De Gruyter Series in Nonlinear Analysis
and Applications 21

Editor in Chief
Jiirgen Appell, Wiirzburg, Germany

Editors

Catherine Bandle, Basel, Switzerland

Alain Bensoussan, Richardson, Texas, USA
Avner Friedman, Columbus, Ohio, USA
Karl-Heinz Hoffmann, Munich, Germany
Mikio Kato, Kitakyushu, Japan

Umberto Mosco, Worcester, Massachusetts, USA
Louis Nirenberg, New York, USA

Boris N. Sadovsky, Voronezh, Russia
Alfonso Vignoli, Rome, Italy

Katrin Wendland, Freiburg, Germany






Moshe Marcus
Laurent Véron

Nonlinear Second
Order Elliptic
Equations Involving
Measures

De Gruyter



Mathematics Subject Classification 2010: Primary: 35-02, 35J61, 35R06, 35J25, 35J91;
Secondary: 28A33, 31A05, 46E35.

Authors

Prof. Dr. Moshe Marcus

Technion — Israel Institute of Technology
Dept. of Mathematics

Technion City

32000 Haifa

Israel

marcusm@math.technion.ac.il

Prof. Dr. Laurent Véron
Laboratoire de Mathematiques
CNRS UMR 6083

Faculte des Sciences et Techniques
Universite Francois Rabelais

Parc de Grandmont

37200 Tours

France

veronl @univ-tours.fr

ISBN 978-3-11-030515-9
e-ISBN 978-3-11-030531-9
Set-ISBN 978-3-11-030532-6
ISSN 0941-813X

Library of Congress Cataloging-in-Publication Data
A CIP catalog record for this book has been applied for at the Library of Congress.

Bibliographic information published by the Deutsche Nationalbibliothek

The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data are available in the internet at http://dnb.dnb.de.
© 2014 Walter de Gruyter GmbH, Berlin/Boston

Typesetting: PTP-Berlin Protago-TEX-Production GmbH, www.ptp-berlin.de
Printing and binding: Hubert & Co. GmbH & Co. KG, Géttingen
© Printed on acid-free paper

Printed in Germany

www.degruyter.com



Preface

In the last 40 years semilinear elliptic equations became a central subject of study
in the theory of nonlinear partial differential equations. On the one hand, the interest
in this area is of a theoretical nature, due to its deep relations to other branches of
mathematics, especially linear and nonlinear harmonic analysis and probability. On
the other hand, this study is of interest because of its applications. Equations of this
type come up in various areas such as: problems of physics and astrophysics, problems
of differential geometry, logistic problems related for instance to population models
and, most importantly, the study of branching processes and superdiffusions.

An important family of such equations is that involving an absorption term, the
model of which is —Au 4+ g(x,u) = 0 where ug(x,u) > 0. Such equations are of
particular interest because in them we have two competing effects: the diffusion ex-
pressed by the linear differential part and the absorption produced by the nonlinearity
g. Furthermore, equations of this type with power nonlinearities play a crucial role in
the study of superdiffusions.

Naturally, the study of semilinear problems is based on linear theory and in partic-
ular on the theory of boundary value problems with L' and, more generally, measure
data. In addition to the classical theory of the Laplace equation, this study requires
certain ideas of harmonic analysis such as the Herglotz theorem on boundary trace of
positive harmonic functions and the resulting integral representation, Kato’s lemma
and the boundary Harnack principle. These topics and their application to boundary
value problems are treated in the first chapter.

In the second chapter we turn to the main topic of this monograph: boundary value
problems for the semilinear problem

—Au+gx,u)=f inQ

1
u=~h ondf2 M

where f and & are L' functions or more generally measures. Generally we assume that
t — g(-,t)is acontinuous mapping from R into L'(2; p), where p(x) = dist(x,9R),
that g(x,-) is non-decreasing for every x € € and g(x,0) = 0. (L'(R; p) denotes the
weighted Lebesgue space with weight p.) In addition we assume that

lim g(-,7)/t = o0 2)
t—>00
uniformly with respect to x in compact subsets of 2. Two standard examples:

g(x.t) = p(x)P[t]97",  g(x.1) =expt — L. 3)
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The problem (1) is understood in a weak sense; we require that u € L'(Q) and
gou € LY(;p), that the equation holds in the distribution sense and that the data
is attained in a weak sense, related to weak convergence of measures. In addition it is
assumed that f € L'(Q; p) or, more generally, f = u € IM(Q; p), i.e., u is a Borel

measure in €2 such that
| pdinl <.
Q

For the boundary data, it is assumed that 4 € L'(d2) or, more generally, 1 = v €
M (), i.e., v is a finite Borel measure on 9S2.

Problems with L' data are discussed in Section 2.1. In this case the boundary value
problem possesses a unique solution u € L'(2) such that g ou € L(R; p) for every
feL'(Qp)andh e L'(IR).

