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Preface

The organization of this book follows the lines in the author’s unpublished lecture
notes at University of Erlangen-Niirnberg [123] partly combined with other lecture
notes [127]. But the basic setting has been changed from non-symmetric Dirichlet
forms to lower bounded semi-Dirichlet forms. In this book, we intend to extend those
results for symmetric Dirichlet forms given in [55] to lower bounded semi-Dirichlet
forms and to time dependent semi-Dirichlet forms as well. In Chapter 1 and Chapter 2,
we present basic analytic properties related to the lower bounded semi-Dirichlet forms.
In particular, the Markov property and the related potential theory similar to the sym-
metric Dirichlet forms are formulated. Although the dual semigroups are only positiv-
ity preserving and not Markovian in general, many of the results can be obtained with
minor modifications of the arguments for the non-symmetric Dirichlet forms presented
in [123] and [104]. Furthermore, by changing the basic measure using a coexcessive
function, we can obtain a dual Markov resolvent relative to the measure. For this dual
pair of the Markov resolvents, we introduce an auxiliary bilinear form. Although it
does not satisfy the sector condition in general, it works efficiently in carrying out the
corresponding stochastic calculus.

From Chapter 3 to Chapter 5, properties of the Markov processes associated with
regular lower bounded semi-Dirichlet forms are studied. In particular, stochastic cal-
culus related to the associated Hunt process M is investigated. Usually the stochastic
calculus for Markov processes is developed in connection with their dual Markov pro-
cesses. For a regular semi-Dirichlet form, by changing the basic measure using a suit-
able family of coexcessive functions, we can obtain a family of dual Hunt processes
of M relative to the changed measures. Furthermore, we can construct a pseudo Hunt
process which is in duality with M relative to the original basic measure. Since the
pseudo Hunt process can be treated as if it is an ordinary Hunt process, the stochastic
calculus related to the semi-Dirichlet forms can be performed by modifying the cal-
culus for symmetric Dirichlet forms. But, due to the lack of the excessiveness of the
basic measure, some results need to be changed from the symmetric or non-symmetric
Dirichlet forms. The essential difference is to use the weak sense energy instead of the
energy. The symmetric or non-symmetric cases correspond to the case that the constant
function 1 can be taken as a coexcessive function.

The contents of Chapter 6 are essentially taken from Chapter 5 of the author’s
note [127]. For a given time dependent family of semi-Dirichlet forms possessing a
common domain and a common basic measure, an associated space-time Markov pro-
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cess is constructed and a related parabolic potential theory is developed via stochastic
calculus.

Contrary to the time independent case, the space-time Markov process involves non-
exceptional semipolar sets so that a partially different approach to the related stochastic
calculus is required. Although only certain basic parts of it will be presented in this
section, it is possible to modify most of the arguments of Chapter 5 to get the parallel
results in the time dependent cases.

We intend this to be a self-contained textbook. Most results are stated accompanied
by their proof. References are given for those statements without proof.

The author would like to express his hearty thanks to Professor N.Jacob for his
constant and warm encouragement in writing this book. He is grateful to Professor
M. Fukushima for the kind advice to change the frameworks from the non-symmetric
Dirichlet forms to the semi-Dirichlet forms and the valuable comments on the orga-
nization of this book. He also thanks Professor R. Schilling for his kind suggestion to
publish this book and Professor K. Kuwae, Professor T. Uemura and Mr. R. Kinoshita
for their kind suggestions improving the proofs. He is also grateful to Professor Z. M.
Ma and W. Sun, who kindly gave the author many valuable comments on some essen-
tial parts. Thanks are also due to Dr. Y. Tawara for making the first version of the TeX
file of the original lecture note. Thanks are due to the editorial staff of De Gruyter for
their pleasant cooperation.
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Chapter 1

Dirichlet forms

In this chapter, basic settings throughout this book are presented. The semi-Dirichlet
forms (&, ¥) that this book concerns itself with are bilinear forms satisfying (&.1) ~
(&.4). For a semi-Dirichlet form, associated semigroups and resolvents are constructed
and their Markov property is established in Section 1.1. Since we mainly consider the
semi-Dirichlet forms, we call them Dirichlet forms for short. Closability to generate
regular Dirichlet forms is explained in Section 1.2. Irreducibility, transience and their
related properties are studied in Section 1.3. As a preparation for the stochastic cal-
culus developed after Chapter 3, we consider in Section 1.4 a dual Markov resolvent
relative to a basic measure being changed by a suitable coexcessive function /g to-
gether with an associated auxiliary bilinear form 4©®). We introduce condition (€.5)
on the original Dirichlet form & so that A®) is well controlled by &. Furthermore, an
additional condition (£.6) and its consequence are stated also in Section 1.4. Condi-
tion (&.5) will be assumed for Dirichlet form & in most parts after Chapter 3, while
(&.6) will only be used in Theorem 5.1.4 and its consequences. In the final Section
1.5, we give typical examples of diffusion type as well as jump type Dirichlet forms
satisfying (&.5) and (&.6).

1.1 Semi-Dirichlet forms and resolvents

Let X be a locally compact separable metric space and B(X) the Borel o-algebra on
X . We shall fix an everywhere dense positive Radon measure m on X and denote by
(-,-) and || - || the inner product and the norm in L?(X;m), respectively. Let €(X) be
the space of all continuous functions on X . For a family of functions D, let us denote
by Dy, D and Dy the sub-family of compact support, non-negative and bounded
functions of D, respectively. For a dense linear subspace ¥ of L?(X;m), if a bilinear
form & defined on ¥ x ¥ satisfies the following conditions (&.1), (§.2) and (&.3),
then we call (&, F) a closed form on L>(X;m).

(&.1) & is lower bounded: There exists a non-negative constant ¢y such that
Eqo(u,u) >0 forallu e ¥, (1.1.1)
where &y (4, v) = &(u,v) + a(u, v).
(&.2) & satisfies the sector condition: There exists a constant K > 1 such that

1€ (u,v)| < I((‘%’ao(u,14)1/28%(1),v)l/2 forall u,v € ¥. (1.1.2)
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(&.3) ¥ is a Hilbert space relative to the inner product
1
8(55)(u,v) =3 (Ea(u,v) + Eg(v,u)) forall @ > «p.

For o > ap, put Ky = K + o/ (a — ). Since (u,u) < ——8&¢q(u,u), (1.1.2) implies

- a—0

166 (1, V)| < Ko (u,u)*Eq(v,v)"/? forallu,v e F. (1.1.3)
If equation (1.1.1) holds for og = 0, then (&, F) is called non-negative. (€, F)
is called symmetric if &(u,v) = &(v,u) for all u,v € F.1If (€, F) is non-negative
and symmetric, then equation (1.1.2) holds for ¢p = 0 and K = 1 by the Schwarz
inequality.
For later use, we shall first show the following Stampacchia’s theorem.

