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Notation

No Cardinality of the set of integers

c,C Generic constants which differ from line to line

as<b a<ch

Bf Complement of a set B

O A domain — an open connected subset of RV

O] Lebesgue measure of the domain @

2 1-dimensional Lebesgue measure

N N-dimensional Lebesgue measure

B Borel g-algebra

™ N-dimensional flat torus ([-1,1]];_y 1))V

T+ Space-time (N + 1)-dimensional torus ([-L,L]|;_; ;) x TV

RPN Space of n x N matrices over R

A:B Scalar product };; A;B; between two matrices A, B

I Identity matrix (8;).; in RVN

B, Bounded Borel measurable functions

C Continuous functions

C. Continuous functions with compact support

Co Continuous functions vanishing at infinity

Gy Bounded continuous functions

c® a-Holder continuous functions

ck k-times continuously differentiable functions

Cé‘ Ck-functions with compact support

cla k-times continuously differentiable functions with a-H6lder con-
tinuous derivatives

Cc® oo-times continuously differentiable functions

CP/D C*-functions with compact support

D! Dual of C°

Cax C*-functions with vanishing divergence

Dl Dual of Cg,

rr Lebesgue space of p-integrable functions

L’l”oc Lebesgue space of locally p-integrable functions

Lﬁiv LP-functions with vanishing divergence

p' Dual exponent of p: p’ =p/(p-1)

whp Sobolev functions with differentiability k and integrability p

whP W P functions with vanishing divergence

w-kp Dual space of W'

(ém)mez¥ Trigonometric polynomials on TV

My Bounded signed measures

My Non-negative bounded measures
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VIl — Notation

17(0,T;X)

1P (0,00;X)
C([0,T1;X)
Cioc([0,00); X)
C*([0,T]; X)
C,([0,T]; X)
WP(0, T; X)

(2.3, P)

(&)e=0
(0:[UD¢s0

Q.35 (Ft)tz0.P)

({0,1],3([0,1]), 2)

E
E[-[]
<[]
Lx[]
d

Non-negative Radon measures

Solution operator to the Laplace equation

Helmholtz projection v — VA™'divv of a function v : RV — RV
(TN > 1TV)

Gradient part VA divv of a function v: RY — RN (TN — TV)
Dual space of X

Norm on X

Inner product on X

Duality pairing between X* and X

Weak convergence

Weak-+ convergence

Convergence in law

Bochner space of X-valued p-integrable functions

Bochner space of X-valued locally p-integrable functions
Continuous functions with values in X

Locally continuous functions with values in X

a-Holder continuous functions with values in X

Weakly continuous functions with values in X

k-times weakly differentiable functions with values in X and in-
tegrability p

Probability space with sample space Q, g-algebra &, and proba-
bility measure P

Filtration

Canonical filtration/history of a stochastic process/random dis-
tribution U

Filtered probability space with filtration ()0

Standard probability space

Expectation

Conditional expectation given §

Law of a random variable

Law of a random variable on the space X

Equality in law

L’f,mg(Q x [0,T];X) [P-integrable progressively measurable X-valued random vari-

LQU,H)
L,(U,H)
(e)ken

W =332 e Wy
«uy

(U, vy

able

Continuous linear operators from U — H
Hilbert—-Schmidt operators from U — H
Complete orthonormal system in U

Cylindrical Wiener process in U

Quadratic variation of the stochastic process U
Cross variation of stochastic processes U and V
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Part I: Preliminary results






1 Elements of functional analysis

We will exclusively use functions v = v(t, x) with the time t € I and the space variable
x € @ c RY, where I is an interval and @ denotes a domain — an open connected sub-
set of RY. Sometimes, it will be convenient to separate the time and space variables
and consider v = v(t,-) as a mapping ranging in a suitable topological space X of func-
tions depending on the x-variable. To avoid problems related to the presence of a kine-
matic boundary in the equation of fluid mechanics, we mostly focus on functions that
are space periodic, meaning the spatial domain ¢ is identified with the flat torus TV,
given by

T = ([-1, 1]|{—1,1})N-

The length of period 2 is taken only for the sake of convenience. All results stated in
this book have been obtained for a general torus given by

1Y, [a;, by l{a, b+

If not otherwise stated, all functions (or vector-valued functions) are real-valued.

1.1 Continuous functions, measures

For a topological space X, the symbol C(X) denotes the space of continuous functions
on X, C.(X) is the space of all continuous functions compactly supported in X, and
C,(X) is the space of all bounded continuous functions on X.

If K is compact, C(K) is a Banach space with the norm

IVilea =sup [vy)|, v eCK).
yeK

For X c RN or X c Rwe simply write || - IICX and | - IIC[. Similarly, for functionsv:K - Y
ranging in a metric space Y with metric dy, we define a metric on C(K;Y) as

dey) v, wl = su}? dy[vy),w)], v,weCK;Y).
VS

If there is no danger of confusion, we write C(K) instead of C(K; RM).
The following result is known as the Arzela—Ascoli theorem; see Kelley [Kel55,
Chapter 7, Theorem 17].