An interesting feature of boundary value problems with measure data is that, in
general, the problem is not solvable for every measure. If (1) has a solution for # = 0
and a measure [ = pu € M(Q; p), we say that u is g-good in Q. The space of such
measures is denoted by 18 (2; p). Similarly, if (1) has a solution for f = 0 and a
measure i1 = v € M(dR), we say that v is g-good on 2. The space of such measures
is denoted by 98 (d2). If ME (2 p) = M(XQ; p) we say that the nonlinearity g is
subcritical in the interior. Similarly, if 918 (02) = 9%(9€2) we say that g is subcritical
relative to the boundary.

In Section 2.2 we present basic results on boundary value problems with measures.
For instance, assuming that ¢ and v are g-good, we show that (1) with f = u,h =v
has a unique weak solution u and derive estimates for [|u| ;1) and [[g o u||11(q.p) In
terms of the norms of p and v in their respective spaces. In particular we find that, if
a solution exists it is unique.

An important tool in our study is an extension of the method of sub- and superso-
lutions to the case of weak solutions and a general class of nonlinearities. This too is
presented in Section 2.2

In Section 2.3 we present a sufficient condition for interior and boundary subcriti-
cality. It is shown that this condition also implies stability with respect to weak con-
vergence of data. Further, in Section 2.4, we discuss the structure of the space of good
measures when the nonlinearity g is supercritical in the interior (resp. on the bound-
ary), i.e., ME(2; p)  M(Q; p) (resp. ME(IQ2)  M(IN)).

Chapter 3 is devoted to a study of the boundary trace problem for positive solutions
of the equation

—Au + g(x,u) =0, 4)

with g as in (1), and related boundary value problems. The basic model for our study
is the boundary trace theory for positive harmonic functions due to Herglotz.

By Herglotz’s theorem any positive harmonic function in a bounded Lipschitz do-
main admits a boundary trace expressed by a bounded measure and the harmonic func-
tion is uniquely determined by this trace via an integral representation.



Preface vii

The notion of a boundary trace of a function u in 2 depends on the regularity prop-
erties of the function. For instance, if u € C(2) then it has a boundary trace in C(0%2),
namely, u | yq. If u belongs to a Sobolev space W7 () for some p > 1 then it has a
boundary trace in L?(02) (and even in a more regular space, namely, W ~pP (092)).
The measure boundary trace of a positive harmonic function is defined as follows: let
{2, } be an increasing sequence of domains converging to 2; under some restrictions
on this sequence it can be shown that the sequence of measures {u | g, d S} converges
weakly in 9]1(&2) (= the space of finite Borel measures in Q) to a measure v € M)
that is independent of {2, }. This limiting measure is the measure boundary trace of u.
If Q is of class C? the harmonic function u can be recovered from its measure bound-
ary trace via the Poisson integral. If the domain is merely Lipschitz, the Poisson kernel
must be replaced by the Martin kernel. (For more details see Section 1.3.)

As a first step in our study of the trace problem for positive solutions of (4) we
consider moderate solutions. A positive solution of (4) is moderate if it is dominated
by a harmonic function. The following result is a consequence of the Herglotz theorem.

A positive solution u is moderate if and only if g ou € L'(2; p). Every positive
moderate solution possesses a boundary trace represented by a bounded measure.

So far the trace problem for positive solutions of the nonlinear equation appears to
be similar to the trace problem for positive harmonic functions. However, beyond this
similarity, the nonlinear problem presents two essentially new aspects. The first is a
fact already mentioned before: in general, there exist positive finite measures on 952
that are not boundary traces of any solution of (4). The second: the equation may have
positive solutions that do not have a boundary trace in 2t(9€2).

Both aspects are present in the basic examples (3). In the case of power nonlineari-
ties g(¢) = |t|signt,if g > (N + 1)/(N — 1) and N > 2 there is no solution with
boundary trace given by a Dirac measure. In fact in this case there is no solution with
an isolated singularity. In other words, isolated point singularities are removable. (For
details see Subsection 3.4.3 and 4.2.1.)

The second aspect occurs whenever g satisfies the Keller—Osserman condition dis-
cussed below. This condition is satisfied by power nonlinearities for every ¢ > 1 and
by the exponential nonlinearity.

J.B. Keller [60] and R. Osserman [96] provided a sharp condition on the growth of
g atinfinity which guarantees that the set of solutions of (4) is uniformly bounded from
above in compact subsets of €2. Qualitatively the condition means that the superlinear-
ity of g at infinity is sufficiently strong. Assuming that this condition holds uniformly
with respect to x € €2, they derived an a priori estimate for solutions of (4) in terms
of p(x) = dist (x, d2). This estimate implies that equation (4), in bounded domains,
possesses a maximal solution. If, in addition, €2 satisfies the classical Wiener condi-
tion then the maximal solution blows up everywhere on the boundary. (If g(x,0) = 0
the boundedness assumption on the domain is not needed.) A solution that blows up
everywhere on the boundary is called a large solution. Evidently, large solutions do
not posses a boundary trace in 9t(0€2).
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In Section 3.1 we show that every positive solution has a boundary trace that is
given by an outer regular Borel measure; however this measure need not be finite. If
the solution is moderate this reduces to the boundary trace previously mentioned. The
boundary trace it of a positive solution u has a singular set F' (possibly empty) such
that fi is infinite on F while fi is a Radon measure on d2 \ F. The singular set is
closed. A point y € d€2 is singular (relative to u) if y € F and regular otherwise. The
singular and regular boundary points are determined by a local integral condition.

