions, and the
relations of duality following on from this theory, plays an important role.

The main theme of this book is to represent such relations of duality and to
consider a general theoretical basis for different special programming problems. In so
doing, we do not claim to cover all programming problems but rather discuss some
of the main ones by concentrating our enquiries on specially chosen Lagrangian
forms. For linear programming we extend our investigations by constructing the theory
in Banach spaces. In infinite dimensional Banach spaces we give examples to demon-
strate the difference between finite dimensional and infinite dimensional theory and
give a generalization of the transportation- and potential problem in finite directed
graphs. We are not concerned here with constructions of algorithms for calculation
of solutions.

In the first chapter the reader will find a collection of relations between convex sets,
hyperplanes and extremal points which are required in the following chapters. Further-
more, we construct relations between convex functions and convex sets and describe
the Fenchel theory of conjugate functions. In the second chapter, we formulate relations
of duality and prove equivalence theorems with respect to saddle-point, duality and
minimax theorems. Special structures of equivalence statements are very useful for
well known linear programming problems to be embedded in. The third chapter deals
with the embedding of different programming problems in connection with specially
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chosen Lagrangian forms and in addition to equivalence theorems, the chapter also con-
tains existence theorems.

The basic conception of this book is an extended version of a course which the author
gave at the Rangoon Arts and Science University during 1974/1975. The main sour-
ces were the University text the author prepared based on this course with the assistance

of Professor Chit Swe.
M., Walk
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1. Convex sets and convex functions

1.1. Convex sets

In the theory of optimization, the idea of convexity plays a central role. We shall
begin our study of this concept with convex sets and their properties. In this mono-
graph, we would restrict our discussions to real finite dimensional vector spaces, even
though it is possible to extend most of the ideas and theorems to an abstract topological
vectorspace. Inquiries of the following kind, one may find in all standard books on mathe-
matical programming, especially works by VoeeL [32], Karrin [20], BErGE and
GroumLa-Houri [4], and KrEkO [23].

Let IR® be a vector space of dimension z.

Definition 1.1.1. A set ¢ £ R" is conver, if for any two elements u, v € C and any real
number 4, 0 < 2 < 1, we have

r=iu+(l—MNveC. (1.1.1)
T
An element z = Z At is a convex combimtion of vectors x1, 22, ..., 2" € R" if the real
i=1
numbers 4,, 4, ..., A, are nonnegative and Z Ai=1

i=1

Theorem 1.1.1. Let C = R" be a convex set. Every convex combination of vectors of C
is an element of C.

Proof: For r = 1, the assertion of the theorem is trivial.
Assume that the theorem is true for the value r — 1 with r > 1. Now consider vectors

r r—1
2t 22, ..., z" € C and nonnegative numbers 2, 4,, ..., A, ,where }] 2; = 1. If 3’1, =0,
then i=1 i=1

T
=) Aat =
i=1

r—1
which is an element of C. If 2 = } A; &= 0 then we have

i=1

T T—1
2= 3t = A5 At + A
i=1 i=
s i r=1_
with 4; = 7‘, A DU RN R [ Obvious]y A; = 0and } &; = 1. By induction hy-

. i=]

pothesis & = L H. izt € C. Moreover, 3 1; = 1 implies 0 < 4 =< land 4, = 1 — A. Thus,
i=1
by Deflmt,lon 1 lla=/28+ Aae€ C. I
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Theorem 1.1.2. Let C, and C, be convex sets. If o, and o, are any two real numbers, then
the set C = 0,C; + 6,0, = {x € R™: x = 0,2® + 0,22, 2t € C}} is also convex.

Proof: Consider a,njr two elements u,v € C. Then there exist elements !, ! € C,
and corresponding elements u2, v € C, such that

u = gl + ou?, v = g + o0,
Now, for any real number 2,0 = 1 = 1,
x=Au+ (1 — 2)v=~ilou! + cu?) + (1 — 1) (0,0 + o,2%)
= oy(A + (1 — 2) &) + oA + (1 — 1) 0?) = 032! + 0,2®

where x1, 2? are elements of convex sets C; and ;. Consequently, z € C. [
Regarding Theorem 1.1.2 we notice the following special cases:

(i) If C, is a convex set and x° any element of IR", then the set
C=0C;+ {2 ={zec Rz =2 + 20,2 € O}
is also convex.
(ii) If C, is a convex set and o any real number, then the set
C=0C,={zeR": 2 =0ox',x' € ()}
is also convex.
(iii) If C, is a convex set, then the set
C=—-0,={zgeR":z=—al,2' € O}
is also convezx.

