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PREFACE 

Rational function s ar e a  classica l too l fo r approximation . The y tur n ou t t o 
be a more convenient tool for approximation in many cases than polynomial s 
which explain s th e constan t increas e o f interest i n them . O n th e othe r han d 
rational functions ar e a nonlinear approximation too l and they possess some 
intrinsic peculiaritie s creatin g a  lot o f difficulties i n thei r investigation . Afte r 
the classcial results of Zolotarjov fro m th e end o f the last century substantia l 
progress was achieved in 1964 when D. Newman showed that |x | is uniformly 
approximated b y rationa l function s muc h bette r tha n b y algebrai c poly -
nomials. Newman' s resul t stimulate d th e appearanc e o f man y substantia l 
results i n th e field  of rationa l rea l approximations . 

Our ai m i n thi s book i s to presen t th e basic achievement s i n rationa l rea l 
approximations. Nevertheless, for the sake of completeness we have include d 
some result s referrin g t o th e field  o f comple x rationa l approximation s i n 
Chapters 6  an d 12 . Also , i n orde r t o stres s som e peculiaritie s o f rationa l 
approximations w e hav e include d fo r compariso n som e classica l an d mor e 
recent result s fro m th e linea r theor y o f approximation . O n th e othe r hand , 
since rationa l approximation s ar e closel y connecte d wit h splin e approxi -
mations, w e hav e include d a s wel l som e result s concernin g splin e 
approximations. 

As usua l th e specifi c topic s selecte d reflec t th e authors ' interest s an d 
preferences. 

We now sketch briefl y th e contents o f the book. Chapters 1  and 3  contain 
some basi c fact s concernin g linea r approximatio n theory . A  basi c proble m 
in approximatio n theor y i s t o fin d complet e direc t an d convers e theorems . 
In ou r opinio n th e mos t natura l wa y t o obtai n suc h theorem s i n linea r an d 
nonlinear approximations is to prove pairs of adjusted inequalitie s of Jackson 
and Bernstei n typ e an d the n t o characteriz e th e correspondin g approxima -
tions b y th e K-functiona l o f Peetre . Thi s mai n viewpoin t i s give n an d 
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illustrated a t the end o f Chapter 3  and nex t applied t o the spline approxima -
tion i n Chapte r 7 . 

Chapter 2  i s devote d t o th e stud y o f th e qualitativ e theor y o f rationa l 
approximation suc h as the existence, the uniqueness and the characterizatio n 
problems, th e proble m o f continuit y o f metri c projectio n an d numerica l 
methods. 

The heart o f the book i s contained i n Chapters 4  to 11 . Chapter 4  presents 
the uniform rationa l approximation o f some important function s suc h as |x| , 
yjx, e x. I n Chapte r 5  th e unifor m rationa l approximatio n o f a  numbe r o f 
classes i s considered . Th e exac t order s o f approximatio n ar e established . 
The basi c method s fo r rationa l approximatio n ar e given . I n Chapte r 6 
some converse theorem s fo r rationa l unifor m approximatio n ar e proved . I n 
Chapter 7  complete direc t an d convers e theorem s fo r th e splin e approxima -
tion i n L p, C , BM O ar e prove d usin g Beso v spaces . Chapte r 8  investigate s 
the relations between the rational and spline approximations. Chapter 9 deals 
with rational approximation in Hausdorff metric . A characteristic particulari -
ty of rational approximation i s the appearance o f the so-called 'o small ' effec t 
in th e orde r o f rationa l approximatio n o f each individua l functio n o f som e 
function classes . This phenomenon i s investigated and characterized for som e 
function classe s i n Chapte r 10 . Th e exactnes s o f th e prove d estimate s i s 
established an d discusse d i n Chapte r 11. 