Theorem 1.1.1. Let K ¢ RN be compact and Y a compact topological metric space en-
dowed with a metric dy. Let (v,),cn be a sequence of functions in C(K;Y) that is equi-

https://doi.org/10.1515/9783110492552-001



4 —— 1 Elements of functional analysis

continuous, meaning that, for any € > 0, there is a 6 > 0 such that
dy [v,(¥),v,(2)] < € provided |y — z| < & independently of n € N.

Then (v,)pen 1S precompact in C(K; Y), that is, there exist a subsequence (not relabeled)
and a functionv € C(K;Y) such that

Sude[vn(y))V(Y)] —0 asn-— oco.
yeK

Next we recall the Stone—Weierstrass theorem; see Cullen [Cul68].

Theorem 1.1.2. Suppose K is a compact Hausdorff space and A is a subalgebra of
C(K;R) which contains a non-zero constant function. Then A is dense in C(K; R) if and
only if it separates points.

Remark 1.1.3. A set of continuous functions .4 on K separates points if, for x,y € K,
x #Y, there is f € A such that f(x) # f(y). Note that a topological space is Hausdorff
if, for any two points x # y, there are open sets U, U, x € U,y € U,, U, n U, = J. In
particular, any topological space in which C(X;R) separates points is Hausdorff and
the “if” part of Theorem 1.1.2 holds without the explicit requirement K to be Haus-
dorff.

A function vanishes at infinity if, for any € > 0, there is a compact K,. ¢ X such that
If ()| < € for x ¢ K. The space of continuous functions vanishing at infinity is denoted
as Cy(X; R). There is an extension of the Stone-Weierstrass theorem to locally compact
spaces; see de Branges [dB59].

Theorem 1.1.4. Suppose K is a locally compact topological space and A is a subalge-
bra of Cy(K;R) that separates points such that, for any x € X, there is f € A such that
f(x) #0. Then A is dense in Cy(X; R).

Let M*(X) denote the set of all non-negative measures on X, meaning all non-
negative o-additive set-functions defined on a o-field of measurable subsets of X. The
following is the Riesz representation theorem; see Rudin [Rud87, Chapter 2, Theo-
rem 2.14].

Theorem 1.1.5. Let X be a locally compact Hausdorff metric space. Let f be a non-
negative linear functional defined on the space C.(X).

Then there exists a g-algebra of measurable sets containing all Borel sets and a
unique non-negative measure pig € M*(X) such that

f.8)= Lgdyf forany g € C.(X).
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Moreover, the measure yy enjoys the following properties:
—  We have us[K] < oo for any compact K  X.

- Wehave
ur[E] = sup{ys[K] | K c E, K compact}
for any open set E C X.
- We have
ur[V]=inf{u(E) | V C E, E open}
for any Borel set V.

- IfEis yf-measurable, yf(E) =0,and A CE, thenAis yf-measurable.

1.2 Topological spaces

The topological spaces we deal with, besides admitting a o-field of Borel sets, will
satisfy certain separation properties. Possibly the weakest assumption in this sense
is that a topological space X is completely regular (Tikhonov space), X is Hausdorff,
and C(X) separates points from closed sets: for any x € X and a closed set F ¢ X with
X ¢ F, thereis f € C(X) such that f(x) =1, f|r = 0. The topology on a completely regular
space is the coarsest topology making all functions from C(X) or C,(X) continuous.
Every subspace of a completely regular space is completely regular. In particular, if Y
is completely regular and X — Y is a continuous injection, then X is completely reg-
ular. Any metric space is completely regular. In this book we deal almost exclusively
with topological vector spaces, where the algebraic operations of addition and multi-
plication by a scalar are continuous. In particular, any Hausdorff topological vector
space is Tikhonov. Topological vector spaces admit a uniform structure. Specifically,
any neighborhood %/ (x) of a point x can be written as x + 2/, where U/ is a neighborhood
of zero. The uniform structure is necessary for a proper definition of some stochastic
concepts like convergence in probability.
Most statements in the theory of stochastic PDEs use Polish spaces.

Definition 1.2.1. A topological space is Polish if the topology on X is separable and
completely metrizable.

Later (see Definition 2.1.3) we introduce a larger class of sub-Polish spaces. These
are, roughly speaking, topological spaces that admit a continuous injection into a Pol-
ish space.

The symbol M 3(X) denotes the set of non-negative Radon measures on X, mean-
ing non-negative Borel measures y such that

U[E] = sup{u[K] | K c E,K compact} for any open set E c X.
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Proposition 1.2.2. If X is Polish, then every finite Borel measure is a Radon measure.

For the proof see, e.g., Bogachev [Bog07].

