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Chapter 1.

Auxiliary material

1.1. BANACH SPACES AND LINEAR OPERATORS

A set X is called a linear or vector space over the field of real (complex)
numbers if

1) the addition operation is defined: to any elements z,y € X there
corresponds a definite element x + y € X called their sum;

2) z+y=y+uz;
3) r+(y+2)=(z+y)+z

)
)

4) there exists a zero element 0 € X such that z + 0 = z;

5) for any z € X there exists —z € X such that z + (—z) = 0;
)

6) the operation of multiplication by a number is defined: to any z €
A and any number A € R (C) there corresponds a definite element
Az € X,

7) Apz) = (Ms)z;
)
)
10)

[o <]
—

T =
9 A(m-{-y) Az + Ay;
(A+p)z = Az + pz.

The elements of a linear space will be called vectors or points.
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Remark 1.1.1. It is easy to show that the zero and inverse elements
are uniquely defined.

A linear space X is called normed if to any x € X a nonnegative number
llz]lx (the subscript will sometimes be omitted) called the norm of z is
assigned so that the following axioms are satisfied:

1) |lzll = 0;

2) ||z|| = 0 if and only if z = 0;

)
)
3) l[Az| = [A] - lz| for any A € R (C);
4) llz +yll < [lzl| + lly|| for any z,y € X.

To any real linear space X there corresponds a complex linear space X
consisting of all possible formal sums z = z + iy, where z,y € X and ¢ is
the imaginary unit. Clearly, X C X. Such an inclusion of X in the space X
is called the complezification of the Banach space &X'.

A sequence of vectors {z,}52; C X is called convergent to a vector
z € X, which is denoted as z = lim,_, o0 Zp, if ||zp, — z|]| = 0 as n — 0.

The set Sy(zo) = {z € X | ||z — zo|| < r} is called open ball with radius
r > 0 centered at the point 2o € A

A set A C X is called bounded if 3K €e Ry Vre A|z|| < K.

A point a € X is called a limit (accumulation) point of a set A C X if
Ve > 0 Se(a) N A # 0. In other words, a is a limit point of the set A if there
exists a sequence {z,}5%; C A convergent to a. The union of a set .4 and
all its limit points is called the closure of this set. It is denoted by A. A set
coinciding with its closure is called closed. A set A is called open if the set
X\ A is closed.

A set A is referred to as dense in a space X if A = X.

A set £L C X is called a lineal (or linear manifold) if z +y € £ and
Az € L for any z,y € £ and any A € R (C). A closed lineal £ C X is called
a linear subspace of the space X.

Let £ and M be lineals in a space X and let LN M = {0}. The set of
all possible vectors z of the form z + y, where £ € £ and y € M, will be
referred to as the direct sum of these lineals and will be denoted by £ + M.
If £ and M are closed, their direct sum is denoted by £ & M.

A sequence {z,}32, C X is called fundamental if Ve > 0 3N Vn > N
Vp € N ||zn4p — Zn|| < €. A linear space X is called complete if every
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fundamental sequence in it converges. A complete linear normed space is
called a Banach space

The symbols I and O will denote the identity and “zero” operators,
respectively, whose domains of definition are clear from the context. In
other words, Iz = z and Oz = 0.

A mapping (operator) A : dom A — Y of the subset dom A (the domain
of definition of the operator A) of a linear normed space X to a linear normed
space ) is called continuous at a point zo € dom A if lim,_,o0 A(zr) = A(zo)
for any sequence {z,}22; C dom A converging to zo. An operator A is called
continuous if it is continuous at every point £ € dom A.

An operator A is called bounded on the set dom A if 3C € Ry Vz €
dom A ||A(z)|ly < Cljz||x. If dom A = X, the operator is called bounded.

The image of an operator Aistheset imA={y€Y|Ize€dom A y=
A(z)}, and its kernel is the set ker A = {z € dom A | A(z) = 0}.

An operator A is called linear, if dom A is a lineal and A(Az + py) =
Az + pAy for any z,y € dom A and for any A, u € R (C). (Arguments of
linear operators will be written without parentheses).

Theorem 1.1.1. Let an operator A: X — Y, dom A = X, be linear.
Then the following statements are equivalent: a) the operator A is contin-
uous at one point; b) the operator A is continuous; ¢) the operator A is
bounded.

