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Part I
Limit Theorems, Rates of Convergence, and Related Topics

(Independent Case)






ORDER OF NORMAL APPROXIMATION FOR RANK
TEST STATISTICS DISTRIBUTION

JANA JURECKOVA and MADAN L. PURI!

Charles University and Indiana University

0. Summary. Under suitable assumptions, it is established that the rate of
convergence of the cdf (cumulative distribution function) of the simple linear
rank statistics

R,
Sy = ZﬁlCNeSO(N_I:l)

to the normal one is O(N~#+%) for any ¢ > 0. Here Cy,, .-, C,, are known

constants, Ry, ---, Ry, are the ranks of independent observations X, - -,
Xyy, and ¢ is a score generating function defined in Section 1.

1. Introduction. Let X,,i=1, ..., N be independent rvs distributed ac-
cording to the cdf F(x) = F(x — Ady,;), i=1, ---, N. We assumed that F(x)
is absolutely continuous having the density function f(x) whose derivative f'(x)
exists, Furthermore, F(x) is assumed to have the finite Fisher information,
that is,

(1.1) I(f) = 2 [S/)f)Ff(x) dx < oo .
A is an unknown parameter, and dy,, i = 1, - .., N are known constants. Let

R, be the rank of X, among Xy, ---, X,,. Setting #(x) =1 if x = 0, and
u(x) = 0 otherwise, we can write

(1.2) Ry, = Diau(Xy — Xy, i=1,..-,N.
Consider now the simple linear rank statistics
(1.3) Sy = 21 Cyay(Ry)

where Cy,, - - -, Cyy are known constants, and a,(i), i = 1, - - -, N are “scores”
generated by a function ¢(¢) in the following manner:

N.

1.4 a'=( i ) 1<i<
(1.4) W) = (F sis
Statistics of the type (1.3) play an important role in the theory of nonparametric
inference. For example, in the two sample problem where F, = ... = F_ = F,
and

Fppy=---=F,=G,

Received March 26, 1974; revised October 1, 1974,
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Scientist Award from the Alexander-von-Humboldt-Foundation.
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4 Jana JureCkovd and Madan L. Puri

for testing the hypothesis H,: F = G, many rank tests are based on the statistic

Sy’ = Llkiav(Ry,)

which is a special caseof (1.3) when Cy, = ... =Cy, =1andCy, ., = --- =
Cyy = 0. Itis well known (see e.g., Capon (1961)) that the statistics of the
form (1.3) for different score functions yield locally most powerful rank tests.
Under suitable assumptions on the C’s and the score generating function ¢,
Hajek (1962) [see also Hajek-Sidak (1967)] established the asymptotic normality
of §,. However, the problem of determining the rate of convergence of the cdf
of S to the limiting normal distribution has remained open. This problem is
investigated in this paper for the case A = 0 as well as for A = 0. In both cases,
the rate of convergence is proved to be O(N-4+%) for § > 0. For the case A = 0,
the result is valid for the ¢ functions having the bounded first derivative, and
for the case A # 0, it is necessary to assume the boundedness of the fourth
derivative of ¢.

Throughout the paper, we shall make the following assumptions on C’sand d’s.

(1.5) 25 Ch=2%dn=0, ZhCh=ZLdyu=1,
(1.6) max, <y C3, = O(N-'log N}, MaX,gigw d}; = O(N-*log N) .
It may be noted that the assumption (1.5) can be made without any loss of
generality. Furthermore, it may be noted [cf. Hajek-Sidak (1967)] that if ¢ is
the difference of two non-decreasing, square integrable functions in (0, 1), then
Sy has asymptotically »(0, ¢*) distribution under A = 0, and »(ES,, ¢°) or

(A T Cuedys §o 0(e(t, f)dt, o)
distribution under A = 0. Here

ot = (! &\ 3 — (1 — “f'(F-!(‘))
= Li(e(t) —@)dr, o= e(®)dr, o f)= ~RF)

and (£, ¢%) stands for the normal distribution with mean ¢ and varjance o’

2. Rate of convergence for A — 0. The main result of this section is the
following theorem.

THEOREM 2.1. Let A = 0 and the first derivative of ¢(t) exist and be bounded in
(0, 1). Then, under the assumptions of Section 1, corresponding to any 6 > 0, there
exists a constant A(0) > 0, and a positive integer N, such that for all N > N,,
2.1 SUP_ e coca [Fy(x) — ()] S A@N-H
where F(x) is the cdf of 6-'S, and ®(x) is the standard normal cdf.

The proof of this theorem is based on the following two lemmas, the second
of which is a consequence of Theorem 6, Chapter 5 of Petrov (1972).

LemMa 2.1. Under the assumptions of Theorem 2.1, corresponding to any positive
integer k, where 2k + 1 < N, there exists a constant B(k) > 0 and a positive integer
N, such that for all N > N,,

(2.2) E(S, — Ty)* < B(k)N-*
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where
2.3) Ty = 2L Cip(F(X))) .

LEMMA 2.2, Under assumptions of Section 2 and Theorem 2.1, for any positive
integer N,
2:9) SUP-wcecm [F*(X) — @(x)| £ 4 i |p(r) — @ dr - ZiL |Cul’
where A > 0 is a constant independent of N, and F,* is the cdf of 0-'T, under
A=0.
In what follows, we shall suppress the subscript N in Cy,, d,,;, Ry,, etc. when-
ever there is no confusion.

PrOOF OF LEMMA 2.1. Set U, = F(X)),i = 1,..., N. Denoting Y, = ay(R,) —
eU),i=1,..., N, we get
2.3) E[(Sy — Tw)*] = E((Z i & V))¥}

=3 _(&_ 61 - oV E(TIX, Yi%9)
pit-eepat
where the sum extends over the set 4 of vectors (p,, - - -, py) of integers such
thatogp‘§2k,i= 1, ---,N, X, p = 2k.

Each point of 4 could have at most 2k positive components. Noting this fact,
we may decompose A into 2k disjoint parts such that the jth part consists of those
points which have just j positive components. Thus we may rewrite (2.5) as

E[(Sy — To)*] = L ¢™EY ™ + -

2k)!
(2‘6) + zISpl.---.ﬂ..<!k.ﬁ,+--~+p,.=lk ( )

Pl! ‘e p"'!
X Ez ----- { =1, different Cfll ot Cf;E( Yfll e Yf:) + .-
+ 28 gumtattrerens €y *© Coyy EY, ---Y,).

In view of (1.5) and (1.6), it follows that

(2'7) |Zx,---.i-=l,ditferem C{ll tte C":l _S_. K for N > Nk

foranym=1,---,2kand any p,, 0< p, < 2k, i= 1, .-, m, 1,0, p, = 2k,
K > 0 is a constant dependent only on k. Actually, ifp, > 2fori=1,...,m,
then
| Z 8t atttoreme €71+ -+ €7 S T[T0 (i [€l]?9) = max,gigy feq**=" .

On the other hand, suppose that some of p;’s are equal to one, say p, = 1.
Then in view of (1.5)
(2.8) 2ol tg=1, ditterons CF1 * ¢ €2m

= Dl tpog=1 ditroreny €T} < - ClmoU(—C — e — e )

so that we get m — 1 sums of similar type; each of them sums the products of
(m — 1) factors. Considering any of these sums, we may have again two cases:
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either all exponents are at least two, so that we are in the first case; or some of
them equal one and we may write an equality analogous to (2.8). We continue
in this way until after a finite number of steps (in which we decompose the
original expression into at most m! sums) we get only the sums with exponents
greater than or equal to two. Actually, the extreme case is the sum of the type

N -1, Nk
Dttty € 6, = — Dl

so that (2.7) is proved.
Further, using the generalized Cauchy-Schwarz inequality

(2'9) EIH:=1 z(l —g (H::l EIZlnl)l/u 3 n= 2, 33 ce
we see that
(2.10) E\Yn .- Yiu| < (I17- EIYEPSY™ < (T17-0 E} Y 75))

= ([17-1 Elay(R)) — o(Uy)[*25)*2*
holds forany m = 1, .- ., 2k and any p,, 0 < p;, < 2k, 3, p, = 2k. Finally,
the expression
2k)!
(2.11) E¥=1 215,1 ..... ,-‘ﬂ,’1+--.+’-=n —"_(—1—7
Al pat
depends only on k,
Now, if ay(i) = @(i{(N + 1)), i =1, - .-, N, where ¢ has a bounded derivative
we get the inequality

@12)  ElayR) — oUNs S BME| Sy — U

which is varied for j=1, ..., m;m=1, ..., 2k.
U, being fixed, R, is the sum of independent zero-one random variables (see
(1.2)) so that

Rn i B kVN-Fes
(2.13) E N+ 1 Un < By(k) I

(2-6), (2.7), (2.10), (2.11), (2.12) and (2.13) then prove the lemma.
ProorF oF THEOREM 2.1. Since for any ¢ > 0 and any N, we have
2.18)  Po7Sy S x} S Plo Ty S x + &) + Po~Sy — Ty Z ¢}
and analogously
(2.15)  PloiSy S x} 2 Plo Ty S x —¢] — Plo~YSy — Tyl 2 ¢} »
it follows using Lemmas 2.1 and 2.2, that
(2.16)  SUP_cuca [Falx) — Q)| S (s0) *BIN-* + ¢, T, leadl® + OC)

holds for any ¢ > 0, any & and for N > N,.

For 6 > 0 being fixed, take k such that 2k 4+ 1 > 1/26 = 2k and put ¢ =
N-ta-vaksty - The theorem then follows from (2.13) and from the assumption
(1.6).
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3. Rate of convergence for A & 0. Without loss of generality, we assume
that A > 0. For convenience we shall use the following representation in this
section. Let X, i =1, ..., N be independent and identically distributed rvs
each having the cdf F(x) such that /(f) < oco. Let R}, be the rank of X, + Ad,,,
that is

Ry = Dl u(Xy — Xy; + Mdy, — dyj)) .

Consider now the statistics

Sup = T e (R_)
AN i=1 Ca¢ N+ 1 .

The asymptotic distribution of §,, — S,, was investigated by Jureckova for
Wilcoxon scores in (1973a) and for general score function ¢ in (1973b). In the
case of general scores function ¢, it was assumed that the ¢ function has the
four bounded derivatives in (0, 1).

Suppose now that the vectors (cy,, - -+, €yy) and (dy,, - « -, dyy) satisfy (1.5),
(1.6) and the following:

(3.1) lim, . X, cpidy = @, 0< < o0,
(3-2) limy_,, [Max,g gy (e dy ) (Tl chedi )1 =0,

and

(3-3) limy o, [N X emdw ) (Diea hidi) =72 0.

Then, [cf. JureCkova (1973b)] for ¢ having four bounded derivatives in (0, 1),
the asymptotic distribution of

(3.4 Ay NS,y — Soy — Aay, — A%y)

is 7(0, A’p®) where

(3.5) A = T, ydhy + SN, cyedy,)’

(3.6) @y = DI, Cpdm § CFENYE) dx = DLy cpd 1 9000, f) dt
(3.7) by =} D cwddy § ¢ (F())f(x) dx

and

o' = V9 (FO)Tf(x) dx — (§ [¢"(F(x)Tf}(x) dx)* + 2p(1 + 3r)~!
(3.8) X [§8:¢y F)(1 — F(D"(Fx))e"(F(yN(*)f*(y) dx dy
+ ey ¢FE)e"(FOHx)*(y) dx dy
= § (Fx)f(x) dx - § " (F(x))F(x)f*(x) dx .
Let F,, denote the cdf of ¢7(S,, — Aay). Then we have the following
theorem.

THEOREM 3.1. Suppose that ¢y, dy, i = 1, - - -, N satisfy (1.5), (1.6), (3.1)—
(3.3) and that the score-generating function has four bounded derivatives on (0, 1).
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Then
(3.9) sup, |Fyu(x) — ®(x)] = O(N-++*)
holds for any 3 > 0 and any fixed A.
Proor. We may write for any ¢ > 0 and for any x
(3.10)  P{o~*(S,y — Aay — A%,) < x}
S Plo7'Sy £ x + €}
+ P{o7|S,y — Sox — Bay — A%y] = ¢}
and analogously
P{o=Y(Syy — Aay — A%y) < x}
= P{o7'Soy < x — €} — Plo7'|S,y — Soy — Ay — A%,| = ¢}.
Then by Theorem 2.1,
(3.11) Sup, |Fys(x + 07A%y) — @(x)]
< €6 + P08,y — Soy — Aay — A%y 2 ¢)
+ A(G)N-+?
holds for any § > Oand N > N,.

Let us consider the third member of the right-hand side of (3.11). We shall
use the following theorem:

THEOREM 3.2 (Petrov). Let H(x) be any cdf and ®(x) cdf of the normal (0, 1)
distribution.

Let
V = SUP_wipcw |H(X) — D(x)|

and let M, denote the set of distribution functions possessing the finite absolute mo-
ment of order p > 0. Then, if 0 < v < e~% and H(x) e M,, there exists a constant
C, depending on p only such that

1\
C,v (log _) + 2,
v
I+ [x?

(3.12) |H(x) — O] <

holds for all real x; here
4, = |§ [x|* dH(x) — § |x|* dD(x)] .
For the proof, see Petrov (1972).
Let us denote by Gy, the cdf of A~ A4y "0~ (S,y — S,y — Aay — A%,). On
account of the boundedness of ¢, G, has finite absolute moments of any order
for any fixed N and any fixed A. On the other hand, it follows from Theorem

2.1 of [6] (see (3.1)—(3.8) of the present paper) that lim, . sup, |G (x) —
®(x)| = O for any fixed A and that for N > N,

sup, [Gyu(x) — P(x)| < e
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The assumptions of Theorem 3.2 are satisfied forany p = k = 1,2, ..., so that
there exists a constant C,* to any & such that

(3.13) [Gua(x) — @(x)] = C*(1 + ¢}
holds for all x € (— oo, oo).
We have

(3.14) Plo=!|Syy — Soy — Bay — A%y| = ¢} = 2[1 — Gy,(A~'p'04,7%)]
so that (3.13) implies that

(3.15) P{o7|Syy — Soy — Bay — A%y = ¢}
< 2[1 — QA-tp-tody )] + 2C, [ + (A0 A, b

holds for any ¢ > 0, any k = 1,2, ... and for N > N,.

Let us fix 4, 4 > 0 and put ¢ = A, - N*2. Then in view of (3.15) and Lemma
2, Chapter VII of Feller (1957) we have that for any N > N, and sufficiently
large k

(3.16) SUp [Fyu(x + 67'A%,) — P(x)| < C,/'N-4+? 4 O(N-1+%) ,
Thus

SUP_ecs <o [Fra(x) — D(x)|
3.17) < sup, |Fy(x) — @(x + o-'A%,,)|
+ sup, [O(x + 0-A%,) — O(x)|
< sup, |Fyy(x — 07A%,) — O(x)] + K- 0-"A%,, .

(3.16) and (3.17) together with assumption (1.5) complete the proof of the
Theorem.