Definition 1.1.2. Given 4 = IR",

i=1

r T
Conv (4) ={x€ Rh:iz=) Aal,vic A, 4, =20, =1,r= 1,2,...};
= i=1

(1.1.2)

is called the convexr hull of A.
Obviously Conv (A) is a closed set if the set A is finite. In case the set A is infinite,
the convex hull Conv (4) is generally not closed. We may consider, for example,

A:{l:n=1,2,...}§]R.

n
One can easily find
Conv (4) ={xe R:0 <z =1}
which is not closed.

Theorem 1.1.8. The convex hull Conv (A) of a set A is the smallest convex set, containing
the set A.
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Proof: We shall first show that Conv (4) is convex. Consider u, v € Conv (4). Then
u and » may be represented in the following forms:

u_ZGIu‘! 'I&‘EA 9120 ZQt-l

i=1 i=1

8
Z ot, €4, 0; =0, 20’,:1

i=]
Now, for any real number 2, 0 = 1 < 1,
z=Au+(1—A)v
T+8

T &
=} gut + 3 (1 — A o0t = 3 1,2

i=1 i=1 k=1

where
o )er, k:l,...,?’,
il (1 —2A) o,y k=r4+1,r+2,..,7r+ s,
iy 21113 & == PLajE LN
T, k=r41,...,r 4 s.

We can observe that 2 € 4,7, =0,k =1,...,7 + sand
r+8 T8
sz—”;ZQk'i'(l'—;} 2 Oy =A4+(1—2)=1.

k=11

Thus x € Conv (4) implying that Conv (4) is convex. To complete the proof, we still
have to show that for every convex set K containing 4, Conv (4) & K. This is quite
clear because K is convex and from 4 € K, it follows by Theorem 1.1.1 that every
convex combination of elements of 4 belongs to K. []
The converse of Theorem 1.1.3 now follows:
Theorem 1.1.4. If L s the smallest convex set containing A4, then
L = Conv (4).
Proof: L has the following properties:
(i) 4 S L.
(ii) L € K for every convex set K containing A.
Since Conv (4) is a convex set containing 4, we have by (ii),
L < Conv (4).
On the other hand, Theorem 1.1.3 together with (i) implies that
Conv (4) S L.

Hence the proof of the theorem. [
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Theorem 1.1.5. The convex hull of a set A is the intersection of all convex sets which
contain A:

Conv (4) =N K.

AcK

K being convex and containing A.

Proof. It is easily seen that the intersection of any collection of convex sets is convex.

Thus, the set N K is convex and it contains 4. Furthermore, for any convex set X con-
Ac K
taining 4, we have N K, i.e. N K is the smallest convex set which contains 4.
AcK AcK
Now, by Theorem 1.1.4,

N K = Conv (4). O
AcCK

The Theorems 1.1.1 to 1.1.5 are given only on the basis of the Definition 1.1.1 of
convex sets. However, the proofs do not depend on the fact that we are restricting our
considerations to finite dimensional Euclidean spaces. We should notice that if the
discussions were in the more general framework of any linear space, the Theorems 1.1.1
to 1.1.5 are still true.

Besides convexity the following theorems are concerned with boundedness in finite
dimensional spaces.

We will first deal with a theorem which says that in the case of an n-dimensional
Euclidean space, the convex hull Conv (4) can be generated by all convex linear com-
binations of n 4 1 or fewer elements of A.

Theorem 1.1.6. If A is a subset of R", then x € Conv (A) can be represented by

=) Axt, afcd, 4,>0, Ji=1, r=n+41.
i=1 .

Proof: For any x € Conv (4),
r
x=) Azt 2*cd, L =0, }i=1.
i=1

We can assume 2; > 0. If there is one 4; = 0, we will drop this term off. If r = n + 1,
then there is nothing to prove. Now, consider the case r > n + 1. In this case, we can
construct a new representation for x in which at most r — 1 elements of 4 appear. Such
a construction is possible, because in an n-dimensional vector space, n + 1 vectors are
always linearly dependent.