1.3 Differentiable functions, distributions
The symbol
9%

a)’i

0,8() := Y= ynl
stands for the partial derivative of a function g defined on an open neighborhood of a
pointy e RN,

The space of functions having k continuous derivatives are denoted CX. If K is a
compact set, then C*(K) is the space of functions from CK(RN) restricted to K. CKV(©9),
v € (0,1), is the subspace of ck (0)-functions having their kth derivatives v-Holder con-
tinuous in © c RY. C*'(©) is a subspace of C¥(©9) of functions whose kth derivatives
are Lipschitz on @. For a bounded domain ¢, the spaces CX(®) and C**(0), v € (0,1],
are Banach spaces with norms

lull; = max sup [0%u(x)|

and

>

(44 (24
lullcew = lullx + max  sup 107u(x) - " u)l
x ¥ lal=k (e, xty Ix—yl”
where 0% stands for the partial derivative 3! ... 9% u of order |a| = Y, ;. The spaces
Cv(O; RM) are defined in a similar way. However, for notational simplicity the target
space RM will not be explicitly mentioned. Finally, we set C* = oo ck.

The symbol C’C‘(O), k €{0,1,...,00}, denotes the vector space of functions belong-
ing to C*(©) and having compact support in ©. If © c R is an open set, the symbol
D(O) will be used alternatively for the space CZ°(©) endowed with the topology in-
duced by the convergence

©, > @ inD),
if there is K ¢ 9, a compact such that supp[¢,] c K forany k=0,1,... and
Pn—¢ inCK). (11)

The dual space D'(©) is the space of distributions on (. Similarly, we define
D'(O;RM). Continuity of a linear form belonging to 2’ (¢) is understood with re-
spect to the convergence introduced in (1.1). We also consider the space of periodic
distributions D' (TV) defined on the flat torus TV.
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A differential operator 0% of order |a| can be identified with a distribution
(0%, ) = (1)l (v, %) = (-1)l@ J vo*pdy, @ e D),
0]

where the most right identity makes sense whenever v is a locally integrable function.

1.4 Integrable functions

Let (9 be a measurable subset of RV and X a separable Banach space with norm | - ||x.
The Lebesgue space LP(0;X) is the space of Bochner measurable functions v ranging
in the Banach space X such that the norm

”V"ZZX = L} lvy)I% dy is finite, 1<p < co.
Similarly, v € L*°(0; X) if v is Bochner measurable and
IVliex = esssup [v(y)] < oo.
ye©

The symbol L} (O;X) denotes the vector space of locally LP-integrable functions,
meaning

)4
vel,.

(0;X) ifvelIP(K;X) for any compact set K in .

We will omit the target space and write LP (©0) instead of L” ((9; X) whenever no confu-
sion arises.

The dual spaces to the L” spaces are characterized in the following theorem; see
Gajewski et al. [GGZ75, Chapter IV, Theorem 1.14, Remark 1.9], Edwards [Edw94], and
Pedregal [Ped97, Chapter 6, Theorem 6.14].

Theorem 1.4.1. (1) Let © c RY be a measurable set, X a Banach space that is reflex-
ive and separable, and 1 < p < co. Then any continuous linear form & € [LP(O; X)]*
admits a unique representation w; € 1P (0;X"),

EVIp oxprex) = j@ (We)v(y))y.xdy  forallv e IP(O;X),

where
1 1
— + —~ =1.
p p

Moreover, the norm on the dual space is given by

||f||[L§’X]* = ||W¢'”L§'X*'
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Accordingly, the spaces I[P (O; X) are reflexive for 1 < p < co as soon as X is reflexive
and separable. Identifying & with w,, we obtain the Riesz representation theorem

[PO:X]" =LP (O:X*),  NElgzx)- = 1§l 5., 1<p<oo.
(2) If the Banach space X is merely separable, we have
[P(O:X)]" =IE. (9;X*) for1<p<oo,
where
L‘M’,L (0;X7) :={§: 0> X" [y € O (§(),V) 4. x measurable Vv € X,
ye lEW)ly. €7 (O}

For IP-spaces we also report Holder’s inequality

3 1 1 1
vl <Nz Vi, ~ = PR

for any u € IP(©), v e LY(O), O ¢ RN, and the interpolation inequality

(1-A)

1
P

1%1, p<r<gq,A€(0,1),

T >

forany v € IP N LI(O9), © c RN; see Adams [Ada75, Chapter 2.
Finally, we recall the celebrated and frequently used Gronwall’s lemma; see Car-
roll [Car13].

Lemma 1.4.2. LetacL}(0,T),a>0,B¢LY0,T), b, € R, and
T
b(z) = by + J B(t)dt
0
be given. Let r € L*°(0, T) satisfy
T
r(t) < b(t) + j alt)r(t)dt fora.a.T€[0,T].
0

Then

r(t) < by exp(LT a(t) dt> + LT B eXp< JT a(s) ds) dt

t

fora.a. T €[0,T].
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1.5 Compactness and convergence of integrable functions

Let X be a Banach space, By the closed unit ball in X, and By the closed unit ball in

the dual space X*. Then we have:

(1) By is weakly compact only if X is reflexive. This is Kakutani’s theorem; see Theo-
rem II1.6 in Brezis [Bre83].

(2) By- is weakly-*-compact. This is the Banach—Alaoglu theorem; see Theorem III.15
in Brezis [Bre83].

(3) If X is separable, then By. is sequentially weakly-*-compact; see Theorem III.25
in Brezis [Bre83].