Theorem 1.1.1. Let I' be a non-empty closed convex subset of ¥ . If J is a continuous
linear functional on ¥ with respect to &y for @ > «q, then there exists a unique
function v € T satisfying

Eq(v,w—v) > J(w—v)forallw €T. (1.1.4)
Proof. Letus fix o > .
Uniqueness: Assume that v and v, satisfy equation (1.1.4). Then
Eq(vi,v2 —v1) = J(v2 —v1) and Eq(v2,v1 —v2) = J(v1 — v2).
Hence
Ea(v2 —v1,v2 — V1) = E(v2,v2 — V1) — Eg(v1, V2 — V1)
J(2 —vi) = J(v2—v1) =0,

IA

which implies that v, = v m-a.e.
Existence: We shall first prove equation (1.1.4) under the assumption that & is sym-
metric.
Let I(v) = & (v,v) —2J(v) and let d = infyer (V). Since
1(v) = Eq(v.v) = 2|7 | Ea (v, v)"/?
= (G2 =TI = TP = T2,

it follows that d > —o0. Let v, € T be a sequence satisfying d < I(v,) < d + %
Then

Ea(Vn — Vi, Up — Um) = 284 (Vn, V) + 284 (Vs V)
_48a(vn + Um vn—i-vm)

2 2
= 21(vp) + 21 () — 41(”"+T”’"

1 1
<2d+-)+2d+—)—4d
n m

)

—0, n,m— oo.
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Hence {v,} converges to some v € I relative to &, and lim;,, o [(v,) = I(v) = d.
Foranyw e N'and 0 < € < 1,since (1 —e)v +ew =v +e(w —v) € T,

0<I(v+e(w-—v))—1(v)
= 2684 (v,w — V) —2eJ (W — V) + €28 (W — v, W — V).
This implies equation (1.1.4). In the general case, put

&9 (u,v) = %(Sa(u,v) + Ea (v, u))

64 ,) = 5 (6at,) — Ealvu).

Further put Béﬂ)(u, v) = 8(9) (u,v) +ﬂ8§;’) (4, v). Then the theorem holds for § = 0.
Hence, assuming that there exists a function v € T" such that Béﬂ 0)(11, w—v) > J(w-—
v) for all w € J, it is enough to show the same inequality replaced B¢ by 8 satisfying
Bo < B < Bo + 1/Kqy. By the assumption, for any fixed u € ¥ and fp < 8 <
Bo+1/Ky, since J(v) — (B — ,30)85,“) (u,v) is a continuous linear functional relative
to Béﬂ o) there exists unique function 7'(u) € T such that Béﬂ o) (Tw),w—T(@u) >
Jw—-Tw)— B - ﬂo)Séa)(u, w — T(u)) for all w € T. In particular, by putting
vy = T(uy), vy = T(up) foruy,up € ¥, it holds that

BPY (vi,v1 —v2) < J (v = v2) = (B = )L (w1, v1 — v2)

B (2,01 —v2) = J (v1 = v2) = (B — B0)EL? (2, v1 — v2) .

Therefore, noting that g@ (v —v2,v] —v2) = 0 and using equation (1.1.3) we obtain
that

Eq(v] — 2,0 —v2) = BéﬂO)(vl — V2, V] — V2)
< (B—B0)ED (ur —u1,v1 — v2)
< (B — Bo) KaCa (s — uy,uy — up)'/?

X Eq(v) —v2,v1 — v2)'/2.
This implies that
8o (V1 — V2,01 — 12) < (Ko(B — B0))*Ealur — uz,uy — uz),

that is, T is a contraction operator relative to &y if K4 (8 —Bo) < 1. Hence there exists
a fixed point v € I such that T'(v) = v, that is

BB (v,w —v) = J(w —v) — (B — B0)&P (v, w — v).
This yields the desired relation

Béﬂ)(v,w—v)ZJ(W—U) foralw e I. u
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Theorem 1.1.2. Suppose that (€, F) is a closed form on L2(X m). Then there exist
strongly continuous semigroups {T;};>0 and {T Vrs0 on L2(X;m) such that | Ty || =

e ||T,| < e, (T; f.g) = (f,T:g) and whose resolvents G and G given by
Gaf fooo e T, f dt and Ga f= fooo e_‘”th dt satisfy

Ea(Go fou) = (f,u)= 8a(u,Gaf), (1.1.5)
forall f € L>(X;m), u € ¥ and a > ay.

Proof. For any B > 0 and f € L*(X;m), applying Theorem 1.1.1 to Eao+ B>
J(w) = (f,v)and ' = ¥, we obtain a unique function Gy 1 g f € ¥ satisfying

8a0+,3 (Gag+pfw—Goupf) = (f,w — Ggyppf) forall w € F. By putting
w = Gy ypf £ uforany u € F, it holds that 8a0+ﬂ(Ga0+ﬂf u) = (f.,u).

Similarly, for any g € L*>(X;m) and B > 0, there exists Gao+/3 g € ¥ satisfying
Eqo+B (u,Go,OHgg) = (u, g) forall u € ¥ . Obviously

(Goyip/+8) = Eaytp(Gagp [ Gayrpg) = (f+ Gayi ), (1.1.6)
forall f,g € L?(X;m). Furthermore, for any 8,y > 0, since

8ao+ﬂ (Gao+yf - (B - V)Gao+ﬂ Ga0+y f.v)
= Eay+y(Gag+y [>V) + (B = V) (Gag+y [>v) = (B = V) (Gag+y [ V)
=(f.v),
forany v € ¥, it follows that G4y f — (B — V) G4+ Gag+y f = Gay+p f» thatis
{Goyta) satlsﬁes the resolvent equation
Gogi S — Gagty f + (B —=7)Gay1pGayty f = 0. (1.1.7)

Since

BlGaytp I = €yt (Gayipf > Gaytp ) = (f Gayp /) = ILf 1l 1Gayip
it follows that |Gy, f || < %”f”
Similarly, there exists a resolvent {aﬁlo‘f'ﬂ }g>0 such that ,3||§a0+ﬂf|| < |/l and

Eao+8(Gag+p [ u) = (f,u) = Eqpyp(u, Gayrp /)
forall f € L>(X;m)andu € F.

Define the generator L of {Gy 4} by D(L) = {Ggoypf : [ € L*(X;m)}
and Lu = Bu — f foru = Gg4pf € D(L)and B > 0. Since Gyyt+y [ =
Goygt+p (f + (B —¥)Gaoty f) by equation (1.1.7), D(L) is independent of the
choice of B.

