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Preface

An AMS Special Session in honor of M.M. Rao was held at the 2002
joint meetings of the American Mathematical Society and the Mathematical
Association of America. That Special Session was on Stochastic Processes
and Functional Analysis and was organized by Professors Alan C. Krinik and
Randall J. Swift, both of California State Polytechnic University, Pomona.

Professor M.M. Rao has had a long and distinguished research career.
His research spans the areas of probability, statistics, stochastic processes,
Banach space theory, measure theory and differential equations both deter-
ministic and stochastic. The prolific published research of M.M. Rao impacts
each of these broad areas of mathematics.

The purpose of the Special Session was to highlight the key role played
by abstract analysis in simplifying and solving fundamental problems in
stochastic theory. This notion is fundamental to the mathematics research
of M.M. Rao, who uses functional analytic methods to bring questions in
these diverse areas to light.

The Sessions were a great success, bringing together a diverse group of
research mathematicians whose work has been influenced by M.M.'s work
and who, in turn, have influenced his work. Not only did this diverse group
of speakers benefit from the common unifying thread of the session, but also
there were often lively discussions and questions from the session audience.

This volume contains most of the talks given at the Sessions as well as
several that were contributed later. This collection of papers reflects the
depth and enormous breadth of M.M. Rao's work. A major highlight of the
Sessions was M.M.'s talk entitled "Stochastic analysis and function spaces",
which was a remarkable unifying survey of recent work in the area. This
volume features that talk as an article, which includes a broad bibliography
of the important works in the area.

The volume begins with a biography of M.M. Rao, a complete bibliogra-
phy of his published writings, a list of his Ph.D. students and, notably, a
collection of essays about M.M. written by some of his Ph.D students. Many
of M.M. students have remained devoted to him, decades after completing
their degrees. Their loyal devotion arises from M.M.'s complete dedication
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to them. He consistently put their concerns and welfare as his first priority.
Their essays are a remarkable tribute.

This volume complements the Festschrift volume Stochastic Processes and
Functional Analysis, which was published by Marcel Dekker, Inc. in 1997.
That volume was in celebration of M.M.'s 65th birthday. As M.M. continues
to work on, develop and expand mathematics, we look to future collections
of articles that honor him and his love of mathematics.

R. J. Swift 
A. C. Krinik 



Biography of M. M. Rao

M.M. Rao was born Malempati Madhusudana Rao in the village of Nim-
magadda in the state of Andhra Pradesh in India on June 6, 1929. He came
to the United States after completing his studies at the College of Andhra
University and the Presidency College of Madras University. He obtained
his Ph.D in 1959 at the University of Minnesota under the supervision of
Monroe Donsker (as well as Bernard R. Gelbaum, Leonid Hurwicz, and I.
Richard Savage).

His first academic appointment was at Carnegie Institute of Technology
(now called Carnegie Mellon University) in 1959. In 1972, he joined the fac-
ulty at the University of California, Riverside where he remains today. He has
held visiting positions at the Institute for Advanced Study (Princeton), the
Indian Statistical Institute, University of Vienna, University of Strassbourg,
and the Mathematical Sciences Research Institute (Berkeley).

In 1966 he married Durgamba Kolluru in India. They have twin daughters
Leela and Uma and one granddaughter.

M.M.'s research interests were initially in probability and mathematical
statistics, but his intense mathematical interest and natural curiosity found
him pursuing a wide range of mathematical analysis including stochastic
processes, functional analysis, ergodic theory and related asymptotics, differ-
ential equations and difference equations. His breadth of interest is mirrored
by his students, many of whom are recognized as experts in diverse fields 
such as measure theory, operator theory, partial differential equations and
stochastic processes.

M.M. has always strived for complete understanding and generality in
mathematics and rarely accepts less from others. This view of mathematics
has played a central role in his teaching. M.M. Rao is truly a gifted lec-
turer and he has inspired many generations of students. He is a demanding
Ph.D. advisor that expects the most from his students. The guidance and
mentoring he provides them has led to many of his students becoming suc-
cessful mathematicians. It is no wonder that he has had his share of the best
available graduate students.

M.M. is a prolific writer. His first published writings were not on math-
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ematics, but rather Indian poetry. He wrote poetry in is late teenage years
and had a collection of his poems published when he was 21. His mathe-
matical research publications are many and span five decades. He is active
and vital as ever. He has just completed a second edition of his well-received
measure theory text and is currently working upon revised and expanded
second editions of his probability and conditional measures texts.



Published Writings of M. M. Rao

[1] Note on a remark of Wald, Amer. Math. Monthly 65 (1958), 277-278.
[2] Lower bounds for risk functions in estimation, Proc. Nat'l Acad, of Sci-
ences 45 (1959), 1168-1171.
[3] Estimation by periodogram, Trabajos de Estadistica 11 (1960), 123-137.
[4] Two probability limit theorems and an application, Indagationes Math-
ematicae 23 (1961), 551-559.
[5] Theory of lower bounds for risk functions in estimation, Mathematische
Annalon 143 (1961), 379-398.
[6] Consistency and limit distributions of estimators of parameters in explo-
sive stochastic difference equations, Annals of Math. Stat. 32 (1961), 195-218.
[7] Some remarks on independence of statistics, Trabajos de Estadistica 12
(1961), 19-26.
[8] Remarks on a multivariate gamma distribution, Amer. Math. Monthly
68 (1961), (with P. R. Krishnaiah, 342-346).
[9] Theory of order statistics, Mathematische Annalen 147 (1962), 298-312.
[10] Nonsymmetric projections in Hilbert Space, Pacific J. Math. 12 (1962),
343-357, (with V. J. Mizel).
[11] Characterizing normal law and a nonlinear integral equation, J. Math.
Mecli. 12 (1963), 869-880.
[12] Inference in stochastic processes-I, Teoria Veroyatnastei i ee Primeneniya
8 (1963), 282-298.
[13] Some inference theorems in stochastic processes, Bull. Amer. Math. Sec.
68 (1963), 72-77.
[14] Discriminant analysis, Annals of Inst, of Stat. Math. 15 (1963), 11-24.
[15] Bayes estimation with convex loss, Annals of Math. Stat. 34 (1963),
839-846, (with M.H. DeGroot).
[16] Stochastic give-and-take, J. Math. Anal. & Appl. 7 (1963), 489-498,
(with M.H. DeGroot)
[17] Averagings and quadratic equations in operators, Carnegie-Mellon Uni-
vesity Technical Report # 9 (1963) 27 pages, (with V. J. Mizel)
[18] Projections, generalized inverses, and quadratic forms, J. Math. Anal.
& Appl. 9 (1964), 1-11, (with J. S. Chipman).

vii



viii R. J. Swift & A. C. Krinik

[19] Decomposition of vector measures, Proceedings of Nat'l. Acad. of Sci-
ences 51 (1964), 771-774.
[20] Decomposition of vector measures, Proceedings of Nat'l. Acad. of Sci-
ences 51 (1964), 771-774, Erratum, 52 (1964), p. 864.
[21] Linear functionals on Orlicz spaces, Nieuw Archief voor Wiskunde 312
(1964), 77-98.
[22] The treatment of linear restrictions in regression analysis, Econometrica
32 (1964), 198-209, (with J.S. Chipman).
[23] Conditional expectations and closed projections, Indagationes Mathe-
maticae 27 (1965), 100-112.
[24] Smoothness of Orlicz spaces-I and II, Indagationes Mathematicae 27
(1965), 671-680, 681-690.
[25] Existence and determination of optimal estimators relative to convex
loss, Annals of Inst, of Stat. Math 17 (1965), 113-147.
[26] Interpolation, ergodicity, and martingales, J. of Math. & Mech. 16
(1965), 543-567.
[27] Inference in stochastic processes-II, Zeitschrift fur Wahrscheinlichkeits-
theorie 5 (1966), 317-335.
[28] Approximations to some statistical tests, Trabajos de Estadistica 17
(1966), 85-100.
[29] Multidimensional information inequalities and prediction, Proceedings
of Int'l. Symposium on Multivariate Anal., Academic Press, (1966) 287-313,
(with M.H. DeGroot).
[30] Convolutions of vector fields and interpolation, Proceedings of Nat'l.
Acad. Sciences 57 (1967), 222-226.
[31] Abstract Lebesgue-Radon-Nikodym theorems, Annali di Matematica
Pura ed Applicata (4) 76 (1967), 107-132.
[32] Characterizing Hilbert space by smoothness, Indagationes Mathemati-
cae 29 (1967), 132-135.
[33] Notes on pointwise convergence of closed martingales, Indagationes
Mathematicae 29 (1967), 170-176.
[34] Inference in stochastic processes-III, Zeitschrift fur Wahrscheinlichkeit-
stheorie 8 (1967), 49-72.
[35] Characterization and extension of generalized harmonizable random
fields, Proceedings Nat'l. Acad. Sciences 58 (1967), 1213-1219.
[36] Local functionals and generalized random fields, Bull. Amer. Math. Soc.
74 (1968), 288-293.
[37] Extensions of the Hausdorff-Young theorem, Israel J. of Math. 6 (1968),
133-149.
[38] Linear functionals on Orlicz spaces: General theory, Pacific J. Math. 25
(1968), 553-585.
[39] Almost every Orlicz space is isomorphic to a strictly convex Orlicz space,
Proceedings Amer. Math. Soc. 19 (1968), 377-379.