A boundary trace i can also be represented by a couple (F, ) where F is the
singular set of the trace and u is a Radon measure on d2 \ F. The set of all positive
measures that can be represented in this manner is denoted by 8,,¢. A solution whose
boundary trace is of the form (F', 0) is called a purely singular solution.

Assumimg that the Keller—-Osserman condition holds uniformly in €2, for every
compact set F' C 92 there exists a solution U that is maximal in the set of solutions
vanishing on 92 \ F (see Section 3.2). UF is called the maximal solution relative to
F. In the subcritical case, the boundary trace of UF is (F, 0). In the supercritical case,
the singular set of Ur — denoted by kg (F') — may be smaller than F. The maximal
solutions UF play a crucial role in the study of the boundary value problem

—Au+gx,u)=0 inQ 5)
u=p ondf
when g € Gy and 1 € B,,.

In Section 3.3 we present a general result providing necessary and sufficient condi-
tions for existence and uniqueness of solutions of (5) assuming that g satisfies the local
Keller-Osserman condition and the global barrier condition and that, for every x € €,
g(x,-) is convex. (See definitions 3.1.9 and 3.1.10.) These conditions are sufficient for
the existence of the maximal solution Uf .

In Section 3.4 we study problem (5) when g is given by

gx,0) = p(x)Pe|77', g>1, p>-2. (6)

Assuming that €2 is a smooth domain we show: (i) A g-barrier exists at every boundary
point and the global barrier condition holds and (ii) g is subcritical if and only if

l1<qg<gel@):=(N+B+1)/(N-—1).

Next we apply the result of Section 3.3 to problem (5) with g as above assuming
that ¢ is in the subcritical range. We show that, under these assumptions:

Problem (5) possesses a unique solution for every [i € By,

There follows a description of the main steps in the proof of this result:

I. Foreveryy € 0L2 there is a unique solution with boundary trace ({y }, 0) denoted
by Uoo,y.
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II. Ifu is a solution with singular boundary set F then for every y € F,
U > Uosoy-

Using these two results we show that:
I1. For every compact F C 0%, the maximal solution UF is the unique solution with
trace (F,0).

The proof is completed by establishing the following:

IV. If, for every compact set F C 0R2, (5) has a unique solution with boundary trace
(F,0) then the boundary value problem has a unique solution for every measure
€ Breg.

Two particular cases of the boundary value problem (5) have received special attention
in the literature.

The first is the case of large solutions already mentioned above. In the language of
boundary traces, the singular boundary set of a large solution is the whole boundary.
In the case of Lipschitz domains, the global Keller—-Osserman condition implies the
existence of a large solution. However, in more general domains, the maximal solu-
tion may not blow up everywhere on the boundary. Therefore, in such a case a large
solution does not exist.

The question of existence and uniqueness of a large solution under various assump-
tions on g and €2 has been a subject of intense study. In addition to its intrinsic interest,
this topic is useful in delineating the limitations that are naturally imposed on the goals
of our study of general boundary value problems.

The subject of large solutions is discussed in detail in Chapter 5.

The second case to receive special attention is that of solutions with isolated singu-
larities. If the nonlinearity is subcritical then, for every y € 92 there exist moderate
solutions with isolated singularity at y. If, in addition, a g-barrier exists at y then there
exist non-moderate solutions with an isolated singularity at y. Such a solution is called
a ‘very singular solution’. Alternatively we say that the solution has a ‘strong isolated
singularity” at y.

Assume that g is subcritical and that a g-barrier exists at y € d€2. Let uy , denote
the solution with boundary trace k). For k > 0 this solution is dominated by K P(-, y)
(where P denotes the Poisson kernel); therefore it is a moderate solution. However,
the existence of a barrier at y implies that

Uco,y = kli)moo Uk.y (7

is a solution of the equation which vanishes on 02 \ {y}. Evidently this solution has a
strong singularity at y. The analysis of the set of solutions with strong isolated singular-
ities plays an important role in the study of boundary value problems in the subcritical
case. A question of special interest is the uniqueness of the very singular solution at



X Preface

¥. A related question is that of the asymptotic behavior of such solutions. These ques-
tions are studied in Section 3.4 and Chapter 4 for various families of nonlinearities,
applying different methods.

Several other problems associated to singular and large solutions are considered in
Chapter 6. These include: the limit of fundamental solutions when the mass goes to
infinity; symmetry of large solutions; higher order terms in the asymptotics of large
solutions and their dependence on the geometry of the domain.

This monograph was conceived and planned jointly by the two authors. However, it
falls into two essentially independent parts. The first part, consisting of Chapters 1-3,
was written by the first author and is an outgrowth of a set of notes [73] originally
intended for inclusion in a handbook planned by North Holland Ltd. (The handbook
project was terminated before the completion of the notes.) The second part, consisting
of Chapters 4-6, was written by the second author.

