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Preface

The study of nonlinear phenomena is concerned in the field of natural science and even
social science. Since many phenomena in nature are essentially nonlinear, nonlinear
problems have aroused the interest and concern of engineers, physicists, mathemati-
cians and many others. In the mathematical and physical sciences, nonlinearity is the
phenomenon in which the change in output is not proportional to that of input. A large
part of nonlinear phenomena can be described by nonlinear partial differential equa-
tions, among which two typical examples are the Navier—Stokes equation in fluid me-
chanics and Schrodinger equation in quantum mechanics. There are more than 118 non-
linear partial differential equations listed on Wikipedia.

The solution of the heat conduction equation with the Dirichlet boundary condition
can be expressed as a linear combination of sinusoidal functions of different frequen-
cies with time-dependent coefficients. The superposition principle makes it easy to solve
linear problems. It is often possible to find several particular solutions for nonlinear
problems, however, it is commonly very difficult to find general solutions from these
particular solutions.

In the process of computerization of science, as a tool, a method and a new sub-
ject, science and engineering computation has begun its new development. Numerical
solutions of differential equations have also been developed in an unprecedented way.

In this book, we study the difference methods to seek the numerical solutions
by selecting 12 typical nonlinear partial differential equations. The 12 equations are
respectively the Fisher equation, Burgers’ equation, regularized long-wave equation,
Korteweg-de Vries equation, Camassa—-Holm equation, Schrédinger equation, Kura-
moto-Tsuzuki equation, Zakharov equation, Ginzburg-Landau equation, Cahn-Hilliard
equation, epitaxial growth model and phase field crystal model. Several effective dif-
ference schemes are established for each problem. The existence, uniqueness, conser-
vation, boundedness and convergence of the solution of each difference scheme are
proved.

The whole book is concise, hierarchical, gradually deepened in the level of difficulty,
which is very suitable to be studied for primary scientific researchers. It is also ideal
material for graduates to study and research.

The main part of the book originates from a translation of the monograph “Finite
difference methods for nonlinear evolution equations” in Chinese (Science Press, 2018)
written by Professor Zhi-Zhong Sun with the following modifications. Difference meth-
ods of the Fisher equation are added as a new Chapter 1; In Chapter 2, L* error estimate
of the solution to the initial-boundary value problem of the Burgers’ equation and to the
two-level nonlinear implicit difference scheme is added in Section 2.1 and Section 2.2,
respecitively; A new proposed compact difference scheme for the Burgers’ equation is
added in Section 2.5. In Chapter 4, the convergence and unique solvability analyses of
two second-order schemes for the Korteweg—de Vries equation are supplemented in Sec-
tion 4.4 and Section 4.5. In Chapter 12, the proof of Theorem 12.4 is updated. In addition,
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we have supplemented and collected no more than two numerical examples by taking
a difference scheme as an example in the penultimate section of each chapter.

Zhi-Zhong Sun completed the main part of the book. Qifeng Zhang provided the
translation of Chapters 2-9. He also supplemented and collected numerical examples in
Chapters 2-12. Guang-hua Gao translated Chapters 1, 10-12 and supplemented numerical
examples in Chapter 1. All of the authors have carefully checked and further polished
the whole book.

Before the monograph was fully published, Qifeng and Guang-hua read many parts
of the contents. After more than 10 years of study and research, both authors have
benefited from the analytical methods and excellent skills. Good knowledge production
should be shared with the entire world. This is one of the main motivations for trans-
lating and rewriting the book. The publication of this book was supported in part by
the National Natural Science Foundation of China (Grant No.11671081) and the Natural
Science Foundation of Zhejiang Province (Grant No. LZ23A010007).

Most of the contents presented in this book originate from the work of the authors
and collaborators. Here, we express our sincere thanks to all the collaborators. The au-
thors are grateful to the editors of the press for their hard work. Due to the authors’
limited ability, mistakes will be inevitable. We sincerely hope that experts and readers
may provide valuable advice and suggestions.

November, 2022 Zhi-Zhong Sun
Qifeng Zhang
Guang-hua Gao
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1 Difference methods for the Fisher equation

1.1 Introduction

The Fisher equation belongs to the class of reaction-diffusion equations. In fact, it is one
of the simplest semilinear reaction-diffusion equations, the one which has the inhomo-
geneous term f(u) = Au(1 — u), which can exhibit traveling wave solutions that switch
between equilibrium states given by f(u) = 0. Such an equation occurs, e. g., in ecol-
ogy, physiology, combustion, crystallization, plasma physics and in general, phase tran-
sition problems. Fisher proposed this equation in 1937 to describe the spatial spread
of an advantageous allele and explored its traveling wave solutions [12]. In the same
year (1937) as Fisher, Kolmogorov, Petrovskii and Piskunov introduced a more general
reaction-diffusion equation [18]. In this chapter, we consider the following initial and
boundary value problem of a one-dimensional Fisher equation:

U — Uy, = Au(l-u), 0<x<L 0<t<T, (W)
u(x,0) = p(x), 0<x<I, 1.2)
u(0,t) = a(t), u(L,t)y=p(@), 0<t<T, 1.3)

where A is a positive constant, functions ¢(x), a(t), B(t) are all given and ¢(0) = a(0),
(L) = B(0). Suppose that the problem (1.1)—(1.3) has a smooth solution.

Before introducing the difference scheme, a priori estimate on the solution of the
problem (1.1)—(1.3) is given.

Theorem 1.1. Let u(x, t) be the solution of the problem (1.1)-(1.3) with a(t) = 0, B(t) = 0.
Denote

L trL L
E(t) = J u(x, t)dx +2 J “ u)z((x, s)dx + A J(ue‘(x, s) — ul(x, s))dx] ds,
0 0Lo 0
L L trL
F(t) = j W(x, t)dx + 2 j [%u?’(x, £ - ud(x, t)]dx ) j “ (x, s)dx] ds.
0 0 0%0

Then
E(t)=E(0), F(t)=F(0), 0<t<T.
Proof. (I) Multiplying both the right- and left-hand sides of (1.1) by u(x, t) gives
U6 U (X, t) — u(x, Oy (X, t) + A[ug(x, t) - u?(x, t)] =0,

ie,

https://doi.org/10.1515/9783110796018-001
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1d
E&[ 2(x, )] — (ux, Huy(x, 1)), + u,z((x, t) + A[us(x, t) - u?(x, t)] =0.
Integrating both the right- and left-hand sides with respect to x on the interval [0, L] and

noticing (1.3) with a(t) = 5(t) = 0, we have

L L L
%% j W2(x, D)dx + J W(x, £)dx + A J[ug(x, £) - u2(x, B)]dx = 0,
0 0 0

which can be rewritten as

L trL L

dff 2 [ 2 3 2 ] }:
u“(t)dx +2 u,(x,8)dx + A | (w(x,s) —u“(x,s) )dx |ds 0.