PUBLISHED WRITINGS OF M. M. RAO ix

[40] Predictions nonlineares et martingales d'operateurs, Comptes rendus
(Academie des Sciences, Paris), Ser. A, 267 (1968) 122-124.
[41] Representation theory of multidimensional generalized random fields,
Proceedings 2d Int'l. Sympt. Multivariate Anal., Academic Press (1969),
411-436.
[42] Operateurs de moyednes et moyennes conditionnelles, C.R. Acad. Sci-
ences, Paris, Ser. A, 268 (1969), 795-797.
[43] Produits tensoriels et espaces de fontioiis, C.R. Acad. Sci., Paris 268
(1969), 1599- 1601.
[44] Stone-Weierstrass theorems for function spaces, J. Math. Anal. 25 (1969),
362-371.
[45] Contractive projections and prediction operators, Bull. Amer. Math.
Sec. 75 (1969), 1369-1373.
[46] Generalized martingales, Proceedings 1st Midwestern Symp. on Ergodic
Theory Prob., Lecture Notes in Math., Springer-Verlag, 160 (1970), 241-261.
[47] Linear operations, tensor products and contractive projections in func-
tion spaces, Studia Math. 38, 131-186, Addendum 48 (1970), 307-308.
[48] Approximately tame algebras of operators, Bull. Acad. Pol. Sci., Ser.
Math. 19 (1971), 43-47.
[49] Abstract nonlinear prediction and operator martingales, J. Multivariate
Anal. 1 (1971), 129-157, Erratum, 9. p. 646.
[50] Local functionals and generalized random fields with independent values,
Teor. Vero- jatnost., Prem. 16 (1971), 466-483.
[51] Projective limits of probability spaces, J. Multivariate Anal. 1 (1971),
28-57.
[52] Contractive projections and conditional expectations, J. Multivariate
Anal. 2 (1972), 262-381, (with N. Dinculeanu).
[53] Prediction sequences in smooth Banach spaces, Ann. Inst. Henri Poincare,
Ser. B, 8 (1972), 319-332.
[54] Notes on characterizing Hilbert space by smoothness and smooth Orlicz
spaces, J. Math. Anal. & Appl. 37 (1972), 228-234.
[55] Abstract martingales and ergodic theory, Proc. 3rd Symp. on Multivari-
ate Anal, Academic Press (1973), 100-116.
[56] Remarks on a Radon-Nikodym theorem for vector measures, Proc. Symp.
on Vector & Operator Valued Measures and Appi., Academic Press (1973),
303-317.
[57] Inference in stochastic processes-IV: Predictors and projections, Sankhya,
Ser. A 36 (1974), 63-120.
[58] Inference in stochastic processes-V: Admissible means, Sankhya, Ser. A.
37 (1974), 538-549.
[59] Extensions of stochastic transformations, Trab. Estadistica 26 (1975),
473-485.



X R. J. Swift & A. C. Krinik

[60] Conditional measures and operators, J. Multivariate Anal. 5 (1975),
330-413.
[61] Compact operators and tensor products, Bull. Acad. Pol. Sci. Ser. Math.
23 (1975), 1175-1179.
[62] Two characterizations of conditional probability, Proc. Amer. Math. Sec.
59 (1976), 75-80.
[63] Conjugate series, convergence and martingales, Rev. Roum. Math. Pures
et Appl. 22 (1977), 219-254.
[64] Inference in stochastic processes-VI: Translates and densities, Proc. 4th
Symp. Multivariate Anal., North Holland, (1977), 311-324.
[65] Bistochastic operators, Commentationes Mathematicae, Vol. 21 March,
(1978), 301- 313.
[66] Asymptotic distribution of an estimator of the boundary parameter of
an unstable process, Ann. Statistics 6 (1978), 185-190.
[67] Convariance analysis of nonstationary time series, Developments in Statis-
tics I (1978), 171-225.
[68] Non L1-bounded martingales, Stochastic Control Theory and Stochastic
Differential Systems, Lecture Notes in Control and Information Sciences, 16
(1979), 527-538, Springer Verlag.
[69] Processus lineaires sur  C00(G), C. R. Acad. Sci., Paris, 289 (1979), 139-
141.
[70] Convolutions of vector fields-I, Math. Zeitschrift, 174 (1980), 63-79.
[71] Asymptotic distribution of an estimator of the boundary parameter
of an unstable process, Ann. Statistics 6 (1978), 185-190, Correction, Ann.
Statistics 8 (1980), 1403.
[72] Local Functional on  C00(G) and probability, J. Functional Analysis 39
(1980), 23-41.
[73] Local functionals, Proceedings of Oberwolfach Conference on Measure
Theory, Lecture Notes in Math. 794, Springer-Verlag (1980), 484-496.
[74] Structure and convexity of Orlicz spaces of vector fields, Proceedings
of the F.B. Jones Conference on General Topology and Modern Analysis,
University of California, Riverside (1981), 457-473.
[75] Representation of weakly harmonizable processes, Proc. Nat. Acad. Sci.,
79, No. 9 (1981), 5288-5289.
[76] Stochastic processes and cylindrical probabilities, Sankhya, Ser. A (1981),
149-169.
[77] Application and extension of Cramer's Theorem on distributions of ra
tios, In Contributions to Statistics and Probability, North Holland (1981),
617-633.
[78] Harmonizable processes: structure theory, L'Enseignement Mathema-
tique, 28 (1982), 295-351.