The authors are grateful to Dr. Mousomi Bhakta and Dr. Nguyen-Phuoc Tai for
carefully reading the manuscript and for suggestions that contributed to the improve-
ment of the presentation.
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Chapter 1

Linear second order elliptic equations with
measure data

1.1 Linear boundary value problems with L! data

We begin with linear boundary value problems with L' data of the form

—Au = f inQ,

1.1.1
u=mn ond ( )

where © is a domain in RY . To simplify the presentation we shall assume that N > 3.
However, with slight modifications, most of the results apply as well to N = 2. Unless
otherwise stated, we assume that Q is a bounded domain of class C?2.

Definition 1.1.1. A bounded domain  C R¥ is of class C? if there exists a positive
number r( such that, for every X € 9%, there exists a set of Cartesian coordinates
£ = &£X, centered at X, and a function Fy € C2(RM~!) such that Fx(0) = 0,
VFx(0) = 0and

QN By (X)={§: 5] <ro, &1 > Fx(&2,....6n))- (1.1.2)

The set of coordinates £X is called a normal set of coordinates at X and Fy is called
the local defining function at X .

The normal set of coordinates at X is not uniquely defined. However, the direction
of the positive & 1X axis coincides with the direction of the unit normal at X pointing
into the domain and two sets of normal coordinates at X are related by a rotation
around the élx axis. As 2 is bounded, 92 can be covered by a finite number of balls
{Bro(Xi)};(:]a X1,..., X € 092. Therefore,

[0€2]|c2 = Sup{”FX”CZ(BrO(o)) 1 X0 € 02} <00

and there exists k € C(0, 1) such that D?Fy has modulus of continuity « for every
X € Q. The pair (ro, ||0S2||c2) is called a C? characteristic of Q.

We denote by G and P the Green and Poisson kernels respectively of —A in Q.
If f e C'(Q)andn € C(dR) then a classical result states that the boundary value
problem (1.1.1) possesses a unique solution in C2(£2) N C(Q). The solution u is given
by

u(x) = fQ Glxay) f(y)dy + /8 PGS, (1.1.3)
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Put

Ci(Q) :={p € C*(Q): ¢ =00nIQ}.
Assume that f € C!(Q) and n € C'(0R) and let ¢ € CZ(). Multiplying the
equation in (1.1.1) by ¢ and integrating by parts we obtain

/ fodx =—/ uApdx +/ nondS (1.1.4)
Q Q 0

where dS denotes the surface element on 2 and dy, denotes differentiation in the
outer normal direction on 9€2.

Denote by L'(Q;¢) the weighted Lebesgue space with weight ¢, where ¢ is a
positive measurable function in €2. Let p be the function given by

dist (x, 0€2) Vx e Q
p(x) = {

0 otherwise.

We note that the integral on the left-hand side of (1.1.4) is well defined for every
f € L'(Q;p) and the last integral on the right-hand side is well defined for every
n € L'(3Q). Accordingly we define a weak solution of (1.1.1) with L' data as follows:

Definition 1.1.2. Assume that
f el (p), nel'(Q). (1.1.5)

A function u € L'(RQ) is a weak solution of (1.1.1) if it satisfies (1.1.4) for every
¢ € C3(R).

Recall the following estimates for G and P (see e.g. [53]):

G(x,y) ~ min(p(x), p(»)) |x — y|'™V,

Vi‘G(x,y)‘ < Clx -y N,
(1.1.6)
for every x,y €  and

P(x,y) ~ p(x) |x — y|7V,

VEPGy)| = Cle—y RN

forevery x € Q,y € dQandk =0,1,2,....

If £, h are non-negative functions on a domain D, the notation 7 ~ f means
3¢ >0 suchthat ¢ 'h< f <ch.

In (1.1.6) and (1.1.7) the constants depend only on the C? characteristic of the bound-
ary and the diameter of the domain.

Employing these estimates one can establish the existence and uniqueness of weak
solutions.
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Proposition 1.1.3. For every f € L'(Q;p) and n € L'(d2) problem (1.1.1) pos-
sesses a unique weak solution. The solution is given by (1.1.3) and satisfies,

lullzi@) < COI L@ + o)) (1.1.8)

and
lusllzigy < CI1 L@ + In+lLi6g)) (1.1.9)

where C is a constant depending only on €.

Proof. First observe that, by virtue of estimates (1.1.6) and (1.1.7), the function u
defined by (1.1.3)is in L'(2) and satisfies (1.1.8).

Approximate f and 1 by sequences { f,} C C°(R2) and {n,} € C(IQ) in
L'(2; p) and L'(dQ) respectively. Denote by u, the solution of (1.1.1) with f,n
replaced by f,,n,. By (1.1.8) {u,} converges in L'(Q) to u. Furthermore, as u,

satisfies
—[ unA¢dx=f fn¢dx—[ Indnd dS,
Q Q I

we conclude that u satisfies (1.1.4).

If f, nare non-negative then they can be approximated by sequences { f,,} C C°(2)
and {n,} € C°(dRQ) consisting of non-negative functions. By the maximum princi-
ple, u;, > 0 and consequently u > 0. In the general case let v; and v, be the weak
solutions of (1.1.1) with f, n replaced by f4,n+ and f_, n_ respectively, where

f+ = max(f,O), f— = max(—f,O).