Acknowledgment. It is a pleasure to express our appreciation to Dr. Sgren
Johansen and Martin Jacobsen for some helpful discussions, and to the referee
for some very valuable comments. We would also like to thank the referee for
bringing to our attention a paper of Bickel (1974) where he established that a
Berry-Esseén bound of order N-t was valid for the Wilcoxon statistic. This
suggests that the bound in the present paper may be improved upon. The reader
is also referred to Vizkova, (1974) for a related problem.
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CONVERGENCE AND REMAINDER TERMS IN
LINEAR RANK STATISTICS!

HARALD BERGSTROM and MADAN L. PURI

University og Géteborg, Chalmers University of Technology, and Indiana University

A new approach to the asymptotic normality of simple linear rank sta-
tistics for the regression case studied earlier by Hajek (1968) is provided
along with the estimation of the remainder term in the approximation to
normality.

1. Introduction and summary. Let X, ..., X, be independent random vari-
ables having continuous cdf’s (cumulative distribution functions) Fy(x), - - -,
F(x) respectively. Consider a statistic S, = s(X,, ---, X,) with ES, = 0 and
ES, < oo. Then, to prove the asymptotic normality of S, (as n — oo), Hajek
(1968) uses the method of projection which gives to the statistic S,, the approxi-
mation of the form

(1.1) S, = D1 ElS.X].

Consider now the simple linear rank statistic S, introduced by Hajek (1962,
1968)
(1.2) S, = Li-1¢{9(R;/n) — E[¢(R;/m)]}
where the ¢’s are known constants, R; is the rank of X; among (X}, - - -, X)
and ¢(.) is a score generating function defined on (0, 1). Hajek (1962) [see also
Héjek—éidék (1967)] established the asymptotic normality of S, in (1.2) under
the assumption that the F, are contiguous, e.g., when F(x) = F{x — Ad,;) where
A is the unknown parameter and the d’s are the known constants. Later on
Hajek (1968) studied the asymptotic normality of S, for the general F,(x) (the
noncontiguous case). Under the setup of Hajek (1962), JureCkova and Puri
(1975), referred to hereafter as JP, studied the problem of determining the rate
of convergence of the cdf of §, to the limiting normal cdf and established it of
order O(N-#*%) for > 0. In this paper we not only give a new approach to the
asymptotic normality of S, for the general F, (i.e., not necessarily contiguous)
but improve the results of JP in providing a sharper bound (for the general F,’s).
In the passing, we may also mention that whereas JP requires ¢ to have a
bounded fourth derivative, here we only require the boundedness of the second
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12 Harald Bergstrom and Madan L. Puri

derivative. Furthermore whereas this paper gives more explicit error bounds
than the JP paper, the latter gives more information on the limiting behavior
of ES, and Var §,.

We now introduce some notations. We define ¢(-) = 0 outside (0, 1). Then,
we can use the supremum norm

(1.3) (1] = SUPse (o, 19D} -

Set »

(1.4) p. = Rifn, pu = E[o,}X], ux)=1 if x=0
and u(x) = 0 otherwise.

Then

(1.5) R, = Ziau(X, — X;).

In this paper, we shall deal with the following approximation of S,.
(1.6) T, = 2o cdd(ow) — E[$(ps)] + (o0 — 0¥ (00)} >
assuming that ¢’ exists on (0, 1) and
(1.7) T, = X1, E[T,| X;].

Since E[(p, — pu)¢'(p)] = 0, it follows that

(1.8) T, = Ticdplon) — Elg(ou)] + Lpus Bl — 009" (o) | X1} -
Let H,, G, and G, be the cdf’s of S,, T, and T, respectively, and put

(19 ol=ESA, &I=Ef7], Th=-

21’2‘=1 ci” ’ Fnr > 0 .
Then our theorems are the following:
THEOREM 1.1. If ¢ has a derivative on (0, 1) then
(1.10) 1Gu(8ae) — ()| < 4CL2AIPI1 + lIg'1F] Tialeild,~;
O(x) = (2n)-t§z e dt

where C is the constant in Berry-Esseen’s inequality (Zolotarev (1967) gives the
approximation 0.9051). Further,

(1.11) 100 — o < Culll¢"l] + 11" DT
with an absolute constant C,, provided ¢’ exists on (0, 1).

THEOREM 1.2. If ¢ has a second order derivative on (0, 1), then for any positive
integers n and r such that n='r* < §,

(1.12)  ||HB,e) — D)l < 4CQNAIE + 111" T [0,
+ GO 4 g lhrT Jrrorss
where C, is an absolute constant.

REeMARK. If the ¢, are chosen such that |¢;| < a/n? with constant a for all
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i and n, then
Fur é a/ni ’

and for r = [log n], [T,/ +V < a¥ e (log n) n~¥(1 + O(1/log n)).
Note that 8,"c, is invariant and thus also 8, 'T',, is invariant under the trans-
formation ¢, —» y¢;, i = 1,2, ... .

2. Some lemmas.

LemMA 2.1. For any positive integers r and n, 2r < n, we have

(2.1) El(ps — p:)"] S b(rn~"
with

—r e (a1 (2")! 2r—2t , -3¢
(2.2) bry s n" ZiL( ')(Zr—-—Zt)Tt 2

and for n7'r* < §

(2.3) b < 27 COL1 4 gnmir).
r.
Proor. By (1.4) we obtain
1
Oy — Py = " 2%ec (X, — X)F (X)) .

By the polynomial theorem we then get
2 4 E 7 I T (2’)! E n M s,
(2.4) [(o: — i)} =n ZE_'——s—' Il (6 — X;) — Fy(X)]5,
1- AL )
S5+ -0+ 5, =2r.

We claim that any term in this sum is equal to zero if 5; =1 for some j,.
Indeed we find that the conditional expection of the product with respect to all
X;, j + joisequal to 0 if 5; = 1. Hence we have only to regard terms with
5; = 0 or = 2 for any j, and there can be at most ¢ < r exponents s, different
from0. Ifs; >2,j=1,2,...,¢ 5, =0forj>ti>twe obtain, observing
that
(X, — X;) — FAX)| < 1
(2.5)  E[II;a [4(X: — X;) — Fy(X)I' < ET]G - [M(X: — X)) — Fy(X)P
= E[[Ii. [Fi(X)) — FAX)} = 4.

This inequality remains true for all permutations of the indices 1, ..., n. Put

2!

(2.6) r(f) = Z‘ﬁ""'+’z=7’7'jz"5=1-"'-‘ Sl! . sg! *

Since ¢ indices out of n — 1 indices can be chosen in (*;') different ways we
obtain from (2.4) through (2.6),

(2.7) El(o; — pu)" ] = v Ll ()4~
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We claim that

(2’)! —be2r—2¢
(2.8) 7n < (7?2—072 e

Indeed, differentiating the identity

(Zt—lyJ)zr = Z‘l"’ +nt-2rs (2")

HJ =1 y:
twice with respect to all y; and then putting all Y; equal to 1, we obtain

(2"! r — — z
(2]'——)_2t5'_t(2 “) Zuﬁ- tap=2ria 23, 5=1. ‘H: ls"(s - 1)51( )S,! .

Now using (2.7) and (2.8), we get (2.1) and (2.2). We now estimate b(r) further,
mainly for use when n and r are large. Putr — r = u. Then we can write

(2.9) b(ry £ 27% 3nzt k(u)
with
k(u) = n=*(2r)! (r — u)*2* )
(r — w)! (2u)!
Particularly
— @ s, (200
k(O)_—r—!—, k(1) < 4n'p -
and for u > 1
k(u+ 1) =n“<l 1 )"‘_23.0_”) (r—u—1)
k(u) r—u (2u + DH(2u + 2)
<gn <} for n'rr< §.
Hence
bry = 27 - GOt 4 g
r!
for n7'r* < 4.
LeMMA 2.2. For any positive integers r and n, 2r < n, we have
(2.10) ET, — Ty < «(nliglT,
if ¢’ exists on (0, 1), and if ¢" exists on (0, 1)
(2.11) E{(S, — Tw)"} = 6C2n)li¢"|"T5 »
(2.12) E[(S, — T.)"] < d(r, $)T%,
with
—2r n— (4f) r— t
b(2r) = 7 L (% 1)( —21)! v
< W Y (0 (4! pr-a L -t
«) £ P SO @ g

d(r, ¢) = 116N 1" + [T (i@ I -
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Further we have the estimates

(2.13) b(2r) < 2-”%’% [l + 20n-77)
for 2°n'r? £ 4,
(2.14) cm<g?n+mﬁq for nr<g.

REemARrk. By Stirling’s approximation of the ['-function we have
g:;' < 2%+ip(exp —2r) exp_
Proor. By (1.6) and (1.8) we get
(2.15) T, — T» = Biacd(ps — 0¥ (Pu) — Z3onijes E[(0 — pit)¢l(pit)|X:i]}
and for j £ i

(2.16)  El(os — 0¥ (0:)| X;] = = Do E([(X, — X,) — Fu(X)1¢(0) | X}

_:I_E[u(X X;) — F{X)]¢'(0:0) X1,

X

since the conditional expectations in the sum are zero for j + k, i{. Now using
the relation

(0: — Pi)P"(pur) = _’ll_ 2;*1 [u(X; — Xi) - F:'(Xi)]ib’(Pu) s
and noting that
El(o; — pu)¢'(p)| X;] = O

we obtain from (2.15)

(2.17) r.— 1, = % 2l Liwi GV
with
(2.18) Vij = [u(X: — X;) — Fi(X)]19' (o)
— E{[u(X, — X;) — FAX)l¢'(0:)| X;} -
Clearly
(2.19) E[V.;|X;]=0, E[V;|X]=0.

By the p'olynomial theorem we get
(2.20)  E(T. — 1) = n""E[T1, Dia & Vi)™

2r) .

=y GO BT, T (e Vi)
H:ﬁ‘=l 5#1. (S” ) ! ’* !

where the sum should be taken over terms corresponding to different vector

solutions {s;;}, &s J = 1, - - - n, j # i of the equation

(2.21) 2iet Ljwi Si5 = 2.
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(2.22) E[I o I3 Vst

is equal to 0 for some vector solutions of (2.21) sinte (2.19) holds, and we have

only to regard those solutions for which the expectation (2.22) is not equal to 0.
We say that s,; gives the contribution 4s,; to the sum (2.21) from each of the

indices i and j. Hence according to this notation an index k gives the contri-

bution

(2.23) QRS DHNETE S DN P

to the sum (2.21). By conditioning with respect to all X, j # k we easily find
that the expectation (2.22) is equal to 0 if k gives the contribution 4 to the sum
(2.21), i.e., if 5,; = 1 for exactly one index j + k, and s;, = O for j # k or if
s; = 1 for exactly one j and s5,;, = 0 for j = k.

The sum }; on the right-hand side of (2.20) can be divided into partial sums
as follows. Let C be a collection of different positive integers belonging to the
set1,...,2r,say C=(1,2,...,¢). Let 3], consist of all terms in (2.20) cor-
responding to the vector solutions of (2.21) such that

(a) s;; = 0 if not both i and j belong to C;

(b) for any k e C the contribution to the sum (2.21) is larger than }. Note
that C can contain at most 2r different integers since every & ¢ C gives at least
the contribution 1 to the sum (2.21). Clearly partial sums 3 . and 3, contain
no common terms if C;, + C,. Consider now the expectation

E[ILia IL50e (cdVi)ed]
where the / and j belong to the collection C. Note that s,; may be equal to 0
for some pairs (i, j). By Holder’s inequality we get, using the fact that |V;| <
2ii¢1l,
(224)  |E Thim T (€ Vo)) S Tl TTbue led*s(EL(V )Y es™
< 2|/ Lt led

where
(2.25) S, = Nhoa Sy Sis, =2r.
The partial sum corresponding to C is then estimated by
’ 2 ! r ' T s,
(2.26) IR C./ P ) NI

ITi=: ITés s (5i3)!

Note that (2r)!/T1:., IIi,; (s;)! is an integer. Hence we have

N = 6 G

F#i (sij)

terms in the class C which are estimated by (2.24). Let &, be the set of all terms

2 I [T (¢ V{,‘)‘”
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Sy -+ 5 8) in (2.26) be given, 0 < 5, <5, < -+ £ 5, 2.8, = 2r. Then ac-
cording to the symmetry the set &, contains a sum of terms, each estimated by
(2.27) 2\ ILier lew,f

where (k, - - - k,) is any combination of numbers 1, 2, ..., n to the zth class and
in any order within this class. Let the number of terms in C, for a fixed vector
(8,» 83, -+ +» 5,) as above be n() and the sum of terms (2.27) belonging to (s,,
Sy v+, 5,) bE A(s,, 5, -+, 5). (Note that n(r) depends on s,, -.-,s,.) Then,
since A(s, - - -, 5,) is a symmetrical function

(2.28) A(Su S35 vy S;) = n?(?Z'z"”W”" H3=1 Ickil.i

where 3}’ is the sum all terms belonging to all permutations of the numbers
1,2, ..., n By Hbolder’s inequality we get, observing that

P 3 /2 55 —_
Ickil.‘ - [ck:]'i " Z:::-l i =1 ’

(2.29) = Tl < Tl (' e

and here
="
n
Hence we obtain by (2.28) and (2.29)
Al 5o w0 5) S 2N - @) - - D

Since &, contains (})N(r) terms we then find that &, gives at most the contri-
bution

1
G EINE) - — Bl e
to the right-hand side of (2.20). Putting
I‘::-z'l—zz‘:lciz" Fm'g.o’
n

and regarding the sets &, for ¢t = 1, 2, ..., 2r, we obtain from (2.20) that
(2-30) E[(T, — T,y < 2|l |I" T3 TN -
We estimate N(¢) in the following way. Consider the identity
(@30 (B Diwnn)” = © oG Tl Tl (i)
o T (5:5)

If an index k gives the contribution > 1 to the sum (2.21), i.e., to the sum

Qi Z:‘#i S5 = 2r,
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then the double product
II6o: IT5 . (xixj)""
contains x, as factor at least in the power 2. Hence differentiating the identity

twice with respect to each x,, k = 1, 2, ..., r and then putting all x, equal to 1
we get the inequality

(2.32) 2IN(1) £ {Hi=1 i (Dia e X xj)"}

zk=1,b=l,)‘-.._g

d,
The right-hand side, however, is at most equal to

;0 ¢ 4r _ (4n)! 3¢
@33 {Mhaze (Ttax) )}%k:w_m(4r_2t)!r .

Combining (2.30), (2.32) and (2.33), we get
E[(T, — T.)"] < «(n)ll¢'II" T3,

with
—_— Yoy, —2r ir n (4")! dr-3¢ —t
o(r) = 2%n ¢=1(¢)'(4—th)!’ 2
1
= — 2l
n

We estimate ¢(r) exactly in the same way as we have estimated 5(r) in Lemma
2.1 and then obtain for u = 2r — ¢

o(r) = Ziso k()

with
=n* —(4’_)!____ — v In
k) = @ —ar T2
Hence
_ @n! -1, e U
k(0) = an”’ k(1) < n7t - (2r) @n)!
and for ¥ > 1
k(_’;((‘_:)ﬁ S4nr g for n'r*< 3.

Hence for n'r* < §

o < %3_5 [1 + 8n-1r9] .