-




PUBLISHED WRITINGS OF M. M. RAO xi

[79] Domination problem for vector measures and applications to non-stationary
processes, Oberwolfach Measure Theory Proceedings, Springer Lecture Notes
in Math. 945 (1982), 296-313.
[80] Bimeasures and sampling theorems for weakly harmonizable processes,
Stochastic Anal. Appl. 1 (1983), 21-55, (with D.K. Chang).
[81] Filtering and smoothing of nonstationary processes, Proceedings of the
ONR workshop on "Signal Processing", Marcel-Dekker Publishing (1984),
59-65.
[82] The spectral domain of multivariate harmonizable processes, Proc. Nat.
Acad. Sci. U.S.A. 81 (1984), 4611-4612.
[83] Harmonizable, Cramér, and Karhunen classes of processes, Handbook
in Vol. 5 (1985), 279-310.
[84] Bimeasures and nonstationary processes, Real and Stochastic Analysis,
Wiley & Sons (1986), 7-118, (with D.K. Chang).
[85] A commentary on "On equivalence of infinite product measures", in S.
Kakutani's selected works, Birkhauser Boston Series (1986), 377-379.
[86] Probability, Academic Press, Inc., New York, Encyclopedia of Physical
Science and Technology, Vol. 11 (1987), pp. 290-310.
[87] Special representations of weakly harmonizable processes, Stochastic
Anal. (1988), 169-189, (with D.K. Chang).
[88] Paradoxes in conditional probability, J. Multivariate Anal., 27, (1988),
pp. 434-446.
[89] Harmonizable signal extraction, filtering and sampling Springer-Verlag,
Topics in Non-Guassian Signal Processing, Vol. II (1989), pp. 98-117.
[90] A view of harmonizable processes, North-Holland, New York, in Statis-
tical Data Analysis and Inference (1989), pp. 597-615.
[91] Bimeasures and harmonizable processes; (analysis, classification, and
representation), Springer-Verlag Lecture Notes in Math., 1379, (1989), pp.
254-298.
[92] Sampling and prediction for harmonizable isotropic random fields, J.
Col Analysis, Information & System Sciences, Vol 16 (1991), pp. 207-220.
[93] L2,2 boundedness, harmonizability and filtering, Stochastic Anal. App.,
(1992), pp. 323-342.
[94] Probability (expanded for 2nd ed.), Encyclopedia of Physical Science
and Technology Vol 13 (1992), pp. 491-512.
[95] Stochastic integration: a unified approach, C. R. Acad. Sci., Paris, Vol
314 (Series 1), (1992), pp. 629-633.
[96] A projective limit theorem for probability spaces and applications, Theor.
Prob. and Appl., Vol 38 (1993), (with V. V. Sazonov, in Russian), pp. 345-
355.
[97] Exact evaluation of conditional expectations in the Kolmogorov model,
Indian J. Math., Vol 35 (1993) pp 57-70.

 




xii R. J. Swift & A. C. Krinik

[98] An approach to stochastic integration (a generalized and unified treat-
ment) in Multivariate Analysis: Future Directions, Elsivier Science Publish-
ers, The Netherlands (1993), pp. 347-374.
[99] Harmonizable processes and inference: unbiased prediction for stochastic
flows, J. Statistic. Planning and Inf., Vol 39 (1994), pp. 187-209.
[100] Some problems of real and stochastic analysis arising from applications,
Stochastic Processes and Functional Analysis, J. A. Goldstein, N. E. Gretsky,
J.J. Uhl, editors, Marcel Dekker Inc. (1997), 1-15.
[101] Packing in Orlicz sequence spaces, (with Z. D. Ren), Studia Math. 126
(1997), no. 3, 235-251.
[102] Second order nonlinear stochastic differential equations, Nonlinear Anal-
ysis, Vol. 30, no. 5 (1997) 3147-3151.
[103] Higher order stochastic differential equations. Real and Stochastic
Analysis, , CRC Press, Boca Raton, FL, (1997), 225-302.
[104] Nonlinear prediction with increasing loss. J. N. Srivastava: felicitation
volume. J. Combin. Inform. System Sci. 23 (1998), no. 1-4, 187-192.
[105] Characterizing covariances and means of harmonizable processes. Infi
nite Dimensional Analysis and Quantum Probability, Kyoto (2000), 363-381.
[106] Multidimensional Orlicz space interpolation with changing measures.
Peetre 65 Proceedings, Lund, Sweden, (2000).
[107] Representations of conditional means. Dedicated to Professor Nicholas
Vakhania on the occasion of his 70th birthday. Georgian Math. J. 8 (2001),
no. 2, 363-376.
[108] Convolutions of vector fields. II. Random walk models. Proceedings of
the Third World Congress of Nonlinear Analysts, Part 6 (Catania, 2000).
Nonlinear Anal. 47 (2001), no. 6, 3599-3615.
[109] Martingales and some applications. Shanbhag, D. N. (ed.) et al., Stochas-
tic processes: Theory and methods. Amsterdam: North-Holland/Elsevier.
Handbook Statistics 19,(2001) 765-816.
[110] Probability (revised and expanded for 3rd ed.), Encyclopedia of Phys-
ical Science and Technology (2002), pp. 87-109.
[111] Representation and estimation for harmonizable type processes. IEEE,
(2002) 1559-1564.
[112] A commentary on "Une Théorie Unifiée des martingales et des moyennes
ergodigues", C.R. Acad. Sci 252 (1961) p. 2064-2066, in Rota's Saleta, Birkhauser
Boston (2002)
[113] Evolution operators in stochastic processes and inference. Evolution
Equation, G. R. Goldstein, R. Nagel, S. Romanelli, editors, Marcel Dekker
Inc. (2003), 357-372.
[114] Stochastic analysis and function spaces. Recent Advances in Stochastic
Processes and Functional Analysis, A.C. Krinik, R.J. Swift, editors, Marcel
Dekker Inc. (2004), 1-25.

-




PUBLISHED WRITINGS OF M. M. RAO xiii

Books Edited 

[1] General Topology and Modern Analysis. Proceedings of the F.B. Jones
Conference, Academic Press, Inc., New York (1981), 514 pages, (Edited
jointly with L.F. McCauley).
[2] Handbook in Statistics, Volume 5, Time Series in the Time Domain,
(Edited jointly with E.J. Hannan, P.R. Krishnaiah), North-Holland Pub-
lishing Co., Amsterdam (1985).
[3] Real and Stochastic Analysis, (Editor), Wiley & Sons, New York (1986),
347 pages.
[4] Multivariate Statistics and Probability, (Edited jointly with C.R. Rao),
Academic Press Inc., Boston (1989), 565 pages.
[5] Real and stochastic analysis. Recent advances. (Editor) Boca Raton, FL,
CRC Press. (1997), 393 pages.
[6] Real and stochastic analysis. New Perspectives. (Editor) Birkhauser Boston
(in preparation).

Books Written 

[1] Stochastic Processes and Integration. Sijthoff & Noordhoff International
Publishers, Alpehn aan den Rijn, The Netherlands, (1979), 460 pages.
[2] Foundations of Stochastic Analysis, Academic Press, Inc., New York,
(1981), 295 pages.
[3] Probability Theory with Applications, Academic Press, Inc. New York,
(1984), 495 pages.
[4] Measure Theory and Integration, Wiley-Interscience, New York (1987),
540 pages.
[5] Theory of Orlicz Spaces (jointly with Z. D. Ren), Marcel Dekker Inc.,
New York (1991), 449 pages.
[6] Conditional Measures and Applications, Marcel Dekker Inc., New York
(1993), 417 pages.
[7] Stochastic Processes: General Theory, Kluwer Academic Publishers, The
Netherlands (1995), 620 pages.
[8] Stochastic Processes: Inference Theory, Kluwer Academic Publishers, The
Netherlands (2000), 645 pages.
[9] Applications of Orlicz Spaces (jointly with Z. D. Ren), Marcel Dekker
Inc., New York (2002), 464 pages.
[10] Measure Theory and Integration, (Revised and enlarged second edition),
Marcel Dekker Inc., New York (to appear, 2004).
[11] Probability Theory with Applications, (jointly with R. J. Swift), (Re-
vised and enlarged second edition), Kluwer Academic Publishers, The Nether-
lands (in preparation).



xiv R. J. Swift & A. C. Krinik

[12] Conditional Measures and Applications, (Revised second edition), Mar-
cel Dekker Inc., New York (in preparation).



Ph.D. Theses Completed Under the Direction of
M.M. Rao

At Carnegie-Mellon University: 
Dietmar R. Borchers (1964), "Second order stochastic differential equations
and related Ito processes."
J. Jerry Uhl. Jr (1966), "Orlicz spaces of additive set functions and set
martingales."
Jerome A. Goldstein (1967), "Stochastic differential equations and nonlinear
semi-groups."
Neil E. Gretsky (1967), "Representation theorems on Banach function spaces."
William T. Kraynek (1968), "Interpolation of sub-linear operators on gener-
alized Orlicz and Hardy spaces."
Robert L. Rosenberg (1968), "Compactness in Orlicz spaces based on sets
of probability measures."
George Y. H. Chi (1969), "Nonlinear prediction and multiplicity of general-
ized random processes."