We shall denote by £(X';)) the linear normed space of linear continuous
operators A with dom A = X if the addition of operators and their multi-
plication by a number are defined in a natural way: (A + B)z = Az + Bz
and (AA)z = Mz for all A, B € L(X;)), z € X, and X € R (C). The norm
in £L(X;)) is defined as follows:

| Allc(x;v) = sup{l|Azlly | z € &, ||zl x < 1}

= sup{||Az|ly | z € &, ||zllx = 1} = sup{||Az|y/llzllx | z € X\ {0}}
=inf{CeR; [Vz € X |Az|y < Cllzlix}-

If Y = &, the notation of the space of linear continuous operators will be
abbreviated to £(X).

A sequence of operators {Ap} C L(X;)) is called uniformly convergent
to an operator A € L(X;)) if limye0 | An — Aliz(x;y) = 0. This sequence
is strongly convergent to A if Vz € X limy,o |Anz — Az||y = 0. Such a
convergence is denoted as follows: A = s-lim,_,o, Ap.
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Theorem 1.1.2. Let Y be a Banach space. Then the space L(X;)) is
a Banach space.

Theorem 1.1.3. Let X and Y be Banach spaces, for alln € N A, €
L(X;Y), and for any z € X the sequence {||Anz|y} be bounded. Then the
sequence {||Anllc(x;y)} is bounded.

Theorem 1.1.4. Let X and ) be Banach spaces. A sequence {A,} C
L(X;Y) is strongly convergent to an operator A € L(X;)) if and only if
the sequence {||An||z(x;y)} is bounded and for every z from a lineal dense
in X limy,_,oo Apz = Az,

Let X and Y be linear normed spaces. Let an operator A:dom A — Y,
dom A C X, be injective. Then there exists an inverse operator A~! :
dom A~! — X, which bijectively maps dom A~! = im A onto dom A. The
operator A~! is linear. An operator A is called continuously invertible if
there exists an operator A~! € L(Y; X).

Theorem 1.1.5. The operator A~! exists and is bounded on im A if and
only if there exists m € Ry such that for all z € dom A ||Az||y > m]jz| x.

Theorem 1.1.6. Let X and Y be Banach spaces, the operator A €
L(X;Y), andim A =) and A is invertible. Then the operator A is contin-
uously invertible.

Theorem 1.1.7. Let X be a Banach space, A € L(X), and || 4] < 1.
Then the operator I — A is continuously invertible and

1

-1
I = A lleery < 7= Ale)”
A linear operator A : dom A — )Y is called closed if it follows from
{zn} C dom A, limp oz, = z, and lim,_oo AT, = y that £ € dom A
and Az = y. The set of closed operators A : dom A — Y with domains
of definition dense in the space X will be denoted by CI(X;)). The set of
operators Cl(X; X) will be denoted by CI(X).

Theorem 1.1.8. An operator A belongs to the space L(X;Y) if and
only if it is closed and defined on the whole space.
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Theorem 1.1.9. If an operator A is closed and invertible, then the
operator A™! is closed.

Let us introduce a graph norm ||-|lg = || - llx +||A - || ¥ on the domain of
definition dom A of a linear closed operator A.

Theorem 1.1.10. Ifan operator A : dom A — X, dom A C X, is linear
and closed, then the normed space dom A is a Banach space with respect
to the graph norm, and the operator A € L(dom A).

Let X be a complex Banach space and let an operator A : dom A — X,
dom A C X, be linear. A complex number A is called a reqular point of the
operator A if the operator AI — A is continuously invertible (there exists
the operator (A\] — A)~! € L(X)). The set of all regular points of the
operator A is called the resolvent set of the operator and is denoted by p(A).
If A € p(A), then the operator Ry(A) = (A — A)~! is called the resolvent of
the operator A. The spectrum of the operator A is the set o(A) = C\ p(4).

Theorem 1.1.11. The resolvent set p(A) is open, and the spec-
trum o(A) is closed.

Theorem 1.1.12. The spectrum of a continuous operator A lies in the
circle {A € C | || < [|4]l¢(x)}-

A complex number ) is called an eigenvalue of an operator A if there
exists a vector £ € dom A \ {0} such that Az = Az. Here, z is called
the eigenvector of the operator A corresponding to the eigenvalue A. Every
eigenvalue X of the operator A is a point of its spectrum because the operator
Al — A is not invertible in this case.