Then v; > 0 and u = v| — v,. Therefore u4+ < v; and (1.1.9) follows from (1.1.8)
applied to v;. O

1.2 Measure data

The previous result can be fully extended to the case where the functions f, 1 are
replaced by measures. Recall that a positive Borel measure on €2 is called a Radon
measure if it is bounded on compact sets. A Borel measure with possibly changing
signs is called a signed Radon measure if it is the difference of two positive Radon
measures, at least one of which is finite. If u is a signed Radon measure, denote by
W+ and p_ its positive and negative parts and by |u| the total variation measure

Il = py + p—.
Denote by 91(£2) the space of finite Borel measures endowed with the norm

”M”sm(sz) = |M|(Q) (L.2.1)
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and by 9, (£2) (or M(£2; p)) the space of signed Radon measures 1 such that

1l = [ o ] < o (122)

Finally denote by 91,,.(€2) the space of set functions  on
B.(Q) ={FE € 2 : E Borel}

such that p1, is a finite measure for every compact K C 2. Following Bourbaki,
such a set function is called a real valued Radon measure. A set function p belongs to
this space if and only if it is the difference of two positive Radon measures (g, uo. If
at least one of these two is finite then u is a signed Radon measure. However, if both
are unbounded then y is not a measure on €2.

The space 9,,.(£2) can be characterized as the set of continuous linear functionals
on C.(£2) endowed with the inductive limit. A functional £ on C.(£2) is continuous in
this sense if and only if, for every compact set K C €2, £ is continuous on

Cx ={f €C.() :supp f C K}.
Definition 1.2.1. Assume that
weMy(2), veMOR). (1.2.3)
A function u € L'(Q) is a weak solution of the problem

—Au=p 1inQ,
(1.2.4)
u=1v ondQ

/ ¢du = —/ uApdx +/ dnpdv (1.2.5)
Q Q Q2
for every ¢ € COZ(S_Z).

if it satisfies

Theorem 1.2.2. Assume p € M, (2) and v € M(IRQ2).
(i) Problem (1.2.4) has a unique weak solution u given by

Mm=f6uymmm+[ Px.y)dv(y). (1.2.6)
Q Q2
Furthermore
Il rg = €O Mtllanyicn + IVl ) 1P < g (127)
and
||u+||LP(Q) = C(l’)( ”M-}—”gmp(m + ”V-i—”sm(asz) )’ l=p< N_1 (1.2.8)

where C(p) is a constant depending only on p and €.
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(ii) Forevery p € [l, %), u € WP (Q)and, if Q' € Q,

”u”WI»P(Q/) =< C(p, Ql)( ”/L”m(s‘z/) + ”v”m(as‘z) ) (1-2'9)

(iii) If v = Othen (1.2.7) and (1.2.8) hold for every p € [1, N/(N —2). If, in addition,
w € M() then, for every p € [, %), u € WhP(Q) and

”u”WI»P(Q) = C(p) ”M”sm(fz) ’ (1'2'10)
where C(p) is a constant depending only on p and 2.

Proof. The uniqueness of solutions of the classical Dirichlet problem implies that
problem (1.2.4) has at most one solution.

Let u be the function defined by (1.2.6). In the first part of the proof we show that
this function satisfies estimates (1.2.7)—(1.2.10); in the second part we show that u is
the weak solution of (1.2.4).

If v =0and u € M(XQ, p) then, by (1.1.6),

()| < cfg = 3PN o) [l ). (12.11)

Let T, denote the function Ty (x) = |x|*"V. The measure p|u| is bounded with
compact support in RY and I, € L (RN) for 1 < p < N/(N —2). Hence T'; *
(o|lp]) € LP(RN) and (1.2.7) holds.

If w =0,v e M) then, by (1.1.7),

ol = [ =y Y i), (12.12)
Q2
Hence, for 1 < p < N/(N — 1),
_ 1/p
ull oy < c[ ([ b= 3PN ax) T o] () = CP) IV anae -
e N Ja
This completes the proof of (1.2.7).

Estimate (1.2.8) follows by the same argument as in the proof of Proposition 1.1.3.
If v = 0 and p € M(2) then, by the second inequality in (1.1.6),

Vu(n)| < cfg = N d ) ).

Therefore, for 1 < p < N/(N — 1), u € W'P(Q) and (1.2.10) holds.
Next we verify (1.2.9). Put

i (x) = [Q Gl )dp(y), ur = [8 P,
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If Q" € Q then ulgy € M(Q') so that (1.2.10) implies that u; satisfies (1.2.9). On
the other hand u, is harmonic in © and for every compact subdomain " C Q we

have
sup [u| < C dist (€2,92)' N |v|.
Q/

This proves (1.2.9).

We turn to the second part of the proof: to show that u is a weak solution of (1.2.4).

First we prove this statement in the case that v = 0 and p© € 9(L2).