If a function g € L?(X;m) satisfies (Googtpf-8) = Oforall f € L*(X:m),
then 6a0+,3g = 0. This implies that (u,g) = &g 4+ (u,6a0+5g) = 0 for all
u € ¥.Hence g = 0 by the denseness of ¥ in L?(X;m). Therefore, {Gap+p [ -
f € L*(X;m)) is dense in L?(X;m). In particular, since lyGyGpgf —Ggfll =
Gy f — BG,Gg fll < y_lao | f — BGg [l and the right-hand side converges to
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zero as y increases to infinity, it follows that limy 50 yGyu = u in L*(X:;m)
forallu = Ggf «€ D(L@)) and hence for all v € L2(X;m). Furthermore,
since the domain O (L)) of the generator L(®) is dense in L2(X;m), the Hille—
Yoshida theorem implies that there exists a strongly continuous contraction semi-
group T,(“O) on L?(X;m) with resolvent {Goy+p)- Similarly, {6a0+ﬂ} is also a re-
solvent of a strongly continuous contraction semigroup ?an)' Put T; f = e%! Tt(aO) f
and T, f = e“‘otf(a") f. Then they are strongly continuous semigroups such that

I T¢]| < e*! and ||Tt|| < e"‘ot Furthermore, their resolvents are respectively given
by Go f = Ga0+(a ) f and Ga f = Ga0+(a a) f for o > ag. Equation (1.1.5) is
clear from this. O

Define the approximating form &% of & by §*(u,v) = a(u — aGyu,v) foru,v €
L?*(X;m) and put Sg(u,v) = &%u,v) + B(u,v).

Lemma 1.1.3. For any o > o and B > aq (o) (a0 — ag))?, the following inequalities
hold:

E(aGou,aGuu) < 8%u,u); (1.1.8)
8% (u,v)| < KEF(u,u)' /264, (v, 0)"/%; (1.1.9)
8% (u, )| < K*Eqy (u,u) + K /B[ € (u, )2, (1.1.10)

In particular, if g = O then, forany« > 0andu € ¥,
E(aGou,aGau) < E%(u,u) < K*E(u,u). (1.1.11)

Proof. Leta > agp. Then equation (1.1.8) follows from
E*(u,aGou) = a(u —aGou,aGau) = E(aGuu,aGyu)

= 8% u,u) —au —aGeu,u —aGyu)
< &%u,u).

To show equation (1.1.9), by using (&.2) we have

€% (u,v)| = |E(@Gatt, V)| < KEgy(aGatt,aGart)/*Eqy (v, v) /2.
In the right-hand side, using equation (1.1.8), it holds that
0 < €ay(@Gatt.aGan) < 6*(u.u) + oo (OI_LO[O)2 Iell® < &5 u.),
which shows equation (1.1.9). By putting v = u in equation (1.1.9) it holds that
6%, u)* < K*(18%u,u)| + B(u,u)) Eay(u,u).

Hence

KZ K4 1/2
6 0] = 5 a0 + (KBl + )
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By noting the inequality va + b < /a + ~/b holding for a, b > 0, equation (1.1.10)
follows easily from this. Equation (1.1.11) follows from equation (1.1.10) by putting
ap=0and g =0. |

Since §*(u,v) = a(u,v — a@av), by a similar argument to the proof of Lemma
1.1.3, we have
E(Gou,aGyu) < *(u,u), (1.1.8)

8% (u,v)| < K&y, 1) /765 (v, 0)'/2. (1.1.9)

Theorem 1.1.4. (i) A function u € L*(X;m) belongs to ¥ if and only if
limg—o0o&%(u,u) < oo.

(i) Ifu,v € F, then limy— 00 E*(u,v) = &(u,v).

(iii) Ifu € ¥, then for any B > ap, limy—co Eg(aGou —u,aGou —u) = 0.

Proof. Since (U —aGyoout,u) > 0,
oo

(u,u).

E%u,u) = a(u — aGyiagit, u) — Ao (GG taytts 1) > E—
Hence lim,_, &6%(u,u) > —ao(u,u). To show the assertion in (i), assume that
u € ¥. Then limy—006% (1, u) < 0o by equation (1.1.10). Suppose conversely that
limy—00€%*(u,u) < oo. Then limy—so0€g (@ Gatt,Gau) < oo for any f > .
Hence there exists a subsequence {o, G4, u} converging weakly to some v € F rela-
tive to the inner product Sés). By the continuity of the resolvent, limy, o0 @y Go,, ¥ = u
in L?(X;m) and consequently u = v € ¥ which gives the if part of (i). Since

lim €%(u,v) = lim (Eg(aGqu,v) — B(aGau,v)) = E(u,v),
o—>00 a—>00

(i1) follows from (iii).

To prove (iii), as in the proof of Theorem 1.1.2, let us introduce the generator L
of {Gg} with domain D(L) = {Ggf : [ € L?(X;m)} which is independent of
B > op. If it is shown that D (L) is dense in F, then any function u € ¥ can be
approximated by a sequence of functions of & (L) relative to €g. Then, by virtue of
equations (1.1.8) and (1.1.10), a« Gyu is also approximated by functions of the form
aGquy with u, € O(L) uniformly for « relative to Eg. If u = Gg f € D(L) for
f € L*(X;m), then (iii) is obvious from limg—sc0 Eg(aGou — u,aGou —u) =
limyeo(@Gy f — f,aGuu —u) = 0.

To show the denseness of D (L) in ¥, take any function u € ¥ . By equation (1.1.8)
and (i), Eg(nGpu,nGyu) isbounded relative ton > 1for B > ap. Hence we can apply
the Banach-Saks theorem to obtain a sequence of Cesaro means of {nG,u} which
converges to u relative to &g. More precisely, choose a subsequence uy = ni Gy, u

which converges weakly to u as k — oo relative to 8/(;). By choosing a subsequence,

we may assume that max{|8/§s)(u —ug,u—ug)|: 1 <€ <k—1} < 1/k for any k.
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Then
1 1
8ﬂ(“_;(“l+"‘+”k),u—%(ul+“'+uk))

1 k 1 k
=ﬁzgﬂ(”_”i’“—ui)+ﬁ gés)(u—ui,u—uj)

i=l i#]
4 2 &ici
S;S%pgﬂ(un,un)"f'pig .
=

This shows that {% Zf;l u; } is an &g-Cauchy sequence converging to u in L*(X;m).
Hence it converges strongly in (&, ) to u. Since (1/k) Zf: | ;i belongs to D(L),
this shows the denseness of D (L) in F. 0

Theorem 1.1.5. Suppose that (&,F) is a closed form and let {T;},~ be the semi-
group corresponding to (8,% ) by Theorem 1.1.2. Then the following conditions are
mutually equivalent.