Thus we have proved (2.13) and (2.14) of the lemma.
It follows by the definition of 7, that
Sy — T, = Zicfé — E(6)]
with
€ = #(o: — 0:)ll¢"I1 -
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Hence
E[(S, — T} = n¥* i e ME[(§; — E£)™]
and by Lemma 2.1
E[(€: — E(€))"] = 2VE[§2] = |l97117El(o: — 0u)"] = n"bQ2r){|¢" [ .

Thus we get (2.11)
E[(S, — TH"] = 620, .

By Minkovski’s inequality we obtain (2.12) from (2.10) and (2.11)
EZ((S, — T,)"] < B[(S, — T)"] + E((T, — T,]"].
Lemma 2.3. T, = 37, T,9 with independent random variables
) T =cfdlos) — Eld(o;)]}
+ - Dty 6l E@(X, — X)) = F (X)) X,].
Further,
(i) = [EIT9P] < 42900 + N9} Dialeil -
Proor. We get the representation (i) by (2.16). Using well-known inequa-
lities
@ + 6y = 4llal’ + bF},  (Ziaa)| = n' XKk laf
we obtain
E[|T,7[] < 41,1 ElI[¢(05)] — Edos:)] + % Zilws ledller|f? -
Here
E[l¢(0;5) — El¢(0;)1I'] = 21IQ1|E(P(o;,) — E(lo;5))' -
Thus we get (ii).
3. Proofs of the theorems.

(a) Proor or THEOREM 1.1. (1.10) follows from Berry-Esseen’s inequality
and Lemma 2.3 and (1.11) from Lemma 2.2 (2.12).

(b) Proor oF THEOREM 1.2, For & > 0 we get
(3.1)  PIS, £ 6,x] < (S, < 8,x, 1S, — T,| < h8,) + PIS, — T,| 2 ha,]
< P[T, < 6.(x + W) + P[IS, — T,| =2 #5,] -
Applying Theorem 1.1 we get
(3.2)  P[T, < 6,(x + W] = D(x + A) + 4CCHGIE + 11119 - D le?d, .
Here

(3.3) O(x + k) < O) + [P = Ox) + .
@)}

By Chebyshev’s inequality and the inequality (2.12) of Lemma 2.2 we get
(3’4) P“Sn - Tn, g hsn] é d(r! ¢)F::(h5n)_zr *



20 Harald Bergstrom and Madan L. Puri

Now we choose n such that

h — (B S \=9r
@y d(r, )T (ko)™ ,
i.e.,
@3.5) h = [(27)¥d(r, 9[,)8”—371‘3‘1;]1/(”4-1) .

It follows by Lemma 2.2, (2.12), (2.13) and (2.14), and the remark made after
Lemma 2.2 that for n~r* < §

[d(r, o1 = Cr(l¢'ll + {19711
with an absolute constant C’. Then it follows by (3.4) and (3.5) that
h

Gy T A0 DT E)™ < CLETFI + {97 DT o0

By (3.1)—(3.6) we get the inequality (1.12) in one direction. It follows for the
other direction in the same way.
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INVARIANCE PRINCIPLES FOR RANK STATISTICS
FOR TESTING INDEPENDENCE
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ABSTRACT

In this paper we consider a general class of rank order statistics for testing independence
in bivariate populations. Each statisticis represented as a sum of independent and identically
distributed (i.i.d) random variables and a remainder term. Suitable order (a.s.) of the re-
mainder term is found and then some invariance principles are obtained. The results ob-
tained are extensions of the results of Chernoff and Savage (1958), Bhuchongkul (1964),
Bahadur (1966), Ruymgaart et al. (1972), Sen and Ghosh (1974) and Lai (1975).
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1. Introduction

Let {(X;, ¥),1 < i < N} be N independent and identically distributed i.i.d.
random vectors each having a continuous cumulative distribution function
(c.d.f) H(x, y). Let F(x) and G(y) denote the marginal c.d.f’s of X; and Y.,
respectively. Denote by Fy(x), Gy(y), and Hy(x, y), the empirical c.d.f’s of
{X;,1<i< N}, {Y;,1<i<N}, and {(X;, Y), 1 <i< N}, respectively.
Finally, let Ry; (and Sm) denote the rank of X;(and ¥)among X;,1 <i< N
(and Y;, 1 < i < N). Then many rank tests for the hypothesis of independence

Hy:H(x, y) = F(x)G(y) (Y
are based on the statistic

-1 d RN: SN:
Ty=N"'3 JN< N)LN ) JINENILN[GNN] dHN(x 3) ()

where Jy(i/N) = EJ(Uy;) or J(i/N + 1), Ly(i/N) = EL(Uy;) or L(i/(N + 1)),
Uni, (1 i< N) is the ith order statistic in a sample of size N from the
uniform distribution over (0, 1), and J(u), L(u), 0 < u < 1, are nondecreasing,
twice differentiable score functions [cf. Bhuchongkul (1964)].

For the case Jy(i/N) = EJ(Uy;) and Ly(i/N) = EL(Uy;), Sen and Ghosh
(1974) have obtained some invariance principles for {Ty} when the null
hypothesis H, in (1) holds. Their results are based on a fundamental martin-
gale property possessed by {Ty, #y} when {Ry;, 1 <i< N} and {Sy;, 1 <
i < N} are stochastically independent. Here #y denotes the ¢ field generated
by {Ry;,Sni; 1 <i< N}

In this paper the invariance principles are established for {Ty} under
alternatives. When H(x, y) # F(x)G(y), the techniques of Sen and Ghosh
(1974) are not applicable since {Ty, #y} is not a martingale. Our methods
are related to those of Chernoff and Savage (1958), Bhuchongkul (1964),
Bahadur (1966), Sen and Ghosh (1973), Ruymgaart et al. (1972), and Lai
(1975). The main argument is based on a representation of Ty as the sum of
1i.d. random variables and a remainder term which is shown to converge a.s.
to zero at an appropriate rate. The contents of this paper are as follows:

In Sec. 2, assumptions on the score functions are stated and preliminary
lemmas are presented. Section 3 deals with the order of magnitude of the
remainder term. Some invariance principles are then established in Sec. 4. In
what follows K is used as a generic constant whose values may differ from
line to line.

2. Assumptions and Some Preliminary Lemmas

ASSUMPTION 2.1. J(u) and L(u), 0 < u < 1, are absolutely continuous,
twice differentiable score functions, with

VOw)| < K[u(l — u)]*~% [LOw)| < K[u(l —w)] 7?7, i=01,2 (3)
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where

a=(1-20/2p, B=(1-2)/2q 4
forsome0<d <iandsomep,g>1withp ! +q 1 =1

We shall start with the following lemmas which are slight variations or
generalizations of some of the results of Bahadur (1966), Sen (1972), Sen and
Ghosh (1974), and which we shall need in sequel.

LEMMA 2.1. Let X;, 1 <i < N be iid. random variables, each having a
continuous c.d.f. F(x). Let U(u) be the empirical c.df. of {F(X),1 <i< N}.
Then for every ¢ > 0,

sup NY2{u(1 — u)}* V?|Un(u) — u| = o(logN)  as. (5)
Proof. Follows from Lemma 2.1 of Sen and Ghosh (1974).

LEMMA 2.2. Let Fyg(x) =0ONFyn(x)/(1 + N)+(1 - 0)F(x), 0<6<1.
Then

1 — Fy4(%) = {1 — FO)}{1 ~ 0(1)} a.s. = {1 — Fy(x)}{1 — 0(1)} as. (6)

as N —» o for FFY(N"'*Y < x < F Y1 — N™1*%) where A is an arbitrary
positive number < 1.

Proof. Follows from Sen and Ghosh (1974, p. 164).

LeMMA 2.3, Let D = (0,1) x (0,1) and let w = (u,v) € D. If H(W) is a con-
tinuous c.d.f. with uniform (0, 1) marginal c.d.f.’s, then

sup sup {|Hy(#) — Hy(W) — HW) + H(W)|:|w — w| < N~1/2}

weD weD

= O(N"3*logN) as. (7

Proof. By a straightforward generalization of Lemma 1 of Bahadur
(1966), we have

sup {|Hy(W) — Hy(®) — H(W) + H@W)|:|# — w| < N~ '?}
weD
=O(N ¥*logN)as.,

where w € (0, 1) x (0,1) is an arbitrary fixed point. Then (7) can be obtained

by the same line of argument as in Theorem 4.2 of Sen and Ghosh (1971).
LEmMA 2.4. Let0 < A< 1. Then

|[FMF7 1 = N"'"*"3))— (1 -~ N7'*H|=0(N"'*#?JogN) as. as N - co.

Proof. Follows from a slight variation of Lemma 4.1 of Sen (1972).
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3. Order of Magnitude of the Remainder Term

THEOREM 3.1. Let Ty defined in (2) be written as

3
Ty = Z AiN + RN, (8)
i=1
where
Aw= " [7, JFIILIGON dHy(x, ), ©)

A= " 7 [Fa(9) - FOW TFOILGO)]dH(x, ), (10

A= "7 [6x0) - GOILTCOVIFWIdHE ), (1)

and Ry, is defined below (13). Then, under the assumption 2.1,limy_, , N'?Ry, =
Oas.

Proof. Define a,y, by, ¢,5,and d,y by
Fla,n) = N71*4; F(byy) =1 - N"1"%;
Glew) = N30, G(dyw) = 1 = N™1+2,
where 6, = dp~ ! and §, = 6q~ 1.

Let ¢ be any positive number smaller than 4. Pick y, and y, with0 <y, <
min(é(1 + )™, (1 — 2B)(8x) ) and 0 < y, < min(é(1 + B)~ L, (1 — 2)(88) ).
Define a,y, byy, con, anddyy by Flazy) = N7, F(byy) = 1 — N7, Glcyn) =
N7 and G(d,y) =1 — N7 Let

Iy v =[ain,bin] % [c1n,din], Lon = [a2n, ban] X [can,dan].  (12)

and denote the complements of I,y and I,y by Iy and ISy, respectively.
Then from the decomposition (8) we have

17

Ry = .Zl Bin, (13)

14

where

BIN = f—oo f-oo {LN[GN(y)] - L[NGN(y)/(N + l)]}{JN[FN(X)]
~ JINFy(x)/(N + 1)]} dHy(x, y),

Bax= |, [ LINGW(»/N + D][Ix[Fa()]
— J(NFy(x)/(N + 1))]dHy(x, y),

Bow= [, [ JINFy(/(N + D]{La[Gn(»)]
— LINGN(»)/(N + 1)]} dHy(x, y),
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Bav= [ {LINGMY)/N + 1)] = LIGOTHIINFWx)/N + 1)]

I~

—~J[F(x)]} dHx(x, y),
Bsy = ff {LINGy(»)/(N + 1)] = LIG()}H{JI[NFx()/(N + 1)]

Il,N

— J[F(x)]} dHn(x, 1),
Bov= [[ LIGOWIINFM®/N + 1] - J[F(x)]

I~

— TFGTH{NF()/(N + 1) = F(x)} dHy(x, ),
Box = [ JIFGOI{LINGY()/(N + 1] - L[G()]

I~

— LTGO)IINGY()/(N + 1) — GO} dHy(, ¥)
Box = || LIGUI(INFN()/(N + 1)] — JTFG9T} dHyix, ),

Y

Bow= [[ JIFOOJLINGNO)/N + 1)] = LG(3)]} dHy(x, y)

4
Ii~

Biov = — [[ LIGO) TF®]{Fa(x) — FG9} dH(x, ),

c
IZ,N

Byuw = = [[I[FOIL GG ~ G} dH(x, y),

rd
IZ,N

Buv=[[ LIGWITFRI{Fx(x) - F)} dHy(x, y),

<4
I, w3 n

Biw= || JIFGILIGOI{GN() — G} dHp(x, ),

Iy n0 13N
Biw= [[ LIGWWTFOIIFAG) — Fld[Hn(x, ) — Hx, )],
Ia,~
Bisy= [[ JIFWILTGMIIGN() — G(1]d[Hx(x, ) — H(x, 1],
Bigw = —(N + )7 [[ LIGO)TFO)IFNG)dHy(, y),

I~
Bimw=—(N + 1)7* [[ JIFO)ILIGIGM ) dHpEx, ).
Iy~

For each 1 < i < 17, we shall show that [B; y| = O(N~'/27") for some n > 0.
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For reasons of symmetry, we do not need to treat Bsy, B;y, Bon, B11n, Bisw,
By x.
First, consider B,y. By Holder’s inequality, |B,y| is bounded by

© 1/p
(7. Ty = JINFAO/ N + 1] )
o 1/q
x (f_w [LA[GN()] — LINGN(D/(N + D] dGN(.V)) . (19

From Chernoff and Savage (1958, Theorem 2), it follows that
[Jn(1/N) — J(1/(N + 1))| < KN*%; |[JM/N) — JG/(N + 1))

< KN [®d(—\/i/K)+i"'"*], 1<i<N/2 (15)
Thus
[ e s MAIFNG] = JINFAGIAN + D] dFy(x)
is bounded by

N/2
N‘1<KN‘"’ + Y KN®[®(—./i/K) + i"'“]") < KN*p~1,
i=2

By a symmetric argument we can cover the range N/2 < NFy(x) < N.
Hence the first factor of (14) is bounded by KN©@ Y77’ Similarly the
second factor of (14) is bounded by KN®¥4~14~1 Thus

|B1N| = Q(N@P~Dp ' +(ba=1a" )
) O(N_J’_az_UZ) - O(N‘ﬂ—l/z) for n=< 51 + 52.

We now consider B,y . By (3), it is clear that LELNGy(y)/(N + 1)] < KN# for
N~' < Gy(y) < 1. Hence |B,,| is bounded by

KN [* 1Jn(Fx(9] — JINFu(x)/(N + 1)]] dF (). a7
Using (15), it follows that (17) is bounded by

(16)

N/2
KN”N*(KN* + Y KNT®(—/i/K) + i"l"’]) < KN~%-8-112,
i=2
Consequently
|Boal = O(NT"7Y2)  for 5 <8, +30,. (18)
We now consider B,y. By Holder’s inequality, |B,y| is bounded by

( f "N |JINFy(x)/(N + 1)] — J[F(x)]|"dFN(x))p_‘

QN

19
x (f:;” ILINGK()/(N + 1)] — L[GO)]f dGN(y))
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By the mean value theorem, the integral in the first factor of (19) is bounded by

[P INFAN + 1) = FJ? [ Fy o] dF (), (20)

a

where Fy 4(x) is defined in Lemma 2.2.
Let ¢ be a positive number to be specified later. By (3) and Lemma 2.1, (20)
is bounded by

O(N~??(log N)?)