(4) A non-empty subset of a Banach space X is weakly relatively compact only if
it is sequentially weakly relatively compact. This is the Eberlein-Shmuliyan—
Grothendieck theorem; see Paragraph 24 in Kothe [KK83].

In view of the above results we get:

- Any bounded sequence in IP(©9), where 1 < p < co and O ¢ RY is a domain, is
relatively weakly compact.

—  Anybounded sequence in L®(¢7), where @ c RY is a domain, is relatively weakly-*
compact.

The situation for L!, which is neither reflexive nor dual of a Banach space, is clarified
in the following theorem; see Ekeland-Temam [ET99, Chapter 8, Theorem 1.3] and
Pedregal [Ped97, Lemma 6.4].

Theorem 1.5.1. Let V c LY(©9), where © c RY is a bounded measurable set.

Then the following statements are equivalent:

any sequence (v,,),c C V contains a subsequence weakly converging in L*(©9);
for any € > 0, there exists k > 0 such that

J [viy)|dy <e forallveV;
{lvi=k}
— forany € > 0, there exists 6 > 0 such that, forallveV,

[ oy <e.
M
for any measurable set M c O, such that
|M| < &;
— there exists a non-negative function ® € C([0, c0))
lim —(D(Z) =

z—00 Z

>

such that

sup J o(jv(y)|)dy <c.
veV JO
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1.6 Sobolev spaces

There is a vast amount of literature devoted to the study of Sobolev spaces. We restrict
ourselves to listing some standard results. The reader may consult the monographs
by Adams [Ada75], Kufner et al. [K]F77], Maz’ya [Maz13], or Ziemer [Zie89] for more
information.

The Sobolev spaces W*P((9), 1 < p < co, with k being a positive integer, are the
spaces of functions having all distributional derivatives up to order k in LP(©). The
norm in W*P () is defined as

Ivi {(zlakk 19%vIg)P if1<p < oo,
kp = .
W | max g {l0%vie}  ifp = oo,

where the symbol 0* stands for any partial derivative of order |a].

If 1 < p < co, then WXP(©9) is separable and the space CX(O) is its dense subspace
(if @ has a Lipschitz boundary).

The space W-*((9), where © is a bounded Lipschitz domain, is isometrically iso-
morphic to the space C*!(O) of Lipschitz functions on O.

The symbol W(’)"p (O) denotes the completion of CZ°(©) with respect to the norm
Il - IIWXk,p. In what follows, we identify WP (©) = Wg P () with LP(O).

The differentiability of a composition of a Sobolev function with a Lipschitz func-
tion is clarified in the following result; see Ziemer [Zie89, Section 2.1].

Lemma 1.6.1. Iff : R — Ris a Lipschitz function and f ov € LP(©9) for some v € WP ((9),
then f ov e WY (0O9) and

axi [f o v](x) =f’(v(x))axjv(x) fora.a.x € ©.
Duals to Sobolev spaces are characterized in the following theorem; see Adams

[Ada75, Theorem 3.8] and Maz’ya [Maz13, Section 1.1.14].

Theorem 1.6.2. Let © c RN be a domain and let 1 < p < co. Then the dual space
[W(’)"p (O))* is a proper subspace of the space of distributions D' (). Moreover, any
linear form f € [W(’,"p (0)]* admits a representation

<f)v>[ngP]*;Wg:p = z J (—1)|alwaaanX,
lal<k 7O

where w,, € ' (), 1 + i, =1 (1.2)
p p

The norm of f in the dual space is given by

F((S i W) | We satisfy (12)} if1<p < oo,

Il oy =
WO inf{ma g (lwl e | W satisfy 12} ifp=1

The infimum is attained in both cases.
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The dual space of the Sobolev space W(’;’P (O©) is denoted as wkp' (©). The dual
space of the Sobolev space W*?(¢9) admits formally the same representation equation
(1.2). However, it cannot be identified as a space of distributions on ©.

The important result is the Rellich-Kondrachov embedding theorem for Sobolev
spaces; see Ziemer [Zie89, Theorem 2.5.1, Remark 2.5.2].

Theorem 1.6.3. Let © c RN be a bounded Lipschitz domain.
(i) Then,ifkp <N and p > 1, the space W*P((9) is continuously embedded in L((9) for
any
«_ Np

1<qg<p :N—kp'

Moreover, the embedding is compact if k >0 and q < p*.
(i) Ifkp =N, the space W*P(©9) is compactly embedded in L4(() for any q € [1,0).
(iii) If kp > N, then W*P(©9) is continuously embedded in C*-WN/P1=Lv(@), where [] de-
notes the integer part and

N N .o N
v (Z1+1-3 if5 ¢z,
arbitrary positive number in (0,1) if %I eZ.

Moreover, the embedding is compact if 0 <v < [%] +1- %.

As a straightforward corollary, we get the following dual result.

Theorem 1.6.4. Let O c RN be a bounded domain. Let k > 0 and q < oo satisfy

p’ Np .

, wh * = kp<N,
q> — where p N—kplfp<
g>1 forkp=N,

or
g=>1 ifkp>N.