Theorem 1.1.13. Let X be a Banach space and let A € L(X). Then
there exists a finite limit

_ . n l/n o 1/
ro(4) = lim 14", = inf 4%
called the spectral radius of the operator A and r,(A) < ||Allz(x)-

Theorem 1.1.14. Let X be a Banach space, an operator A € L(X),
and |A| > ry(A). Then X € p(A).

An operator function A(\) : C — L(X) is called analytic at a point Ag
if it is expanded in some neighbourhood of the point Ag into a power series
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A = %2 ) Ak(XA = Xo)* convergent in this neighbourhood. Note that the
notions of analyticity in the sense of the uniform and strong convergence of
the series are equivalent.

Theorem 1.1.15. R)(A) is an analytic function of A at any point
A € p(A).

Remark 1.1.2. Let an operator A € L£(X) and |A| > r5(A). Then,
based on Theorem 1.1.7, the following expansion can be readily obtained:

k=0

Theorem 1.1.16. Let X be a Banach space and an operator A € L(X).
Then o(A) # 0.

An operator A is called idempotent if A2 = A. Projector is an idempotent
operator A € L(X). On a space X there exists a projector A if and only if
X =X"9 X!, where A|yo = O, Ajy1 = I.

The space L(X;R(C)) is called adjoint to X and is denoted by X’. Its
elements are called functionals. If to every element z € X an element 7 € X"
is assigned by the rule Z(f) = f(z) Vf € X', then it is clear that X C X".
A space X such that X = X" is called reflezive.

A sequence {z,} C X is called weakly convergent to x € X and this fact

is denoted as z = w-lim, 00 Zp if limy 00 f(z5) = f(z) for any functional
fex.

1.2. THEOREMS ON INFINITESIMAL GENERATORS

Let & be a Banach space and let an operator A : dom A —» X, dom A C X,
be linear and closed. Consider the Cauchy problem

z(0) =z9, zp € dom A
for an operator-differential equation
T = Az.

The question of solvability of this problem on the semiaxis R, = {0}UR.
(on the axis R) is equivalent to the problem of finding a semigroup (group)
of operators generated by the operator A.
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Definition 1.2.1. A semigroup of linear continuous operators is a map-
ping X : Ry — £(X) such that X*X* = X**! for all 5,t € R,.

A semigroup will be identified with the set {X* |t € Ry }.

A semigroup {X! | t € Ry} is called nondegenerate if X° = I and
strongly continuous if for any ¢ € Ry lim,_,; X° = X?, limy_,o1 X* = X°. A
nondegenerate strongly continuous semigroup is called strongly continuous
(Co)-semigroup (or a (Cy)-continuous semigroup).

Definition 1.2.2. An infinitestimal generator of a nondegenerate semi-
group of operators {X* |t € Ry} is the operator

Xtz —z
Az = lim ——,
t—0+ t
defined only on these vectors z for which the above limit exists. In this case
the operator A is said to generate the semigroup {X® |t € R, }.

Let us introduce the denotation R, + = {c € R | ¢ > a}.

Definition 1.2.3. An operator A € CI(V) satisfying the conditions
JaeR YpeR,y p€p4),
dKeRy VueRyy VneN [(Ru(A)*lcv) < K/(k—a)"

will be called radial.

Theorem 1.2.1 [Hille—Yosida]. An operator A is radial if and only if
it generates a strongly continuous (Cy)-semigroup.

Definition 1.2.4. A group of linear continuous operators is a mapping
X-: R — L(X) such that X*X? = X% for all s5,t € R.

A group will be identified with the set {X*® | ¢ € R}.

A group {X® | t € R} is called nondegenerate if X° = I and strongly
continuous if for any ¢t € R lim,_,; X* = X*. A nondegenerate strongly con-
tinuous group is called a strongly continuous (Cy)-group (or (Cy)-continuous
group).

Definition 1.2.5. The infinitesimal generator of a nondegenerate group
of operators {X* | t € R} is the operator

Xtz — 2
Az = lim A2r7%
t—0 t
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defined on those vectors z for which the above limit exists. In this case it is
said that the operator A generates the semigroup {X*® | ¢t € R}.

Let R, = {c €R]| |¢| > a}.
Definition 1.2.6. If an operator A € Cl(V) satisfies the conditions

JdaeR VueR, uc€p(A),

JKeR, VueR, VneN [[(Ru(A)* | < K/(lul-a)",
it will be called biradial.