At University of California, Riverside: 
Vera Darlean Briggs (1973), "Densities for infinitely divisible processes."
Stephen V. Noltie (1975), "Integral representations of chains and vector
measures."
Theodore R. Hillmann (1977), "Besicovitch Orlicz spaces of almost periodic
functions."
Michael D. Brennan (1978), "Planar semi-martingales and stochastic inte-
grals."
James P. Kelsh (1978), "Linear analysis of harmonizable time series."
Alan C. Krinik (1978), "Stroock  Varadhan theory of diffusion in a Hilbert
space and likelihood ratios."
Derek K. Chang (1983), "Bimeasures, harmonizable process and filtering."
Marc H. Mehlman (1990), "Moving average representation and prediction
for multidimensional strongly harmonizable process."

xv

 

-



xvi R. J. Swift & A. C. Krinik

Randall J. Swift (1992), "Structural and sample path analysis of harmoniz-
able random fields."
Michael L. Green (1995), "Multi-parameter semi-martingale integrals and
boundedness principles."
Heme Soedjak (1996), "Estimation problems for harmonizable random pro-
cesses and fields." 



Contents

Preface iii

Biography of M. M. Rao v 

Published Writings of M. M. Rao vii

Ph.D. Theses Completed Under the Direction of M. M. Rao xv

Contributors xxi

For M. M. Rao 1 

An Appreciation of My Teacher, M. M. Rao 3 
J. A. Goldstein 

1001 Words About Rao 7 
M. L. Green 

A Guide to Life, Mathematical and Otherwise 11
N. E. Gretsky 

Rao and the Early Riverside Years 13
Alan Krinik 

On M. M. Rao 21
R. J. Swift 

Reflections on M. M. Rao 25
Jerry Uhl 

1. Stochastic Analysis and Function Spaces 27
M. M. Rao 

2. Applications of Sinkhorn Balancing to Counting Problems 53
Isabel Beichl and Francis Sullivan 

3. Zakai Equation of Nonlinear Filtering with Ornstein-Uhlenbeck Noise:
Existence and Uniqueness 67
Abhay Bhatt, Belram Rajput, and Jie Xiong 

xvii



xviii Contents

4. Hyperfunctionals and Generalized Distributions 81
M. Burgin 

5. Process-Measures and Their Stochastic Integral 119
Nicolae Dinculeanu 

6. Invariant Sets for Nonlinear Operators 141
Giséle Ruiz Goldstein and Jerome A. Goldstein 

7. The Immigration-Emigration with Catastrophe Model 149
Michael L. Green 

8. Approximating Scale Mixtures 161
Hassan Hamdan and John Nolan 

9. Cyclostationary Arrays: Their Unitary Operators and Representations 171
Harry Hurd and Timo Koski 

10. Operator Theoretic Review for Information Channels 195
Yûichirô Kakihara 

11. Pseudoergodicity in Information Channels 209
Yûichirô Kakihara 

12. Connections Between Birth-Death Processes 219
Alan Krinik, Carrie Mortensen, and Gerardo Rubino 

13. Integrated Gaussian Processes and Their Reproducing Kernel Hilbert Spaces 241
Milan N. Luki

14. Moving Average Representation and Prediction for Multidimensional
Harmonizable Processes 265
Marc H. Mehlman 

15. Double-Level Averaging on a Stratified Space 277
Natella V. O'Bryant 

16. The Problem of Optimal Asset Allocation with Stable Distributed Returns 295
Svetlozar Rachev, Sergio Ortobelli, and Eduardo Schwartz 

17. Computations for Nonsquare Constants of Orlicz Spaces 349
Z D. Ren 

18. Asymptotically Stationary and Related Processes 363
Bertram M. Schreiber 

19. Superlinearity and Weighted Sobolev Spaces 399
Victor L. Shapiro 



Contents xix

20. Doubly Stochastic Operators and the History of Birkhoff s Problem 111 411
Sheila King and Ray Shiflett 

21. Classes of Harmonizable Isotropic Random Fields 441
Randall J. Swift 

22. On Geographically-Uniform Coevolution: Local Adaptation in
Non-fluctuating Spatial Patterns 461
Jennifer M. Switkes and Michael E. Moody 

23. Approximating the Time Delay in Coupled van der Pol Oscillators
with Delay Coupling 483
Stephen A. Wirkus 



http://taylorandfrancis.com


Contributors

I. Beichl NIST, Gaithersburg, Maryland, U.S.A.

A. Bhatt Indian Statistical Institute, New Delhi, India

M. Burgin University of California, Los Angeles, Los Angeles, California, U.S.A.

N. Dinculeanu University of Florida, Gainesville, Florida, U.S.A.

G. R. Goldstein University of Memphis, Memphis, Tennessee, U.S.A.

J. A. Goldstein University of Memphis, Memphis, Tennessee, U.S.A.

M. L. Green California State Polytechnic University, Pomona, California, U.S.A.

N. E. Gretrsky University of California, Riverside, Riverside, California, U.S.A.

H. Hamdan James Madison University, Harrisonburg, Virginia, U.S.A.

H. Hurd University of North Carolina, Chapel Hill, North Carolina, U.S.A.

Y. Kakihara California State University, San Bernardino, San Bernardino,
California, U.S.A.

S. King California State Polytechnic University, Pomona, California, U.S.A.

T. Koski University of Linköping, Linköping, Sweden

A. C. Krinik California State Polytechnic University, Pomona, California, U.S.A.

M. N. Lukic Viterbo University, La Crosse, Wisconsin, U.S.A.

M. H. Mehlman University of New Haven, New Haven, Connecticut, U.S.A.

M. E. Moody Franklin W. Olin College of Engineering, Needham, Massachusetts,
U.S.A.

Carrie Mortensen Pasadena City College, Pasadena, California, U.S.A.

xxi



xxii Contributors

J. Nolan American University, Washington, DC, U.S.A.

N. V. O'Bryant University of California, Irvine, Irvine, California, U.S.A.

S. Ortobelli Università della Calabria, Arcavacata di Rende, Italy

S. Rachev University of California Santa Barbara, Santa Barbara, California, U.S.A.
and School of Economics and Buisness Engineering, University of Karlsruhe,
Karlsruhe, Germany

B. Rajput University of Tennessee, Knoxville, Tennessee, U.S.A.

M. M. Rao University of California, Riverside, Riverside, California, U.S.A.

Z. D. Ren Suzhou University, Suzhou, P.R. China

G. Rubino INRIA, IRISA, Campus Universitaire de Beaulieu, Rennes, France

B. M. Schreiber Wayne State University, Detroit, Michigan, U.S.A.

E. Schwartz Anderson Graduate School of Management, University of California, Los
Angeles, Los Angeles, California, U.S.A.

V. L. Shapiro University of California, Riverside, Riverside, California, U.S.A.

R. Shiflett California State Polytechnic University, Pomona, California, U.S.A.

F. Sullivan IDA/CCS, Bowie, Maryland, U.S.A.

R. J. Swift California State Polytechnic University, Pomona, California, U.S.A.

J. M. Switkes California State Polytechnic University, Pomona, California, U.S.A.

J. J. Uhl University of Illinois, Urban, Illinois, U.S.A.

S. Wirkus California State Polytechnic University, Pomona, California, U.S.A.

J. Xiong University of Tennessee, Knoxville, Tennessee, U.S.A.



For M.M. Rao

Professor M.M. Rao has had a long and distinguished research career.
His research spans the areas of probability, statistics, stochastic processes,
Banach space theory, measure theory and differential equations both deter-
ministic and stochastic. The prolific published research of M.M. Rao impacts
each of these broad areas of mathematics

During M.M.'s career, he has had eighteen Ph.D. students. Many of his
students have gone on to very successful careers in mathematics and are
recognized experts in their field of study. Six of his former students have
written tribute essays about M.M. and each are affectionately dedicated to
him. These essays were written by J.A. Goldstein, M.L. Green, N.E. Gretsky,
A.C. Krinik, R.J. Swift and J.J. Uhl.

Jerry Goldstein is a Professor of Mathematics at the University of Mem
phis. He is a internationally known for his outstanding work in semigroup
theory, functional analysis and differential equations.

Mike Green is an Assistant Professor of Mathematics at California State
Polytechnic University, Pomona. His research is in the area of multi-parameter
manifold valued semi-martingales and aspects of applied probability.