Then the space L1(©) is compactly embedded into the space WP (©9), 1/p +
1/p' =1

Remark 1.6.5. We have formulated this section on real-valued functions for the ease
of presentation. However, all results extend in a straightforward manner to the case
of vectorial functions ranging in RM with M > 2.
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1.7 Sobolev spaces of periodic functions

We focus on space periodic functions defined on the flat torus TV. Although all spaces
we shall deal with are real, it is convenient to introduce the complex trigonometric
polynomials

en(X) =exp(im-nx), m=[my,...,my] €ZN.

The space D'(TV) is defined as the space of continuous linear forms on D(TV) =
Ce(TN) = ¢ (TV). The vector-valued form 2'(TV; RM) may be defined analogously.
Each distribution v € 2’ (TV) can be identified with the infinite sequence of its Fourier
coefficients, as described by

1 _
amlvl = W (v,ey), formallyv= méw amlvlem,

where e, is the complex conjugate.

1.7.1 Hilbertian structure

The Sobolev spaces W*?(TV) of periodic functions having derivatives up to the order
k in L*(TV) can be characterized as v € D' (TV) such that

VBpaemy = . (M) +1) @k [v] < co. (13)
mezZVN

The definition can be used even for a general exponent k € R. In particular, we have
(W"’Z(TN Nt = Wk2(TN) for any k € R. This identification corresponds to the Gelfand
triple

Wk2(TN) < L2(TV) = (L12(TV))* — w=*2(TV), k>0,

where L2 has been identified with its dual via Riesz isometry.
The spaces W*? are separable Hilbert spaces endowed with the scalar product.
We have

vwy= Y (Im|+1)%ag [v]ayw].
mezN

In accordance with Theorem 1.6.3 and Theorem 1.6.4, we have the compact em-
bedding

wk2(T¥) S c(TV)  whenever k > %V,
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whence we have

Li(TV) S wk2(TV), k> %I (1.4)

We may also consider time-dependent (periodic) functions defined on the (N + 1)-di-
mensional torus

TY* = [-L, L]l x TV

We summarize:

~  Thespaces Wo2(TN), Wk2(T¥+1) are separable Hilbert spaces, in particular Polish
spaces.

—  IfX < WR2(TV) or X — W*?(T)*!) with continuous embedding, then X is a com-
pletely regular Hausdorff space (Tikhonov space). Moreover, X admits a countable
family of continuous functions separating points, namely

fm[V] = am[V]r me ZN-

1.7.2 LP-structure

We start with the presentation of a combination of DeLeeuw’s theorem on Fourier mul-
tipliers on TV (see Stein [Ste70, Chapter 7, Theorem 3.8]) and the Hormander—Mikhlin
theorem (see Stein [Ste70, Chapter 4, Theorem 3]).

Theorem 1.7.1. Let M € L®(RY) possess classical derivatives up to order [N/2] + 1 in
RN\ {0} such that

|0, M(9)] < c,|E17%,  |&]#0, lal <[N/2] +1.
Then the operator £, since we know

£Llvl= ) Mm)ay[vley,

|m|ezN

is bounded on L (TV), 1< p < co.

Consider the projection operator

Iy : Wk’Z(TN) - LZ('JFN ) defined as [y [v] = z ag[Vlen.
Im;|<M;, i=1,....N

In accordance with Theorem 1.7.1, ITy; is bounded as an operator on LP (TV), 1< p < co.
Moreover (see Weisz [Weil2, Theorem 4.1]), we have

[T (V] ||L§ <cylvilp, and Ty[v]—v in IP(TN) as miin{Mi} — 00. (1.5)
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1.7.3 Regularization by convolution kernels

Let 05 € C*®(TN) be a family of regularizing kernels. More specifically,

X

1 (o]
0500 = sy 0(5 ) (L), 600 =(1x)), jTNeoo:l. (L6)

For v € D'(TV), we define its regularization [v] x5 as the convolution
V], 6(X) =V * 6F = (v,05(x - ).

The following results can be found in Amann [Ama95, Chapter II1.4] or Brezis
[Bre83, Chapter IV.4]:
- IfveL(TV), then we have [v], 5 € C®(T").
- IfveIP(TV),1<p< oo, then

1V1xslle < VIl
and
Vs > v inIP(T)asé—o.
- IfveL®(TV), then
1lgle < Wlge-
- IfveLl(TVN), then
[Vlys(x) = v(x) whenever x is a Lebesgue point of v.
In particular,

Vs >V ae.inTV,

We recall that, for v € L}(©; X), the Lebesgue points x € (9 are characterized by the
property

1
B, ()|

J [v(y)-v(0)l,dy -0 asr—o0,
B, (x)

where B, (x) c O is a ball with radius r, centered at x.