Then E(t) = E(0) is obtained.
(I1) Multiplying both the right- and left-hand sides of (1.1) by u,(x, t) yields

uf(x, ) — u (X, Oy (X, 8) — Alu(x, t) - wl(x, H]u(x,t) =0,

ie,

=0.

u?(x, t) — (u(x, O, (x, 1), + <lu,2((x, t)) +/1[1u3(x, t) - 1uz(x, t)
X 2 t 3 2 t

Integrating both the right- and left-hand sides with respect to x on the interval [0, L] and
noticing (1.3) with a(t) = 5(t) = 0, we have

L L

Ju,z((x, t)dx + A g J
0 0

L
15 1, ] J’ 2 B
& [ u(x,t) 2u(x,t) dx+0ut(x,t)dx—0,

a
at 3

N =

which can be rewritten as
q L L ) t L
&“ u)z((x, t)dx+/1j<§u3(x, t) - uz(x, t)>dx+2J<J uﬁ(x,s)dx)ds] =0,
0 0 0 0

ie,

dFe _

0, 0<t<T.
ar <

Thus, F(t) = F(0) is followed. O
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1.2 Notation and lemmas

In order to derive the difference scheme, we first divide the domain [0, L] x [0, T]. Take
two positive integers m, n. Divide [0,L] into m equal subintervals, and [0, T] into n
subintervals. Denote h = L/m, 7 = T/n; x; = th,0 < i < m;jty = kr,0 < k < m;
Qu=1x10<ism}Q =1{t | 0 <k <nkQ, = Qy x Q.. We call all of the nodes

{(x;»t) | 0 < i < m}on the line ¢ = ¢t the k-th time-level nodes. In addition, denote

1 1 T
XH% = Z(X,~+Xl-+1), tk+% = z(tk +tk+1),r = F

Denote

Uy ={u | u=(tp, Uy, ..., u,)is the grid function defined on Q;},

Up = {u | u €Uy, ug = Uy =0}
For any grid function u € U, introduce the following notation:
1 5 1 1
Sxlyy1 = E(um ), Syu;= ﬁ(ui—l —2U; + Uipq), Dyl = ﬁ(um = Uj_q).
It follows easily that
s 1 1
Su; = E((SXHH% - 6Xui7%), Au; = i((SXuF% + 6Xui+%).

Suppose u, v € Uy. Introduce the inner products, norms and seminorms as
1 = 1
u,v) = h(iuovo + Y U+ > U >
i=1

m
<5xu: 6xv> =h ;(6)(11['_% )(6xvi_% )

lulloo = max ||, [ul = V(w,uw), [6xully, = max |§,u; 1l,
0<ism 1<ism 2

luly = (St Seut),  Nully = Nl + ul?,
m-1 ) 9

luly = \[B Y (82u)"  lully = Nl + [ul? + ul?.
i=1

If Uy, is a complex space, then the corresponding inner product is defined by

1 S 1
(u,v) = h<£u0\70 + Z u;v; + Eum\'zm>,

i=1

with v; the conjugate of v;.
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Denote

S, ={w|w=w’w',...,w") is the grid function defined on Q_}.

For any w € S;, introduce the following notation:

k 1 l k J+ k 1 K+ k—
w 2= —(W +w 1) Wk = —(W 1 +w 1),
1 + 1 —
+1 1 + 1 + —
(Sth 2 = —(Wk 1 - Wk), Ath = _(Wk 1 - Wk 1).

It is easy to know that
AW = 1(6 wh2 4§ ’”2)
t = E t + oW .

Suppose u = {uf‘ | 0 <i<m0 <k < n}isa grid function defined on Q,, then
V= {uﬁ‘ | 0 < i< m}isa grid function defined on Q;, w = {ug‘ | 0 < k < n}isagrid
function defined on Q,.

Lemma 1.1 ([25, 35]). (a) Suppose u,v € Uy, then
-1

~h Y (8u;)v; = hZ(& . 1)(6V;_1) + (Blts )V — (Sltyy_1)V.
i=1 :

i

E

N
—_

(b) Suppose u € Uy, then

mi1 ,
-h ) (Su)u; = |uly,
P}

lulf < llull - July,

llul \/_Iul
) 2 1
L
lull < 7|U|1

(c) Suppose u € Uy, then
2
lullGe < llull - July,

and for arbitrary € > 0, it holds that

1 2 2 1,9
lully, < eluly + EHUH, lully, < elulf + Ellull .
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(d) Suppose u € Uy, then
< 2l
(e) Suppose u € Uy, then
Il < 2l -l + 7,
and for arbitrary € > 0, it holds that

2 2 (1 1> 2
u <EUl T+ -+ = ull.
w2, < eluf? (8 i

() Suppose u € Uy, then for arbitrary € > 0, it holds that

2 2 (1 1Y\ o
6 ulls, < eluly + <E + Z)lull'

Proof. We only prove (c) and (e).
(c) Noticing that uy = 0, when 1 < i < m -1, we have

i i
:Z(uf Zu,+u11(ul Up_q) = ZhZul 16 1
1=1

=1

Hence,

Similarly, noticing that u,, = 0, we have

Adding the above two inequalities together, we have

m m m
2 2 2
ERIMURIRLURIE \jh 2l iF- \jhE 1824y < - uty.

It follows that
2
lullge < llull - Jul;.

For arbitrary € > 0, then
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1
uwmsvwwmhswm+5wm

2 2 1, 9
llulls, < lull - July < eluly + 4_s”u” .