(6.4) Forallue F anda >0, urnaecF and &Eu Na,u—u~na)=>0.
(84a) Forallue F,utAleF and Eut Al,u—ut A1) >0.
(8.4b) Forallu € F,ut™ Al € F and & u+uTAl,u—utAl) > —apllu—uT Al1]||%

(8.4c) {T}} is sub-Markov: If f € L*(X;m) satisfies 0 < f < 1 m-a.e., then
0<T;f <1m-ae.

(6.4d) {Tt} is positivity preserving and contractive in L! Xsm): If [ € LY(X;m)
satisfies f > 0 m-a.e., then T, f > Om-a.e.and |T; f iz < | flL.

Proof. (€.4) = (€.4a):Foranyu € ¥,ut = (—u) A0 € F. Hence by noting that
ut Al=@wA1l)tandu™ = (u A 1)~, we obtain (& .4a) by

Eut AlLu—ut Al
=8((uADT uAl—uADT) +E8uT ALLu—unl)
=8(uADT uAl—uADT)+EUT ALuT —ut A1) >0.
(6.4a) = (&.4D) follows from
Cu+ut Albu—utAl)=8u—-ut AlLLu—ut Al
428wt AlLLu—ut Al)

> —aollu —ut A1)
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(6.4b) = (8.4c):Putu = aGy f for f € L>(X;m)suchthat0 < f < 1 m-a.e.
and o > «g. Then

1
agllu —ut A1)> > —5{8(14 +utAlbu—utAl)+ 8w —utAlLu—utAl)}

=—-8wu—-utAl)=aw—fu—ut Al
=allu—ut AP +aT Al— fLu—ut Al).
Since 0 < f <1,
Wt Al—fiu—utAl)>0,
which implies that (@ —ag)|lu —u* A 1| < 0.Hence u —ut A1 = 0, which implies
that 0 < Gy f < 1. The sub-Markov property of the associated semigroup is clear
from this.

(&.4c) = (&.4): Suppose that (§.4c) holds. For any u € ¥ and a > 0, since
aGeuna) <a,(u—a)t x(aGy —I1)(u Aa) <0.Hence

E*unau—una)=—a((@Gy—1)(uAa),(u —a)+) > 0.
Hence, using (1.1.9)" we get that
E(u—-a)yt,u—a)t)=&%u,(u—a)") —6*u na,(u—a)*)
< &%u,(u—a)")
< K€y (u,u)' 265 (u —a)t, (u — a) ™)'/
for B = ag(er/ (o — ap))?. This yields that limg— 00 €%((u —a) ™, (u —a)™) < oo and
hence (u —a)t € F.Sinceu ha=u—wu—a)",urnacF and

EwANna,u—una)= li)m E*una,u—una)=>D0.
o o0

(&.4c) & (8.4d): If (€ 4c) holds. Then for any f € L?>(X;m) suchthat0 < f <1
andg € Lh_(X;m)ﬂLz(X;m),sinceO <(T: f.g) =< llgllr(x.m),itfollows that 0 <
(f, ?tg) < |lgll1(x:m)- This implies (€.4d). Similarly (€.4d) implies (€.4c). 0O

By virtue of (&.4c), since T; f| < Ty f> for any fi, f» € L>(X;m) such that f; <
f2, forany f € LP(X;m), by taking a sequence f, € L*(X;m) such that f, 1 f,
T; f is well defined by T; f = limy—so0 Ty fr. In fact, if { £,1}, { £,2} C L*(X;m) are
two increasing sequences converging to f a.e., then the limits 7! f = limp—o0 Tt f;)
and T2 f = limy— oo Ty f,? exist. For any g € Li(X;m),

(.T/ /)= lim (g.7:f;) = lim (Trg. f;}) = (T1g. /)

which implies 7! f = T? f.Forany f € L*®(X;m), by considering f = f+—f~,
Ty f is well defined by T; f = T; f 7 — T, f ~. By the sub-Markov property, the ex-
tended resolvent on L°°(X;m) satisfies || Tt f |loo < ||.f lloo- Also, its resolvent {Gq}

can be extended to a sub-Markov resolvent on L°°(X;m) satistying [|¢Gy f|loo <

1/ loo-
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By the duality relation, since (77 f, g) = (f, T, g) = 0 for any non-negative func-
tions f,g € L> T (Xsm), Ttg > 0 for any g € L2 (X;m). Hence T, and G are
extended to a semigroup and a resolvent on L' (X; m) By the duality relation, the ex-

tended operators satisfy ||T's f|[L1m) =< I/ llL1on) and [l@Ga fllLrmy = 1/ 1IL10m)
forany f € L'(X;m).

Let T ¢+ and @a be those in Theorem 1.1.2. Then, similarly to Theorem 1.1.5, they
are sub-Markov if and only if

(E:’.4) Ewu—unauna)>0
forallu € ¥ anda > 0.

Definition 1. A bilinear form (&, ) is called a lower-bounded semi-Dirichlet form
if it satisfies (&.1), (€.2), (€.3), and (&.4). In this monograph, we call the lower
bounded semi-Dirichlet form simply as Dirichlet form. In particular, if ey = 0, then
(&, F) is called non-negative Dirichlet form. Furthermore, if a non-negative Dirich-
let form (&, ¥) satisfies the dual sub-Markov property (é’ 4), then (&, F) is called a
non-symmetric Dirichlet form. A non-symmetric Dirichlet form is called a symmetric
Dirichlet form if & is symmetric.

For a Dirichlet form (&, ), since
@ (lu] —aGelul, [u]) < a (u—aGau,u),
Theorem 1.1.4 implies that |u| € ¥ and
E(Jul, [u]) < &, u) (1.1.12)

for any u € ¥ . In particular, if u,v € ¥, thenu A v = %(u+v—|u—v|) eF

1.2 Closability and regular Dirichlet forms

Let & be a bilinear form defined on D (&) x D (&) satisfying (&.1) and (&.2) for adense
linear subspace D (&) of L?(X;m). We say that (&, D(8)) is closable on L*(X;m)
if the following condition holds:

Ifu, € D(E) satisfies lim  E(Up — U, Uy — Upy) =0
m,n—00
and lim (upn,u,) =0, then lim &(un,u,) =0. (1.2.1)
n—>o0 n—>o00
Suppose that & is closable on L?(X;m). Denote by ¥ the family of functions u €
L?*(X ; m) for which there exists an &- -Cauchy sequence {u, } such that lim;, o 1, =

u in L2(X;m). In this case, we call the sequence {u,} an approximating sequence of
u and (&, F) the smallest closed extension of (&, D(&)).
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Theorem 1.2.1. Suppose that (&, D(&)) is closable on L>(X ;m). Foru,v € ¥, and
its approximating sequences {uy} and {v,} of u and v, respectively,

E(u,v) = nli)n;o & Uy, vy) (1.2.2)

exists independently of the choice of the approximating sequences. Furthermore, the
smallest closed extension (&, %) of (€, D(8)) is a closed form.