The above concept may be extended to a larger class of generalized functions as
long as the operation of convolution with a smooth kernel is well-defined, notably to
the space of distributions; see Section 2.2.2.
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1.8 Bochner spaces

In this section we present supplementary material for Bochner spaces. They can be
seen as particular cases of the vector-valued functions introduced in Sections 1.1
and 1.4, where O = (0, T). These spaces are of crucial importance for time-dependent
PDEs. Sometimes, it will be convenient to consider functions from Bochner spaces
(depending on space and time) as space-time distributions in 2’ (R x TV) or even
D'([-L,L]| (-LL} ¥ TV), defined on the space-time torus

Tﬁlﬂ = [—L,L”{_L,L} X TN,

extending them conveniently outside the interval I. Similarly to (1.3) we have the em-
bedding

LY(0, T;LY(TV)) S wk2(T+1), k> N+l

,L>T. 1.7)

1.8.1 Time regularity
Let X be a separable Banach space. For u € L'(0, T; X) we consider the distribution
T
CR(0. 7))~ X, ¢w j u(H)P' () dt.
0
Let Y be a Banach space with X — Y continuously. If there is v € L'(0, T; Y) such that

jT u(t)p' (£) dt = - JT WOP@)dt forall ¢ € C2((0, T)),
0 0

then we say that v is the weak derivative of u in Y and write v = 0,u. The space
W' (0, T;X) consists of those functions from L?(0, T;X) having weak derivatives in
L?(0,T;X). It is a Banach space with the norm

”u"I[iVl,p(o)T;X) = ”u"ILjp(o,T;X) + ||atu||€p(o,T;X)-

Obviously this can be iterated to define the spaces W*P(0,T; X), k € N.
In order to study the time regularity of functions from Bochner spaces, we recall
the concept of continuity introduced in Section 1.1.

Definition 1.8.1. Let X be a Banach space with norm || |x, T > 0 and a ¢ (0,1]. Then:
— C([0,T]; X) denotes the set of functions u : [0, T] — X being continuous with re-
spect to the norm topology, i.e.,

u(ty) - u(ty) inX,

for any sequence (¢ )ren € [0, T] with £, — ¢t.
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- C,([0,T];X) denotes the set of functions u : [0, T] — X being continuous with re-
spect to the weak topology, i.e.,

u(ty) —u(ty) inX,

for any sequence (f;)ien < [0, T] with £, — t;. Equivalently, we may say that u
belongs to C,, ([0, T]; X) if the scalar functions t — (x*,u(t,-)) belong to C([0, T]),
for any x* € X*.

-  C*%([0, T];X) denotes the set of functions u : [0, T] — X being a-Holder continuous
with respect to the norm topology, i.e.,

u(t) —u(s
sup lu(t) —u(s)lx <
tse[0.Thtss  |[E—S|%

Obviously, we have the inclusions
C*([0,T};X) c C([0,T); X) c C, ([0, T]; X),

for any a € (0,1].
We introduce convergence in C,, ([0, T]; X) by stating

| > 0Vvx* eX*.

v, > vin G, ([0, ThX) if sup [{(x", v, -v). 4
te[0,T]

If the space X is separable and reflexive, then the unit ball By c X is a metrizable com-
pact set and the above convergence generates a metric topology on C,, ([0, T]; Bx) in
the sense specified in Section 1.1.

1.8.2 Compact embeddings

The following theorem shows how to obtain compactness in Bochner spaces. The orig-
inal version was developed by Aubin and Lions (see Aubin [Aub63], Lions [Lio69, Sec-
tion 1.5], or the survey paper by Simon [Sim86]).

Theorem 1.8.2. Let (V,X,Y) be a triple of separable and reflexive Banach spaces such
that the embedding V — X is compact and the embedding X — Y is continuous. Then
the embedding

{u eI?(0,T;V): o,uelP(0,T; Y)} — IP(0,T;X)

is compact for 1< p < co.
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In the context of stochastic PDEs we will be confronted with functions having only
fractional derivatives in time. We define for p € (1,00) and a € (0,1) the norm

T lu(ay) - u(oy)If

T
W oo 7o) = IulBco 7 +J j X dg, do,.
(0,T:X) (0,T:X) o Jo |01_O-2|1+ap

The space W*P(0, T; X) is now defined as the subspace of LP (0, T; X) consisting of those
functions having finite W*?(0, T; X)-norm. It can be shown that this is a complete
space and we have W'(0, T; X) c W*P(0, T;X) c I?(0, T; X). The following variant of
Theorem 1.8.2 holds (see Flandoli-Gatarek [FG95, Theorem 2.1]).

Theorem 1.8.3. Let (V,X,Y) be a triple of separable and reflexive Banach spaces such
that the embedding V — X is compact and the embedding X — Y is continuous. Then
the embedding

LP(0,T;V)n W*P(0,T;Y) — [P(0,T;X)
is compactforl<p<coand0<a<1.

Using the continuous embedding C%([0,T],Y) — W%P(0,T;Y), we obtain the fol-
lowing.

Corollary 1.8.4. Let (V,X,Y) be a triple of separable and reflexive Banach spaces such
that the embedding V — X is compact and the embedding X — Y is continuous. Then
the embedding

IP(0,T;V)n C“([O, T);Y) <= L[P(0,T;X)
is compactforl<p<ocoand0<a<1.