Let { f,} be a sequence of functions in CZ°(2) such that f, — u weakly relative
to Co(R2). Denote by u,, the solution of (1.2.4) with u replaced by f,, and v = 0. In
this case we know that

un = [ GGy fuora
By (1.2.10), {u,} is boundedin W7 (2),1 < p < N/(N —1). Therefore there exists

a subsequence {u,, } which converges in L?(£2). Since

—LunkA¢dx=Lfnk¢dx

for every ¢ € COZ(S_Z) we conclude that w = limu,,, satisfies

—LwA¢dx=L¢du

for every ¢ € COZ(S_Z). It follows that w is the unique solution of the problem
—Aw=pinQ, w=0o0ndR.

Since the limit does not depend on the subsequence it follows that w = limu,,.

Next we show that w = u in the case when € MM(2) and u > 0. In this case we
may choose the sequence { f,} so that f, > 0.

Given € > 0, let g € C2(RY) be a function such that

0<ge<1, ¢e=0inB.0), ¢ =1inRY\ B(0).
Then

() = [Q G(x.y) fu()dy

[Q G 1) e (x — D) fu )y + [Q G )1 = ge(lx — yD) fu )y
= Up1(X) + Up2(x).

For every x € Q the function y — G(x, y)ge(|x — y|) is continuous in €2; therefore,
the weak convergence of { f;,,} implies

1 (x) — [Q G )pe(lx — yDdu(y) V€ .
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Thus
w(x) — u(x) = [Q G, 3)(1 = gellx = YD)dR(y) + lim un(x).
Let F be a compact subset of 2, € < %dist (F,09) and

(F)e := {x € RN : dist(x, F) < €}.

Then
[ 2 = [ [ Gx.y)(1 = ge(lx — yD)dxfy ()dy
F QJF

5/ fndy sup / G(x,y)dx.
Q yE(F)e JIx—yl<e

limsup | uuodx < u(2) sup / G(x,y)dx
|x—y|<e

n—oo JF ye(F)e

Hence

and the last term tends to zero as € — 0. Similarly we obtain,

lim fF [Q G ) (1 = ge(lx — yD)dp(y) = 0.

€—>0

Consequently (using the lemma of Fatou):
0< / (w —u)dx
F
< [ | 6= gux = yDrdus) +timint [ unaordx

and the right-hand side tends to zero as € — 0. It follows that ¥ = w in F and (as F
is an arbitrary compact subset of 2) ¥ = w in 2.

Now we consider the case when 1 € 91,(€2) and u > 0. We approximate 2 by a
sequence {2} of smooth domains such that ; 1 €2 and put u; = ulg, . Let vg be
the solution of

—Av = inQ2, v=0o0ndL.

By the previous part of the proof

Vk =/QG(x,y)duk(y)

and vy 1 u. Since vy satisfies

|9 dme == [ vedpax
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for every ¢ € COZ(S_Z) andu € L'(Q) we conclude that

L¢du=—LuA¢dx

for every ¢ as above. Thus u is the weak solution of (1.2.4). To show that this result
remains valid when p is not necessarily positive we apply the last statement to
and p_ separately.

Finally we prove that

u(x) = /;Q P(x,y)dv(y)

is a weak solution of (1.2.4) with u = 0. Let {A,} be a sequence of smooth functions
converging weakly to v relative to C(d€2). Then

wn(x) =/ P(xs y)hndSy
Q2
is the classical solution of
—Aw =0inQ, w =h, ondQ.
Thus
O=/ wy Apdx —/ hyonp dS (1.2.13)
Q Q2

for every ¢ € COZ(S_Z). As P(x,-) € C(022) for every x € , it follows that w, — u
everywhere in Q. By (1.2.7) {wy} is bounded in L?(2) for some p > 1. These two
facts imply that w,, — u in L'(R2). Therefore (1.2.13) implies

0=/ qude—/ on¢ dv
Q Q2
for every ¢ € CZ(Q).

Thus u is a weak solution of (1.2.4) if either u = 0 or v = 0. By linearity this
implies the result in the general case. a

We mention the following useful corollary.

Corollary 1.2.3. Let u be a real valued Radon measure in 2 and suppose that u €
L! (Q) satisfies —Au = u in Q, ie.,

—/ uA¢ dx =/ dpdu Vo € CP(Q). (1.2.14)
D D

Then, u € Wmlc’p (R2) for every p € [1, N/(N — 1)) and, for every domain D € Q2 of
class C2,

—/ qude:/ ¢du—/ Ulap Onp dS, (1.2.15)
D D aD

for every ¢ € COZ(D_). Here u |, denotes the L' Sobolev trace of u on dD.
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Proof. Put
vp(x) = fD G(x.y)du(y) Vx e D.

By Theorem 1.2.2, applied to the measure pp, 1= pul, in 2,
/ pdup =/ vpApdx Ve e COZ(S_Z)
Q Q

and v, € W,"P(Q). Thus

loc
vy, € WHP(D), —Avp = pin D

forevery p € [1, N/(N—1)). It follows that u—v , is harmonic in D and consequently,
u € Wh};p (D). As D is any C? domain strongly contained in 2, it follows that u €
Wml;p (). Consequently, by the Sobolev trace theorem, u possesses an L' trace on
every compact N — 1-dimensional C'' manifold contained in .