Chapter 1 2 considers some special problems, connected with Pade approxi-
mants -  som e of the so-called direc t an d convers e problems fo r convergenc e 
of the row s an d diagona l o f th e Pade-table . Finall y som e numerica l result s 
and graph s ar e presente d i n th e Appendix . 
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1 

Qualitative theory of linear 
approximation 

We shal l begi n wit h a  shor t surve y o f th e basi c result s relate d t o linea r 
approximations (i.e . approximatio n b y mean s o f linea r subspaces ) s o tha t 
one ca n fee l bette r th e peculiarities , th e advantage s a s wel l a s som e 
shortcomings of the rational approximation. In this chapter we shall consider 
the problem s o f existence , uniquenes s an d characterizatio n o f th e bes t 
approximation (bes t polynomia l approximation) . A t th e en d o f th e chapte r 
we shal l conside r als o numerica l algorithm s fo r findin g th e bes t unifor m 
polynomial approximation . 

1.1 Approximatio n i n normed linear spaces 
Let X  b e a  normed linea r space . Recal l tha t X  i s said t o be a  normed linea r 
space if : 

(i) X  is  a linear space, i.e. for its  elements sum, and product with real numbers, 
are defined so that the standard axioms of  commutativity and  associativity 
are satisfied', 

(ii) X  is  a normed space, i.e. to each xeX there  corresponds a nonnegative real 
number \\x\\  satisfying  the  axioms 
(a) | | x | | ^ 0 , | | x | | = 0 # x =  0, 
(b) | | Ix | | = |  X11| x ||, k  a  real number, 
(c) | | x + y  || ^ | | x || + | | y || (the triangl e inequality) . 

Let {(Pi} ni=i b e a  system  o f n  linearly independen t element s o f X.  Le t u s 
consider th e linea r subspac e o f X:  G = {cp: (p = X?=i ai<Ph a i r e a l numbers} , 
generated b y the system {< p J?= x. Fo r eac h element feX  w e denote b y E G(f) 
the bes t approximatio n t o / b y mean s o f elements o f G : 

EG(f) =  mf{\\f-cp\\:cpeG}. (1 ) 
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The followin g basi c problem s (basi c no t onl y fo r linea r approximatio n 
theory, bu t fo r th e theor y o f approximation i n general ) arise . 

(i) Existence  problem:  does an element cpeG of best approximation for feX 
exist, i.e.  is there cp  = cp(f)eG such  that 

II/-?(/) II =£ c(/)? 
(ii) Uniqueness  problem: if there exists an  element of  best approximation for 

feX, is  it unique! 
(hi) Characterization  problem: in the case where the element of best approxim-

ation for feX exists  and  is  unique, can we characterize it  in  some way! 
(iv) Can  we estimate how  big EG(f) is! 
(v) Numerical  methods: assuming that we know that the answer to the first two 

(or three) problems is  positive, how  can we find cp(f)  in  practice! 

The whol e theor y o f approximatio n represent s ful l o r partia l (fo r th e 
present, unfortunately) answer s to the above problems when we approximate 
different classe s o f function s i n differen t norme d linea r space s (or , mor e 
generally, in metric spaces) with respec t to different approximatio n tool s (e.g. 
algebraic polynomials , trigonometri c polynomials , rationa l functions , splin e 
functions, linea r combination s o f exponentia l functions) . 

In th e case  o f approximatio n i n a  norme d linea r spac e b y a  finit e 
dimensional subspac e w e ca n giv e a  positiv e answe r t o th e firs t question . 
More precisel y th e followin g theore m holds . 

Theorem 1.1 (Existence theorem). Let  G be a finite dimensional  subspace of the 
normed linear space X. For  every feX there  is an element of best approximation 
in G. 

Proof. The proo f o f thi s theore m i s base d o n th e followin g well-know n 
fundamental propert y o f finit e dimensiona l norme d spaces : every bounde d 
closed subse t i n a  finit e dimensiona l norme d linea r spac e i s compact . Th e 
idea o f the proof i s to sho w tha t th e in f in (1 ) may b e taken ove r a  compac t 
subset o f G. 