(e) When i > j,

i
) 2 2
W =u + Z (u —wy)
I=j+1

i

)

= +2h Y w161,y
I=j+1

i
2
<u; +2h U _1|-|6,u
42k Y sl 18, ]
I=j+1

m
2
<w+MZM%H@%y
=1
2
<+ 2ull - fuly. 1.4)

It is easy to know that the above result holds also for i < j.
Denote

Multiplying (1.4) by hw; on both the right- and left-hand sides and summing up for j from
0 to m, we have

m m m
2 2
h Z wiuy <h Z Wil + 2h Z w;llull - ul;.
j=0

j=0 Jj=0

It easily follows that
2 2
Ljullg, < lul™ + 2L{ull - ul;
namely,
2 1 2
o < 2lull - July +  lull”

For arbitrary € > 0, we have

2 2 (1 1 2
< S [T
lulls, < eluly + <£ + L>||u|| B
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Similar results hold for the continuous functions.
Next, we will give several commonly used numerical differential formulas.

Lemma 1.2 ([35]). Let c, h be given constants and h > 0.
(@) Ifg(x) € C*[c - h,c + h], then

1 2 "
glc) = E[g(c—h)+g(c+h)] - h?g (&), c-h<§<c+h
) Ifgx) € Cz[c, ¢ + hj, then
' 1 h
g(0)=;lglcth)-gO] - 587G, c<f<c+h
(© Ifg(x) € C*[c - h, ], then
! 1 h n
g = E[g(c) -glc-h]+ Eg (&), c-h<§&<c

(d) Ifg(x) € C*[c - h,c + h], then

2
g'(c) = %l[g(6+h)—g(c—h)] - %gm(%)) c-h<&<c+h

(e) Ifg(x) € C*[c - h, ¢ + h], then
" 1 R 4
g' ()= ﬁ[g(w h) -2g(c) + g(c - h)] - 58 G c-h<g<cth

(f) Ifg(x) € C*[c,c + h], then

g”(C)= %[w_g'(c)] _ggm(fs)’ C<f5<C+h;

Ifg(x) e C4[c,c + h], then

" 2 h) - ) h h*
g(d=;iggi7%iﬁg—g(d]—§g(Q—E?&K%L c<g<cth

(©) Ifg(x) € C¥[c — h,c), then

g"(c) = %[g’(c) - g(c)+(c_h)] + gg”’(&), c-h<&<c

Ifgx) e C4[c —h,c], then

go-ge-n]

)
38”"(6) - Eg“)(fg), c-h<é&<c

" _E A
g )= h[g (c)
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h) Ifgx) € C%[c - h,c + h], then

l "me. " " _l _ _ 6
L1 e~ + 10g”(@) +8"(c + )] = L lgte+ 1 ~26(0) +gte -] + 1o gO1e,

c-h<é<c+h

Now let us introduce some important Gronwall inequalities.

Theorem 1.2. (a) Suppose {FK Yoo IS @ nonnegative sequence; ¢ and g are two nonnegative
constants satisfying

'<a+enff+tg, k=012...,

then

F*< eCkT<FO +§>, k=0,12....

(b) Suppose {Fk Yoo and {gk Yeep are two nonnegative sequences; ¢ is a nonnegative
constant satisfying

M <ad+enrf+g*, k=012...,

then

k-1
k< eCkT<F0 + ng’), k=0,12....
1=0
(c) Suppose (F¥ Yoo IS a nonnegative sequence; ¢ and g are two nonnegative constants

satisfying

k-1

FK<er Y Fleg, k=012,
1=0

then
F<e®g k=012....

(d) Suppose (Fk Yoo IS @ nonnegative sequence and {gk Yoo IS nonnegative monotoni-
cally increasing (allowed not strictly monotonic) sequence satisfying

k-1
Fr<er Y Flagh, k=012...,
=0

then

K <e® gk k=012....
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Proof. (a)

M <d+enrf+ g
<@+en)[d+ cr)FF 1+ 78] + 18
=+ cr)’FF 4 [+ cr) +1)1g
<@+ cr)z[(l +cn)FF 2 4 7g] +[(1 + cT) + 178
=1+’ 4 [A+cr)+ L+ cr)+1]1g
S cee
<(1+cn)fF + [+ ) A+ ek Pt 1]zg
<@+ CT)k[(l +cr)F° + g] + [+ A M@+ et 1]zg
=@+ s [A+ ek + A+ )T+ 1]eg

k+1
=1+ CT)k+1F0 + M -Tg
cT
< e“’“”f<F° + é’), k=0,1,....
c
(b)
Y < @+ en)F* + gk

<A+ cen)[A+ )P 4 78"k + g*
=A+cr)’F T+ 1+ cr)rgk_1 + rgk

<A+ e[+ cn)F 2+ g8 + 1+ cyrg T + gk

=1+c0)’F k=2 1+ cr)zrgk_z + 1+ cz’)‘z'gk_1 + Tgk

<@+ CT)S[(I +cn)FF 3+ Tgk‘g] + 1+ C‘[)ngk_2 +(1+ CT)Tgk_l + Tgk
=1+ PP+ A+ cr)’eg" P+ A+ e0)* g P+ 1+ gt 4 gt

k
<1+ c)f 0 4+ ¢ Z(l +cr)klg!
1=0

k k
<(1+ cr)k“(F" + T2g1> < ec(’“l“<1f0 + ngl>, k=0,12....
=0

=0

(c) It is easy to know that
F<g.

Let
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k-1
G'=ct)F+g k=012...
=0

Then
=g,
FF<G6X, k=012...,

G =G v etFF < v et = A+ c)GFY, k=1,2.3,..

by recursion, we have
G <a+c)fc® <e™g, k=012...,
so that
F<G6k<e®g, k=0,12....
(d) It is easy to know that
F'<g°
Let
k-1
=ty Flegh, k=012,
1=0
then

GO _ gO’

FK<6X, k=012...,

k-2
G =ct Y Fla gt vctb 4 (g - g
=0
_ Gk—l + CTFk_l + (gk _gk—l)

<A+cen)G M+ (g -, k=12....

Applying the result of (b), we have

K
FF<6'< eC"T[G0 +Y (g —gl‘l)] =egk  k=0,12....