Proof. Let {u,} be an approximating sequence of u € ¥ . Since &y, (Upn,u,) > 0 for
any u, € D(&), it satisfies the triangle inequality:

|8ao(“n’ un)l/z - 8Ol()(ul’n’ul’i‘l)l/z| E 8(10(“}1 - Um, un - um)l/z. (123)
Hence lim, o0 Eq, (Un, ux) and hence limy, o0 & (Up, uy) exists. Since

|8(un» Un) — E(Um, vm)| = Kgao(un,un)]/zgao(vn — Um,VUn — 'Um)l/2

+K8a0(vm’ Um)l/zgao(un —Um,Upn — um)l/Z’

the uniform boundedness of {&q, (Un, un)} and {Eq, (Vm, vm)} yields the existence of
equation (1.2.2). (€§.1) and (&.2) of (&, F) follows easily from the corresponding
properties of (&, D(8)). If {w,} C ¥ is an &y-Cauchy sequence, then for the approx-
imating sequences {w, x } C D (&) of wy, the diagonal sequence {w, »} converges to
w € ¥ . This implies (&.3) for (&, F). O

Theorem 1.2.2. Let (8, D(8)) be a closable form satisfying (&.4) for D(&) instead
of ¥ . Then the smallest closed extension (8, F) also satisfies (& .4), that is, (8, ) is
a Dirichlet form on L*(X ;m).

Proof. Let {Gy} be the resolvent associated with (&, ). Then it is enough to show
that the resolvent {G,} is sub-Markov.

Take a function f € L?>(X;m) such that 0 < f < 1 m-a.e.and put u = aGgy f
for @ > «p. Since u € ¥, there exists an approximating sequence {u,} C D(&) such
that lim, o U, = u relative to &. By virtue of Theorem 1.1.5, if (&, D(&)) satisfies
(€.4), then it satisfies (€.4a) and (&.4b). In particular u;" A 1 € D(&) and

—aplluf A2 < 8 ALt AT < 8wt ALLuy)
< K8y u;f A Luf A D)2 (un, un)'/?.
This implies that & (u;7 A1,u;7 A1) is bounded relative ton > 1. Since equation (1.1.2)

holds for u,, v, € D(&), italso holds for u, v € F by the definition of (&, ). Hence
the &y,-boundedness of {1, —uj{ A1} implies thatlimy, o0 & (Up—Uu, up —u,J[/\ 1)=0.
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Therefore, by using (&.4a) and equation (1.1.1),
aollu —ut A1)? = lim Ju, —uf A 12
n—oo
: + +
> —nlgréoé’(un —u, Nl up—u, A1)

> — lim {8(un—u,TA1,un—u;l"/\l)—l—é’(u,f/\l,un—uj{/\l)}

n—>00
= — lim &(up,u, —u,f Al)=— lim &(u,uy —u,':' Al)
n—>oo n—>00

= lim o — foup —ul Al)=a— f,u—ut Al
n—oo
=aflu—ut AP+ @t Al—=fou—ut Al

Since ™ A1— f,u—u" A1) >0, this shows that u = u™ A 1. O

Definition 2. A Dirichlet form (&, ¥) on L>(X;m) is called a regular Dirichlet form
with core € if € is a sub-family of €y(X) such that ¥ N € is &y-dense in F and
uniformly dense in €y (X).

For a regular Dirichlet form (&,%) and its associated resolvent {Gy}, since
Jx Gag(x) f(x)m(dx) is a non-negative bilinear form relative to f,g € €p(X), it
is represented as

/ Gug () f ()m(dx) = / / F()8(")Ga(dxdy) (12.4)
X X JX

for a positive Radon measure Gy (dxdy) on X x X. Note that G4 (dxdy) does not
charge any set of zero m ® m-measure.

As a particular case, suppose that (&, F) is a symmetric regular Dirichlet form.
Then the approximating form &% can be written as

2
e = % [ [ o) =) Gutandy)
+oz/ w2 (x) (1 — a Gy 1(x)) m(dx). (1.2.5)
X

By virtue of Theorem 1.1.4, u € L?*(X;m) belongs to ¥ if and only if &% (u,u)
remains bounded as « increases to infinity. In particular, for any u, v € %3, it follows
from equation (1.2.5) and the inequalities |uv(x)| < |u(x)||v(x)| and

[uv(x) —uv(y)| < [[vlloolu(x) —u(y)| + lulloolv(x) — v(y)|
m-a.e. x, y, that uv € ¥ and

& (uv,uv)'/? < ||v||008(u,u)1/2 + ||u||008(v,v)1/2. (1.2.6)
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1.3 Transience and recurrence of Dirichlet forms

For a given Dirichlet form (&, ) on L>(X;m), let {T;};~0 and {T /}¢>0 be the semi-
groups on L?(X;m) associated with (€, ¥) by Theorem 1.1.2. A Borel measurable
subset B of X is called an invariant set relative to {T;} if, for all t > 0 and f €
L*(X:m),

1pT; f = 1pTy(1pf) m-ae. (1.3.1)

An invariant set relative to {? ¢} 1s defined similarly. If B is an invariant set relative
to {7} }, then for any g € L*(X;m),

(f.T:(18g)) = (18T, f.8) = (13T, (1 ), 8) = (18 /. T1(188)).
Hence ?t(lgg) = 13?,(13g) and hence
Tig— ?I(IX\Bg) =T.(1pg) = 1 (?tg - ?t(lX\Bg)) .
This implies
Ix\87:g = 1x\pT:(1x\pg) forallz >0and g e L>(X;m), (13.2)

that is X \ B is an invariant set relative to {?t}. Since the converse assertion also
holds, B is an invariant set relative to {7} if and only if X \ B is an invariant set
relative to {7T'¢}.

Lemma 1.3.1. For any non-negative Borel function f and a > 0, {x : G4 f(x) > 0}
is an invariant set relative to {T;}.