Neil Gretsky is an Associate Professor of Mathematics at the University
of California, Riverside. He is recognized for his research in the geometry
of Banach spaces and recently his work in game-theoretic applications in
economics.

Alan Krinik is a Professor of Mathematics at California State Polytechnic
University, Pomona. He is noted for his work in lattice path combinatorics
and its application to queueing theory and birth-death processes. He is also
the co-editor of this volume.

Randy Swift is an Associate Professor of Mathematics at California State
Polytechnic University, Pomona. He is well-known for his work in harmoniz-
able processes, mathematical modeling and differential equations. He is also
the co-editor of this volume.

Jerry Uhl is a Professor of Mathematics at the University of Illinois,
Urbana-Champaign. He is known for his work in vector measures and Banach
space theory. He is also noted for his work in calculus reform.

1

 

-



http://taylorandfrancis.com


An Appreciation of my teacher, M.M. Rao

I want to record my thoughts about M. M. Rao as a teacher. He was a
really great teacher and his teaching continues to have a major impact on
my career.

As a first year graduate student at Carnegie Tech, in 1963-64, 1 took Rao's
year long course on Functional Analysis. There were a lot of good students
around Tech at that time; included in Rao's class were second year students
Neil Gretsky and Jerry Uhl. Rao's ambitious style was to cover one major
result in each lecture, or three per week. And all major theorems had de
scriptive names, some standard ("Dominated Convergence Theorem") and
some not ("Law of the Unconscious Statistician"). The use of those names
made the results easier to remember; I think Rao got this idea from Michel
Loeve's book (from which I learned probability theory). Our text was by
Angus E. Taylor, but we didn't use it much. Rao taught mostly out of Dun-
ford & Schwartz (Vol. 1) and Hille & Phillips. His organization of the topics
was excellent. An unusually large amount of material was covered per class.
So much so that details were often omitted (or, sometimes in our minds,
incorrectly given). With great regularity Gretsky, Uhl and I would stay after
class and work out the complete details of the arguments we had just seen.
Sometimes we realized that Rao really had given all the details; after all we
were merely beginners and not yet well versed in mathematics. We always
found that all of his results had correct versions, occasionally slightly differ-
ent from what one of us thought when the discussion began. But by the end
of the year, I learned so much that, for the first time, I considered myself
a mathematician. Gretsky, Uhl and I were somehow teaching assistants to
Rao, helping to teach one another. At the time I didn't give Rao credit for
orchestrating this, but I think he did, at least to a substantial extent. He
conveyed his love of mathematical depth and understanding and his passion
for intense mathematical discussions.

I took many more grad courses from Rao prior to graduating in May 1967.
They were all great courses, but none matched that extraordinary course in
Functional Analysis. That course had a permanent influence on me, and for
the rest of my life I will feel close and grateful to M.M. and to Neil and Jerry
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as well.
Having gotten my BS at Tech in 1963 and anticipating my MS in 1964, I

decided to apply elsewhere (in the fall of 1963) to do my Ph.D. away from my
birthplace, Pittsburgh. But my wife had a teaching job in Pittsburgh and
her applications elsewhere were unsuccessful. So, despite fellowship offers
from more prestigious institutions, I was happy to stay at Tech because I
knew (from the Functional Analysis course) that a great thesis advisor was
available. Gretsky and Uhl were already doing research reading under Rao,
and in the spring of 1964 I told Rao I wished to work with him in Functional
Analysis (as Neil and Jerry were doing). He said he would be glad to be
my advisor, but he had a problem in probability theory for me. I protested,
saying I didn't know any probability theory. He pointed out that I had taken
a year long junior level probability course from Morrie DeGroot, an excellent
teacher and probabilist. (Of course, he was right, but I was mystified, being
so in love with Functional Analysis). But, as my main focus was to work
under M.M., I said OK. The first paper he gave me to read was by Dynkin,
and it defined a Markov process as a 21 tuple (or something like that) .
Numbers larger than my combined fingers and toes made me nervous; and
I was unable to read Dynkin's paper, Rao suggested I try Loeve's book and
work a lot of the problems. This was a great suggestion, and Rao helped me
a lot when I got stuck. And, happily, 6 or 8 months later I was able to read
and understand Dynkin's paper (which was indeed a toughie).

M.M. ran great seminars and, among other things forced his students
to present papers they read and their own work. His ferocious but kind
questioning taught us never to give a seminar less than fully prepared. And
he taught us to work together and learn from one another. This is a very
important point which was evident, but I didn't realize it as the time. Rao's
teaching and advising styles were shamelessly adopted by me in my capacity
as a teacher and advisor. I have had over 20 Ph.D. students ("children") and
at least 8 "grandchildren", most of whom never met Rao and probably are
largely unaware of the major hidden role he played in their education.

I love to reread occasionally the article Rao wrote in the Raofest volume,
celebrating his 65th birthday. Rao did something special and unusual; he
gave his best research problems to his students. I have tried to follow his
lead, and I believe our profession would be better of if more thesis advisors
did the same thing.

Rao was uncompromising in his high standards, but he was gentle and
helpful. Not all of his Ph.D. students had the native brilliance of Gretsky
or Uhl, but all of them (that I know) wrote excellent theses. Rao got his
students to live up to their potential. I think that is the highest praise one
can give to a teacher.

Rao was also an excellent researcher. As a departmental citizen he was
pretty feisty. He objected to (mathematical) political issues taking prece-
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dence over issues of quality and scholarship. Doing the "right thing" is not
always the way to maximize one's popularity. But M.M. never hesitated to
stand up and fight for his principles.

I suppose I should tell one anecdote. The enormous length of Rao's first 
two names reminds me of Dynkin's definition of a Markov process (which
took me 6 or 8 months to understand). So once I asked Dick Moore what
Rao's nickname was. Dick's response: "He doesn't have one. People call
him M.M. But he should have one."- Dick thought about it and hit on
the nickname Mmmmmmmmm. But it never stuck.

I feel much affection for M.M. I always respected and admired him, and
there were moments during my grad student days, when the term "affection"
did not characterize my feelings toward him. But I was young, brash and
impatient; some things I could figure out very quickly and some not. Was
I lucky to have M.M. as my principal teacher and mentor? Absolutely yes.
Could I have done better either at Tech or elsewhere? I don't think so.
Rao shaped my passion for mathematics, my desires to understand things
fully, my standards, and my teaching and advising techniques. I owe him so
much, more that I can usually imagine. Thank you M.M., for being such an
inspiration and such a friend.

J.A. Goldstein 
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1001 words about Rao

My first contact with M.M. Rao was in the fall quarter of 1989 in an
Advanced Calculus class. Before this course, like a typical undergraduate, I
inquired of other students about him. Most of my information came from the
graduate students at UCR, since they were the ones who had taken courses
from him. The graduate students generally regarded him as a hard, but fair
teacher. This positive tone, however, was laced with an undertone, not unlike
the sort one would receive about a blind date, who in all other respects was
perfect, except for some peculiar habit. It required only one lecture to dis-
cover the peculiarity of M.M. Rao. He is so absorbed into mathematics that
where the man ended and the math began was blurred until the separation
of the two is unimaginable.

His lectures are wonderful. The students of Rao have coined the phrase
"Rao Math" for the rather distinctive style he has when presenting mathe-
matics. He carefully prepares all his lectures, often writing them out in their
entirety before the beginning of the quarter. An appropriate motto he has
given is "If we do this for the general case, the rest will follow as corollaries."
One need only read one of his books to see the verity of this motto. A good
example is his text for Real Analysis, Measure Theory and Integration. He of-
ten immediately began lecture upon entering the room and always went over
the allotted time leaving the next class waiting at the door. On more than
one occasion, he was writing as he walked out the door! These peculiarities
are symptoms of his strength, a single-minded dedication to his profession
coupled with a deep interest and curiosity in the subject. In M.M. Rao, I met
someone that hit the 35th level of Math™, a true math guru. To be fair,
not everyone prospered under Rao. The lack of concrete examples was the
typical student complaint about M.M. Rao's instruction. I guess M.M. Rao
had been getting some grief about not being concrete enough, for during one
class he declared, "I am an applied mathematician! I apply this theorem to
prove that one!" This is a typical Raoism.