% wa [FO)(1 — F(x) ] V2 Fy g(x)(1 — Fyp(x))] 77 2 dF y(x).
(21)
Pick a with F(a) = 4. Then (21) is bounded by

O(N~"(log NY?) [ [1 = F(x)]"~** Y9[ Fy ()1 — Fy 4(x)] ™" ** dFy(x)

+ O(N~"X(logNY) [ [F(9] " V[ Fyo(x)] 774+ dF ()
(22)
By Lemma 2.2, the first term of (22) is bounded by

ON-logNP) [ [1 ~ Fy(0] 7= 1DaFy(. (23

Observe that the integral in (23) tends to infinity as N — oo if and only if
(3 + « + &)p > 1. For simplicity, we pick ¢ > 6,. Then (3 + « + ¢)p > 1 and
only the case where this integral tends to infinity has to be considered. By a
simple integration, we note that (23) is bounded by

O(N™*(log NY)L — F(bin)~¥/2+*+97*1, 24
By Lemma 2.4 it can easily be seen that (24) is bounded by
O(N—p/Z(log N)p)[N— 1+8, i‘ 0 (N-— 1+45,/2 logN)]—(1/2+a+e)p+ 1

— O(N—p/Z(log N}p)N(_ 1+6)-(1/2+a+e)p+ 1]

= O(N(—1+61)(-pa+ 1)(108 N)p)N—P[2-161_¢(1_61)]

— O(N(-—1+61)(—pa+ 1))
by choosing ¢ < 8, (1 — §,)"'27 1. Clearly, the second term of (22) is also
bounded by O(N{~1+3(~re+1)) Hence, the first factor of (19) is bounded by
O(N(-1+ot—pa+ p™hy Qimilarly, the second factor of (19) is bounded by
O(N(-1*e(—af+ 147 Y Finally,

|B4N| = O(N» 1/2-61(1—-2"1p~1-4,)- 6201 +2-1q'1+62))

=O(N"""1?) for some 1 > 0.
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Next, consider Bsy. Observe that ISy = | )&, I, ;y, where
I \n= (byn,0) % (dyy, 0), I8 = (—o00,a;§) X (—0,¢1n),
I1,3x = (byy, 00) X (—00,¢1p), Iy an = (—0,a,y) x (dyy, o0),
I sy = (ayn,byn) X (dyy, ), Iy 658 = (@13, b1n) X (—0,C1p),
I)9n = (bin, ©) x (c1n,d;n), I, sy = (—00,a;n) X (c1n,d1n)-

Define

Ba= [[ {t| ey |- cteonlo| s - strenfaris .

Then Bsy = Zis=l Bsx.
First, consider Bs ;. By Holder’s inequality, |Bs; , N| is bounded by

© 1/p
( fb " MINFx()/(N + 1)] - J[F(x)]l”dFN(x))
(25)

. /g
x ( [ ILINGW(M/AN + 1] ~ L[G(y)]] dGN(y)) .
The integral in the first factor of (25) is bounded by
K ﬁ,w,, WMINFx(x)/(N + D)]PdFy(x) + K L‘”N WIFG)]JP dFy(x). (26)
By (3), the first term of (26) is smaller than
K [ [1 - NFy(N + 1)] 7 dFy(x),
which upon integration equals
K(1 — N(N + 1)"'Fy(by)) P21, 27
Lemma 2.4 now implies that (27) equals
K(1 — N(N + 1)"}(F(by) £ O(N~1*%/2]og N))~P*+1 = Q(N{~1*o-pat1)y

Next the second term of (26) which can be written as —K [ [J[F(x)]|?
d[1 — Fy(x)] is bounded by

KPIFGOIPLL - Frubw] + K [ [ = FaGaIVIFeIP | LF(0)]| dF ()
(28)
upon integration by parts.

Now using (3) and some routine computations, it follows that the first

term of (28) is bounded by K(1 — F(by)] " 7*[1 — F(by)+O(N~**%/2]og N)] =
O(N(_ 1+31)~pat 1))'
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By Lemma 2.1, the second term of (28) is bounded by
K [" [1 = FIW(Fe)|P~ '(F()| dF(x) + O(N~*1og N)

x [ [1 = FG] ™ VHIE)|P ™ F))]| dF) (29)
where ¢ is any arbitrary positive number.
Now using (3), it is easy to verify that (29) is bounded by
K ﬁ, ® [1 — F(x)] " dF(x) + O(N~!*1ogN) ﬁ ® [1 — F(x)]~Y2~*~* dF(x)
< O(N(— 1+8))(—pa+t 1)) + O(N— 1/2 log N)(N(- 1 +6,)(1/2-pa—c))
= Q(N{"1+o(=pat D)) if e<d8,(1—6,) 1274

It is now clear that the first factor of (25) equals O(N(~1*%(-pa+1p™ Yy Qim_
ilarly, the second factor equals O(N‘~!*2)(-4f*14™") Hence |B; x| =
O(N~"~Y%) for some n > 0.

Using the same arguments, |Bs ;x| can be shown to be equal to O(N ™"~ /%)
forsomen >0,i=1,...,8.

Next, consider B, y. By (3), it is easy to verify that L[ G(y)] is bounded by
KN?Q~% for y e [c,5,d,n]. Hence, |Bgy| is smaller than or equal to

KN# =% [ JINFy(/(N + 1)] - J[F(x)]

anN

— JFx)INFMx)/(N + 1) = F(x)]|dF p(x). (30)
Using (30) and the mean value theorem,
[Box| < KNP =2 [*™ ([NFy(0)/(N + 1] = F}"(F, (0| dF 5,

(1)

where Fy , is defined in Lemma 2.2. Next, (3) and Lemma 2.2 imply that
(31) is bounded by

N#I=30(N ™ Y(log N)?) [ [1 = FG)]t ™21 = Fy ()] ™2 ~*dFy(x)
+ NPU=90(N~Ylog ) [ [FO)] ™ [Fys(0)] 2 *dFx(9) (32)
for all ¢ > 0. By Lemma 2.2, the first term of (32) is bounded by

NPU=90(N~Hlog N)) [ [1 = Fy(x)] 1 ™= %dFy(x)  (33)
which, on integration, equals

NAQ —az)o(N— ‘(log N)Z)O(N(l —d 1 )at 2e)) = O(N—r,- 1/2)
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for some n > 0 since ¢ can be chosen to be smaller than (6, + d, + ad;, +
B6,)27 (1 — 8,)” . Similarly, the second term of (32) equals O(N "~ 1/%)
for some 57 > 0. Hence |Bgy| = O(N "~ '/?) for some # > 0.

Consider Bgy. Define

Bow= [[ LIGWHIINFN)/N + 1] = JIF(x)]} dHy(x, y)
Ii,iNn
Then Bgy = Z?= 1 Bg,in-
By Holder’s inequality,

1/p
|Bs,1N| < (LTN IJ[NFN(x)/(N + 1)] - J[F(x)]‘ﬂ dFN(x)>

1/q

«(f 1t6onpdoun) (4

The first factor in (34) is identical to the first factor of (25), which has been
shown to be equal to Q(N{~1+o(~re*+r™Y) Qince the second term of (26)
is bounded by O(N{~1*3(~ra*+1)) it follows easily that the second term of
(34) is bounded by O(N(~**)-48+1a"") Thys |Bg x| = O(N """ '?) for
some 7 > 0. By similar treatments, we see that |Bg ,xl, |Bs,3n|, and |Bg 4l
are all equal to O(N "~ 1/2) for sufficiently small 7.

By Holder’s inequality, |Bg sy| is bounded by

( [2 INFy/N + 1)) - J[F(x)]l"dFN(x)> ( [ |L[G(y)]|‘*dG~<y)>

(35)

The first and second factor of (35) are respectively equal to the first factor
of (19) and the second factor of (34). Therefore, |Bg sy| = O(N ™"~ '/3) for
some 7 > 0. Similarly, |Bg ¢y| = O(N "~ '/2) for sufficiently small ».

Consider Bg ,x. By (3), L[G(y)] < KN#'~% for ye [cyn,d;5] Hence
|Bs, 7| is bounded by

1/q

K NB(1-82) J;TN [JINFn(x)/(N + 1)] — J[F(x)]| dFn(x). (36)

Recall that the first factor of (25) is equal to O(N(~ 1 +e(~pe+ P71 ¢ is easy
to deduce that the integral in (26) equals (N~ **(=2r* D) Hence |Bg 75| =
O(NPFA -8 +(~1+d)=ap+ 1y — O(N~""1/2) for some n > 0. One can treat
Bg gn by using the same line of arguments. Finally, |Bg x| = O(N ™"~ '2) for
sufficiently small #.

Consider By . Write IS y = )= 1 I5,v, Where I 1y = (byn o) X (dan, )
I 2N—(— 00, @yn) X (— 0, C35), 13,38 =(b2n,) X (— 0, Can), I an=(—0,a,y)
X (dan,0)s 12,58 =(a2n,b28) X (don,0), 12,68 = (@25, ban) X (—00,C28), 12,78 =
(b2n,0) X (C2n,d2n), 12,88 = (—00,a,y) X (C2n,d2n).
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Define
Biow = — [[ LIGOTFOI[Fy(x) — FX)]dH(, ).

In,in

Then
8
Bm,N = Z BlO,iN'
i=1
By Holder’s inequality, |Bj o ;5| is bounded by

(J;:N |V [Fx)][Fn(x) — F(x)]|*7e* 0 dF(x))(p o

w 1/2¢q
* (fa,,, ILLG()]* dG(y)) (37

Letv=(a+¢e+ 32p/(p+ 1) =(x + &+ H/a+ &, +%).Pick0 < ¢ < §, and
note that $ <v < 1. Lemma 2.1 and (3) imply that the first factor of (37)
is bounded by

. (p+1)/2p
O(N~121og N) ( [ 1= oo dF(x)) : (38)
which equals
O(N~12]og NN~ =M@+ 1I2p) = (N"""Y2)  for some n > 0.
Again by (3), the second factor of (37) is bounded by

o 1/2q
K( [ 1= G2 dG(y)) ,

which, on integration, equals O(N ~?2(1~269/2¢) = O(N ") for some n > 0.
Hence |B,,15] = O(N ™7~ 1/?), By similar arguments, |B;o | = O(N™""1/?)

fori=..., 11. We now consider By, 5, which can be decomposed as
8
B12,N = Z BlZ,iNa (39)
i=1
where

Buw= || LIGOWIFONFNx) - F)]dHy(x 3. (40)

Iinelain

It is easy to check (by Holder’s inequality) that

bin |, 2o )\
1Buzanl < [ WTFGIFN() — FG0)|

2N

1/2q
x ( [ Li6(n)e dGN(y>) : @1)



32 Madan L. Puri and Lanh T. Tran

Using (3) and Lemma 2.1, the first factor of (41) equals

by (p+1)/2p
ON- 1/210gzv)< [~ —F(x)]'“dFN(x)> , “2)

ie.,

b (p+1)/2p
O(N-I/Z log N)(_J‘b::' [1 _ F(x)]_vd[l — FN(X)]> . (43)

Now integrating by parts and using Lemmas 2.1 and 2.4, we obtain, after
routine computations, that (43) equals O(N™") for some #. Similarly the
second factor on the right-hand side of (41) equals O(N ~") for sufficiently
small n. Thus |B,, ;5| = O(N ™"~ "/2). The proof that the other terms in (39)
equal O(N ~"~1/2) is similar and therefore omitted.

Next we consider B, 4 y. First, observe that the rank of X; (and Y;) among
X4 ..., Xy(and Yy,. .., Yy) is the same as the rank of F(X,;) [and F(Y))]
among F(X,),..., F(xy) [and F(Y),..., F(Yy)]. Following Groeneboom
et al. (1976), we define H(u,v) = H(F~'(u), G~ }(v)) for (u,v) €(0,1) x (0, 1).
Clearly, H(u,v) = P({F(X) < u, G(Y) < v}) so that it assigns mass 1 to the
unit square and has uniform (0, 1) marginal distribution functions. Without
loss of generality, we can then assume that H(u, v) has uniform (0, 1) marginal
distribution functions.

For reasons of symmetry, it is enough to consider

Ll/;N_h fll/;N_h L)' (W[ Fyw) — u]d[Hy(u,v) — Hu,v)]|. (44)

We now show that (44) is equal to O(N ™"~ '/2) for some n > 0 by extending
a method used in Sen and Ghosh (1974).

Define I, y; =[5+ (— )N V23, 5+ iN"Y?],i=1,2,..., N} — 1, where
N¥* is the largest positive integer such that $ + (N¥ — )N" 12 <1 - N7,
Deﬁne Iiwvwe =3+ (Nt = DN, 1 — N7, uy, —7+1N 12 0<i<
N* -1, uNN--l—N "1, Define TzN, 3+ —-DNS +]N 1 j=
1,2,...,N%¥ — 1, where N¥ is the largest positive 1nteger such that % +
(N*— )N-t<1—N-7. Define I, v =[EH(NE—DON"4 1 - N"7], vy, =
2 +1N % 0<j<N%~—1, vyys=1— N772 Observe that N*¥ = O(N1/?),

O(Né) Let Iy, —TlleI“,,,l—l N j=1,...,Ns. fuel, v,
then J(u) = J'(uyy) + O(N~2)0({1 — uN,} 2_"‘) and by Lemma 2. 3,

Fy(u) — u = Fy(uy) + O(N~3¥*1log N) ass.

If vel,y;, then L(v) = L(vy) + O(N"9)O({1 — vy;} ™' 7%). Note that for
b, by € [3,1 — N77], |L(t)| < KN"® and {1 — vy}~ 1~F < N»4+0_ It i
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easy to see that (44) is bounded by

N3 Ny
2. 3 Fatun) = 1 ) [L o)

f J' d[Hy(u,v) — H(u, v)]

Inij

+ ¥ [Pt ~ sl |7 | O(N =K N300 0
i=1

x|fo [ dlHNw0) — Hew0)]

+ Z [Fr(un) — uniO(N~YH0({1 — uy,} 2" 9K N"#

x| .., dTHA(w 0) — Hew )]

+ Z O(N~**1og N)|J (u|KN"* [0 [ |d[Hwv) — H(w0)]]

+ Z O(N~3*1og N)O({1 — uy;} ~2")KN"$
f o Jr,,, 180w, 0) — HGs )]}

(45)
Consider the first term of (45). Observe that

ff d[Hy(u,v) — H(i, v)]

Inis

< |HN(“Ni’UNj) — HN(“NE—I”UNj) ~ H(uy;, UN,') + H(“Ni—l"ij)l

+ IHN(uNi— 1’UNj- )= HN(uNi’ij— 1) — H(uy; - 1'Unj- 1) + H(uy; UNj 1)|
(46)
Lemma 2.3 implies that (46) is bounded by O(N ~¥“log N).
Using (3) and Lemma 2.1, it is easily seen that the first term of (45) is
bounded by

o<N-5/4<1ogN>2>('§ - uJ'>(z i vN.-]-ﬂ) @
i=1 j=1

for any £ > 0. Note that if ¢ is small enough, then 4 + a + ¢ < 1. Hence

NI N}
z [1 _ u~'_]—1/2—¢—e < Z (iN-I/Z)—llz—a—z — O(N—UZ). (48)
i=1 i=1
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Also note that

J

N} N;
S [1-o] < 3 GN9 = 0V

Since ¢ < 4, we see that (47) is equal to O(N "~ 1/2) for some # > 0. It can
similarly be shown that the other terms in (45) also equal O(N ~"~/2). Hence
|B1a,n| = O(N~""1/?) for sufficiently small .

Next consider By y. For y € [¢,y,d 5], L[G(y)] < KN#1 7%,

[Bignl < (N + )7 KNP [* [1 — F(x)] ™' % dFy(x)
+ (N + )TIKNFE0 (7 [F(x)] 1 dFy(x). (49)
Lemma 2.2 implies that the first term of (49) is bounded by
O(N =148 =00) [P [1 — Fy(9] 1~ dF () (50)
Also the integral inside (50) equals O(N* ~%Y), Thus Eq. (50) equals

O(N~V2-8i=0=Bh=abyy = O(N"1"Y2)  for 5 <8, + 6, + 6, + abd,.