=1

L
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1.3 Forward Euler difference scheme

1.3.1 Derivation of the difference scheme

Define the grid function U = {Ul-k |0<i<m,0<k<n}onQ, where
UF =u(x,ty), 0<i<sm, 0<ks<n

Denote

Co = max|u(x, 1)].
0<t<T

Considering equation (1.1) at the point (x;, t;), we have
Up(Xp b)) — U O 1) = Aulx, t)[1 - ulx )], 1<ism-1,0<k<n-1 (15

With the help of Lemma 1.2, we have

1

u (X, ty) = ;(Uik” - UX)+0(t) = DU + O(7), (1.6)
1

Uy (X ty) = ﬁ(U{‘ﬂ - 2UF + UX,) + O(h?) = 8*UF + 0(h?), %)

UOG t) = UK tsq) + O(T) = UF 4 0(7). (1.8)

Substituting (1.6)—(1.8) into (1.5) arrives at
DU - 82U = (UK - UFUF™) + (R)K, 1<i<m-1,0<k<n-1, (19
where there is a constant ¢; such that
|RDf| < c(t+h), 1<ism-1,0<k<n-1 (1.10)
Noticing the initial-boundary value conditions (1.2)-(1.3), we have

{ U = o(x), o<is<m, 111
UX=a(ty), US=Bt), 1<k<n (1.12)

Neglecting the small term (Rl){-‘ in (1.9) and replacing the exact solution Ul-k by its numer-
ical one uf, the following forward Euler difference scheme is obtained as

Dl - 82uf = Ak —ufufh), 1<i<m-1,0<k<n-1, (113)
u = o(x;), o<is<m, (1.14)
uf = a(ty), ub =Bty 1<ks<n (1.15)

It is easy to get the following conclusion.
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Theorem 1.3 ([29]). Let {uf~< | 0 <1
scheme (1.13)-(1.15). If0 < p(x) £ 1,0

m,0 < k
a(t) <10

n} be the solutlon of the difference

<
< B) <landr < 2, then it holds that

<
<

Proof. Reformulate (1.13) as

A+ Ayl = (- 2mul + ruf  +uf ) A, 1<i<sm-1,0<k<n-1,

or

Ut = . )l k[(l 2l +r(uly +uly) +And], 1<ism-1,0<k<n-1

If0 < uf‘ Lo0<i<mandr< %,thenwehave

and

uf-”1<T[(1 ) x1+rx A+ +Af] =1, 1<ism-1
v

By induction, the conclusion is true. O

1.3.2 Solvability and convergence of the difference scheme

Theorem 1.4. Let{Uik |0<i<m,0<k<n}and {ug‘ | 0 <i<m,0 <k < n} besolutions
of the problem (1.1)-(1.3) and the difference scheme (1.13)-(1.15), respectively. Denote

el =Uf-uf, 0<i<m 0<k<n

o = al 3A(co+)T
27 2(cy +1)

Then, whenr < % (T + hz) <land A(cy + 17 < % it holds that
() the solution of the difference scheme (1.13)-(1.15) exists;
an

le¥]l., sc(z+ 1), 0<ks<n (1.16)



1.3 Forward Euler difference scheme === 13

Proof. Subtracting (1.13)—(1.15) from (1.9), (1.11) and (1.12), respectively, the system of er-
ror equations can be produced as

Deef — 82K = aek — AUf UM —ufuf ™ + RYY, 1<i<sm-1,0<k<n-1, (117)

l 1
e) =0, 0o<ism, (1.18)
ek=0, e =0, 1<ks<n (1.19)

Rewrite (1.17) as

ek = (1—2r)el + (el + ek ) + Atef — Ar(uFel™ + UM + TR,

1<ism-1,0<k<n-1 (1.20)

Whenr < %, taking the absolute value on both the right- and left-hand sides of (1.20) and
using the triangle inequality, with the help of (1.10), we have

e < =20 + (e o + €¥ll0) + ATl
(ol o + N ool ) + ex(z + 1)
= 1+ D)€" oy + AT( o " s + colle” o) + cr7(z + 1)
= [1+Alco + D] €], + AT e, + eyt (T + BP),
1<ism-1

It follows by noticing (1.19) that

||ek+1||00 < [1+A(ey + 1)T]||ek||00 + )L‘[||uk||00||ek+1||OO +07(T+ hz), 0<k<sn-1
1.21)

In view of (1.18),

€0 =

which implies the truth of (1.16) for k = 0.
Now assume that (1.16) is true for 0 < k < [, i.e,,

le¥]l, <c(z+h), 0<ksl
Then noticing e = Uk u when ¢,(7 + h?) < 1, it follows that
). < 10" + €] < co+1 O<k<L
Considering (1.13) with k = [ and noticing 1 + Arug 21-At(cp+1) = %, we obtain

l+1 1

u; T[(l b +r(d, +ul ) Fand], 1<ism-1,
u!
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which means that u'*!

have

can be solved explicitly and uniquely. In addition, by (1.21), we

I, < [1+Alco + Dr]||e¥|, +At(co + D€ |, +err(z + 1), 0<k<l,
ie,
[1-At(co + D], < [1+Alco + V7], + crr(z + 1Y), 0<k<l

When A7(cy +1) < % we have

e, < [1+3A(co + V]|l + gclr(r +hY), O0<k<l
The application of the Gronwall inequality (Theorem 1.2(a)) yields

2 C
"el+1"OO <é (41T m(r + hz) - CZ(T + hZ))

from which (1.16) also holds for k = [ + 1. By induction, (1.16) is true for all k (0 < k < n).
O

1.4 Backward Euler difference scheme

The forward Euler scheme requires the step size ratio r < % which implies that the
temporal step size must be much smaller than the spatial one. Next, an unconditionally
stable difference scheme will be introduced.

1.4.1 Derivation of the difference scheme

Considering equation (1.1) at the node point (x;, t;,1), we have

Up(Xp, Gg1) = W (X tryq) = AUCG, b)) [1 - UKo typ)], 1<i<sm-1,0<k<sn-1

(1.22)
With the help of Lemma 1.2, we have
1
U (X tyyq) = ;(U{”1 - U +0(r) = D; U™ + 0(7), (1.23)
1
Uy (X tieaq) = ﬁ(Ui’_‘:{l —2U0f + U + o(RY) = 82UF + O(KP), (1.24)
UG ts) = UCG B) + O(T) = UK + 0(7). (1.25)

Substituting (1.23)-(1.25) into (1.22) arrives at
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D; UM - 82 Uf = AU - UFUF ™) + R)FT, 1<i<m-1,0<k<n-1, (126)

where there is a constant ¢; such that
IR <cs(r+ k), 1<ism-1,0<ksn-1 1.27)
Noticing the initial-boundary value conditions (1.2)-(1.3), we have

{ Ul = o(x), 0<ism, (1.28)
—a(ty), UX=PBty), 1<ks<n (1.29)

Neglecting the small term (Rz)i"r1 in (1.26) and replacing the exact solution Ul-k by its
numerical one uf , the backward Euler difference scheme reads

Dr U = 82l = Ak - WU, 1<i<m-1,0<k<n-1,  (130)
u; = ox;), 0o<ism, (1.31)
ub = atty), Uk =By, 1 n (1.32)

O

Note that (1.30)-(1.32) is a two-level linearized difference scheme.
It is easy to get the following conclusion.