Let cp 0eG b e arbitrary . The n th e se t AczG: 

A = {cp: q>EG91| /- cp  K I I /- <Po  II} 

is nonempty (<p0e4), closed and bounded (since if cpeA then | | cp || ^ \\q>—  f\\ + 
II / I I ^  I I <Po ~/ I I + I I / I I )• Therefore A  i s compact an d obviousl y 

EG(f) =  inf{|| /- cp  \\:cpeG} =  inf {|| /- cp  \\:cpeA}. 

The norm | | /— cp  || is a continuous function o f cp (by the triangle inequalit y 
\\\ f- <P\\  -  \\  f- ifr  \\\ ^  \\  (p - ifr  \\\ therefor e | | /- cp  || attain s it s in f o n th e 
compact se t A  a t som e poin t cp(f)eA  a  G.  • 
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If the set G  aX ha s the property tha t ever y feX  ha s an element o f bes t 
approximation in G, we shall call G an existence set. Obviously every existence 
set mus t b e closed (ever y boundar y poin t o f G must belon g to G) . Theorem 
1.1 gives us that ever y finite  dimensional subspac e o f a linear norme d spac e 
is an existence set. 

Unfortunately th e element o f best approximatio n i n an existence se t G is 
not alway s unique . Let us denote b y PG(f) th e set 

PG(f) =  {cp:cpeG,\\f-cp\\=E G(f)} 

of all elements o f best approximatio n o f /. 

Theorem 1.2. Let  X  be  a normed linear  space and G a subspace of  X, G  an 
existence set.  Then for every  feX the  set PG(f) is  convex and  closed. 

Proof. Indeed, i f cpePG(f) an d ijjeP G(f) the n fo r every ae[0,1 ] w e have 

EG(f) ^  I I /- (*q>  + (1 - o# ) K a  || /- cp  || + (1 - a ) || f-i/,\\= E G(f). 

From thi s i t follows tha t 

EG(f)=\\f-(occp +  (l-^)l 

i.e. occp  + (1 — oc)il/ePG(fX therefor e P G(f) i s convex. 
If | | cpm — cp || - • 0 , cpme G, then cp also eG, since G is closed. If cpmePG(f) the n 

m-+ oo 

EG(f)^\\f-<p\\^\\f-<pm\\ +  \\<pm-<p\\ -  E G(f), 
m-*oo 

i.e. 

E<M)=U-<PI 

therefore cpeP G(f). • 
We shal l se e now that, whe n th e normed linea r spac e i s strictly normed , 

there exist s a unique elemen t o f best approximatio n i n every subspac e o f X, 
which is an existence se t (in particular i n every finite  dimensional subspace) . 
Let u s recal l tha t a  norme d linea r spac e X  i s said t o be strictly norme d i f 
the equalit y || x + y|| =  \\x\\  + \\y\\  implies tha t x  = ay, a a rea l number . 

Theorem 1.3 (Uniqueness theorem). Let  X  be  a strictly  normed  linear  space 
and G a subspace of X, G  an existence set.  Then for every  feX there  exists  a 
unique element of  best approximation  in  G, i.e. PG(f) consists  of  exactly one 
element. 

Proof. Let cpePG{f) an d ij/ePG(f). I n virtue o f theorem 1. 2 (cp + ^)/2eP G(/) 
and therefor e 

EG(f) =  II /- (cp  + 1/0/2 K -2  II /- <P  II + \ I I /- * A II = E G(f). 
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From thi s i t follow s tha t 

\f-<p 
2 

\ + 2 J \f-{cp +  ^)l2\\ = 

Since X  i s strictl y normed , th e las t equalit y implie s / — cp  = cc(f— I/J).  I f 
a ^ 1  it follows tha t feG an d i n thi s case  P G{f) =  {/}, i.e . cp = \j/. I f a = 1  we 
obtain (p  = ij/. • 

Corollary 1.1. Let  G  be a finite dimensional  subspace of a linear strictly normed 
space X. Then  for every  feX there  exists a unique element of best approximation 
in G. 