Proof. Put B = {x : Gy f(x) = 0}. For any non-negative function g € L'(X;m)
such that g = O m-a.e.on X \ B,

0= (Gaf'8) = e (TiGaf.8) =™ (Guf . Ti(152))

oo (1X\B Go f, ?t(lBg))

%

Hence IX\B/Y:,(IBg) — 0 m-a.e. and hence T;(1pg) = 13T ,(1gg). This implies
that B is an invariant set of {? ¢} and hence X \ B is an invariant set of {7}. O

Theorem 1.3.2. B is an invariant set relative to both {T;} and {?,} if and only if
Ipu,Ipv € ¥ forallu,v € ¥ and satisfies

€(u,v) = E(lgu, 1gv) + E(1x\pu, Ix\gv). (1.3.3)
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Proof. Suppose that B is an invariant set relative to both {7} and {? ¢} Then, as we
noted before Lemma 1.3.1, X \ B is also an invariant set relative to {7} and {/7:;}.
Hence, for all u € #, 13Gou = 1gGo(1pu) and 1x\pGou = l1x\pGea(lx\pu).
Therefore,

(u,u —aGgu) = (1gu, 1pu — Gy (1pu)) + (1x\pu, Ix\p — @Go(1x\pu)) .

Hence, by Theorem 1.1.4 (i) and (ii), 1gu, 1x\pu € ¥ and equation (1.3.3) holds.
Conversely, suppose that 1gu, 1 pv € ¥ and equation (1.3.3) hold forall u,v € F.
By putting 1pu and 1x\ pv instead of u, v, respectively, it holds that

E(lpu,1x\pv) =0 u,veF. (1.3.4)
For any o > o, since

6o (Go f, 1x\BV) = (f, 1x\BV) = €4 (Ga(lx\B f). 1x\BV),

it follows that Eq (Go f — Ga(1x\g /), 1x\gv) = 0. In particular, by putting v =
Go f — Go(lx\g f), we get that € (v, 1x\ pv) = 0. Hence, by equation (1.3.4) we
get that

Eu (lx\BU, 1X\BU) =0,

which shows that 1x\gv = 0, thatis 1x\pGy /' = 1x\pGa(lx\p f). Similarly, by
taking B in place of X \ B, we have 15Gy f = 1pGo (15 f). O

A Dirichlet form (€, ) (or semigroup {7;}) is called irreducible if any invariant
set B relative to {7} } satisfies m(B) = 0 or m(X \ B) = 0. As noted before Lemma
1.3.1, if B is a {T;}-invariant set, then X \ B is an invariant set relative to {/7:;}.
Hence (&, ¥) is irreducible if and only if any invariant set B relative to {? ¢} satisfies
m(B) =0orm(X \ B) =0.

As we have seen after Theorem 1.1.5, {G4} can be considered as a sub-Markov
L*°(X;m)-resolvent. For any f € L°(X;m), since G f is increasing as « de-
creases, the potential operator

Gf = lim Ginf (1.3.5)

is well defined. Similarly, {Ga} can be considered as a contractive L'(X; m)-resol-
vent. If f € LL_(X ;m), Go f is also increasing as o decreases. Hence we can define
the copotential operator

Gf=lim Gpf. (1.3.6)

n—oo

A Dirichlet form (&, ) is called transient if there exists a strictly positive function
f € L°°(X;m) such that
Gf <o m-a.e. (1.3.7)

An irreducible Dirichlet form is called recurrent if it is non-transient.



14 Chapter 1 Dirichlet forms

If (&, ) is transient, then there exists a strictly positive function f € L% (X;m)
satisfying equation (1.3.7). Let { B, } be an increasing sequence of compact sets such
that UB, = X and Gf(x) < n for a.e.x € B,. Then the function g defined by
g(x) = > 02, (1/nm(By))2 "1p,(x) is a strictly positive function satisfying g €
LY(X;m) N L®(X;m) and

o0

~ 1
(f.Gg) = z;;;;EZE;SEE((if,IBn)<:co.

In particular,
Gg <o m-a.e. (1.3.8)

Similarly, if there exists a strictly positive function g € L'(X;m) satisfying equation
(1.3.8), then there exists a strictly positive function f € L°(X;m) such that equa-
tion (1.3.7) holds. We shall show in Theorem 1.3.4 that this is also equivalent to the
condition that equation (1.3.8) holds for all g € L!(X;m). To show it, we need the
following Hopf’s maximal ergodic inequality.

Lemma 1.3.3. For a given function f € L'(X;m) and a positive number a, let E,
be the set defined by Eq = {x € X : supy Gy f(x) > 0}. Then

f Go f(x)m(dx) > 0. (1.3.9)
Eq

Proof. Let El} = {x € X : maxX;<x<p @a/kf(x) > 0}. If x € E7, then
Gof(x) + max (Go/kf —Gaf)*(x)
1<k<n

> max Gg/p f(x) = max (Gg/i f)F(x).
I<k<n I<k<n

Noting that
k—1 ~ o~
max (Go/i f — Gaf)T(x) =  max (—) a(GoGoyi /)T (x)
1<k<n <k< k
<aGg max (Gosif)* (%),
1<k<n

we have

/ 6otf(x)l’l’l(d)c)
E§
> / , (lir}(ax (Ga/kf) (x) —aGa( max (Ga/kf)+)(x)) m(dx)

= | max @i/ m@) - /E 0Gal max Gogsc /) IM()

X 1=k=<
> [ max Gapif)* Omidx) — f G max Ga/icf)")0m(dx)
X 1<k<n 1<k<n

> 0.

|
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Theorem 1.3.4. (&, F) is transient if and only if there exists a strictly positive func-
tion g € LY (X;m) such that Gg < oo m-a.e.

Proof. Suppose that g € L'(X;m) satisfies g > 0 m-a.e. and ag < oo m-a.e. For
any f € L1+(X;m), define Ey as in Lemma 1.3.3 by taking f — cg in place of f.
Then it holds that fEa aa(f —cg)(x)m(dx) = 0. Since the set B = {6]’ = oo} is
contained in Ey up to a negligible set,

1 ~ ~
—/ fdm Z/ Gy fdm zc/ Gygdm.
a Jx Eq o

Hence, for any compact set K and integer N, (1/c) [y fdm > o [pqg @a(g A
N)dm. Since g AN € L*>(X;m), letting « tend to infinity, we have (1/c) [x fdm >
Jenx (& AN)dm.Thenlet K + X, N 4 oo and ¢ 1 oo to get [ gdm = 0 which
implies m(B) = 0. 0

For a non-negative measurable function g € L (X;m) N L'(X;m), define a bi-
linear form ¢ by
€8 (u,v) = &, v) + (U, V) gm, (1.3.10)

where (u,v)g.m = [y u(x)v(x)g(x)dm(x). Since &(u,u) < 8 (u,u) < Eq(u,u)
fora > ||gllco, (€8, F) satisfies (€.1), (6.2) and (&.3). Hence there corresponds a
semigroup {T%} and its resolvent {G§ } on L*(X;m) satisfying | T f| < e®!|| |
and

€5(G§ fou) = (f,u) (1.3.11)

forall f € L?>(X;m),u € ¥ and @ > a. Furthermore, if & satisfies (€.4), then so
does &&. In particular, {G§ } can be extended to & > 0 as a sub-Markov resolvent on
L°°(X;m). Denote by g - G the operator defined by (g - Gy) f(x) = g(x)Gqy f(x).