We will use Corollary 1.8.4 at various occasions in order to obtain compactness
for stochastic PDEs. Typically, solutions are Hélder continuous in a negative Sobolev
space, so we have Y = W=%2(T") for some ¢ € N. On the other hand, these functions
also belong to LP(0, T; LP(TN)) (or LP (0, T; WP (TN))) for some p € (1, c0). This means
we have V = LP(TV) (or V = W (TV)). Corollary 1.8.4 applies with X = W= (TV) (or
X =1P(TV)).

In view of the applications to compressible Navier-Stokes equations, we have to
deal with weakly continuous functions. The following result is appropriate to handle
this situation.

Theorem 1.8.5. Leta>0,1<p < oo, and £ € R. Then

L°(0, T; IP(T™)) n c4([0, T;; W4 (TV)) - C,, ([0, T]; IP (TN)).
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If a > 0, then the embedding is sequentially compact, meaning any sequence
(Vnenw  bounded in L®(0, T; IP(TN)) n C*([0, T}; W42(TN))
contains a subsequence (vVy, )xen Such that
v, =V inC, ([0, TLLP(TV)).
Proof. First we have to show that
(x*,v(t,-)) € C([0,T]) foranyx* e LP' (TV),

whenever v € L®(0, T; LP(TV)) n C*([0, T]; W*2(T")) and p' is the conjugate exponent
of p. As the norm in I? is weakly lower semi-continuous, we deduce v(t,-) € B(r) for
any t, where B(r) is a ball in LP(T") of suitable radius r > 0. The collection of trigono-
metric polynomials (e, )y~ defined in Section 1.7 generates a basis in W% (TV) for
any ¢, and their finite linear combinations are dense in LI(TV) for any 1< g < oo, in
particular, in L?' (TV). Consequently,

| v(E, ) = (X7 v(s, )|

S|< Y ﬁmem,V(t,-)—V(s,-)>|+|<X*— > Bmem,v(t,-)—v(s,-)>|

Im|<M |m|<M
< |< Z Bm€m> V(L") —v(s,.)>| +r|x* - Z Bmeém|
|m|<M |m|<M ¥
<c(M,QVlawealt =sI*+7|x* = 3" Bmem| ,» (1.8)
Im|<M Lk

where the last term can be made small uniformly for all s, t € [0, T] by taking suitable
Bm and M large enough.

If a > 0 we may apply the abstract Arzela—Ascoli theorem (Theorem 1.1.1). The ball
B(r) is indeed weakly sequentially compact and the desired equi-continuity of the se-
quence (v,)) e follows easily from (1.8). O

1.8.3 Regularization by convolution kernels

This section is dedicated to the regularization of time-dependent functions. In order
to avoid problems related to progressive measurability (which typically arise in our
applications to stochastic PDEs) we regularize functions backwards in time. Conse-
quently, it is convenient to extend them appropriately for ¢ < 0. For v € L(-1, T; X),
where X is a Banach space, we consider the time regularization

[Vles(t) =V * 65(- - 6) = ro 65(t — 6 - s)v(s) ds.

-0

Here, the regularizing kernel is a function of ¢ satisfying (1.6) for N = 1.
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Referring again to Amann [Ama95, Chapter II1.4] and Brezis [Bre83, Chapter IV.4],
we have:
If v e L'(-1, T;X), then we have [v] 5 € C®((-1, T); X).
If veIP(-1,T;X), 1< p < oo, then

||[V]t,5||L1;X <Vl
and
[vl¢s —v inLP(0,T;X)asd — 0.
- IfveL*®(-1,T;X), then
”[V]t,&”L?oX < "V”L?"X'
- IfvelLl(-1,T;X), then
[v] s(t) = v(t) inX whenever t is a Lebesgue point of v.
In particular,

[vls—v inXasé—Oa.e.in(0,T).






2 Elements of stochastic analysis

We introduce the basic stochastic framework used in this book. We present only a
selection of the principal concepts and ideas of stochastic analysis, as the reader is
expected to be familiar with the basic notions of probability theory. Part of the re-
sults presented in this chapter can be found in the literature. The classical and widely
used monographs include for instance Karatzas—Shreve [KS91] and Da Prato—Zabczyk
[DPZ92] and we invite the reader to consult these textbooks for further details. In addi-
tion, we include a number of original results needed for the study of the compressible
Navier—Stokes system later on.

To be more precise, in Section 2.2 we introduce the notion of random distributions
(see Definition 2.2.1). It is a generalization of stochastic processes which allows one to
treat random elements in the weakest possible topology, namely, the weak-* topol-
ogy of the space of space-time distributions 2’ (I x TV), where I c R. For the sake
of simplicity, the results will be stated only for I = R, with obvious modifications for a
general interval I. In the subsequent sections we show how the classical theory of It&’s
stochastic integration and its applications to stochastic PDEs can be formulated in the
context of random distributions. We believe that this new perspective is interesting in
its own right and will prove useful also for researchers working on other models in
fluid dynamics or other fields.