Theorem 1.2.2. An operator A generates a strongly continuous group
if and only if it is biradial.

A group {X* |t € R} of operators is called analytic if it can be analyti-
cally continued to the whole complex plane in the variable ¢ with retaining
its group property.

Theorem 1.2.3. The semigroup generated by an operator A € L(X)
can be continued to an analytic group. Conversely, the generator of an
analytic group is a bounded operator A € L(X).

A semigroup {X! | t € R} of operators is called analytic if it can be
analytically continued to a certain sector containing R, in the variable ¢
with retaining its semigroup property.

Definition 1.2.7. An operator A € CI(V) is called sectorial if it satisfies
the conditions

JaeR 30€(n/2,7)

Sus(A) = {n € C || arg(u—0a)| <6, u# a} C p(4),
3K € Ry V€ Sup(4) Ru(Allcey) < K/l —al

Remark 1.2.1. The term “sectorial operator” is taken from Clement,
Heijmans, Angenent, van Duijn, de Pagter (1987), Henry (1981).

Theorem 1.2.4 [Solomyak—Yosida]. An operator A is the generator of
an analytic semigroup if and only if it is sectorial.
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1.3. FUNCTIONAL SPACES
AND DIFFERENTIAL OPERATORS

A bounded domain @ C R* will be referred to as a domain of class C¥,
k=0,1,2,...,00, if

(i) the boundary 89 of the domain Q is a compact C*-manifold without
border;

(i) there exist numbers o, € R; and an atlas {a; | i =
1,2,...,m}, where every map corresponds to a local coordinate system
{0i | a;, %, ..., 2%}, such that the domain boundary

m
00 C ({(=1,%) | 2} = ai(3), |7'| < o}
i=1

and
{(z%,3") | a;(8") < 2} < ai(Z}) + B, |7'| < a} CR* \ {;
{(=1,7) | ai(&) = B < 2} < ai(&), 7| <} C Q.
Here 7 = (z,7%,...,7%)

Remark 1.3.1. Condition (ii) formalizes vague statements like “a do-
main §2 locally lies on one side of its boundary”.

Let Ny = {0} UN and

olal
o° =
0z} 0z3? ... 0z’
where & = (o1, 02,...,an) €Ny and [a| =1 +ag + - + ap.

Let us introduce the Sobolev spaces
W, = {0%u € Ly(Q) | Ve € NG, o] <1},

where | € Ny, 1 < p < o0.
The space W}, is a Banach space with the norm

ol = (3 [ 10up az) ™.
laj<t”®

The space W}, is reflexive for 1 < p < 00. For [ > k the bounded set
{u € W} | lullip < const} is compact in W. If for p = 2 the space W} is
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equipped with a scalar product

(u,v); =/ Z 0%u 0%v dz,

<t

it will be a Hilbert space. Let us denote H' = Wzl. In addition to these
spaces, we will also need the Hélder spaces

cHA = CH—A(Q) — {u € Cl(ﬁ) l

lullios =l + 3 sup 1270 = uly)

< oo}
amieved, oty |z =yl ’

where [ € Ny, 0 < A < 1, and || - ||; designates the uniform norm in C*(Q)

lull = ) max|8%u(z)].

|a|< €S

The spaces C'*t* are Banach spaces with a norm || - {|;;x. When [ 4+ X >
k + p, the bounded set {u € C*** | ||u|;4x < const} is compact in C*+4.

The connection between Sobolev and Holder spaces is established by the
Sobolev embedding theorems.

(TS1) If an integer k,0 < k < [, issuchthat 0 < 1/¢=1/p—(I —k)/n <
1, then the embedding of Wli in W;‘ is continuous. If in addition ¢’ < gq,
then the embedding of Wzi in W:, is compact.

(TS2) If an integer k, 0 < k < l,issuch that 0 < A=[l-n/p—k < 1,
then the embedding of Wlﬁ in C**+* is compact.