Let us consider vectors zi =x' —a", i =1,2,...,7 — 1. Under the assumption
r > n + 1, the number of vectors 2 is more than n and in consequence the vectors z
are linearly dependent. Thus there exist real numbers o;, i =1, ...,7 — 1, which are
not all zero such that

r—1

2az =0,
i=1

Putting
r—1

oy = _Z o

=1
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we get
T—1 T

r—1 r—1
0= 0z =) oxt — o} o; =) ot
i=1 i=1 i=1

f==]
and
T
Z Oy = 0.
i=1

Now, for any ¢ > 0

T T
x =} Azt =} (4 — eo;) i, (1.1.3)
i=1

i=1

Since at least one g; is positive, it is possible to calculate

A A
min =——’-: o; > 0}= .,

i i,

Here the index i, may not be uniquely defined. Now, if we put ¢ = ! , then

ig

j'i. —_ EO','O = 0,

Ai—eo; +0, for i,
and

2 —e0)=1.

r=1

A
Now, from (1.1.3), for e = —*, we get the new representation
[eF is
T
x =E (j.‘ o GG’{) xt,
s
In this form the element x will be represented by a convex linear combination of at most

r — 1 elements of 4. This construction, we can continue till we get the representation
of z as a convex linear combination of at most n + 1 elements of 4. [

Theorem 1.1.7. Every set {x*:k = 1, ..., 7} of r elements from R® where r = n + 2 can
be divided into two parts such that the convex hulls of these parts have a nonemply inter-
seclion.

Proof: The proof is based on the fact that there always exist a nontrivial solution for a
homogeneous system of n 4 1 linear algebraic equations in r unknowns, if r = n 4 2.
Consider the set {z*: k = 1,...,7}, r = n 4 2. Then, there exists a nontrivial solution
215 A3 ..., 4, Of the system.

T r
D e ol R - e | (1.1.4)
k=1 k=1
Define the two sets of integers
I={k:24>0, J={1,2,..,11\1.

One can easily see that I and J are nonempty and because of (1.1.4), we find

ZJ.,,=—ZE;.>0.

kel keJ
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Furthermore, we get from (1.1.4) an element z in the form

2 hxt ) — At

kel keJ
2= - i (1.1.5)
2 M IRt
kel ke
Clearly,
A I
o = =0 i kel; 6 =1,
it éf‘ i
kel
SRS Y S D Yo =1
-3y PR ==,
ket

The equation (1.1.5) means that the element z belongs to the convex hull of {z*: k € I}
as well as the convex hull of {z*: k € J}.

Theorem 1.1.8. (Theorem of HELLY). Let C;, 1 = 1,2, ..., 7, r = n + 1 be a finite class
of convex sets in R™.If the intersection of any n + 1 of the sets Cy, Cs, ..., C, is nonempty,
then the intersection of all r sets is nonempty.

Proof: If r = n -+ 1, the assertion of the theorem is trivial.

Now assume that the theorem is true for r — 1 = » + 1. This means if any » 4 1
of the sets €', ..., C; have a nonempty intersection, the intersection of any »r — 1 of them
always has a nonempty intersection.

Now construct the set

otk =1,2,...,7) (1.1.6)

with elements z* E_F\ C..
ivk
Let {2%: k € I} and {a?:j € J} be a partition of the set (1.1.6) as given in Theorem
1.1.7. Every element z* with k € I belongs to all sets €}, j € J, because for any k€ I
and j € J, we have k = j. Consequently, for the convex hull of the set {z*: k € I} we
have
Conv ({z¥:k € I)) = N C}. (1.1.7)
jes
Similarly we find that every element x/ with j € J belongs to all sets Cy, k € I, and we
have
Conv ({zi: 7 € J}) & N C,. (1.1.8)

kel
Then it follows from Theorem 1.1.7 that
Conv ({z*: k € I}) n Conv ({zf:j € J}) &= O.
Let
z € Conv ({x*: k € I}) n Conv ({zf: 7 € J}).
Because of (1.1.7) and (1.1.8)
.
z€ ¢ n ¢\ =nNC¢C;
b A )

which proves the theorem. ]
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At last we will show that the convex hull of a compact set is compact. For this reason
we need the following lemma.:

Lemma 1.1.1. If the sets A © R™ and B S IR™ are compact, then the product
AXB={=zy):z€ 4,y € B}
is compact.