The beauty of mathematics as presented by him seduced me. I know that
I am not the only one to experience this and like others I started taking more
courses from Rao after my first introduction to him in advanced calculus. I 
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8 M. L. Green

began learning more analysis and in particular probability as a consequence. 
A tremendous benefit to my education was the open door I always found at
his office and the many conversations I had with Rao about mathematics
and his research have enriched my life. As a student, I never felt belittled or
talked down to by Rao even when discussing his research. During my seeking
of an advisor for my Ph.D. thesis, some of the other professors cautioned me
about Rao, concerning his ability to win the best students. A reputation well
deserved. I mulled over several individuals, all very capable mathematicians,
but the accessibility of M.M. Rao won me over, even though my first interests
were in algebra and topology.

His work ethic was intimidating. Sleeping four or fewer hours per night
working on mathematics most of the day, seven days a week he labored with
"a devil on his back" to complete his projects. He only took a half-day off
on Sunday. He once said, "Mathematics is a harsh mistress. Either you love
her, or she will leave you."

My thesis topic was to extend stochastic integration to multi-parameter
manifold valued semi-martingales using the generalized Bochner bounded-
ness principle. The students of Rao have termed his theses topics as "topics
in the clouds". A few of the completed theses are "Orlicz spaces of addi-
tive set functions and set martingales", "Integral representations of chains
and vector measures" and "Multi-parameter semi-martingales integrals and
boundedness principles." The last being my own, coming up short on the
manifold part. The theses that Rao has guided tend to be on the long side,
my own was 138 pages, not the longest.

This propensity to generalize has worked well for M.M. Rao. Take for
instance what Rao has done with ideas from S. Bochner. In 1956, Bochner
wrote "Stationarity, boundedness, almost periodicity of random valued func-
tions" in the Proceedings of the Third Berkeley Symposium. In this paper
Bochner defined V-bounded processes and noted that these processes were
an extension Loeve's harmonizable processes. Rao's idea was to define two
classes of processes, the V-bounded being called weakly harmonizable pro-
cesses which includes the processes of Loeve, now called strongly harmoniz-
able. This definition opened up a whole new area of research in harmonizabil-
ity being still actively pursued. Another idea Rao gleaned from this paper is
to define stochastic integration via a boundedness principle. His generalized
Bochner boundedness principle provides a unified approach to stochastic in
tegration including all known stochastic integrals under one umbrella. This
principle would still be unknown if M.M. Rao had not pursued mathematics
in his own distinctive manner. For the Young functions from Orlicz space
theory were necessary for the result. Rao met with Bochner three times.
Bochner must have been impressed, since he communicated three of Rao's
papers to the National Academy of Sciences. Rao still has not been entered
as a member of the Academy.

-
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Rao still lies dear in my heart as he does in the hearts of many others
who have come across his path. M.M. Rao asked me to not compare him as
an equal to Bochner, his modesty is showing, but in my eyes, he is a great
mathematician and a great man. He still shows his faith in me and has many
expectations for my work, encouraging me to continue my labors. My wish
is that he finds a satisfaction in his life and work that brings him peace. I
look forward to the years that come to see what new worlds he will open in
mathematics.

M.L. Green 
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A Guide to Life, Mathematical and Otherwise

When I went to graduate school in the early '60s I started in the Systems
& Communications Sciences interdisciplinary program at Carnegie Tech. I
knew that I wanted to study and work in Numerical Analysis and Comput-
ing. In my second year I decided to take a Functional Analysis course because
I had some half-formed idea that this would be a valuable tool for Numeri-
cal Analysis. I did not in any way anticipate the ensuing life-changing event
of meeting M.M. Rao. The course became an almost-religious epiphany for
me: this was truly the way, the truth, and the light! M.M.'s lectures were
magnificent; the material was spell-binding; the problem sets were really chal-
lenging. Several of my fellow students felt the same way especially Jerry
Uhl and Jerry Goldstein. We took more courses and seminars with M.M.
and we chose to write our theses under his direction. The three of us spent
a lot of time challenging each other and guiding each other under M.M.'s
firm but insightful hand. In the last vestiges of the medieval guild system,
we apprenticed ourselves to a guild master  a true master.

There was certainly a deep love for Mathematics and a lifelong friendship
and bond that we developed together under M.M.'s direction, but there was
much more to M.M.'s influence. M.M. had a deep concern for, and loyalty to,
his students. No matter how busy he was, he always had time and energy for
us in all aspects of our development. When my wife left me in the final year
of my thesis work, M.M. was there to counsel and comfort me. Unbeknownst
to me at the time, he had also spoken with my wife to see if there were any
possible solution. When I mistakenly thought that one of my thesis results
was contained in an earlier paper, he brought me out of my depression and
led me to see the positive differences in the work. When I succumbed to
procrastination and other earthly temptations, he was there to inspire me
with his example. He was never accusatory or condemning, just exemplary
and inspiring. When a new department chair took a personal dislike to me,
M.M. was there to defend his student. Of course, this was the same M.M.
who liked to put an occasional (unannounced) unsolved problem on his take-
home exams in the advanced topics courses.

When I received a job offer from the Mathematics Department at UCR,
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12 N. E. Gretsky

he told me that it was a great opportunity because Howard Tucker was there
and he repeatedly advised me that "... you will really like Professor Tucker
". This stuck in my mind so deeply that when I finally met Howard and he
told me to call him Howard, my natural response was "Yes sir, Professor
Tucker".

A few years later, my new department wanted to recruit a senior person
in Functional Analysis and Probability. M.M. was not in the market for a
new job, but I knew that he was not happy with his department chair. Our
department managed to interview him twice and convinced him to come.
So we wound up in the same department for thirty years. Once again he
me led to learn life's great lessons. At first I needed to assert my indepen-
dence from him. That must have been painful for him, but he never showed
it. Then I needed to again succumb to procrastination and earthly temp-
tations. Once again, he was over the space of many years non-accusatory
and supportive. Coming back into the fold, I started to drift into areas of
applications of Functional Analysis and Measure Theory. He renamed our
continuing Functional Analysis Seminar the Functional Analysis and Related
Topics Seminar.

It has been a very large feature of my life as well as a remarkable pleasure
and privilege to be his student, his colleague, and his friend.

N.E. Gretsky 



Rao and the early Riverside years

M.M. Rao first came to the University of California, Riverside Mathemat-
ics Department from Carnegie-Melon in 1973. There was much excitement
and anticipation of his coming by both new colleagues and graduate stu-
dents in the UCR Math Department. Neil Gretsky (a former Rao graduate
student from Carnegie-Melon) wets already on the faculty at UCR. Neil and
others had alerted UCR graduate students of M.M. Rao's prominence in
probability and functional analysis. M.M. Rao was a welcome addition of
a talented research mathematician who was receptive to graduate students.
This enhanced an already formidable mathematics department that had F.
Burton Jones in topology, Richard Block in algebra and Victor Shapiro in
differential equations among other notable faculty members.

As a new graduate student at UCR (coming from UCLA) in 1973, I knew
very little of the anticipation surrounding M.M. Rao's first academic year
at UCR. However, I became quickly familiar with Rao's teaching style as
I took his inaugural graduate sequence in real analysis at UCR: Math 209,
210, 211 starting in September 1973. The course was taught at a high level
of abstraction. The first quarter was measure theory developed on general
sigma rings using an outer measure approach restricted down to measurable
sets via the Caratheodory construction. The second quarter contained the
major results of general integration theory. The third quarter included an
introduction to Choquet's capacity theory. There was no specific textbook
for the course but rather a list of several recommended texts. The course
was carefully and clearly presented by M.M. Rao, a man in his early forties
(originally from India) with a lively personality, who wore a suit to class. I 
tried to take careful notes and absorb the material since I knew a compre-
hensive qualifying exam on real analysis based on this course was waiting
for me at the end of the academic year. However, the material was not easy
for me. I passed the qualifying exam but considered myself fortunate. As for
this introduction to Rao, I found him an animated professor completely en
gaged in the subject of real analysis. He developed the theory from a modern
abstract viewpoint but was concerned about the history of the subject and
was careful to credit various mathematicians as we proceeded (Lebesgue,
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Caratheodory, Vitali, Saks, Fubini, Egoroff, Choquet, etc.).
Several very talented UCR graduate students, including Stephen Noltie

and Michael Brennan, were seemingly planning to work with Rao even before
he arrived at UCR. By the time, I asked Professor Rao to be my advisor in
1975-76, I was his sixth Ph.D. student at UCR. I was grateful he agreed to
take me as his student. Prom the beginning, Rao had the reputation of be
ing more demanding than most other professors at UCR. Rao would oversee
your progress but he would not help you in the writing of your thesis. Rao
expected his students to be prepared in many different areas of mathematics.
As a consequence, Rao students routinely took additional coursework past
the qualifiers. For example, I took graduate sequences in functional analy-
sis, advanced statistical inference and probability theory after my qualifying
exams. The idea was to be prepared to solve our dissertation problem from
a variety of different possible perspectives.