Let €y := dist (D, dQ) and let v € C2°(RQ) be a function such that 0 < ¢ < 1 and

1 ifdist(x, D) < €p/2

Vx) = {0 if dist (x, D) > 3ep/4.

For0 < e < e€p/2letue :== Je(uy) and pe = Je(uy). Then —Aue = pe in D (in
the classical sense) and u, € C(D). Therefore,

—/ U AP dx =/ ¢u€dx—/ Uedn dS,
D D oD
for every ¢ € COZ(D_). Letting € — 0 we obtain (1.2.15). O

Remark 1.2.2.A. Let {i,} C IMp(2), {vy,} C M(02) and assume that p,, — @
strongly in 91,(€2) and v, — v strongly in 9U(d2). Let u (resp. u,) be the weak
solution of (1.2.4) with data w, v (resp. with data w,, v,). By Theorem 1.2.2 (i), u,, —
u strongly in L?(2) for p € [I, N/(N — 1)). Briefly:

The L' weak solution of (1.2.4) is stable with respect to strong convergence of the
data.

The next result shows that the solution is also stable (in a weaker sense) with respect
to an appropriate type of weak convergence of the data.

First recall the standard definition of ‘weak convergence’ in 9t(K), the space of
finite Borel measures on a compact set K C RY. We say that the sequence {ux}
converges ‘weakly’ to p if

fK fdu — fK fdu Vf e C(K).

This is in fact weak™* convergence in the dual, 9 (K), of C(K). The topology of weak
convergence is metrizable, a bounded sequence is pre-compact, i.e. contains a weakly
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convergent subsequence and every weakly convergent sequence is bounded. For this
and other properties of weak convergence of measures we refer the reader to any stan-
dard measure theory textbook.

When 2 is a bounded domain, 9t(£2) is the dual of

Co(Q)={f €C(Q); f =00ndQ}.

Note that Cy(2) is the closure of C.(£2) in C($2). In this case we say that {1} con-
verges ‘weakly’ to w if

[Q fdyuge — [Q fdu Ve Co@).

As before, the topology of weak convergence is metrizable and the properties men-
tioned above persist.
Finally, consider the space 9,(2) when Q is a bounded C' domain. This space is
the dual of
Co(Q:p) =1{h: h/p € Co()}.

Here 1/p € Co(2) means that /1/p has a continuous extension to €2, which is zero on
02. Therefore we define:

A sequence {jx} C IM,(L2) converges weakly to u € M ,(2) if

/S;fdukﬁ/;zfdu Y f e Co(Q: p). (1.2.16)

Thus the weak convergence in the sense of (1.2.16) is equivalent to the weak conver-
gence pit, — pp in M(RQ), i.e. with respect to Cy(2). Again, the topology of weak
convergence is metrizable, a bounded sequence is pre-compact and every weakly con-
vergent sequence is bounded.

Definition 1.2.4. A sequence {u,} C (L) is tight if for every € > 0 there exists a
neighborhood U of d€2 such that |, |(Ue N Q) < €. Similarly, a sequence {i,} C
IM(L2; p) is tight in this space if {pu,} is tight in MD(L2).

Remark. 1f a sequence in T(2) is weakly convergent but not tight, it might have a
weak limit in (Q) that is different from the weak limit in 9t($2). Here is a simple
example. Let {A4,} be a sequence of points in 2 such that 4, — A € 9. Denote
by u, (resp. p) the Dirac measure of mass 1 concentrated at A, (resp. A). Then, in
IM(2), {11, } converges weakly to u but, in 9T(K2), it converges weakly to 0. Evidently
this sequence is not tight in 97(2).

Theorem 1.2.5. (i) Let{p,} C M($2) and {v,} C M(IS2). Assume that u, — p
relative to Co(2) while v, — v relative to C(3d€2). Let u be the weak solution
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of (1.2.4) and let u, be the weak solution of (1.2.4) with u, v replaced by w,, vy,.
Then:

u, — u weakly in Wli’p (), uy — u strongly in L?(Q), (1.2.17)

forevery p € [I, N/(N —1).
If in addition v,, = O for all n then

up — u strongly in W'P(Q), u, — u strongly in L4(Q), (1.2.18)

forevery p € [I,N/(N —1),q € [I, N/(N —2)).

(i1) Let {My} be a bounded and tight sequence in 9(£2; p) such that u,, — w relative
to Co(L2; p). Let {v,} C 9M(d2) and assume that v,, — v relative to C(d€2). Then
(1.2.17) holds.

Remark 1.1. Note that in part (i) we do not assume ‘tightness’ but in part (ii) this
assumption is needed. The following example shows that the conclusion of Theo-
rem 1.2.5(ii) may fail in the absence of tightness. Let {4, } be a sequence of points
in © converging to a point A € Q. Put u, = é(ﬁAn where a, = dist(A,, ).
(64 denotes the Dirac measure of mass 1 concentrated at A.) Then {u,} is bounded in
IM(L2; p) but it is not tight. Furthermore p,, — 0 weakly in 9($2; p). But, if u, is the
solution of (1.2.4) with boundary data 0 then u,, — P(-, A) pointwise in 2.