Proof: In a finite dimensional Euclidean space, a set is compact if and only if it is
closed and bounded. For further discussions in the monograph we use the Euclidean
norm. The following discussion shows that 4 x B is closed and bounded.

A and B being compact there exist numbers x and § such that

s

E2=|kfP=a forany 2€4d,

..
Il
=

n=|yl2=p forany ye€ B.

s

.
Il
[

If we recognize that a norm for elements (x, ) € A X B is

1
2

iz, )il = Cll=l® + lil®) 2
we get for any element (z,y) € 4 X B

ez PIE = llel® + Yl = & + B.

Thus 4 X B is bounded.
The product 4 X B is also closed. Suppose (2, y*) € 4 X B is a converging sequence

with a limit (2, y) i.e.

1

)

lim ||(2%, ¥*) — (2, y)|| = Lim (jz* — 2| + [ly* — y|?)2 = O.
k—ro0 i k=rc0

This means the sequences {z*} and {y*} converge respectively to the limits = and y. Since
A and B are closed (z,y) € A x B. [

The Lemma 1.1.1 and the fact that a continuous image of a compact set is compact
lead us to the following theorem:

Theorem 1.1.9. Let A & R* be compact. Then the convex hull Conv (A) is compact.
Proof: We can easily observe that

n-1
S={xemm:z& - 1,5.-;0}

i=1
is compact. By Lemma 1.1.1, the set

Y=8xA4dx---x4
\—,—'

n+ 1

is compact.

We assign to each point y € ¥, by a continuous mapping y: ¥ — IR", the value

n+l
y(y) = (=, @', ..., a") = S Eal € R

i=1
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Then the image of the continuous mapping,

n+1 n+l

w(¥) = {ZE R:z2=)}¢§a%a'€4,§=20, &= 1}
i=1 i=1

is compact. By Theorem 1.1.6, we have {¢(Y)} = Conv (4). Consequently Conv (4) is

compact. []

1.2. Hyperplanes and separation theorems

We will now present some principal relations between hyperplanes and convex sets.
In the theory of duality of convex programming, such relations in the form of separation
theorems play a central role especially in the proof of existence of optimal solutions.
Of course, we apply the separation theorems also to an immediate characterization of
convex sets. It is in this context, we will find them in the following discussions.

Detinition 1.2.1. Let y be a real number and a € R" any non zero fixed vector. The
set H < IR" given by

H={zeR*:{a,2) —y =0}
is a hyperplane in R".

Here (a, ) = } «;£; denotes the scalar product of vectors a = (x;, &g, +.., ;) and
i=1
z = (&), &, ..., &,). Further we notice that the Euclidean norm of vector z may be
expressed in the form:

H{iTotez :
Iel = (2 6.-2) ¥ (e )T

For y = 0, the set H will form a (n — 1)-dimensional linear subspace of IR"; otherwise,
we get a linear manifold which arises by parallel translation of the subspace.
Geometrically in IR? a linear subspace (a, x) = 0 represents a plane through the origin
whereas the linear manifold {(a,z) — y = 0 still represents a plane obtained by parallel
displacement.
To prove the separation theorems, we need the following lemma:

Lemma 1.2.1. If a closed convex set C' ts not empty and zero is not in C, then there exist
exactly one point 2° € C such that

llz’ll = min {|[]: z € C}.
Proof: The proof of this lemma is based on the following well known facts:

(i) A continuous function on a compact set always attains its minimum.
(ii) Compactness in IR* means being closed and bounded.

Under the assumption that C is convex, the minimal element z° is uniquely defined.