Let us now consider differential operators. Henceforth we will consider
that the domain 2 C R" is of the class C*®°. A set {B; | j =0,1,...,k} of
differential operators defined on 952,

Bj= Y b(2)d*, b, eC™69), (1.3.1)

|e|<m;

is called a normal system if 0 < mg < m; < --- < my and for every vector v,
z € 022, normal to 95 the following condition is satisfied

Y BpE£0,  j=0,1,...,k

|af=m;
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Let {B; | j = 0,1,...,k} be a normal system and my < l. Let us
introduce the spaces

Wzlr,{Bj}={“€W,£|Bju=0 on 0Q, j=0,1,...,k},

Ci-{é]/\} — {uec’H”\IB]u:O on 39, ]=0,1’?k}’

Wzlw, (8;) 2nd C?é;\} are Banach subspaces of the spaces W} and C"**, respec-
tively.
The differential operator

A= Y aq(2)8%  aa€C®(Q),

la|<2m

satisfies the Petrovskii ellipticity condition if

Y aa(z)t* #£0 VEER\ {0} VzeQ.

|a|=2m

A set {Bj | j = 0,1,...,m — 1} of differential operators on 9Q of the
form (1.3.1) satisfies the complementary condition (Shapiro—Lopatinskii
condition) with respect to an operator A if for any normal vector v, and
any tangent vector £; at any point z € 9 the polynomials

bj(z,&e +Tv5) = Z bl (z) (& + Tv2), j=0,1,...,m—1,

|a|=m;

in a variable T are linearly independent modulo of the polynomial HZ‘:—Ol (r—
+ are the roots with positive imaginary part of the polynomial

"), where 7,
Z aq(z)(€ +71)°

|aj=2m

in the variable 7. Here the vectors £, € R* are linearly independent.

Let £k € Ny and let {B; | j = 0,1,...,m — 1} be a normal system of
differential operators, complementary with respect to a operator A satisfying
the ellipticity condition. The operator A defined on the spaces W2mtk

r.(B;}
C{ng*}'k"')‘ will be called an elliptic differential operator.
J
Let us summarize the main results on elliptic differential operators which
will be useful for further treatment.
(1) An elliptic differential operator

. W2m+k k . 2mAk+A k+A
AWk S Wy, A Ol o 0
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is a Noether operator and its index ind A depends neither on k¥ € Ny nor
onp(l<p<oo)and A (0 < A <1).

Remark 1.3.2. Henceforth, among the Noether operators we will single
out the Fredholm operators, i.e., the Noether operators with zero index.

(2) The kernel ker A depends neither on k, p nor on A and the following
embedding takes place:

kerAC{uECl+’\|Bju=0 on 99, j=0,1,...,m—1}.

(3) The cokernel cokerA can be selected so that the embedding cokerA C
C*(Q) takes place and in this case the cokernel depends neither on p, k nor
on A

(4) Either the resolvent set of an operator A is empty or the spectrum
o(A) consists of isolated points that are eigenvalues of finite multiplicity and
is condensed only at infinity.

(5) The set of eigenfunctions and adjoint functions of an operator A
{¢x | K € N} C C*®(Q) forms a basis of the spaces W]ﬁ%’;‘}, W}, Ci‘g’}""”\,
and C'* irrespective of I = 0,1,... and of p and ).

Finally, let us define spaces of functions with values in a Banach space.

Let X be a Banach space. Consider the space Wé([a,b];X), l =
0,1,2,..., 1 < g < oo, consisting of functions u : [a,b] - X continuously
differentiable [ times with the norm

{ b

1/q
lellgag = lullig = (3 [ Iu® @l ae) .

k=072

By definition, the space Wé(a, b; X) is the completion of Wé([a, bj; X) in this
norm and is called the Sobolev—Bochner space. The space Wf(a, b; X) is
denoted by Lg(a,b; X) and is called the Lebesgue—Bochner space.



Chapter 2.

Relatively p-radial operators and
degenerate strongly continuous
semigroups of operators

2.0. INTRODUCTION

Let &/ and F be Banach spaces; operators L € L(U;F) and M € CI(U;F).
Let us consider a Cauchy problem

u(0) = uo (2.0.1)
for a linear Sobolev-type operator
Li = Mu (2.0.2)

Suppose that there exists an operator L~! € £L(F;U), then problem (2.0.1),
(2.0.2) is reduced to a couple of problems equivalent to it

4 = Su, ©(0) = ug; (2.0.3)
f=Tf  £0) = fo,

where operators S = L™'M € Cl(U), T = ML~! € CI(F); vectors f = Lu,
fo = L’U,o.
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Problems (2.0.3), (2.0.4) with an accuracy of notation coincide with the

problem
v = Av, v(0) = vo, (2.0.5)

where A € CI(V), V is a Banach space and vy € dom A. If an operator A is
radial, then, as follows from the Hille—Yosida theorem (Hille and Phillips,
1957; Yosida, 1965), the unique solution of problem (2.0.5) is v(t) = V'vy,
where {V? | t € Ry} is a strongly continuous (Cp)-semigroup of solving
operators of equation (2.0.5).