Similarly, the second term of (49) equals O(N ™"~ /2) for sufficiently small 7.
Hence |By ¢ 5| = O(N ™"~ 1/2). The proof of the theorem is now complete.
Now set

p= {7 [ JIFOILIG(]dH, y) (51)

and

0% = var (J LFX)IL[G(Y)]
+ ff © ff’ . [x(x) — F)JJ[F(x)L[G(y)]dH(x, y)

+ {77, 69 ~ GOWIF@ILTCON dH(x, y)),

where ¢y (x) = 1(¢y(y) = 1) if X < x(Y < y) and is zero otherwise. Then we
have the following result.

THEOREM 3.2. Under the assumption 2.1, NYX(Ty — p)-> N(0,6?) as
N — o0, uniformly with respect to H(x, y).

Proof. From Ruymgaart et al. (1972), N'2Q X, Ay — n) 4 N(©,0?)

uniformly with respect to H(x,y) as N — oo. Since (by Theorem 2.1),
N'2Ry -0 as., the proof follows.
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4. Invariance Principles

As a consequence of Theorem 3.1, we have the following law of the iterated
logarithm.

THEOREM 4.1. Under Assumption 2.1,
limsup NY3(Ty — u)/(2loglog N)}/? = g as.,
N—o®
liminf NY3(Ty — p)/(2loglog N)}'? = —¢ a.s.
N—=+ o
Proof: It can be shown that ) 7., A, y is the average of N independent

and identically distributed random variables, each having mean u and
variance o°. Hence

3
lim sup N1/2 I:(Z Ai,N> - ,u:l/(2 loglog N)¥? = g as.,

N-ow i=1

3
lim inf N1/2 [(Z A,.,N> - uJ/Q loglog N)'/?2 = —g¢ a.s.

N—© i=1

Also by Theorem 3.1,

limsup NV?Ry =0 as.

N—-w®

The proof follows.
It is also easy to establish the following.

THEOREM 4.2. Let Wy = NY3(Ty — p). If Assumption 2.1 holds, then
N~12Wyy/e, 0 < t < 1, converges weakly to the standard Wiener process.

Both Theorems 4.1 and 4.2 have useful applications to sequential tests for
independence. Along the lines of Sen and Ghosh (1973), a class of sequential
tests having power 1 and arbitrary small Type 1 error can be constructed for
testing H(x, y) = F(x)G(y). The invariance principles obtained here are useful
for the study of the asymptotic properties of these tests, especially when the
null hypothesis does not hold.
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ON THE DEGENERATION OF THE VARIANCE IN
THE ASYMPTOTIC NORMALITY OF SIGNED RANK
STATISTICS
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The purpose of this paper is to establish the asymptotic normality of simple linear signed rank
statistics Sy considered by Huskova (1970), Koul and Staudte (1972), and Puri and Ralescu (1980)
for the case when the score-generating function is discontinuous and Var(S,y ) compared with the
variance of Sy under the hypothesis of symmetry is allowed some degree of degeneracy.

The results obtained are extensions of those by Hajek (1968), Dupa& and Hajek (1969), Dupat
(1970), Koul and Staudte (1972) and Puri and Ralescu (1980).

1. Preliminaries

Let Xy,,..., Xyns N=1 be independent random variables, with continuous distribu-

tion function Fy,,..., Fyy respectively, and let Ry, be the rank of |X,,| among
| Xwils-- - | Xyn|- Consider the statistic
N
Sy = 2 cnian(Ry;)sen Xy, (1.1)
i=1
where ¢y, ..., cyy are known regression constants, ay(1),..., ay(N) are scores and

sgnx=1if x=0, sgn x=—1 if x<<0.

For simplicity of notation, we shall drop the subscript N in Xy, cy; and Ry, in the
sequel.

In order to study the asymptotic behavior of Sy, the ratio Var(Sy )/ ¢ plays
an important role {see Hajek (1968), Dupa¢ and Hajek (1969), Dupac (1970) and
Koul and Staudte (1972)). For the case of the unit step score-generating function
Y(1)=1 for t=v, Y(1)=0 for t<v (0<v<l), under suitable conditions on the
distribution functions and regression constants, we shall prove that if the ratio
Var(Sy )/ZN  ¢? goes to zero at most at the rate N ™ for some 0<a <%, then S,
is asymptotically normal with natural parameters ( E(Sy ), Var(Sy )) as well as with
some other simpler parameters (u};, 02).

We assume that the c¢,’s satisfy the condition

N
max c?/ D c2=0(N~?). (1.2)

I<i<N i=1
i=

37
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Let F*(x) be the distribution function of |X;} and define
1 N
Hy(x)=5 2 F(x),
NS
Hy~'(6)=inf{x: H}(x)=1}, 0<i<l,
L(ny=F(H*"'(1)), 0<it<l,
M(t)=—E(—H*"(1)), 0<t<1,
G()=F(H*"\(1))=L(1)+M(1), 0<:<l. (1.3)

Assume that the scores are generated by a function Y(t), 0<<z<Cl, either by
interpolation

ay(i)=y(i/(N+1)), I<i<N (1.4)

or by a procedure satisfying

N
2 lan(i)=y(i/(N+1))|=0(1). (1.5)
i=1
If E€(0,1) represents a jump point of the score-generating function ¢, then for
every K=>0 we assume the existence of the derivatives L/(¢) and M/(z) in the interval
[t—o|<KN ~'/2Lg'/?N and the satisfaction of the following conditions.

max |L;(1)]=0(1), (1.6)
Jmax [M(1)|=0(1), (1.7)
max Sup  |Li(1)—Li(v)|=O(N~Lg'N),  (18)
I<is<N ]r—v|<KN“/2Lg'/2N
max_ Sup |M/(t)—M(v)|=O(N 2Lg'/?N). (1.9)
<i<

[t—o|<KN ~1/2Lg'/2N

Another condition concerning the G;’s that we use is:

N
llivmian 1S G, (v)(1—G,(v))>0. (1.10)
—® i=1
Sometimes, mainly for purposes of applications, we replace (1.6)-(1.10) by the
following condition which is easier to verify:
Suppose that each F, has a density f,. For each e>0 denote I, =(H* '(v)—
e, H*7'(v) +e).
Suppose that there exist ¢, ¢,, &, =0 such that:

(@
1}1'Vmi'an;,"‘(u)>0, (1.11)
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(b) f/(x) are uniformly bonded (in x,i, N) on [ U(-1,),
(c) forall N=1,

%Card{lsisN: inf fH(x)>e ) >e

&

where f* is the density of F}*.
The last condition that we require concerns some possible degeneration of
Var(Sy ) in the form

N
liminf Var( S )/(N'“ » c,-2)>0 (1.12)
N> oo

for some 0<a<<1.
Alternatively we shall assume that (1.12) holds with Var(S, ) replaced by some

approximate variance o3:

N
1iminfa,3/(1v““ > c,?)>0 (0<a<i). (1.13)

Nooo i=

2. Main theorems

Let u(t) be 1 or 0 according to =0 or ¢<<0.
The main result of this paper is the following theorem:

Theorem 2.1. Ler Sy given by (1.1) have scores given by (1.5) where (t)=u(t—v),
0<ov<l.

Then Sy is asymptotically normal with natural parameters (E(Sy ),Var(Sy)) if
any of the following sets of conditions is satisfied:

(CH):(1.2), (1.6), (1.7), (1.8), (1.9), (1.10), (1.12),
(C):(1.2), (1.11), (1.12).

Proof. We show that Sy is asymptotically equivalent to its projection .f; onto the
space of linear statistics and then that §; is asymptotically equivalent to a sum of
independent random variables to which the Lindeberg central limit theorem applies.
Let us begin by assuming that scores are given by (1.4) and that (C;") holds.
First we would like to derive an upper bound for the residual variance E(Sy —
Sy )%, where:

~

+
N

E(Sy 1X)~(N-DE(Sy ).

M=

H
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This will be accomplished by using the Residual variance inequality [see Hajek
(1968) and Koul and Staudte (1972)]:

E(Si —$7 V< S E(a(R? )~ E(a(R)|X,))

i=1

+ > c,cj{E(sgn Xsgn X,Cov(a(R} ), a(R} )X, X;))
iF&j

+E{sgn X;sgn X[ E(a(R] )X, X;)—E(a(R;)|X;)]
X [E(a(R; )X, X;)—E(a(R} )(X;)]}

S Cov{E(ssn Xa(R? IX,), E(sgn X,a(R})ix,)) .
k£, j

We investigate each term in the above inequality. The proof is divided in several
steps:

Lemma 2.1. Let x, yER. Then for each K, >\6 there exists a K, =% such that for
all N>Ny(K,) we have

(i) v—H*(x)>K\N " '’Lg'’N=P(R] 2V|X,=x, X,=y)<N %,

(i) v~ H*(Jx)< —K,N "’Lg'’N=P(R; <V|X, =x, X, =y)<N =% where V
=[(N+ Do]. ([-]1=integer part).

Furthermore, (i) and (ii) remain true even when the condition X, =y is omitted.

Let

D=N"' 3 G(0)(1-G,(v)).

Lemma 2.2. Suppose that |v— H*(|x|)| <K, N ~'/2Lg'/2N. Then for sufficiently large
N, we have
(i)

FX(x)(1— F*(x))) ~ ND?| < K,N'V*Lg /A,

iz

1

(i H Vi S R, 3 E0-EG0)|

N
—4>(Nv; S F,.*(|x|),ND2) <K,N 'Lg'/’N,

i=1
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KRS

(i) 1<I>( Vi ‘F,-*(lxl), _gl Ex(Ix)(1 —F.-*(IXI)))

N
—(I)(Nv; > F,.*(|x|),ND2) <K,N~'Lg'/’N
i=1

i=

where ¢(x; pt,0%), ®(x; p,0?) denote the normal density, respectively the normal
distribution function with parameters (p,0%).

The proofs of Lemmas 2.1 and 2.2 are analogous to those of Lemmas 5 and 6 of
Dupat¢ and Hajek (1969) and are therefore omitted.

Lemma 2.3. For N— o0, we have
E(a(R;)~E(a(R])|X,)) =o(N ~°)
uniformly in 1<<i<<N.

Proof. Let v "(X,)=E(a(R;)|X,)—[E(a(R})X,)]>. Then, by conditioning, we
obtain

E[a(R;" )~ E(a(R})|X)]*=E(v *(X)).
Now, by definition
E(a(R}")|X;=x)=P(R} >V|X,=x).

Thus

v *(X,=x)=P(R} >V|X,=x)-P(R] <V|X,=x).
Let I={x: |[H*(|x|)—v|<K,N ~'/?Lg'/>’N} with K, >V6. By Lemma 2.1, if x&[

we have:

v (X, =x)<N %2 forevery N>Ny(K,), K,>1.

On the other hand, if x €I, then since P(R; = k|X;, = x)= Bi(k,

F¥(|x|),.... F%(}x])) (in the notation used by Dupa¢ and Hajek (1969)) we obtain,
using Lemmas 2.1 and 2.2, that

v (x=0={ I Bk Fr(x)..... B (D)

k>V

x{ 2 B Fr(x).... Fi(xD)

sV

H*(|x])—v H*(|x])—v \
= ... .=¢| "7 ~ _l V" —1/27 4172
q>( I ){1 qa( o )}+01N Lg' AN

for sufficiently large N, |6,|<K,. Here @ denotes the standard normal distribution
function. We use ¢ for its density function in the sequel.
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We observe that the last equality remains true even if we enlarge I to
I'={x: [H*(|x|) —v|<K,DN ~'/2Lg'’N},

where K, is such that Ky =%1/2K, with K, <D< .
Now, using (1.6)—(1.9) it is easy to show that

N~\2Lg /AN [ 6,dF(x)=0o(N ~°)
g

and

f;,‘b(m){]—@(m)}dﬁ(x):o(zv—a)

DN—|/2 DN—I/Z
uniformly in 1<</<<N. Hence
E(v *(x;))=0(N ~*) uniformly in 1 <i<N
and the proof follows.
Lemma 24. For N — o0 we have
E{sgn X;sgn X[ E(a(R;)|X;, X;)—E(a(R")\X,)]
X [E(a( R )X, X,)~ E(a( R )X, )]} = ol 1),

uniformly in 1<i, j<N,
The proof of this lemma is similar to that of Lemma 2.3 and is therefore omitted.

Lemma 2.5. For N— co we have
E[sgn X,sgn X,Cov(a(R; ), a( R} )|X,, X;)]
=N "'DX(Li(v) = M(0)}( Lj(0) = Mj(v))+o(N "' ")
uniformly in 1<<i, j<N.
Proof. We have
A*=Cov(a(R} ). a( B )X, =x, X, =)
P(R} >V|X,=x, X;=y)P(R} <V|X,=x, X,=y),
if [x] <[y,
P(R} >V|X,=x, X,=y)P(R} <V|X,=x, X,=y),
if |x{=y|-
Let K, >v6. Denote
1={(x, y): max(|H*(|x|) —o|, [H*(ly)) —o|)<K,N ~'/2Lg'/*N }.
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By considerations as used in the derivation of (4.11) and (4.12) in Dupa¢ and
Hajek (1969) we obtain:

<N %2 for(x, y)&I, N>Ny(K,)
_{H*(x])—v H*(p))—v —1/27 1,2
—‘D(W){l-q)(—T/z +02N /Lg/N
for N sufficiently large, (x, y) €1, |x| <]y
A*(x,y)y and|6,|<K, (2.1)
H*(y))—v H*(|x))—v 1
=@ XY "¢ 2L 7 —1/2] ,1/2
o S ){1 of T )}+03N Lg'/ N
for N sufficiently large, (x, y) €1, |x|=|y|
| and |6;|<K),

where K, = 3. We note that the equality in (2.1) remains true even if we enlarge I to
I' where

r={(xy): max(|H*(|xl)—v|,|H*(Ly|>—v|)<K9DN-'/ZLg'/ZN}

where Ky, = K1/2K8, Ky<D<
We have, using (2.1) that

E(sgn Xsgn X,Cov(a(R;"), a(R}))IX,, X;)

-[f Sgnxsgny(p(M)
ragxd<p DN /2

—

_Q(%)}dﬁ()‘)df}()’)

(22)
+fj;ln{|x|>wsgnxsgny(b(%){1—({)(HLR;E)}dE(x)df}(y)

DN

+N"/2Lg‘/2fo sgn xsgn y0,(x, y)dF(x)dF,(y)+6,N ~%
.

with |6, <K, |65 <1.