Let § = {x € R”: ||z|| = o} be a closed sphere with centre at the origin, radius ¢ > 0
being chosen sufficiently great so that the set 4 = € n S is not empty. Since 4 is bound-
ed and closed, 4 is compact. Consequently, for the continuous function g(z) = |2,
a vector 2® € 4 exists such that

@) = [|2°% = min {p(z): = € 4}.
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Because zero does not belong to C, it cannot be an element of 4 and thus [z% > 0.
Furthermore, ||z < ¢ and ||z > p for all z € C, which are not in 8.
Hence a fortiori

[l = [l
for any x € C. Consequently,
P(x?) = ||z = min {p(z): z € C}. (1.2.1)

To complete the proof, we have to show that 2° is uniquely defined. Let us assume that
this is not so, and z! € C is another element such that

2}l = [le*} = min {g(z): z € C}

and 2° %= z'. Convexity of C implies that z? = % (29 + 21) € O. Finally we get
1 1
ll?® = Pylidln o P < i (lle® + 2 + fl2* — 2*?)

1
T (=2l + fi"l®) = flell®.

This means |jz%|| < ||29| in contradiction to (1.2.1). []

From Lemma 1.2.1, we get a first separation theorem which says that a closed convex
set not containing the origin can be strictly separated from the origin by a hyperplane.

Theorem 1.2.1. If the convex set C is not empty and if the closure C of C does not contain
the origin, then there exists a vector a % 0, such that

(@, z) = [lal* > 0 (1.2.2)
for any x € C.

Proof: We notice that the vector @ which satisfies the assertion of the theorem can
be chosen from C'. By Lemma 1.2.1, there exists a uniquely defined element z° € C such
that

]l = min {|jz]: = € C}.
Choose @ = 2 and consider any « € C and 0 < 1 < 1. Because C is convex,
a4 (1 —A)a® =24 Az — 2% €.
2% being a minimal element,
12* = [i2° + Az — %)l = 2 + 24(a®, « — 20) + 2% |]x — 20,
Dividing by 24,

@) = (@, ) 2 Il ~ & I — .

Now, by letting 4 converge to zero, we get the relation {«, ) = ||a||* > 0 forany x € il

Theorem 1.2.1 can be generalized in a certain sense. Instead of a strict separation of
a convex set from the origin, we consider two nonempty convex sets which are separa-
ted from each other by a positive distance and show that these two convex sets are
separated strictly by a suitable hyperplane.

2 Walk
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Definition 1.2.2. Let €, and C, be two nonempty convex sets. Then
0(Cy, Cp) = inf {[lz — yl; 2 € C1, y € Oy}
denotes the distance between C; and C,.

Theorem 1.2.2. If C, and C, are two nonempty convex sets and the distance 8(C,, Cy) t8
positive, then there exists a hyperplane
H={geR"(a,z)—y=0p
such that
a,zy —y >0 foranyx€ C,,
(@, z) — 7y for any 1 Hos
{@,z) —y <0 forany x€ C,.

Proof: §(C,, C,) > 0implies that the set C = C, — (), has a positive distance from zero

i.e. the closure C does not contain zero. Since €' = €, — C, is also convex, by Theorem
1.2.1, it follows that there exists a vector a € R”, a == 0, such that for any z € C

(a,2) = |jall* > 0.
Herez =2 — y, x € C,, y € C, and we get

{a, 2) = (@, y) + lla|? (1.2.4)
for any = € C, and y € C,. Thus we have

inf {{(a, z): x € )} = sup @, y): y € Cy} + |ja|?

il inf {{a, z): x € C)} > sup {(a, y)}: y € Cy}.
Let y be such that
inf {{a,z):x € C;) > y > sup {{a, y): y € C}.
Then, we can see that
H=\{zxcR":{a,z)— y =0}
is the required hyperplane, satisfying the conditions
(a, ) —y >0 foranyze€ C,,
{a,y) —y <0 foranyye C,. ]

In fact existence of separating hyperplanes is assured under more stringent conditions
than those given in Theorems 1.2.1 and 1.2.2. A convex set which contains the origin
on the boundary or two convex sets having a zero distance between them and having
at the most boundary points in common can be separated by a suitable hyperplane.
But in such cases, we cannot expect a strict separation but the separating hyperplane
contains the origin in the former case and boundary points of the two convex sets in the
latter,

Theorem 1.2.3. Let C' be @ nonempty convex set with zero on the boundary of C. Then
there exists a vector a € IR", a == 0, such that for any x € C

(a,z) =0 (1.2.5)
[Notice that zero may not be a point of C, if C'is an open set.]