Theorem 1.5 ([29]). Let {uf | 0 < i< m0 < k < n} be the solution of the difference
scheme (1.30)—-(1.32). If 0 < p(x) < 1, 0 < a(t) < 1and 0 < B(t) <1, then it holds that

k
1

O<u; <1, 0<ism,0<k<n

N

Proof. Rewrite (1.30) as

A +2r + Al = r(@  d) +uf Ak, 1<i<sm-1, 0<k<n-1
(1.33)

Suppose 0 < uf <1,0 <i<mandnotice 0 < a(ty,q) <1,0 < B(tr,q1) < 1. Denote

min uf*! = W, max uft =l

o<ism o<ism
Ifi, +# 0,m,letting i = i, in (1.33), we have
(L 2r + Aruf Yuf ™ = e+ u ) +uf Azl s 2ruf e anf
ie,

1+ Atuf g kel s (1+M')u£,

which implies
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k+1 > 0.

U;

*

Ifi* + 0, m, letting i = i* in (1.33), we have

(1+2r + At )ul™ = r(uy + ul) + uf s <ord ks andf,

ie,
A+ At )ul ™ < ul + Arul <1+ Az,

which implies

k+1 <1

The result 0 < u k“ < 1is followed.

By inductlon, the proof is completed. O

1.4.2 Existence and convergence of the difference solution

Theorem 1.6. Let{Ul-k |0<i<m,0<k<n}and {ui‘ | 0 <i<m,0 <k < n} be solutions
of the problem (1.1)-(1.3) and the difference scheme (1.30)—(1.32), respectively. Denote

e =Uf-uf, 0<i<m 0<k<n

) = Cs 3A(co+1)T
)

Then, when c,(7 + hz) <landA(cy +2)T < % it holds that
() the difference scheme (1.30)—(1.32) is uniquely solvable;
an

lef]l, s calr+ 1), 0<ks<n (1.34)

Proof. Subtracting (1.30)-(1.32) from (1.26), (1.28)—(1.29), respectively, the system of error
equations is produced as

D-¢ k+1 62 k+1 Ae? —A(UikUikH _ ui(ul{(+1) + (Rz)kﬂ,

t l 1

1<l<m—1,0<k<n—1, (1.35)
? = 0o<ism, (1.36)
ek -0, efn =0, 1<ks<n (1.37)
Rewrite (1.35) as
1+ Zr)eg‘+1 = r(ef“l1 + ef‘:ll) +(1+ Ar)e - AT( 1y e Uk”) + T(R, )’“r1

1<ism-1,0<k<gsn-1
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Taking the absolute value on both the right- and left-hand sides of the equality above
and using the triangle inequality, with the help of (1.27), we have

(1+2r)|ef*!]
<2, + A+ 2D o + AT o€ oo + € o NT o) + €57(T + B2),

1<ism-1,0<sk<sn-1
It follows by noticing (1.37) that

1+ 2,

<2, + @+ 20, + Al oo e, + o) + estlr + 1,

0<ksn-1,
ie,
I, < [1+ACco + D] ||, + A €|, + cst(z + 1), 0<ks<n-1.
(1.38)
From (1.36), we easily have
el = 0. (1.39)

which means that (1.34) holds for k = 0. Now suppose that the values of u’,u,..., u!

have been obtained from (1.30)-(1.32) and the inequality (1.34) is true for 0 < k < I. Then
when ¢, (7 + h?) < 1, it follows:

lefl, <cu(r+h?) <1, 0<ks<l
and
) < 10" + €] <o+ O<ks<L (1.40)
(D) Proof for the unique solvability.

The system of linear equations in u'*! can be obtained from (1.30) and (1.32) as

I+1

I+1 2 1+1 l 11+ :

{ Dru” - & = Ay —wy ), 1<ism-1,
1+1

Up = altyg), Uy = Pty).

Consider its homogeneous one:

{ Tul - 2l = !, 1<i<m-1, (141)
ut=0, uit=o. (1.42)

Rewrite (1.41) as
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@+2ru™ = r(ht + ul) - bl 1<ism-1

Suppose |u§f1| = lu™ s> 1 <1 <m-—1 Letting i = i* in the equality above and taking
the absolute value on both the right- and left-hand sides, with the help of the triangle
inequality, we get

1
=

@+ 20)u gy < 2™ + At o "

By (1.40), it further follows:

I+1 “ 1+1 ”

[u™ o < Alco +Drfju

o
When A(cy + 1) < 1, it implies ||ul+1||00 = 0. Thus, (1.30) and (1.32) are uniquely solvable
; 1+1
inu™.

(I1) Proof for (1.34).

From (1.38) and (1.40), we have

e, < [1+Alco + Dr]|e¥], +Alco + Dre |, +csz(t+hP), 0<k<l,
ie,
[1-Alco + DT][[e*Y| ., < [1+Alco + V7]l + csz(t+h%), O0<ks<l

When A(cy + 17 < % it follows:

e, < [1+3A(co + V7] fle¥]., + ;cgr(r +hY), O<ks<l
Noticing (1.39), the application of the Gronwall inequality (Theorem 1.2(a)) yields

I o < e e (T ) = culz 1),

which says that (1.34) is also true for k = [ + 1.
By induction, (1.34) is true for all k (0 < k < n). O

1.5 Crank-Nicolson difference scheme

This section is devoted to the derivation of an unconditionally convergent difference
scheme with the accuracy O('[2 + hz).
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1.5.1 Derivation of the difference scheme
Considering equation (1.1) at the point (x;, ¢, 1), we have
2