It is easy to see that the operator S of problem (2.0.3) is radial exactly
when the operator T is radial. Therefore, in this case a pair of operators
(L, M) generates a pair ({Ut}, {F*}) of strongly continuous (Cy)-semigroups
defined on the spaces I and F respectively. At the same time, the semigroup
{Ut| t € Ry} consists of solving operators of equation (2.0.2), i.e. a unique
solution u = u(t) of problem (2.0.1), (2.0.2) for every up € dom M has the
form u(t) = Utug.

The Hille—Yosida theorem establishes bijection between a set of radial
operators and a set of strongly continuous (Cp)-semigroups. In this case,
however, operators S and T are similar (i.e. T = LSL™!), consequently
semigroups {U? | t € Ry} and {F? | t € R} } are also similar (that is F* =
LU'L™! for every t € R.), therefore, there is no longer any bijection between
the set of operator pairs (L, M) and the set of pairs of random strongly
continuous (Cp)-semigroups. The only bijection now is that between a set
of pairs of similar operators (S,7") and a set of pairs of similar strongly
continuous (Cp)-semigroups ({U'}, {F*}).

The situation becomes more complicated when an operator L is non-
invertible, in particular, when its kernel ker L # {0}. Sviridyuk (1995) was
one of the first to consider this case from the viewpoint of the theory of
radial operators and strongly continuous semigroups. His results were later
developed by Fedorov (1996, 2001). The results presented in this chapter
were mostly obtained by Fedorov.

In Section 2.1, we introduce a L-resolvent set and a L-spectrum of an
operator M generalising the concepts of a resolvent set and of a spectrum
of the operator S (or T') when an operator L is invertible; and study the
properties of L-resolvents of the operator M coinciding with the resolvents
of the operators § and T for the case L' € L(U;F). In addition, this
section contains a detailed study of M- adjoint vectors of the operator L
introduced by Vainberg and Trenogin (1969).

In Section 2.2 relatively p-radial operators are introduced and studied, in
particular, if an operator L is continuously invertible, an operator S (or T')
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is radial then an operator M is (L,p)-radial. For p = 0 the reverse is also
true.

In Section 2.3 the existence of degenerate strongly continuous semigroups
of operators is proved generated by an (L, p)-radial operator M. The proof
is based on the approximations of the Yosida-type. In Section 2.4 the same
fact is proved by approximations of the Hille—Widder—Post-type. The
result generalises the direct statement of the Hille—Yosida theorem.

In Section 2.5 conditions are discussed sufficient for splitting the space
U=UoU', F = F* @ F! and for splitting the actions of operators
L:U* - F* M : domnu* — F* k = 0,1. In addition, here the
conditions of existence of an operator L1—1 € L(F 1;L{I) are considered.

In Section 2.6, infinitesimal generators of restrictions of degenerate
strongly continuous semigroups and phase spaces of equation (2.0.2) are
studied. The results of this section are used in Section 2.7 to prove the
generalisation of the invertible statement of the Hille—Yosida theorem. In
Section 2.8, all the obtained results are employed for studying degenerate
strongly continuous groups generated by operators L and M.

2.1. RELATIVE RESOLVENTS

Let # and F be Banach spaces, operator L € L(U;F), and operator M :
dom M C U — F be linear and closed.

Definition 2.1.1. Set
pt(M) = {ueC| (uL — M)™" € L(F;U)}

is called a resolvent set of an operator M with respect to an operator L (or,
briefly, L-resolvent set of an operator M). The set oZ(M) = C\pl (M) is
called spectrum of an operator M with respect to an operator L (or, briefly,
L-spectrum of an operator M).

Remark 2.1.1. When there exists an operator L™! € L(F;U) L-
resolvent set and L-spectrum of the operator M coincide with the resolvent
set and the spectrum of the operator L~'M (or the operator ML™1).

Remark 2.1.2. The L-resolvent set of the operator M is always open,
and, consequently, the L-spectrum of the operator M is always closed.