The last two terms are o( N ~! %) uniformly in i, j as follows by using (1.6)-(1.9)
and K, =3. It remains to estimate the first two terms.
Denote the first term by 9. Consider

o o 2 o

where

x>0
Axy={(x,y): yiO,max(lH*(x)—-v|,lH*(y)—v|)<K9DN_'/ZLgl/zN}.
X<y
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Set
_H*(x)-v _H*(y)-v
T pN-12 9= DN__VZ ,
and
={(7.q): max(pp|.|q)) <K,Lg'/*N)}.
Then
ff ®(p)(1—-®(q))dL,(v+DN V?p)dL,(v+DN ~'/%g).
"0 {p<q}

Let Q=I"N{p<gq} and @*={p<qg}\Q. Then using (1.6)-(1.9), one can easily
show that

3,=DN"'Li(0)Lj(0) [ [ @(p)(1-8(9))dpdg+o(N~'"0)  (23)

uniformly in 1<<i, j<N.
Let Q¥ =Q*N{ p> —4q}. Then, by Fubini’s theorem we have:

N —'jfﬂfb(p)(l —‘D(Q))dpdq:N_’waLgl/zN(l—(D(q))(qud)(p)dp)dq

<INT'[T q@(—q)dg.
fkngqu (—q)dq
Using integration by parts it follows that:
N"ff o(p)(1-2(g))dpdg=o(N ~'72). (2.4)
a
Similarly we can show that:
N[ o(p)(1-2(g))dpdg=o(N ~17%) (2.5)
03

where 0% =Q*\Q7.
By (2.4) and (2.5)

DN ~'Li(0)Li(0) f [ @(p)(1-®(g))dpdg=o(N ') (26)
From (2.3), (2.6) and the fact that
ff(p<q}¢(p)(l—®(q))dpdq=%

we obtain:
"J]=%D2N“L;(v)Ljf(u)+o(N“"") (2.7)

uniformly in 1<<i, j<N,
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Let
Ao
:fj;,,ﬁ(p<q}_q’(P)(1"1’(4))dMi(v+DN—'/ZP)dLj(v+DN~l/zq)
where

x<0
Bxy:[(x,y): yzo,max(|H*(—x)—v|,|H*(y)—v|)<K9DN“/ZLg‘/ZN},
~x<y

ff ( H:)(N fl)/z y ){1 <1>( ED(I;—fI);—E)} dF(x)dE(y)
and H*(x)—y H*(—y)—v

=S, o v ) ol o |fereosr

where
x<<0

C,=1(x,y): y<0 ,max(|[H*(~x)—v|,|H*(—y)—v|)<K,DN ~'/’Lg'/’N
—x<-y :

and
x>0

D,,={(x,y):y<0 ,max(JH*(x)—0|,|H*(~y)—v|)<K,DN ~'/?Lg'/?N .

x<—y

We now repeat the steps used in the derivation of (2.7), this time applying them to
95, 95 and 9, to obtain

J,=—4D*N " 'M(v)Lj(v)+o(N~'7*) uniformly in 1<i, j<N,
=1D*N "'M/(v)M/(v)+o(N ~'"*) uniformlyin 1<i, j<N
and
Ts=—3D*N "'Li(v)M/(v)+o(N ~'~*) uniformly in 1<<i, j<N.
Thus
T=, 49,49, +9, = DN~ Li(0) ~ M) Li(0)~ M(0))+o(N ~17)
uniformly in 1</, j<N. (2.8)

Proceeding as above, it can be shown that the second term of (2.2) is the same as
(2.8). The proof follows.
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Lemma 2.6. For N— oo we have ( for is~))

2 Cov{Elsen Xa(RT)IX), E(sgn X;a(R}")|X,)} =

=DN ~(Li(v) = M{(0))(L;(0) ~M;(0)) +o(N 7177
uniformly in 1<<i, j<N.
Proof. By Lemma 3.2 in Hajek (1968) we have
E(a(R/ )sgn X;|X,=x, X, =z)—E(a(R/ )sgn X,|X; =x)=
=sgn x[u(lx| = |z]) = Fx(Ix)]- P(R] =V+1|X; =x, | X, |=|x| - 1).
From Lemma 2.1, we have
P(R} =V+1|X,=x, | X, |=|x| - 1)<N % (2.9)

for some K, >3 and all |H*(jx|)—v|=K,N ~1/2Lg!/?N.

Furthermore Lemmas 2.1 and 2.2 imply:

N
P(R! =V+1X,=x, |X,|=|x|—1)=¢| Nv; ¥ F*(|x|), ND* | +6,N ~'Lg'/*N
j=1
for some |6;| <K 5 and all |H*(|x|)—v|<K N ~'/2Lg!/2N.

As before, the last equality remains true even if |[H*(|x|)—v|<KyDN ~'/2Lg'/?N.
Let

I'={x: |[H*(jx|)—v|<K,DN ~'/2Lg'/’N}.
Then
E(a(R] )sgn X|X, =z)~E(a(R} )sgn X,)=

= [sen x[u(ix|~|z)) — F(1x))]
XP(R =V+I1|X,=x, |X,|=|x| - 1)d F(x)
=[(--)dFx)+ [ (---)dF(x).
r R\
The second integral is o( N 7' ™%) by (2.9), while the first is equal to

f ,sgnx[u(|x|—|z|)—Fz(|x|)]¢(Nv; 3 Ex(ixl), ND? | dE(x)

Jj=1
+ [ sgn x[u(lx|=|z)) ~ F(x)] 6,V ~'Lg' N d F ().
”
In the last expression, let us denote by I the first term and Jy the second.
From (1.6)-(1.9) and the Mean Value Theorem, it follows that:

max Sup |G (v+DN~?p)—G,(v)|=0(N ~2Lg"/?N). (2.10)
I<k<N [pISK,,,Lg[/ZN
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Then it is easy to show that

DN G,(v+DN~"2p)o( p)dL(v+DN ~V/2p)=
(Pl <KsLg'/?N)

=DﬂN—vq' G (v)o(p)dL,(v+DN~V2p)+o(N ~179)
{lpl<KoLg'/*N}

uniformly in / and k.
We write

g=D"'N"!/? - )dF(x
3 ‘[(x>0:|H‘(x)—u|<KgDN“Vng’/ZN}( ) ( )

+DOIN2 - )dF(x
LX<OJH%_”ﬂM<K¢W-V%£ﬂN; )dF(x)

=9 +9/.

We have:

J=N ~IL;(U)‘/;IPISK Lgl/lN)[u(p—q)~G"(v)] ¢o(p)dp

+N 7IO(N " V2Lg'2N)

L [P~ @)= G(v)]¢(p)dp
(Ipl<KsLg"?N)

+o(N ~17%),
In the last expression, the second term is o(N ~!~*) while the first is equal to

N7L(0)[1-®(g) = Gi(v)]

~N L) f

. [u(p—a)—Gi(v)](p)dp.
(Iol> Ky Lg' 2N

But

Naf:Lg./zN[“(P—Q)‘Gk(v)]¢(p)dp <

<N [" 4(p)dp=N®(—K,Lg'/?N) -0
KslLg!?’N
and we obtain:

Ty =N""Li(v)[1-2(q)—G,(v)] +o(N ~'7%)

uniformly in z, 1 <i<XN, where g=(H*(|z|)—v)/DN ~'/2.
Similarly

3= ~N—‘M;(°)[1“‘D(‘I)—Gk(v)] +o(NT1T9).



48 M. L. Puri and S. . Ralescu
Also, it is easy to check that %, =o(N ~'~*). Hence
E(a(R} )sgn X,|X, =z)—E(a(R; )sgn X))
=54+, +o(N'7%)
=N"U(Li(v)=M(0))[1-2(q) —Gi(v)] +o(N ' 72) (2.11)

uniformly in — oo <z<o0.
We now show that under (1.6)-(1.9)

—p —1/2 — —a
0 (1-0()46 (0 +DN ) =G (o) +o(N ). (21)

Indeed, using integration by parts

_ DN —'/2 -
o (170(@)dG(o+DN /i) ~Gy(0)=
-V

_ 1—-v
_[l—q)( DN“/Z)]
® —12
+f [I(—(v/DN"/z),((l—v)/DN"/l))(q)Gk(D+DN q)—Gk(v)]qb(q)dq.
— 00

Let @ denote the last integral in the above relation. Then:

@= ("-)4>(q)dq+f (--)e(g)dg=8@,+@Q,.

(lgI>Lg"/*N) {lg=<Lg'/*N}

Since
N"‘/w ¢(q)dg=N"®(—Lg'/*N)—>0
Lg'’N
and

CAIES d
LR RN L,

it follows that @, =o( N ~“). On the other hand, (2.10) entails for sufficiently large N
that:

|N“C~B2|<N"/;| - I/ZN}|Gk(v+DN_'/Zq)—Gk(v)|¢(q)dq
U4 g

=0O(Ne"12Lgl/2N).
Thus &, =o(N ~°) and we get
@=@,+@,=o(N9).
This, together with the fact that
1—@(51%:_"’7):0(1\/—“)
proves (2.12).
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Similarly we can show that

—p -172 B .
—(]L)/D)}:I_-)‘)jz (l—tb(q))2de(v+DN ‘/zq):Gk(v)+o(N ). (2.13)

Finally, using (2.11), (2.12) and (2.13) and proceeding as in Dupa¢ and Hajek
(1969), the proof follows.

By Lemmas 2.3-3.6 and the Residual variance inequality

E(Sy =Sy )2=0(N"‘_)§VI c,z). (2.14)
Let us show now that
E{q’(%)—u(v—m(m»} —o(N %), 2.15)

The left-hand side of (2.15) equals I, +1, where
L=/ ®2( p)dG,(v+DN "V/2p)
—v/DN ™2

- f_ow[1(_0/0,,-1/:_0)(p)G,(o+DN ~'2p)=G,(v)|29(p)é(p)dp

and
I, :j(;“_”)/DNil/z[l —(D(p)]szi(u+DN~1/2P)
— 2 (1-0) ® —1,2
= _DN_'/Z +j(; [I(o,((l—o’)/DN*‘/2))(P)Gi(U+DN P)_Gi('-’)]

x2®(—p)eo(p)dp.

Then, proceeding as in the derivation of (2.12) and (2.13) it follows that I, =
o(N ~®) and I, =o(N ~°) and hence (2.15) holds true.
Now, using (1.6)-(1.9) and (2.15) we obtain

N
E(Y.-—Z.»)2=0(N“‘“E c,—z) (2.16)
i=1
where

Y =

i

M=z

c{E(a(R; )sgn X;|X,)—E(a(R} )sgn X;)}, 1<i<N (2.17)

Jj=1

and

Z=N"1 3 ¢(L(0)~ M) |[u(o~H*(X,) = G,(v)]
%
+c[E(sgn X,a(R;")|X,)~ E(sgn X,a(R]"))], 1<i<N.  (2.18)
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Then, since Sy —E(Sy )=3N,Y,, (2.14) and (2.16) entail
N N
Var( Si -3 Z,.)'—'O(N_"‘ 3 c,?). (2.19)
i=1 i=1

Proceeding as in Lemma 13 of Dupa¢ and Hajek (1969), it is easy to show that
(1.12) holds if and only if (1.13) holds with 63 =2, Var(Z;) and in this case

lim Var(Sy)/o%=1.
No oo

Finally, the asymptotic normality of 2., Z, with parameters (0, 02) follows as in
Lemma 14 of Dupa¢ and Hajek (1969) with the help of (1.2), (1.6), (1.7), (1.13) and
the Lindeberg central limit theorem.

Hence, since we have proved that

N @ N @2
> Z /oy >N0O1), Sy —E(Sy)— 22|/ /oy>0
i=1 i=1
and
Var(Sy )/07 —1,
we obtain
)
(Sy —E(Sy))/(Varsi ) SN0, 1).

Suppose we want to relax condition (1.4) to (1.5). Let us denote the statistic
corresponding to (1.4) by Sy and the statistic corresponding to (1.5) by S, *. Then,
using (1.2) and (1.5)

N
Var(Sy —SJ*)ZO(N"’ > c,z)
i=1

Consequently, the asymptotic normality of S, * easily follows from the last
relation and the asymptotic normality of Sy . i

We have proved Theorem 2.1 under condition (C;F). It remains to show that this
set of conditions is implied by the conditions (C; ). The proof of this fact is similar
to the implications (C;)=(C,) and (C,)=(C,) in Dupa¢ and Hajek (1969, Section
5) and is therefore omitted. } )

The following theorem shows that under the same conditions (C,") or (C,"), Sy is
asymptotically normal with (simpler) parameters (u,07). This problem is of
practical interest since u and o2 are easier to evaluate:

Let us define:

N
pe =3 c.E[sen Xp(H*(X))] (2:20)
and

N
o= VarZ (2.21)
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where

N
2 =N 3 o(Li(0)Mi(0)|[ulo— H(1X)~G(»)]
I

+c,[sgn X(H*(1X,1))— E(sgn X4 (H*(|X.)))]- (222)

Theorem 2.1. Let Sy be given by (1.1) with scores satisfying (1.5) where y(t)=u(t—
v).

Assume that (C.") or (C;) holds, with (1.12) replaced by (1.13), where o} is given
by (2.21).

Then Sy is asymptotically normal with parameters (1%, 03) defined in (2.20) and
(2.21).

Proof. We shall follow the proof of Theorem 2.1 (where it is first assumed that
a(i)=y(i /(N+1)) and that (C;* ) holds).
With Y, and Z, defined by (2.17) and (2.18) respectively, we have:

N
E(Y,~—Z,~)2=0(1\"“‘x 2 c}) (2.23)
=1
uniformly in 1<<i<<N, as follows from (2.11) and (2.15).
Define
A,(X,)={E(sgn X.a(R;" )|X,)— E(sgn X;a(R;"))
—{sgn Xu( H*(|X,|)—v)— E(sgn Xu(H*(1X,[)—v))}.

Proceeding as in Dupat (1970) it can be shown (omitting the details of computa-
tion) that

Var(4,)= E(A?)=0(N"1/?)

where A, =4A,(X)).
Then, since Z,=Z/ +¢;A,, we have

E(Z,—Z!)’=c?O(N ~1/2) (2.24)

uniformly in ISi<N.
But Sy —E(Sy )=2N,Y, and from (2.23) and (2.24) we obtain:

i N N
Var(s,;‘ -3 Z{)=0(N_"‘ b c,?).
i=1 i=1
This together with (2.14) entails

N N
Var(sN+ -3 z;)=o(N'“ > c,?).
i=1
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Then, proceeding precisely as in the proof of Theorem 2.1, it follows that:

N 9
2 Z] /oy —>N(0,1),

i=1
N EZ
Sy —E(Sy )= 2 Z/|/oy—0
i=1
and
Var(Sy ) /0% — 1.

Further set

p,=E(sgn X,a(R" )~ E(sgn Xu( H*(1X,)—0)), 1<i<N.

It can be shown (again omitting the details of computation) that:
p;=o( N ~*/271/2) yniformly in 1 <i<N.

Now, using the inequality:
N
(s(s)-m <[ S )|
together with (2.26) we get

(857 )1 o[ v+ S |

i=1i

Finally, making use of (1.13), (2.25) and (2.27), the proof follows.

3. An example

(2.25)

(2.26)

(2.27)

Assume that X|,..., X, are i.i.d. with common density function f,.and consider the
problem of testing the hypothesis of symmetry with normal underlying density Hy:

f(x)=¢(x) against the sequence of shift alternatives
H,: f(x)=¢(x—4) (A=A,>0).
Assume that A — oo sufficiently slow such that:

limsupA-Lg ~'/2N<{i.