2 .
e (X 1) = U (3, G 1) =A[u(xi,tk+%) -u (xi,tk+%)], 1<ism-1,0<k<sn-1

(1.43)
By Lemma 1.2, we have
k+% 2
U (X, by, 1) = 6,U; > +0(77), (1.44)
2
1
Uy (Xip B, 1) = i[uxx(xi’ i) + Uy (X )] + O(°)
= J(EU 805 + o) + ()
1
= 82U+ O(c + D), (145)
1
ux, b, 1) = U2+ 0(%), (146)
2
2 k, T 2 ke1 T 2
u(x;, tk+%) = [Ul- + Eut(xl-, tk+%) +0(t )][U,» e Eut(xl-, tk+%) +0(t )]
= UfU*™ + (). (147)

Inserting (1.44)—(1.47) into (1.43) arrives at
U - 8T AU - UFURY) + RYE, 1<ism-1,0<k<n-1, (148)
where there is a constant ¢g such that
|(R3)f.(+%| <cos(f*+h?), 1<ism-1,0<k<n-1. (1.49)
Noticing the initial-boundary value conditions (1.2)-(1.3), we have

{ Ul = o(x), 0<ism, (1.50)
US = a(ty), US=Bt), 1<ks<n (151

1
Neglecting the small term (Rg)i{+2 in (1.48) and replacing the exact solution Uik by its
numerical one uf , the Crank—Nicolson difference scheme is derived as

1 1 1

6tuf+2 - Siu:.ﬁz = )l(uf+2 - uf-‘uf*l), 1<ism-1,0<k<n-1, (152
u? = 0(X;), 0<i<m, (1.53)
uf = alty), Uk =Bty 1<ks<n (1.54)

The difference scheme (1.52)—(1.54) is a two-level linearized difference scheme.
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1.5.2 Existence and convergence of the difference solution

Theorem 1.7. Let{Uik |0<i<m,0<k<n}and {uf | 0 <i<m,0 <k < n} be solutions
of the problem (1.1)-(1.3) and the difference scheme (1.52)-(1.54), respectively. Denote

ek=uk-uf, o<i<m 0<ks<n,

G /3 7A2(c0+1)2
C ez
67 Ay + 1)

Then when \/TICG(TZ + hz) <1, L2 [1+2(cy + 1)2]’[ < 2and /1(% +C)T < 1, it holds that
() the difference scheme (1.52)—(1.54) is uniquely solvable;
(In

ef|, < cs(t* + 1), O<k<n (1.55)

Proof. Subtracting (1.52)-(1.54) from (1.48), (1.50)-(1.51), respectively, we get the system
of error equations as follows:

5t 82T 2 2T AUFUR - iUy + Ry
1<ism-1,0<k<sn-1, (1.56)

el =0, 0<i<m, (1.57)

ek=0, e =0, 1<ks<n (1.58)

Taking the inner product of (1.56) with 6;e ek*2 on both the right- and left-hand sides,
and using the summation by parts, we have

IR 2
1682 + o (e +1|1 1)
- m-1 kel k k+1 K+l +l m-1 :
_AhZ[ei +€; U )]5t +hZ(R3) 5t
= i=1
<A Nate"*% I+ Tl et
1 1 1
U e - 182 ]) + R 2 - 6,62
1 1.2 1.2 1 1.9 ) )
<(gloe e R )+ (Gl A1 FILIET )
: : 1 12 1.2
+ (Z"Stehz" /12||Uk+1" ” “ ) (Z"é.tek*z" + ||(R3)k+2“ >’
0<k<gn-1,

which follows by noticing (1.49) that

1

oo (€ = et ) < R+ R el I + UL Bt + R
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1 2 2 2 2
< EAZ(IIB"II + ) + 2 e

22| F + L (T + 1Y, 0<ks<n-1 (159)

In view of (1.57), we know |e°|1 = 0, which means that (1.55) holds for k = 0. Now
assume that (1.55) istrue for0 < k < [, i.e,,

le¥], < co(t* +h?), 0<ks<l

By Lemma 1.1, when %cﬁ(rz + hz) <1, we have

le¥]., < % e, < \/TIC(;(TZ +h) <1, 0<k<l,

) < 10" + €]l <co+1 O<k<L

(D) Proof for the unique solvability.

From (1.52) and (1.54), the system of linear equations in utt!

can be obtained as
I+1 l .
{ Stu+2—82u‘+ A(u Z—ul l”) 1<ism-1,

1+1

= = a(tyy), um = B(ty4)

Consider its homogeneous one:

2Xl

{ %uf 162 I+1 A(l l+1 l+1) 1 < l <m _1’ (160)
ubt=0, ut=o. (1.61)

Taking the inner product of (1.60) on both the right- and left-hand sides with Tl
gives

1 2 1 2 1 2 2
S G <A o),
which further implies

1
S <G Il 1 <A+ o0 |

l+1| 1+1

Thus, when 7 < m the equality Ju™"|| = 0 is followed. Therefore, the value of u
is uniquely determined by (1.52) and (1.54).
(ID) Proof for (1.55).

By (1.59) and Lemma 1.1, we have
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1 k12 k12
E(le )
oo ety | yoky2y , 2 2 k12 | 22 20 k2 L 7202, n2\2
SSA + 1) + Ao + D7 + Acglen||” + Les (™ + 1)
<P T + ) + £2%ey + PRI 4 AP
+ LA (T + hz)z, 0<k<l,
i.e,
[1 - Lo + 1)2)r] Eagih
6 0 1
< [1 + %Asz(l + Zcé)r]|ek|f + 2LeiT(7* + n, o<k<l
When $A2L2[1 +2(cy + 1]t < 3, it follows:
|ek+1|f < [1+ 2L (co + 1)2T]|€k|i r3Ldr(?+ 1, 0<k<l

The application of the Gronwall inequality (Theorem 1.2(a)) yields

2 2
e)Lsz(coﬂ)zlf | eoi 3¢; ( 2 2)2 < 3¢; eAZLZ(c0+1)2T(T2 N hz)z.
LA%(cy + 1) LA%(cy + 1)

) <

Taking the square root on both the right- and left-hand sides of the inequality above
produces

l+1|

e, < ce(? + K.

By induction, the theorem is proved. O

1.6 Fourth-order compact difference scheme

In this section, an unconditionally convergent compact difference scheme with the ac-
curacy O(t> + h*) will be developed.