Lemma 1.3.5. Let g be a strictly positive function of L' (X ;m) N L°°(X ;m). Then,
forall f € L*(X;m) and o > o + || gl 0o

GEf =) (-1)"Gu(g-Ga)" f- (13.12)
=0

If f € L®(X;m) N L*(X;m), then for any o > 0,
Gof =G5 f+GE(g-Ga)f =GEf +Galg-G3)f. (1.3.13)

Moreover, G8g < 1 m-a.e and (88, ¥ ) is transient.

If (8, %) is irreducible, then (68, %) is also irreducible. In particular, if (&,F)
is recurrent, then G8g = 1 m-a.e. for any non-negative function g € L'(X;m) N
L (X;m) such that [y g(x)m(dx) > 0.
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Proof. Since [|(g - Go) [l < llgllooll.f1I/( — ap), the right-hand side of equation
(1.3.12) is well defined and belongs to ¥ because it can be written as Gyh for h =
Yo o(=D"(g-Go)" f € LZ(X m). Let us denote the right-hand side of (1.3.12)
by G5 f. Then, for any u € ¥

8§(G_§f,u) = 8&(2(_1)nGa(g : Ga)nf’”)
n=0

+(Z(—1)"Ga<g : Ga>"f,u)
gm

n=0
o
=Y (1" ((g-G)" [, Z( D" ((g-Ga)" fu)
n=0 n=1
= (f,u).
This implies G§ f = G§ f for @ > @y + ||g|lco- By the sub-Markov property, G§
and G§ can be extended to the operators on L (X;m) and G§ f = G§ f for any
f € L*°(X;m) and o > 0. Equation (1.3.13) is clear from equation (1.3.12).

To show the inequality G g < 1, for 8 > w, note that (&, ¥) can be considered
as a Dirichlet form on L>(X; (8 + g) - m) for which (€.1), (€.2) and (&.3) hold by

taking ap/B < 1 instead of «y. Let us denote by {Kg }a>o the resolvent of (€, %) on
L*(X;(B + g) - m) given by

E(KL f.uw) + (KL [ w)grg)m = (1) (B4g)m
for all u € ¥ . Since
6 (G5(Bf +f)u) + (CEBS +ehw)
= &5 (G5B +gf)u) = (B +gfw)
= (/> u)(B+g)m

forall u € Gg(ﬂf +gf) = K f. Since {Kﬂ} is a sub-Markov resolvent by

Theorem 1.1.5,0 < K1 f < lforall B > g and f satisfying 0 < f < 1. Further-
more, since {Gf; } can be extended to f > 0 as a resolvent on L°(X;m), K {3 can be

extended to B > 0 as a bounded linear operator on L*°(X;m).If y > f > ap and
f € L®(X;m) N L*(X;m), since

S(K{gf—Klyf,u)+(K{3f—K1yf,u)
=(y-B(K{f—f.u),

—(-p) (ﬂT( rr- ). ”)<ﬂ+g).m’

(B+g)m
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it follows that

<ﬁf—m7=w—mﬁwﬁfgm7—ﬂ)

By putting (8 + g) f/(y + g) instead of f, it follows that
(5 )t (30 (2227)
y+g + yt+g
k—1 n
_ 14 V_,B 14 IB+ )
_K],;)(ﬂJrgK]) ( e
g

y
s (v—P yk(ﬂ+ )
K (ﬂ+gK1) y+gf '

This relation also holds for 0 < 8 < oy < y. Hence, it holds that

(S50 (£51))

—\r+g y+g

KPr

Since KV f < 1forany y > agand f € L2(X;m) with f < 1, for0 < B < &g, K¥
can be considered as an operator on L% (X ; m) satisfying K {3 1 < 1. Therefore,

G8g = éiinoGgg < ﬂliinOKlﬂl <1.
This implies the transience of (&8, F).

If {Gg) is irreducible, then equation (1.3.12) implies the irreducibility of {G§ }. If
(€, %) is recurrent, then for any non-negative function g such that [, gdm > 0,
G8g > Gug forany @ > ||glleo- Put B = {x : G4 f(x) > 0} for a non-negative
function f. Forae.x € X \ B,since 0 = Gy f(x) > (B — a)Gg(1pGq f)(x) for
B > a, it follows that Gg(13Gy /) = 0 and hence Gglp = O a.e.on X \ B. Hence
B is an invariant set of {7} and hence B = X a.e., thatis G8 g > 0 by irreducibility.
Furthermore, it holds that G8 g < 1 for non-negative function g. Then by letting «
tend to O in equation (1.3.13), we obtain that

G (g(1-G¥g)) = G¥g < 1.
Hence, the recurrence of (&, ¥) yields that G8g = 1 a.e. O
By using Lemma 1.3.5, we have the following maximum principle.

Corollary 1.3.6. Suppose that (€, F) is transient and let f € L'(X;m)NL>®(X;m)
be a non-negative function such that Gf(x) = limg—o Gy f(x) < 00 a.e. For any
Borel set B, if f(x) =0fora.e.x € X \ B, then

|Gflloo = ess.sup{Gf(x):x € B}.
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In particular, there exists a strictly positive m-integrable function g such that
1Gglloo < o0

Proof. Putg = B1p anda = Oinequation (1.3.13). Then, by the last result of Lemma
1.3.5,

Gf(x) = GP12 () + GP12 (Blp - Gf) (x) = GPIP f(x) + ess. sup GF (7).

Furthermore, since G#18(B1p) < 1, it follows that

lim G158 f = lim GA'B(Igf) =0,
B—o0 B—o0

which yields the first assertion. To show the latter assertion, take a strictly positive
bounded m-integrable function /4 such that Gh < oo a.e. Put B, = {x : Gh(x) < n}
and g, (x) =27"(1/n)1p,h(x). Then Gg, <27"(1/n)G(1p,h) <27". Hence it is

enough to put g(x) = Y 72, gn(x). 0

Theorem 1.3.7. (8, %) is recurrent if and only if Gf = oo m-a.e. for all f €
LY (X;m) N L®(X;m) such that [y fdm > 0.