Note also that every bounded sequence in 2T(L2) is tight in (2; p) although it
may not be tight in DT($2).

Proof. (i) By Theorem 1.2.2(ii), for every Q' € Q, {u,} is bounded in W7 (Q’),
for every p € [1, N/(N — 1)). Consequently there exists a subsequence {uy, } and
Ve Wl’p(Q) such that

loc
Un, — v weakly in W7 (Q)
for all p as above. By the Sobolev imbedding theorem
un, > v inLL(Q), 1<g<N/(N-2).

By taking a further subsequence we may assume that u,, — v a.e. in Q.

By (1.2.7) {uy} is uniformly bounded in L?(2), 1 < p < N/(N — 1). Therefore
{un} is uniformly integrable in L"(2), 1 < r < N/(N —1). Since u,, — v a.e. in
2 we conclude that

Uy, > v inLP(Q), 1<p<N/(N-1).

Now, for every n,

—/ U, Ap dx =/ (pdun—/ one dvy, V(peCOZ(S_Z).
Q Q 0
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Replacing n by nj and taking the limit as k — co we obtain

—/ vA<pdx=/(pdu—/ onp dv V(pGCOZ(S_Z).
Q Q 0

Thus v is the weak solution of (1.2.5) and, by uniqueness, v = u. Since the limit does
not depend on the subsequence we obtain (1.2.17).

If in addition, v, = 0 for all n, (1.2.18) is obtained by the same argument, using
Theorem 1.2.2 (ii1).

(ii) Let ¥ be a function in C2°(£2) such that 0 < ¥ < 1, and

1 ifp(x) >27%

Vi) = {0 if p(x) < 27k—1.

Note that Y 1 1in .
Let u;( . (resp. u;() denote the weak solution of (1.2.4) with u replaced by u, ¥k

(resp. by ’;u//k). Put
Vkn = Un — Uy, Vg = U —Up.

Thus
v (x) = [Q G y)(1 — Y1) din(y)

and

o) = [ G = ),
The tightness assumption implies that

lim [|pn (1 = Vi) lonp =0 (1.2.19)
k—o00

uniformly with respect to n. Therefore, by Theorem 1.2.2,

lvell p@ — 0 ask — oo,

. . (1.2.20)
H Vk.n HLP(Q) — 0 ask — oo, uniformly with respect to 7,
forl < p< N/(N —1)).
For fixed k, {{; 4n} converges strongly to ¥ . Therefore, by part (i),
Uy, — Uy weakly in WP (), Uy, — Uy strongly in L?(<), (1.2.21)

forevery p € [I, N/(N — 1)).
Combining (1.2.20) and (1.2.21) we obtain (1.2.17). O
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1.3 M-boundary trace

Definition 1.3.1. A sequence {D,,} is an exhaustion of Qif D, C D, and D, 1 Q.
We say that an exhaustion {D,, } is of class C* if each domain D, is of this class. If,
in addition, 2 is a C* domain, @ > 0, and the sequence of domains { D, } is uniformly
of class C* we say that {D,} is a uniform C% exhaustion.

Note. {D,} is uniformly of class C¢ if there exists rg, Yo, ¢ such that, for every
X € dD:

There exists a system of Cartesian coordinates & centered at X, a sequence { f,} C
C“(Bfg_l (0)) and f € C“(Bfg_l (0)) such that the following statement holds. Let

Qo:= {6 = (6,§) e RxRY™" 1 |&] < ro, lEn | < 1o}

Then the surfaces 0D, N Q¢, n > ny and 02 N Q¢ can be represented by & = [, (&)
and &1 = f(§') respectively and

fo— f inCHBYTN0).

At this point we introduce some additional notation and a few related technical
remarks.

Recall our basic assumption: Q is a bounded domain in RY whose boundary ¥ is a
C? manifold. We use the notation:

p(x) = dist(x,0L2), Yg={x € Q:plx)=pB}

_ (1.3.1)
Dg={x€Q:p(x)> B}, Qg =Q\ Dg.

The outward, unit normal vector to 02 at xg is denoted by ny,.

Proposition 1.3.2. There e)fists a positive number S such that:
(a) For every point x € g, there exists a unique point o(x) € 92 such that
|x —o(x)] = p(x). This implies,

x =0(x) = p(X)Ng).

(b) The mappings x + p(x) and x — o (x) belong to Cz(Qﬂo) and CI(S_Zﬂo) respec-
tively. Furthermore,
lim Vp(x) = —ng.
x—0(x)
(c) Denote by IT : S_Zﬂo — [0, Bo] x X the mapping given by I1(x) = (p(x),0(x)).
Then IT is a C '- diffeomorphism.

For the proof we refer the reader to [53] and [82]. In view of this result, (p, o) may
serve as a set of coordinates in a strip around the boundary. These are called the flow
coordinates of Q2.

In the following lemmas we state some consequences of the proposition.