2.1 Random variables and stochastic processes

Throughout the book (Q, &, P) denotes a complete probability space with a o-field
and a probability measure . The probability space ([0,1],B([0,1]), ), where 2 de-
notes the Lebesgue measure, is called standard. Here, B denotes the completion
B and L denotes the one-dimenisonal Lebesgues measure. A filtration is a non-
decreasing family of sub-o-fields of &, thatis, §; ¢ & forall t > 0 and ¥, ¢ &; when-
ever s < t. We say that the filtration (&) satisfies the usual conditions, provided it

is complete and right-continuous. In other words,
{Ne@P(N)=0} B B =8 =[S forallt>0.
s>t

The multiple (Q, §, (F¢)s=0, P) is then called a stochastic basis or a filtered probability
space.
We proceed with basic definitions concerning random variables.

Definition 2.1.1. Let (X, .A4) be a measurable space. An X-valued random variable is a
measurable mapping U : (Q, F) — (X, .A). We denote by ¢(U) the smallest o-field with
respect to which U is measurable. More precisely,

0(U) :={{w e O; U(w) e A}; A € A}

https://doi.org/10.1515/9783110492552-002
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and o(U) ¢ §. In addition, we denote by £[U] or also £y [U] the law of U on X, that is,
£L[U] is the pushforward probability measure on (X, .A4) given by

L[UJA)=PUcl), AcA

Definition 2.1.2. Let (X, .4) be a measurable space. We say that two X-valued random
variables U and V are equal in law, if £[U] and £[V] coincide.

We stress that the assumptions on the state space X will vary in the sequel. Most of
the notions presented below require a topology on X and therefore we assume that X is
a topological space equipped with a Borel o-field. In addition, it is convenient that the
topology on X is completely determined by the family of continuous functions. Specif-
ically, we consider Tikhonov spaces, meaning completely regular and Hausdorff. As a
matter of fact, we deal almost exclusively with topological vector spaces, in particu-
lar with the class of locally convex topological vector spaces. These are vector spaces
equipped with a topology that renders the vector addition as well as the scalar multi-
plication continuous and, in addition, the topology is generated by a family of semi-
norms (p)ycr-

Many concepts in the theory of stochastic processes require a certain uniformity
of the topology. Simplifications occur in the case of Polish spaces, that is, separable
spaces that are completely metrizable. This is also the common setting found in the
literature. However, the delicate structure of the compressible Navier—Stokes system
studied in the main body of this book naturally leads to spaces which are generally
not metrizable, such as Banach spaces equipped with weak topology. Hence we will
formulate the basic notions on probability theory in a wider generality. In particular,
all spaces we shall deal with will admit a countable family of bounded continuous
functions that separates points. Given such a family of continuous functions (g,) e
on X, we define an embedding

] :X_) [_1)1]N0: ](X):(gn(x))ne]N'
Here, we have tacitly assumed that all functions g,, range in (-1,1). Note that [-1, 11N
is a compact Polish space. This motivates the following definition.

Definition 2.1.3 (sub-Polish space). Let (X, ) be a topological space such that there
exists a countable family

{g,: X > (-1,1);ne N}

of continuous functions that separate points of X. Then (X, ) is called a sub-Polish
space.

The following characterization of equality in law will be frequently used in the
sequel.
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Lemma 2.1.4. Let X be a Tikhonov topological space equipped with the Borel o-field.
Let U and V be X-valued random variables. Then £[U] = £[V], provided

(LIULS) =(£IVL.f),
or, equivalently,
E[f(U)] = E[f(V)]

holds true for all f € Cp,(X).

Although several function spaces we use in the book, notably the space of distri-
butions, are not first countable, the convergence results are usually stated in terms
of sequences rather than nets. The sequential language seems more adequate for de-
scribing the asymptotic behavior of stochastic processes and several results are simply
only true for sequences. We proceed with various notions on the convergence of ran-
dom variables. First, we introduce the almost sure convergence which corresponds to
the almost everywhere convergence known from measure theory.

Definition 2.1.5. Let X be a topological space equipped with the Borel o-field and let
Uand U,, n € N, be X-valued random variables on (Q, &, P). We say that U,, converges
to U almost surely, provided

P(weo; lim U, (@) =UW))=1.

In other words, there exists a set of full probability Q* ¢ Q such that, for every w € Q*,
the following statement holds: if 2/ c X is an open neighborhood of U(w), then there
exists n, € N such that, for every n > n,, we have U,(w) € U.

Next, we define the probabilistic analogue of convergence in measure. To this end,
we restrict ourselves to the case of topological vector spaces. Recall that, if X is a topo-
logical vector space, the topology on X is uniform. This means that any neighborhood
U (x) of a point x takes the form x + 2 = {x +y; y € U}, where U is a neighborhood of 0.

Definition 2.1.6. Let X be a topological vector space. Assume that Uand U,,, n € N, are
X-valued random variables on (Q, §,P). We say that U,, converges to U in probability
if, for every & c X which is an open neighborhood of 0, we have

lim P(w e Q; U, (w) ¢ U(w) +U) = 0. .1

n—oo

Remark 2.1.7. As pointed out, the definition extends easily to uniform spaces but we
do not need this generality here.