N—->owo

(3.1)

We shall prove that under H,, (3.1) implies the asymptotic normality of Sy~ where

Sy = u( : —v)san,..
2N+

First we note that since A— o0, H* ~!(v) — 00, in such a way that:

Nlim (H*"'(v)—A)=0.

(3.2)
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Using (3.2) it is easy to see that condition (1.11) is satisfied. Also, since¢,= - =
cy =1, it is easy to check that o2 /2 ¢} -0, where o2 is defined by (2.21).

Now, (3.1) implies the existence of a constant 0<<C<<§ such that, for sufficiently
large N

A*<C2gN. (3.3)

It can be shown (omitting the details of computation) that for sufficiently large N,

N
6t/ Y ct=C'®d(—2A-1) (3.4)

i=1

for some constant C'>0.
Let a and C” satisfy 3+ <<C”<(1/8C?) and 4C”C? <a<}. Thus from (3.3) and
(3.4) we have:

N
of,/(N_“ > ciz)>C’N“4C”CZ.

i=1
The last relation clearly implies the satisfaction of (1.13). The result follows by an
application of Theorem 2.2.
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ON THE ORDER OF MAGNITUDE OF CUMULANTS
OF VON MISES FUNCTIONALS AND RELATED
STATISTICS

R. N. BHATTACHARYA' and M. L. PURP?

Indiana University

It is shown that under appropriate conditions the sth cumulant of a von
Mises statistic or a U (or V) statistic is O(n ~**"), s = 2, as the sample size n
goes to infinity. A possible route toward the derivation of an asymptotic
expansion of the characteristic function is indicated.

1. Introduction. The Edgeworth expansion of the characteristic function of a nor-
malized sum of n independent and identically distributed (i.i.d) random variables derives
from the order of magnitude O(n~“?/%) of the sth cumulant (s = 2) (See, e.g., Bhatta-
charya, 1977). For statistics which may be expressed as or approximated by polynomials
in several average sample characteristics (e.g., (i) polynomials in sample moments and (ii)
maximum likelihood estimators in the regular case), the validity of the so-called “formal
Edgeworth expansion” depends crucially on the above order of magnitude of the sth
cumulant (s = 2) of the normalized statistic (see Bhattacharya and Ghosh, 1978). In this
note it is shown that cumulants of normalized U-statistics and von Mises functionals have
the above order of magnitude, if certain conditions are satisfied. For general background
on these statistics we refer to von Mises (1947) and Serfling (1980). Assuming the validity
of (a) the above order of magnitude of the cumulants and (b) the Edgeworth expansion of
the distribution function of a von Mises functional, Withers (1980) has given an algorithm
for computing the coefficients in the asymptotic expansion. Some of the moment compu-
tations in Section 2 are similar to those in Withers (loc. cit). In Section 3 a new method of
derivation of Cramér-Edgeworth expansions of characteristic functions of a class of
statistics is provided.

2. Moments and cumulants. Let x be a separable metric space (e.g., a subset of
R9), &, its Borel sigma field, and P a given probability measure on 4,, whose support is S.
Let 2 denote the set of all probability measures on @, N S having finite supports. Endow
;U (P} with the weak-star topology. Consider for each n the product space (x", %,), and
let X;, - - -, X, be the n coordinate random variables. Let G®* = G X G X -. X G denote
the product probability measure on %,., where G is a probability measure on %,. Under
G®" the random variables X, - - - , X, are i.i.d. with common distribution G. We shall write
E; to denote expectation under G®'. Denote the empirical distribution of the
“observations” Xi, - - - , X» by F, i.e., F, = n"'Yi 8x,, where §, is the Dirac measure with
point mass at x.

Let A(x), x2, -+ -, x,) be a real-valued, Borel measurable, symmetric function on x", for
some r = 2. Define the V-statistic (with kernel h)

(2.1) Va=n"T" 3 Tl X, Xiy -0, X0,

and the U-statistic (with kernel h)

(2.2) U, = (")
-

where the summationisover 1 =i, <i; < ... <i,<n.

1
T hX, X, -, X)

r

Received February 1982; revised August 1982.

! Research supported by NSF Grant MCS 8201628.

2 Research supported by Office of Naval Research under Contract N00014-77-C-0659.
AMS 1970 subject classifications. Primary 62E20; secondary 62G05, 62G10.

Key words and phrases. V-Statistics, U-statistics, Edgeworth expansion.

54



Cumulants of Von Mises Functionals 55

THEOREM 2.1. (a) If for some integer s = 3 one has

(2.3) Ep|h(X,;, X, -+ -, Xj)F < oo

for all choices of jr, jo, »++, J(1 S J1, Jo, «++, jr < 1), then the pth cumulant k,.(P) of V.
under P is of the form

(2.4) Fpn(P) = Yo n " Amp(P) + o(n™"tY), 2=p=ys).

The quantities A, ,(P) are independent of n.
(b) Suppose that, for some integer s = 3 one has

(2.5) Ep|h(X;, Xz, -+, X)) < 0.
Then the cumulants of the statistic U, also are of the form (2.4).

PrRoOOF. (a) Write
(2.6) Vo= j Jh(xl, voo, ) Fo(dxy) - - Fo(dx,).

For G = Y&, a;d,, in #, F, may be expressed as Y7-, 4:8,, (with G®"-probability one), where
&; is the proportion of y’s in the “sample” (X, --., ,.} Thus V, becomes a polyhomial
in the g-variables &;, 1 < i < g. Hence by a result of James and Mayne (1962) (this may
also be derived from the results of Leonov and Shiryaev, 1959), the pth cumulant of V,
under G is of the form

2.7 kpn(G) = Y20 1 ™A o(G), (p=2).
On the other hand, for all G such that Eg| V,.|? < x, one has (for all n > rp)

EgVy = n—'pEGJ ree j ([T %1 Axre—1y41, =+ + , X))
B, + B+ e+ Bx)(dx) e B, + By + oo + 8 (dp)
(2.8) =n"" J' cee f (Hf-l R(xre-ry+1, <+ =,y Xre))

[Z’"'l 22 Zl EG{le(dx_,“)sxl(dxhz ot 8X|(dxj|.|)
Ox,(dx;,) -+ - 8x2(dxj2,_,) «oe Ox (dxj, ) - 8xm(dx_,‘mm)}].

Here, for a given m, Y» denotes summation over all collections of m positive integers {si,

o, « ¢+ , Sm} satisfying Y's; = rp, for a given collection {sy, s, - - - , $»}, Y1 denotes summation
over all partitions of {1, 2, - .., rp} into m groups of s,, sz, --- , 5. elements, a typical
partition being ({Ji1, Jiz, <+« J1e}s {Jos, Joz, =+, Jos}, {Jmi, Jm2y -+ + s Jms,}). Denote by
H,(G) the distribution of the s-dimensional random vector (X, Xj, - --, X;) under G, and
let H, 4,.... s (G) stand for the measure

Hsl,sz..'. G dxidxs - - dxp) = Zlml(G)(dxjndlez e dxj“‘)lfsz(G)

2.9)
< (dx;, dx;, - -« dxj,,) <+ H, (dx),dx;,, --- dxj,, ).
Also note that
- -
(210) n -(’l_—mﬁ=n n(n—l)---(n—m+1)

=St (C)™TR TP — m m - 1),

where 8(i; N) is the sum of all products of i distinct integers taken from {1, 2, ..., N},
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6(0; N) = 1. From (2.8)-(2.10) one obtains

EcVE =Yk Smet (D)™ RTPTM0(m - m'; m — 1)

. J rer J ([T%=1 B(xr—nye1, =+« X)) D2 H ... su(G)dx) -+ dxp)

(2.11) = Y2 S By (—1)™PH9(m —rp + jim — 1)

. j o f (Ht‘:x Al —1y1, <00y Xre)) Ez H.l,.,,... (G (A - - dxp))

= Y% n7u;(@Q), (1=p=<yg),

say. Here p; ,(G) is a linear combination (with coefficients not depending on n, G or &) of
terms like

(212) J’ e J' (H&l h(xr(t—l)ﬂ, prey, xﬂ))Hll.Jg.'“ ,am(G)(dxl e dxm)

Using the familiar relations between moments and cumulants one has
(2.13) kon(G) = 325" n 7N, 0(G),

where X, ,(G) is a polynomial in ¢ ,-(1 < p’ < p), whose coefficients are absolute constants.
Since the map G — H (G) is continuous in the weak-star topology, so is the map G —
H,,, ... s.(G).It follows that for a bounded continuous 4 the integral (2.12) is a weak-star
continuous function of G; this implies that the maps G — u,, and, therefore, G —
A.p(G) are continuous. If p = 2, then],,,(G) =0for2=<m <p —1and G € #. Also there
exists Gy € #(N =1, 2, - -+) such that Gy converges to P (This is where the separability
of x is made use of; see, e.g., Parthasarathy (1967), Theorem 6.3). Therefore, one must
have A, ,(P) = 0 for 1 <= m < p — 1. This completes the proof of (a) for bounded con-
tinuous A. Since functions of the form [J%: A(x.¢-1+1, +--, %) belonging to
L'(x™, H,,s, ... s-(P)) may be approximated (in L") by continuous bounded functions of
the same form, the proof is complete. Note that for this last argument (2.3) is needed.

(b) First assume (i) A(xi, x2, +--, x;) = 0 if x; = x; for some i, j(i # j). Then the
cumulants of U, satisfy (2.4), since

1 -1
Un=(L) nrvn=<<1_l)(1-3)... (1_"1)) V= (L + o)V,
(n—r) n n n

Next, instead of (1) assume (ii) P has no atoms. Then modify 4 so as to satisfy (i); this does
not change U,, except on a set of probability zero. Finally, consider an arbitrary P. Let D
be its set of atoms. Let D’ be a subset of reals in one-one correspondence with D. Consider
the space x’ = (x\D) U R, with x\D and R each carrying its own topology but their union
is topologically disconnected. Then P lifted to this space x” (by placing the discrete mass
on D’) is a weak-star limit of nonatomic probability measures. Extend A to (x)” by setting
it zero if any coordinate is in R\D’. Now apply an argument entirely analogous to that in
the preceding paragraph.

REMARK 2.1.1. The U, and V, defined above are not centered around their expecta-
tions (under P). Centering has been avoided deliberately to ensure that A does not depend
on P. For the general von Mises functional considered below centering seems unavoidable;
this causes some technical problems.

ReEMARK 2.1.2. Under the hypotheses of Theorem 2.1 the pth cumulants of the
normalized statistics Va(V, — EV,), Va(U, — EU,) are of the order O(n~""2/%) 2 <p =
s.

Let T be a von Mises functional defined on % U {P}, and let the statistic T(F,) have
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the expansion

(2.14) T(Fa) — T(Q) = Zf-lj Kk f TNG; x, %2y - -+, %) [[5=1 (Fn —~ G)(dx;) + R,

= Yim1 VailG) + R, (GE Z U {P)),

where T is a real-valued, symmetric (in the arguments x,, -- -, x;), Borel measurable
function on Z U {P} X ¥’ satisfying

(2.15) Ep|TNP; X, Xj, -+, Xp)F < oo, (I=sisr),

for all 1 <, jo, ---,Ji <r, and the “remainder term” R, satisfies

(2.16) Ep|R,|? = o(n™"), (1=p=<s).

Write

(2.17 Vu(G) = ¥ie1 Vai(Q).

Then

(2.18) EgVa(G) = 33 VailG) Vo i (G) -+ Vo (G),

where ¥; denotes summation over all p-tuples (iy, &, -+, ;) such that 1 < iy, .-+, i, <r.

Now let I, = i) + .- i, and write, as in (2.8),

EcVi(G) =Y EGJ cee j (182 TYNUG; x1,_,41, + =+, %1))

1
(2.19) .[n—'» Y s S0 8y — G)(dx;,)Bx, — G)(dax;,)

m=1 (n — m)!
oo (0x, — G)dx,,,) .-+ (6%, — G)dx;,,) -+ Ox, — G)(dxj,,,,m):l-

Here, for a given m, }7 denotes summation over all collections of m integers {s, ss, -+ -,
Sm} satisfying s, = 2 and Ys; = I; and Y denotes, for each collection {si, 83, ---, sn},
summation over all partitions of {1, 2, ..., I} into m subgroups of sy, s, - - - , S» elements
such as ({Ji, J1z, «+* s J16,}s *++ 5 {JmlyJm2, ==+, Jmsn}). Note that expectations of terms
involving s; = 1 for some i vanish. Next let H,(i,, i3, - - -, i;; G) denote the distribution of
a g-dimensional random vector whose ith, - - - , i.th coordinates are X;, while the remaining
coordinates are i.i.d with distribution G and independent of X;. Write H,(G) for the signed
measure

(2.20) H{G) = 30, (-1 T4 Hyliy, -+, i5 G),

where Y4 denotes summation over all choices {iy, i, +--, i} of ¢distinct integers from
{1’ 21 Ty q). Now define

ﬁ,l,,,, o umG; dxrdxsy <+ dxp)
=¥ A,,(G)(dx,,dx,,, - -+ dx;,) --- H, (G)(dx,,dx,,, --- dx;,, ).

(2.21)

Then, as in (2.10),

EGVE(G) =3 [2’"‘[‘, H] n"{Z‘,,{:/,’,,]—; (=)"™"%0(m — I, + j;m — 1)
i=|5=
2

(2.22)
. J’ coo J’ (21 TG; x50, + oo, ;) X5 H . (G dxy + - dxl,,)}].
For G = Y/-1 aiby, Va(G) is a polynomial in &; — a;, so that the pth cumulant of V,.(G) is of
the order O(n™*") under G(2 < p < s). In view of (2.16) and (2.22), the proof of the
following theorem is now complete.
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THEOREM 2.2 Suppose that (2.14)-(2.16) hold. Assume, in addition, that there exists
a sequence {Gy:N = 1} having finite support such that

223)  limnwEoy([[21 TGy Xy -+, Xy)) = Ep(om TP Xy, -+, X))

foralll =iy, iy -, pb<randalll < t,t, ---,t, <rp (1 =t =< p). Then the pth
cumulant of T(F,) under P is of the order O(n™"*") for2=<p =<s.

REMARK 2.2.1. Notice that the statement “condition (2.23) holds for some
{Gy; N = 1} C 2 is much weaker than the statement “condition (2.23) holds for all
sequences {Gn: N = 1} converging to P (weak-star)”, the latter being equivalent to saying
that the integral is weak-star continuous at P (on & U {P}). To illustrate this point, note
that even such functionals as 7(G) = [x*G(dx), k = 1, are not weak-star continuous on
% U (P}, where P is a probability measure on the line having a finite kth moment. The
difficulty is that one may place a mass O(N~*2) at x = N which goes to zero to ensure
weak-star convergence, but is large enough to blow up the integral as N — o, On the other
hand, one may integrate (with respect to P) a step-function approximation, fx(x) to x*
which amounts to integrating x* with respect to an appropriate Gy € %; and the latter
integral fx*Gn(dx) will converge to [x*P(dx), as the intervals of constancy decrease to
zero in width. These considerations apply to more general functions (see, Serfling (1980),
pages 214-2186, for examples).