Another important aspect of being a Rao graduate student in the 1970's
was an ongoing quarterly seminar on functional analysis or stochastic pro-
cesses. This seminar (which still meets) consisted of Rao, his students and
any other interested parties. Everyone attending talked sooner or later. When
the discussion became very specialized, the seminar often reduced down to
Rao and his graduate students. For me, I recall having to present material
that originated from a seminal 1969 article written by D.W. Stroock and
S.R.S. Varadhan on solutions of diffusion processes in d-dimensions using
the martingale problem approach. I vividly recall preparing this challenging
material for what seemed like an endless number of consecutive weeks. It
was stressful but very helpful in forcing me to understand this paper which I
eventually generalized into my dissertation. Understanding came slowly (and
in phases). I learned how to present material when there were holes or unre-
solved problem areas and how to talk around topics until I was able to make
complete arguments. The whole experience also brought the Rao students
together in a common misery and made me appreciative of the mathematical
abilities of my fellow grad student, Michael Brennan, who kindly helped me
understand the more incomprehensible parts of this paper. This seminar ex
perience was a common learning experience for Rao students in the 1970's. It
is an activity that I still do today on a modified basis with my own graduate
students.

At UCR, M.M. Rao was primarily known among graduate students as
a consummate researcher in mathematics-a man whose research interests
connected functional analysis and integration theory with probability theory
and stochastic processes. He was also recognized as an engaging professor
who attracted some of the stronger graduate students to work with him and
take a wide range of graduate classes. From a work ethic point of view role,
no one worked harder than Rao. In the 70's, Rao occupied the (eastward) end
office of a string of about twelve windowed offices on the third floor of Sproul

-
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Hall that faced south overlooking University drive. Any passer-by, looking
up at these offices in the evening would customarily see only two or three
lights on after dark. Sometimes if the hour was late only one light burned.
M.M. Rao's window was almost always lit. He was up there doing research,
reviewing articles and in the 70's writing his first book. His colleagues and
graduate students knew he was there. They also knew that he would be
back in his office at least one day over the weekend as well. Rao displayed
a commitment to his profession that was hard to match. From a graduate
student's point of view, no one could complain that Rao was inaccessible or
difficult to find. 

M.M. Rao of the 1970's was a confident, forceful and demanding advi-
sor. As an outstanding mathematician, Rao had expectations or intuition
of how the solution of mathematical problems should turn out. Whenever
graduate student progress did not fit his long range view, he expected to
be consulted or convinced as to why these mathematical objectives were
not possible. He also expected graduate students to make a dedicated ef
fort and work hard. Finally, Rao expected his stronger graduate students to
make significant contributions by doing future mathematical research. Af
ter all, Rao himself lived according to these standards. These expectations
sometimes caused tensions between Rao and his students. For example, grad-
uate students, myself included, would at times "disappear" for weeks or even
months. When this happened there could be many possible reasonable expla-
nations (and some unreasonable explanations as well)-including outside life
factors effecting the unreal graduate school existence. Sometimes, a grad-
uate student just rather "lay low" while trying to achieve progress rather
than share their "failed attempts" at solving a problem. I can remember
Rao asking "Where is ? I haven't seen him in weeks!" These incidents
had both good and bad consequences. Rao students developed an indepen-
dence and self reliance in doing mathematical research and also provided
more opportunities for Rao students to bond together. Rao stories, like war
stories, were swapped over lunch or over a few beers. Sometimes even an old
Rao story from the legendary days of Gretsky, Uhl and Goldstein would be
recycled when pertinent. In the end, Rao's forceful personality and expec-
tations played differently among his graduate students (some of whom also
had strong personalities and different goals). 

M.M. Rao views his graduate students as one big family. Certainly, there
are many of his former students who have flourished in mathematical careers
engaged in many of the same aspects of the profession that have occupied
Rao. There are also former, highly capable, graduate students who presently
have little interest in mathematical research and have chosen exciting alter-
native career paths. M.M. Rao is interested and always enjoys hearing (and
talking at length about) how each of his graduate students is doing. How-
ever, make no mistake about it, Rao is a true believer. M.M. Rao's career

-
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in mathematics is distinguished by his talent, passion and energy in doing
mathematics. There has never been any doubt in his mind that (if one has
the ability) being a research mathematician is the best way to go. I think
that even today, Rao would not understand how a graduate student in math-
ematics with outstanding potential in research could choose to do anything
else. It is also very difficult to imagine M.M. not being engaged in mathe-
matical activities. Rao is a lifer. Currently, at age 74, he is going strong. Rao
is busy writing books with plans for additional books in the future.

M.M. Rao did a wonderful job of protecting and promoting his grad-
uate students. He was influential and resourceful in securing teaching as
sistantships and research assistantships to support his graduate students
throughout graduate school. During the 1970's, Rao was preparing his first
book, Stochastic Processes and Integration. I, along with several other grad
students, worked as a research assistant, proof-reading this monograph. Pro-
fessor Rao was very receptive to student reaction to his writing. At first, I
was hesitant to mention where I had difficulty in understanding his text but
it became very clear that he was sincerely interested in both my mathemat-
ical and stylistic comments. Rao, in discussion, would often tell me of the
history of various portions of the text and what different mathematicians
had contributed. These were good times for me. I was seeing mathematics
from an insider's perspective. Sometimes, Rao would go off describing some
current mathematicians. For example, he knew I was studying a paper of
the Russian mathematician Daletskii and Rao would tell me of his personal
meeting with Daletskii on a visit to Russia and how nice a man he was even
presenting M.M. a bottle of Vodka (or Cognac) as a gift. Rao still had the
gift somewhere in his office. These exchanges were memorable.

The academic environment and spirit for faculty and graduate students
in the UCR Mathematics Department of the 1970's was very good. The
Department was a friendly place and a good place to study mathematics.
Al Stralka chaired the Department. I recall colloquia given by Erdos, Hal-
mos, Bing, Stein and Uhl. I recall the excitement of the four color problem
being solved at that time. There was an entertaining talk on properties of
Fibonocci numbers as well. The colloquia were preceded by a reception that
usually included cookies-a sure way to attract graduate students. For at least
two years, the math graduate students participated in intramural basketball
games. Our team names of "Zorn's Dilemma" and "The Hardy-Haar Mea-
sure" accurately reflected our team's abilities. We had measure 1 of going
the whole season without a victory. Except, there was one anomalous game
where we actually nipped the lowly and equally winless Physics team on a
last second miracle shot-which demonstrated once and for all that events
of measure 0 can indeed happen! We had fun with basketball but actually
looked forward to the pizza and beer get-togethers after the game more than
the game itself.

-
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During the mid 1970's, Rao students were united by the knowledge that
we were committed to a challenging route working under M.M. Rao and
hopeful of his influence to secure us academic employment at a notoriously
difficult time period for new Ph.D.'s to find jobs as professors in mathe-
matics. We were also united by having taken an unusually large number
of courses from Rao. The following pet phrases (and situations) were often
repeated (or experienced) many times in class and today serve to help us
recapture, with affection, his unique personality and style:

"We make the following definition with complete 'malice of forethought'."