1.6.1 Derivation of the difference scheme

For w = {w; | 0 < i < m} € Uy, define an averaging operator by

12

Lwi +10w; +wy,), 1<ism-1,
.AWl' =

wi, i= 0, m.



1.6 Fourth-order compact difference scheme =— 23

Considering equation (1.1) at the point (x;, ¢, 1), we have
2

ut(xi,th%) — Uy (X} tk+%) = Au(x;, tk+%) - uz(xi,tk+%)], 0si<sm 0<k<sn-1
By Lemma 1.2, we have

K+ 1

K+l 1
8U; - E[uxx(xi’ fsn) + U (o 0] = AU, 2 = UFUE™) + 0(7%),

i

0<i<m, 0<k<sn-1 (1.62)

Performing the operator .4 on both the right- and left-hand sides of (1.62) and noticing
(Lemma 1.2(h))

Aty (X, t) = 82U + O(hY),
we have

1 1 1 1
AU — 82U = AA(USE - UFURY + RTE, 1<i<m-1,0<k<n-1,

(1-63)
where there is a constant ¢; such that
|(R4)f.(+%| <e(+h*), 1<ism-1,0<ks<n-1 (1.64)
Noticing the initial-boundary value conditions (1.2)-(1.3), we have
U = o(x), 0o<ism, (1.65)
{ UK =aty), UX=B1t), 1<ks<n (1.66)

1
Neglecting the small term (R4)i.<+Z in (1.63) and replacing the exact solution Uik by its

numerical one u¥, a compact difference scheme is derived in the form of

1 1 1
A(Stu:HZ - Siuf.“z = /Ut(ui<+2 —ufu), 1<i<m-1,0<ks<n-1, (167
u = o(x), 0<is<m, (1.68)
uf = alty), uk =By, 1<ks<n (1.69)

The difference scheme (1.67)-(1.69) is also a two-level linearized difference scheme.

1.6.2 Existence and convergence of difference solution

Theorem 1.8. Let{Uik |0<i<m,0<k<n} and{uﬁ‘ | 0 <i<m,0 <k < n} be solutions
of the problem (1.1)-(1.3) and the difference scheme (1.67)—(1.69), respectively. Denote
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_G 6 o s LR [12Aco 11T
A NL[1+2(cy +1)?] ’

VL 2, 34 %52 2 1 3,3 .
Then when 5 Cg(T° + h*) <1, IA [1+2(co+ D]t < 3 and 35+ Co)AT < 1, it holds that
() the difference scheme (1.67)—(1.69) is uniquely solvable;
(ID

e, < cs(* +1*), O<k<n (1.70)

Proof. Subtracting (1.67)-(1.69) from (1.63), (1.65)—(1.66), respectively, the system of error
equations is obtained as

kty 2 k+j Kty ko kel gkl k k+;
Abie; P -6ye P =AAle; P -uie — Ui )+ (Ry);

l<ism-1,0<k<n-1, (L71)
e =0, O<i<m, (172)
ek=0, e =0, 1<k<n (173)

Taking the inner product on both the right- and left-hand sides of (1.71) with 6tek+%,
we have

(AStek’“% , (Stek"%) - (6§ek+%, 6tek+%)
_ A[(Aek+%,8tek+%) _ (A(ukek+1)’6tek+%) _ (A(Uk+1ek)’6tek+%)]
+((RY¥2,6,7), 0<ks<n-1 (174)

Now each term in (1.74) will be analyzed:

(8,65, 6,84) = (14 1 82 5,448, 664}
t Mt - 12 X t Yt

2
= 5 - 88t

1o ht o4 102
o Ca Rl G
= gll&e’“ﬂz, (1.75)
(821, 8,657) = %qe"“ﬁ — ), (1.76)
A, 5,6y < S+ S ad
<N e 0
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MA@, 8,60%) < s HE + S pagle )
< S8+ SRR e 178)
NAW 1), 8,63) < S8 3 + S22 A ey
o S s W 179)
1 1 1 1 3 1
(R 2,82 < L6, 2| + SR (180)
Inserting (1.75)-(1.80) into (1.74) and noticing (1.64) lead to
1, ka2 k12
E('e +1|1 —[e"f;)
300 kelv2 320 ku2 oy kein2 3 ke1n2 o k2 3 kely2
< SR S ST e SR
3 k+1112 k2 3 k2 k+1112
<A+ 1) + A% o e
3220 k2, 3, 2,2 142
+£/1 el +ELC7(T +h%)°, 0<ks<n-1 (1.81)
In view of (1.72), we know |e°|l = 0, which means that (1.70) holds for k = 0. Now
assume that (1.70) is true for0 < k < [ i. e,

|ef|, < cs(t* + h*), O0<k<L
By Lemma 1.1, when \/TZCS(TZ + h4) <1, we have

]y < 21k <

1< 768(‘[24—}14) <1, 0<k<l
1 < 10 ) + e, <o +1 0<ks<L

(D) Proof for the unique solvability.

From (1.67) and (1.69), the system of linear equations in ul*t

1 can be obtained as

l+1 I+1 I+1 .
{ ASu 7 - St = AA, 7 —uful™), 1<ism-1,
1+1 1+1
Uy = Cl(t1+1), Up :ﬁ(tlﬂ)-

Consider its homogeneous one:

1l _ 1620 141 1061 _ I -
{ AW - 38T = AAGY T —u™), 1<ism-1, (1.82)
ubt =0, ut'=o. (1.83)

Taking the inner product on both the right- and left-hand sides of (1.82) with u'*!

gives
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N

(Aul”,ul”) + %lulﬂli

_ A<A<%ul” B ulul”),u”l)
A(%ulﬂ _ ulul+1> ‘ . “ul+1|l
<% . uz) 1+1
1 2
sA(E + ||ul||oo>||u’+1||

sa(; ‘e +1>||u”1||

<A

l+1"

<A u

which further implies
1 2
(G e )l

Thus, when 32 4+ Co)AT < 1, the equality ||ul+1|| = 0 is followed. Therefore, the value of

(
2\2
u*is uniquely determined by (1.67) and (1.69).