REMARK 2.2.2. The fact that the sth cumulant of V, (or T,) is O(n™**') when G has
finite support means the vanishing of a number of polynomials in the variables p,(G). One
should be able to prove that these polynomials are identically zero by showing that the
pp(G)’s assume a broad enough spectrum of values as G ranges over the set of all
probability measures having finite support. This would enable one to dispense with the
condition (2.23) in Theorem 2.2. However, we are unable to make this algebraic argument
firm.

Finally, the method used here should be more widely applicable in deriving orders of
magnitudes of cumulants.

3. A method of derivation of Edgeworth expansions of characteristic func-
tions, and an unsolved problem. In the present section we provide a method (which
appears to be new) for the derivation of Cramér-Edgeworth expansions of characteristic
functions of a class of statistics 7, having zero means, finite moment generating functions
(m.g.f.’s), and cumulants x, . satisfying

(3.1 Xon = """+ o(nTPD/Y (p=2), A2 > 0.

Let

(3.2) fn(§) = E exp{i{T}

denote the characteristic function of T’.. One may write

(3.3) f(§) = f(i€, ),

with ¢ = n™"% Under the additional assumption that f(i¢, &) has an absolutely convergent

power series expansion in £ and e in a neighborhood of the origin (0, 0), it is shown in
Theorem 3.1 that f,(f) and its derivatives have a proper asymptotic expansion of the
Cramér-Edgeworth type. The unsolved problem is to identify a large enough class of von
Mises functionals for which this analyticity holds. In particular, we do not know if the
analyticity property holds for U-statistics (see (2.2)) with kernels & satisfying:

(3.4) E exp{th(X,, X5, ---, X))} < o0, (-0 <t < ),

In remarks following the corollaries to Theorem 3.1 it is shown that the assumption of
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analyticity does hold for some special classes. We expect the moment computations of
Section 2 to be crucial in resolving the problem of analyticity in the general case.

THEOREM 3.1. Let T.(n=1,2, --.) be a sequence of random variables having zero
means. Assume that (i) E exp{tT,} < o for all t(—o < t < o) and n, (ii) f(i, €) can be
extended as an analytic function f(z, 1) of the complex variables z and n in a neighbor-
hood of the origin (0, 0) in C?, and (iii) the cumulants xpn. of T» satisfy (3.1). Then the
following results hold:

(a) There exist a positive constant 8, and polynomials P;, whose coefficients do not
depend on n, such that for all §, ~ Sovn < £< 8o \/rxz, one has

f@ = exp{- % £2}(1 + X5=1 nV2Py(Ef)).

(b) For every pair of integers m and p satisfying p = 2, 0 < m < p, there exist positive
constants 8¢, ¢, c2 such that

o [fn(a exp{— % 52}(1 + Bt n"”Pf(ia)]l
< o 1E177" + [P " exp(~c, (4] < &R,

Proor. Since f(z, 1) is analytic in a neighborhood of (0, 0), and £(0, 0) = 1, ¢(z, n) =
log f(z, 1) (we take the principal branch of the logarithm) is defined and analytic in a
neighborhood of (0, 0). In view of (3.1) and the fact that ET, = 0, one may express
#(z, n) as

2 2%
olz, ) = % A2 + X )‘2./"7j) + - + T le 2(21-0 >\k171") + -
(3.5) )

k-2
=2 [zz:z tn2) <2,=o>\m>] (o = M),

Since this last series is absolutely convergent in a neighborhood of (0, 0), so is the series
within square brackets. Let 8, §; be two positive numbers such that this last series is
absolutely convergent for |z| = &, || = 8:. Then

k-2
36) 55,8 82)

E/=0 |>‘k1|8

It follows that (3.5) is absolutely convergent for | zn| < 8:8: and |n| < §.. Therefore, the last
expression in (3.5) defines an analytic function in the region D = {(z, n) € C% |z| <
8182/ml, [n| < 82}, and over this region exp{¢(z, n)} defines an analytic continuation of
f(z, 7). We shall refer to this extension also by f(z, 3). Since the characteristic function
¢ — f.(£) is entire (by assumption (i)) and since analytic continuations are unique, f,(£) =
f(ig, 7Y% for — ® < ¢ < ® (note that one could not assume a priori that this equality
holds between f£, and the analytically extended f). In addition, on D one has

3.7 Ifz,m) — 1] <e' <1,

for some constant ¢’, and ¢(z, n) is the principal branch of the logarithm of f(z, ) on D.
The relations (3.5) now hold on D and one may rewrite the first relation in (3.5) as

(3.8) log f(z,m) — % 22 =Y 7@z}, (z,m) €D,
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where @, is a polynomial of degree j + 2. Thus

B9 flz,m exp{— % 22} = exp{27=1 n’Qf(Z)} =1+37:7Pl2), (z,m) €D,
where P/’s are appropriate polynomials. From (3.9) one gets

(3.10) f(z,m) = exp {% 22} (1 + T3 7'Pi(2)), (z,m) €D,

and, in particular (with z = i¢, n = n™/%),

31y fuld) = exp{— % £2} (1 + Y5 n72Py(i8)),  (=8:8: Vn < £ < 8,82 V).

This proves part (a). To prove part (b) one may first approximate log f(z, ) by

p+2 (T‘Z)k_z

(3.12) dnlz, 1) = 2° BE2 i (Teo Man’).
Writing

Az 2 >\2 2
(3.13) Wz, 1) = ¢lz, 1) — 520 ¥o(2, M) = ¢plz, 1) — 5%

one has (using (3.6), or analyticity on D)
(3.14)  |o(z,m) — dplz, )| = |¥(z, m) —dp(2, D) | = a|n]”H|2|P",  (2,m) € D,
for an appropriate constant ¢;. By (3.6) and (3.14), if 8, is small, then

A 2|2
(3.15) lexp{¥(z, 0)} — exp{¥p(z, M)} | = cs|n|” 2|7 exv{-il‘t—'},
for some constant c4; this may be written as
Az 2
_322 -1 p+l A I z l
(3.16) e 2 [flz,n) — exp{¢n(z, W}]} = ciln|” [2]|"* exp I

Letting z = i£, n = n”'/?, (3.16) becomes

(317 [£:8) — exp{$p(i&, n7V%)}| = cn =TI g exp{— %3 52}, (€] < 8:8; V).

The comparison of exp{¢y(i£, n %)} with exp{— %2- 52} (1 + X2F nV2P;(i¢)) is carried
out exactly as in Lemmas 9.7, 9.8 in Bhattacharya and Ranga Rao (1976). D

COROLLARY 3.1.1. Under the hypothesis of Theorem 3.1 one has the Berry-Esseen
bound

(3.18) sup; | P(T» < x) — @, (x)| < en™3,

for some constant ¢ > 0. Here ®,, is the normal distribution function with mean zero and
variance Az.

ProoF. Use Theorem 3.1 (b) and Esseen's inequality (see Lemmas 12,1, 12.2 in
Bhattacharya and Ranga Rao (1976)). 0

CoroLLARY 3.1.2. Assume the hypothesis of Theorem 3.1. If, for somep =2, gis a
p-times continuously differentiable function on IR' such that sup{(1 + |x|")|g"™(x)|:
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xEIR"Y <wfor0=m=< p, then

(3.19)  |Eg(T,) — j

R

: d
£g(x) [1 + Yot np; (— a)] dn(x)dx| = dn~P/2
for some positive constant d.

Proor. One may apply the method of Gotze and Hipp (1978) to the estimate in
Theorem 3.1 (b) to derive (3.19) directly. Alternatively, first establish (3.19) for the class
of all Schwartz functions as in Bhattacharya and Ranga Rao (1976), Theorem 20.7,
expressing the error estimate in terms of a Sobolev norm; then extend the result to a wider
class by completion in the Sobolev norm. 0

REMARK 3.1.3. Let X;, X, +-. be an ii.d. sequence having mean zero and a positive
variance. The hypothesis of Theorem 3.1 is satisfied for the statistics T» = n™3(X; + -+
+ X,,) if the m.g.f. of X, is finite everywhere. Of course, in this classical case Theorem 3.1
(b) holds under less stringent assumptions (see, e.g., Bhattacharya and Ranga Rao (1976),
Chapter 2). Note, however, the conclusion of part (a) of Theorem 3.1 requires stronger
assumptions than finiteness of moments.

REMARK 3.1.4 Let U, be a U-statistic with kernel 4 (see (2.2)). Assume, without loss
of generality, that EA(X1, X,, -+ , X,) = 0. If E exp{th(X}, --- , X))} <o forallt, —» < ¢
< o, then hypothesis (i) of Theorem 3.1 is satisfied for the statistic 7, = vn U, (see
Serfling (1980), Lemma C, page 200). In addition, assume E¢*(X;) = A, > 0, where ¢(x) =
Eh(x, X5, --- , X,). Then T, is asymptotically normal (see Serfling (1980), Theorem A,
page 192) and, by Theorem 2.1 (b), hypothesis (iii) of Theorem 3.1 also holds. It would be
of great interest to see if hypothesis (ii) of Theorem 3.1 is a consequence of the above
assumptions. We emphasize that this is the main unresolved problem in the context of the
present article. For kernels 2 which are sums of products of functions of single variables,
analyticity of f(2, ) in a neighborhood of the origin in C? has been proved by methods of
statistical mechanics (see, e.g., Ruelle, 1969). However, for these special kernels an
adequate theory of Edgeworth expansions has been derived in Bhattacharya and Ghosh
(1978) under less stringent assumptions.

REMARK 3.1.5. Some partial expansions of characteristic functions of U-statistics have
been obtained by Callaert, Janssen and Veraverbeke (1980).

Acknowledgement. The authors wish to thank the referee for suggesting that some
terse comments in an earlier draft be expanded; the present Section 3 constitutes the
resulting expansion. Thanks are also due to the Associate Editor for indicating that
asymptotic expansions for von Mises functionals are of potential use in robust estimation.
Finally, we are indebted to Charles M. Newman for pointing out that the analyticity
hypothesis in Theorem 3.1 has been verified in the context of statistical mechanics for the
special class of kernels mentioned at the end of Remark 3.1.4.

REFERENCES

BHATTACHARYA, R. N. (1977). Refinements of the multidimensional central limit theorem and
applications. Ann. Probab. 6 1-27.

BHATTACHARYA, R. N. and GHosH, J. K. (1978). On the validity of the formal Edgeworth expansion.
Ann. Statist. 6 434-451.

BHATTACHARYA, R. N. and RanGa Rao, R. (1976). Normal Approximation and Asymptotic Expan-
sions. Wiley, New York.

CALLAERT, H,, JANSSEN, P. and VERAVERBEKE, N. (1980). An Edgeworth expansion for U-statistics.
Ann. Probab. 8 299-312.



62 R. N. Bhattacharya and M. L. Puri

GOTZE, F. and Hrpp, C. (1978). Asymptotic expansions in the central limit theorem under moment
conditions. Z. Wahrsch. verw. Gebiete 42 67-87.

JAMES, G. S. and MAYNE ALAN, J. (1962). Cumulants of functions of random variables. Sankhya Ser.
A 24 47-54.

LeEoNov, V. P. and SHIRYAEV, A. N. (1959). On a method of calculation of semi-invariants. Theor.
Probab. Appl., 4 319-329.

PARTHASARATHY, K. R. (1967). Probability Measures on Metric Spaces. Academic, New York.

RuUELLE, D. (1969). Statistical Mechanics: Rigorous Results. Benjamin, Reading.

SERFLING, ROBERT J. (1980). Approximation Theorems of Mathematical Statistics. Wiley, New
York.

voN Misks, R. (1947). On the asymptotic distribution of differentiable statistical functions. Ann.
Math. Statist. 18 309-348.

WiITHERS, C. S. (1980). The distribution and quantiles of a regular functional of the empirical
distribution, Report No. 96, D.S.L.R., Wellington, New Zealand.

DEPARTMENT OF MATHEMATICS
SwaIN HALL EAst

INDIANA UNIVERSITY
BLOOMINGTON, INDIANA 47405

Reprinted by permission of the publisher,
© 1983 by The Institute of Mathematical Statistics



ON BERRY-ESSEEN RATES, A LAW OF THE
ITERATED LOGARITHM AND AN INVARIANCE
PRINCIPLE FOR THE PROPORTION OF THE
SAMPLE BELOW THE SAMPLE MEAN*
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Let F,(x) be the empirical distribution function based on n independent random
variables X,,.., X, from a common distribution function F(x), and let
X=3"_, X,/n be the sample mean. We derive the rate of convergence of F,(X) to
normality (for the regular as well as nonregular cases), a law of iterated logarithm,
and an invariance principle for F,(X).

1. INTRODUCTION

Let X,...., X, be independent real valued rv’s with common distribution
function (df) F(x), and let F,(x) be the corresponding empirical df, i.e.,
nF,(x) =number of X;<x, 1 i< n Let X=37 , X,/n, and consider the
statistic

T,=F,X) (1.1)

which represents the proportion of the sample below the sample mean. Such
a statistic is often used in estimating a functional 8 = F(u), where u = EX | if
both F and u are unknown or in testing the hypothesis that F is symmetric
about an unknown location u against certain classes of alternatives (see
Gastwirth (1971)). The asymptotic normality of T, was first derived by
David (1962) under the assumption that F is normal. Later Ghosh (1971)
derived this result under weaker assumptions that 0 < Var X, < o0 and F is
differentiable at y4 with O < F'(u) < co. (See also Sarkadi, Schnell and Vincze
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(1962) for the connection between the limit law of T, and the occupancy
problem).

Quite often, however, one needs more precise information than the
asymptotic normality can provide. On the one hand, in view of applications,
one may need bounds on the rate of convergence of T, to normality, and, on
the other hand, one may be interested in deriving the rates of strong
convergence of T, to F(u) or certain invariance principles for T, and incor-
porate them in the study of the asymptotic properties of the procedures
(testing and estimation etc.) based on this statistic. The present note
addresses these problems. Under different assumptions on F we derive (i) the
Berry—Esséen rate O(n~'/) for the convergence of 7, to normality in the
nonregular cases (i.e., when F’(u) =0), (ii) a law of the iterated logarithm,
and (iii) an invariance principle for T,. We also obtain a bound on the rate
at which T, converges to normality in the general case when F’(u) does not
necessarily vanish.

2. THE BERRY-ESSEEN THEOREM FOR
T, IN A NONREGULAR CASE

Here we consider the question: What happens to the asymptotic law of T,
when F'/(u)=0? Note that in such a case the asymptotic variance of the
modified sign test equals that of the regular sign test (Gastwirth (1971)).
Ghosh’s (1971) method fails when F’(u)=0, while Gastwirth (1971)
provides a heuristic argument. However, it will become clear from our
Lemma 4.1 that if one is just interested in the asymptotic law of 7, under the
assumptions that F'(u) =0, 0 < Var X, < o0 and 0 < F(u) < 1, then one may
derive the representation

F(X)=F,(u)+R, (2.1)

and show that n'/2R,—” 0. The asymptotic normality of T, then follows
immediately.

To motivate our study, consider the following example (cf. Chandra
(1975)). Let

F(x)=0 if x<p—1

_ (x__#)2m+l +1
B 2

=1 if x2u+1

if |x—ul<1 (2.2)