Proof. Suppose that (&, ) is recurrent and let B = {Gf = oo}. Then X \ B is an
invariant set of {7} }. In fact, forall > Oand g € L1+(X ;m) such that g = 0 outside
of {Gf <n},

oo > (Gf,g) = (T,Gf,g) > (T,(IgGf),g) = (IpGf.T:g),

which implies that/f,g = Om-a.e.on B.Hence (Tt (Igu), g) = (Igu, /f,g) = 0, that
is Ix\pT;(Ipu) = 0. This implies 1x\pTru = 1x\pT¢(1x\pu), thatis X \ B is an
invariant set of {7} }. According to irreducibility, this implies that m(B) = 0 or m(X \
B) = 0. Suppose that m(B) = 0. By virtue of Lemma 1.3.1, since {x : Gf(x) > 0}
is a non-trivial invariant set of {7y}, Gf > 0 m-a.e. and hence G, f > 0 m-a.e. for
any o > 0. Then, by the resolvent equation, «GGy f = Gf — Gof < Gf < o0
m-a.e. which contradicts the hypothesis of recurrence. O

If Gyl = 1 m-a.e. forall « > 0, then (&, ) is called conservative.

Corollary 1.3.8. If (&, F) is recurrent, then it is conservative.

Proof. Letting B tendto 0in Gg(1 — (o —B)Gyl) = G4l < é we obtain that G(1 —
aGyl) < ai m-a.e. Since | —a Gyl > 0, Theorem 1.3.7 implies that Gy 1 = 1. O

Let us define the extended Dirichlet form (&, %,) of (&, %) as follows: F, is the
family of functions u for which there exists an §-Cauchy sequence {u,} C ¥ such
that lim,—o0 4y = v a.e.and & (u, u) = limy—oo & (Un, Uy, ) eXists.
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The sequence {u,} is called an approximating sequence of u. Generally, & (u, u)
depends on the choice of the approximating sequence. But, if g = 0, then, for any
function u € %, &(u,u) = limy— o0 & (Uy, uy) is well defined independently of the
choice of the approximating sequence {u, }. In fact, the symmetric part & ) becomes
non-negative and hence the triangle inequality holds. Hence, by

8(un,un)l/z - 8(um,um)l/2 = 8(“n —Um,Upn — um)1/27
& (u,u) exists. Furthermore, by the sector condition, for any u,v € %, and their ap-
proximating sequences {u,}, {v,} respectively, &(u,v) = lim, m—co & (Un, Vi) is
well defined.

Theorem 1.3.9. Suppose that (&, F) is transient and oy = 0. If (| f|, G| f]) < oo,
then Gf € ¥, and satisfies

8(Gf,u)=/Xf(x)u(x)m(dx) (1.3.14)

for all u € Fo. In particular, (), ,) is a Hilbert space and there exists a strictly
positive bounded integrable function g and a constant Ky depending on g such that

/ () g (m(dx) < K&)' (13.15)
X

forallu € Fe.

Proof. Let (é(s), 7 ) be the Hilbert space determined as the abstract completion of
(€G), F), that is 1 € ¥ is an equivalence class of &-Cauchy sequences {uy}
and E(i1,1) = limy—oo &(Un,Un). By the sector condition (&.2), &@,v) =
limy, ;—o00 & (Up, vy) is well defined for u = {u,} and v = {v,}. As in the last part
of the proof of Theorem 1.1.4, for any & “)-bounded sequence {u,} C ¥, there exists
an element it € ¥ such that a subsequence of Cesaro means of {u,} converges to i
relative to &.

Assume that g € L'(X;m) N L®(X;m) is a strictly positive function satisfy-
ing [|Ggllo < 00. Since E(Gag,Gag) = (§ —aGag, Gag) < (g, Gg), there ex-
ists a sequence {u,} C ¥ constituting a Cesaro sum of G, g for o, | 0 which
is €-Cauchy. Put # € ¥ the equivalence class containing {u,}. For any v € %,
limy 00 €(Un,v) = &(it,v). On the other hand, since {u,} is a convex combi-
nation of G, g, limy o0 & (Up,v) = limy—oo E(Ge,g.v) = (g.v) and hence
&, v) = (g, v). In particular,

/ lv|(x)g(x)m(dx) < Kg€(v,v)"/? (1.3.16)
X

for any v € ¥} and a constant K, = Ko& (i1,1)"/2. Since any function of ¥ can be
approximated by the functions of %3, equation (1.3.16) holds for any v € F. If {v,}
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is an &-Cauchy sequence corresponding to # € %, then equation (1.3.16) implies that
it converges to a function v in L'(X; g - m). By the definition of %, this implies that
v € F,.Hence we can identify any element v € ¥ with a function of %. In particular,
(&, Fe) is a Hilbert space and Gg € .. Assume that a non-negative function f
satisfies (f, Gf) < oo. Then, for the function g given above, G f,, € ¥, and satisfies

E(Gfn—Gfm:Gfn — Gfm) = (fn — fm,Gfn — Gfm) for fu = f A (ng). Hence
limy, 00 E(Gfrn — Gfin,s Gfy — Gfm) = 0 which yields that Gf € ¥, and that the
relation (1.3.14) holds. For a general function f, it is enough to consider /' and f~
separately. O

1.4 An auxiliary bilinear form

As we have seen after Theorem 1.1.5, for any ¢ > 0, G4 can be extended to a sub-
Markov resolvent on L°°(X;m). Hence, G, f can be further extended to all non-
negative measurable functions f by Gy f = limg_, oo Go(f Akg) by using a strictly
positive function g € L*(X;m) N L'(X;m). Similarly Ga f is well defined for any
f € L'(X;m). Under this extension, a non-negative function u (resp. ) is called
a-excessive (resp. a-coexcessive) if

BGyypu <u (resp. ,B@a_,_ﬂz’i <) m-a.e. (1.4.1)

for all B. The 0-excessive function and 0-coexcessive function are called excessive
function and coexcessive function, respectively.

Theorem 1.4.1. The following conditions are equivalent to each other foru € ¥
(resp. U € F ) and o > «.

(1)  u is a-excessive (resp. U is a-coexcessive).
(i) Eg(u,v) >0 (resp.u > 0and Ey(v, 1) > 0) forallv e FT.
(iii) &q(u,v) >0 (resp. U > 0and Eq(v,7) > 0) forallv e FT NEYX).

Proof. Since limg_, o, BGgu = u in L*(X;m), (i) = (ii) follows from
&y (u,v) = ﬂli_)moo{ﬂ(u - BGgu,v) + a(u,v)}
= ﬂli_)moo{ﬁ(u — BGoypu,v) +a(u— BGgGyipu,v)}
= ﬂli_)moo{,B(u — BGoypu,v) +a(u— BGgu,v)}
> 0.

The equivalence of (ii) and (iii) is obvious.