(ID) Proof for (1.70).
From (1.81), we have
1 k+112 k12
o= (1€ = et )

32/ ka2 | pkp2y L 342 2 ke lp2 3.2 20 kp2 . 3, 2,2 1 4\2
< 3201 + 1) + 2o + 121+ 2+ 21 )
<SR+ 1)2](||ek+1||2 F ) + 16 + Y
< Zﬁz[l +2(cy +1)2] (le k+l|l + e 1 + ch7(T2 +hY, o<kl

i.e,

L’ k+112
[1——)( (1+2(cy + )T ]| I

< [1 + Zﬂz(l +2(cy + 1)2)’[] |ek|f +3Lcir(* + h4)2, 0<k<l
When LIZAZ [1+2(cy+ 1)2]’[ < %, it follows:

e k+1|1 < [ + %Lzﬁz(l +2(c + 1)2)’[} |ek|f + chgr(Tz 1, 0<ks<l
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The application of the Gronwall inequality (Theorem 1.2(a)) leads to

9
37252 2 =Lc
E 1+1| < iR+ ]h{leoliJr 3L2A2[12 2(7 - T2+h4)2}
3 +2(cy +
4 0

6c e§L2A2[1+2(c0+1)2]T( 24 h4)2,
SR+ 2(co + 1)?]

Taking the square root on both the right- and left-hand sides of the inequality above
produces

|el+1| CS(TZ +h4),

which says that (1.70) also holds for k = 1 + 1.
By induction, (1.70) is true for all k (0 < k < n). O

1.7 Three-level linearized difference scheme

This part will focus on an unconditionally convergent and conservative three-level lin-
earized difference scheme for solving (1.1)-(1.3) with the convergence order O(T2 + hz).
1.7.1 Derivation of the difference scheme
Considering equation (1.1) at the point (x;, t1), we have
2
U (Xpp 1) — U (X 1) = A[u(xpp t1) — P (X t1)], 1<i<m-—1.
2 2 2 2

By Lemma 1.2, we have

1 1 1
§;U> - 8:U2 = AU - UU)) + Re)], 1<ism-1, (1.84)

where there is a constant c¢q such that
|Rs)Y| < co(T* +H%), 1<ism-1 (1.85)

Considering equation (1.1) at the node point (x;, t;), we have
U (X ) — U (i 1) = A[u(x;, ) —1P(x, )], 1<ism-1,1<k<n-1.
By Lemma 1.2, we have
— sk = 2| U] —g(Uk LUk s ufhUk | + Ry,

1<ism-1,1<k<sn-1, (1.86)
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where there is a constant ¢, such that
|R5)| co(t*+h?), 1<ism-1,1<k<n-1. (1.87)
Noticing the initial-boundary value conditions (1.2)-(1.3), we have

{ Ul = o(x), 0<ism, (1.88)
U = alty), UL =Bt), 1<ks<n (1.89)

Neglecting the small terms in (1.84) and (1.86), and replacing the exact solution U; k by its
numerical one u , the following difference scheme can be derived in the form:

Stui% - 6)2(111.% = A(ui% ~wuy), 1<i<

Atuf - 6,2( f = )l[uf‘ - %uf(uf + uk + uk”)] 1

u? = 0(x;), 0<ig
1

ulg = a(ty), ufn = B(ty),

-1, (1.90)

) (1.92)

m
ism-1,1<k<n-1 (19D
m
n (1.93)

The next result illustrates the conservative property of this difference scheme.

Theorem 1.9. Suppose {uf | 0 <i<m,0 <k < n}isthesolution of the difference scheme
(1.90)-(1.93) with a(t) = 0, B(t) = 0. Denote

B = (e + ) +2T<‘|“2|1 + 3 |1> *w{%Ku"ul,u%) -]

=1

k ; ]
+Z[< Tiu +ul+1)u1,ul>—||ul||2]]>, 0<ks<n-1,
=1

0 D+ 2 S )+ (@)

F*=
1, k12 K2 1 12 & Iy2
S | el 16wt P+ Ylsall ) o<ksn-1
1=1
Then we have

W’ o<k<n-1, (1.94)
KB o0<ks<n-1, (1.95)

where
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Prl“oof. (D) Taking the inner product of (1.90) on both the right- and left-hand sides with
uz gives

SIS

(St ur) — (2, u) = Al [ - (uul )],
Noticing

(St = Lo - o) ana - (6t ) < ul
we have
e - )+ + AL ) -
which can be rewritten as
SO+ 1Py + el acf (il ) - i ) = e,
ie,

E° = ). (1.96)

Taking the inner product of (1.91) on both the right- and left-hand sides with Uk yields

(Al uFy - (82uF, A[Hu’}“z - (%(uk’1 + - u uk>]
1<k<n-1
Noticing
(3 u) = (W - ) and - (88 =
we have

kg2 ok Ky2 i k-1p2 )
T+ e e+ e k2
by - + [uy
2T 2 2

+2 <%(uk_1+uk+uk+l)uk,uk>—||u’_‘||2] =0, 1<k<gsn-1

Replacing k by l in the equality above and summing over [ from 1 to k will arrive at

Loy k12 |y, kg2 &1 ST, 1y
I ) 20 Yl + 220 Y | (Gt s ) -
=1 =1

_ %("uluz ), 1<k<n-1
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Adding Tlu% |%+AT[(u0 u, u% )= u% ||Z] onboth the right- and left-hand sides of the equality
above yields

EF=E° 1<k<n-1 1.97)

Then the equality (1.94) is followed from (1.96) and (1.97).
1(II) Taking the inner product of (1.90) on both the right- and left-hand sides with
S;uz gives

|8 - (82u7, Sut) = A[(uF, S ) ~ (u'ud', S,u)].
Noticing
1 1 1 2 2
—(5)2(u2,6tu2) =52 |u1|1 - |u0|1 ),
1
(uh, %) = 5 (I - [P
(e, ) = %[(u(’, W@)) - (@) )
we have

192 1 2 2 1 2 2 1 2 2
Joadt P+ 5 (a1 + A1 () - (@) )] = 5 (e - ) -
which can be rewritten as
012 4,02 1y 2,0 1,2 02| _ 20
= W A 3 - 2l ) - ] = £ 199)

Taking the inner product of (1.91) with Atuk on both the right- and left-hand sides
yields

ot - (8, 8 = A 0 ) = (@ )
1<k<n-

Noticing

k 1 1,2 k 1 2 12
(62 ) = (WD, ) = () -

—((u 1+u +u 1)11 ,Atu )

_ %[((uk+l " uk—l)uk’ uk+1 _ uk—l) " ((uk)z) uk+1 _ uk—l)]