"Did you think it was going to be easy? No! That is why his name is on
the theorem."

"Be careful whenever you see that word 'consider' for what follows is a
new idea..."

"From there he went on to develop (pronounced 'devil-up') the whole
theory..."

"You ask me if I can change the order of integration? I DID IT!"

"That's the one, that's the condition you need..."

"You work and work and work and that is what comes out..."

"Now we have proved the Dynkin-Doob Lemma which is also used by
statisticians who have no idea why it is true, so we call this result the
Theorem of the 'Unconscious Statistician'..."

"If you wish to avoid making any mistakes, do nothing at all and that,
of course, would be the biggest mistake of all..."

"What a loss...that is the death of his career as research mathematician",
(Rao's reaction upon hearing a local mathematics professor had become
dean.)

"You can take this book and throw it in the ditch..."

Many times Rao would smile and laugh as he repeated these sayings in
different settings. Occasionally, M.M. would re-tell a joke or funny story and
break out laughing aloud before reaching his own punch-line.

And finally the signature (literally and figuratively) of most Rao chalk
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talks was the amazing amount of mathematical material he was able to
cram into the lower right hand corner of the board as class time expired. His
writing became a space filling curve as he adjusted by writing smaller and
smaller-working several minutes past when the class was scheduled to stop-
leaving students dazed and hopelessly trying to decipher his final scribbling.

Rao could push and posture. During my last year in graduate school Rao
had monitored all my dissertation work. I had passed my oral exams and was
in the process of writing up my final results. We were 3 months away from
being done. He looked at my folder of dissertation results and then back at
me and announced, "It's not enough". I felt my heart sink and had nothing
to say. I went home wondering what more I could do. There was no more
but he was still seeing if he could squeeze some new results out of me. I did
not like the pressure but I understood his intent. It soon became clear to
him (if it wasn't already) that there was nothing else to do on my problem.
It never came up again and I finished my Ph.D. as originally scheduled three
months later.

In 1978, Rao still had three of his six graduate students (Brennan, Kelsh
and Krinik) anxious to get out. Rao was leaving on a sabbatical (I believe
to France) starting Fall 1978 and the realization dawned on us that Rao's
sabbatical was our best chance of finally finishing up. Otherwise, we would
have to postpone our graduation until Rao's return to UCR a year later and,
of course, no one wanted to wait. In a furious finish, we all made it. I was
the last of the three to finish and remember happily driving M.M. to the
airport.

After graduation, my relationship and appreciation of M.M. Rao grew and
matured. As a graduate student, I was always appreciative of his financial 
support for all his students and his academic support for me in particular.
After graduation, Rao became a major player in my career. He was always
in my corner, helping me. From key letters of recommendation to help me
secure positions at JPL, University of Nevada, Reno and Cal Poly Pomona,
to advising me where to try to publish my results, to being supportive when
my efforts were not always successful, to providing me with opportunities to
resume research activities and to finally just being there as a good friend.
His encouragement and assistance in developing my professional activities
has been and remains a constant.

In 1985, I invited M.M. to give a colloquium at Cal Poly Pomona. M. M.
did his usual super job and in the audience sat a talented graduating senior
who would not forget the talk nor the speaker. That senior was Randy Swift
who eventually went on to earn his Ph.D. under M.M. Rao and who today is
a good friend and valuable colleague at Cal Poly Pomona. Randy is also the
real editor of this volume which we both affectionately dedicate to M.M.,
our mutual mentor. In tribute to M.M. Rao's stellar career, Randy compiled
this volume of research articles.
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The eighteen Rao students share a special bond and understanding of what
it means to earn your doctorate degree in mathematics under the direction
of M.M. This collection of essays and articles in honor of M.M. illustrates
this bond crosses four decades and bridges his Carnegie-Mellon University
students of the 60's with the University of California, Riverside students
of the 70's , 80's and 90's. It's been a pleasure to have the opportunity to
celebrate M.M. Rao's many contributions and to be "one of Rao's students".

Alan Krinik 
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On M.M. Rao

I first met Professor M.M. Rao in 1985, when I was an undergraduate
attending California State Polytechnic University, Pomona. Alan Krinik had
invited M.M. to give a colloquium talk in the department.

At the time, I was a senior math major and one of the department's
promising students. I had attended departmental colloquium talks, but never
had I been exposed to a mathematician of the caliber of M.M. Rao.

His talk began in a very elementary fashion, but the breadth and depth
of the mathematics it spanned greatly impressed me. I was struck by the
passion for mathematics that he displayed. I had not been in the presence
of someone totally devoted to his discipline.

After I completed my Masters degree, I worked for a while in the aerospace
industry. I found myself desiring to pursue a PhD. My interest in probability
theory and my strong recollection of M.M. led me to apply to the University
of California, Riverside.

As fate would have it, and in my good fortune, I took M.M. for a graduate
course in Probability, his lectures were absolutely beautiful. Spanning the
subject with depth and presented with crystal clarity. Of course, he used his
text Probability Theory with Applications, perhaps the finest graduate text
written on the subject.

This course, and indeed, this text, set the tone for what working with M.M.
would be like. M.M. believes that homework should challenge his students.
During his courses, he assigns a problem or two per week. These problems
are not routine homework problems, rather they are problems from the re
search literature. They are not mere exercises. Indeed, his students spend
vast amounts of time working on them. To this end, he is preparing his stu-
dents for research. Many of these problems aid his students in their future
works.

M. M. greatly respects effort. If he sees that a student is working, he will
guide the student gently down the appropriate path. He has an incredible
memory for details, often if a student was stuck on an idea, he would say,
go see this page of a particular paper or text. On that page, you would find 
what you needed to get going again on the problem. From these interactions,
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M.M. seems to gauge a student's ability. I became a student of his after I
had completed the course in probability theory, a seminar on random fields 
and a course in stochastic processes. I never asked him to be my advisor;
rather, it seemed to be a natural evolution.

The first problem that he asked me to study involved the sample path
behavior of harmonizable processes. I spent a large part of that first summer
developing my facility with these processes. By the end of the summer, I
obtained my first minor result; it was on the analyticity of the sample paths.
However, the goal was to consider the almost periodic behavior of these
sample paths and I was stuck.

I toiled in vain for the next few months on this problem. One day, late in
November, I went to talk with M.M. about the problem, he listened intently
and then said, "let it rest there, for now, I would like you to look at this
calculation I have been working upon with harmonizable isotropic random
fields."

He had obtained a representation for the covariance that involved some
rather complicated special functions. He asked me to see what I could do
with it, in particular, could it be made to look similar to the representation
obtained by Bochner for the stationary isotropic case.

I told him that I would try, and he said "There is no try, there is only do,
and I know that you can."

By Sunday afternoon of that weekend, I had simplified the expression and
had showed that it reduced to Bochner's representation in a very natural
way.

That Monday, I gave him the result. He, in a very delighted manner, then
said to me, "See if you can push it. Look at Yadrenko's book and use this
representation to extend his results."

This began a glorious 3-month stretch of research production. I obtained
several major results for harmonizable isotropic random fields. 

Riding the tide of this success, he said to me "And what of the almost
periodicity?"

With the confidence I had obtained, I went back to the problem. Within
a month or so, I had obtained the results I had long sought. This experience
gave me great confidence in my ability to do research. It also gave me a very
broad research program to pursue. The confidence that M.M. showed in my
abilities as a mathematician remains with me today. It has allowed me to
flourish.

Many years later, M.M. told me that the first string of results I had
obtained after I had obtained the representation was likely enough for the
PhD. However, he saw that I was on track and he was going to have me do
as much as I could.

This story is very typical of the relationships he has with his students.
He works them very hard, always encouraging, and yet unyielding in his
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determination that they do their very best work.
In this setting, many of his students have become mathematicians com-

pletely devoted to the discipline. Whether this devotion is shown through
excellence in teaching, or excellence in research, or both, for each of us, it
is likely attributable to the role M.M. played, and continues to play, in our
lives.

It is no wonder then, that for some of us, M.M. holds a place in our hearts,
and we remain devoted to him as former students and now colleagues.

R.J. Swift 
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