In thi s boo k w e shal l us e mostl y th e followin g functio n spaces . 
(i) Th e spac e C[a , b~] o f al l function s whic h ar e continuou s i n th e close d 

finite interva l [a , &]. This space becomes a normed on e (even a Banach space , 
i.e. a complete one) if we introduce the so-called uniform o r Chebyshev norm , 

l/l C[a,b] • | / | l c =  max{|/(x)|:xe[fl,ft] ] 

The approximation s i n C[a,b~\  are usuall y calle d unifor m o r Chebyshe v 
approximations. 

(ii) Th e spac e L p(a, b\  1   ̂p  < oo, (a,b)  a  finit e o r infinit e interval, 1 

consisting o f al l function s /  suc h tha t \f\ p i s Lebesgue-integrabl e i n th e 
interval (a, b). If we consider all equivalent (in the sense of Lebesgue) function s 
as one, Lp(a, b) becomes a normed (even Banach) space with respect to the so-
called L p-norm 

\f\ Lp(a,b) • l /L =11/ 1 l/MI'dx 
i / p 

(2) 

The approximation s i n L p(a, b)  will b e called ^-approximations . 
(iii) W e shal l us e the notatio n (2 ) also i n th e cas e 0 < p  < 1 when \\f\\p i s 

not a norm (since the triangle inequality does not hold), but only a quasinorm 

I I / + ^ I I P ^ ^ ) ( I I / I I , + II^II P). 

(iv) Th e spac e L^a,  b]  consistin g o f al l essentiall y bounde d function s i n 
the interva l [a , b~\ supplie d wit h th e nor m 

II / I I ^ ^3 =  I I / 1 1^ =  I I / I I oo =  ess sup. |  /(x) | = inf {A: mes {x: | /(x) | > 2} = 0} 

where me s {A} denote s th e Lebesgu e measur e o f the se t {A}. 
If feL^ the n | | f\\p-> \\f\\ao  whe n /?->oo . Furthermor e i t i s clea r tha t i f 

/eC[a,b] the n | | / | | c = ||/||oo - Sometime s w e shal l us e th e notatio n | | / | | c 

also for bounde d function s an d w e shall interpre t i t as sup {\f(x)\:xe[a, b]}. 

+ W e shal l us e also the notation L p[a,/)]. 



1.1 Approximatio n in normed linear spaces 5 

Beside these space s we shall us e in som e paragraph s Orlic h spaces , Besov 
spaces, Hardy space s an d BM O spaces . 

The space s C\_a,b\  L p(a,b\ 1  ^p< oo , L^la,b] ar e norme d linea r ones . 
Therefore, i n virtu e o f theorem 1. 1 fo r eac h o f their element s ther e exist s a n 
element of best approximation wit h respect to an arbitrary finite dimensiona l 
subspace o f theirs . The mai n subspac e use d i s that o f algebraic polynomial s 
of nth degree, denoted b y Pn. It is the (n + l)-dimensiona l subspac e generate d 
by the functions 1 , x,... ,xn. Applying theore m 1. 1 in thi s case we obtain th e 
following. 

Theorem 1.4 (E. Borel). LetfeC[a,  /? ] (or  Lp\a, b],  1  ^ p  < oo). Then for every 
natural number  n  there  exists  an  algebraic  polynomial  peP n of  best  uniform 
(orLp) approximation  in  P n. 

It i s ofte n necessar y t o approximat e 27r-periodi c functions . Withou t 
pointing it out explicitly every time, we shall use the notations we introduced 
in th e cas e o f a n interva l als o fo r linea r space s o f 27t-periodi c functions , 
namely C[0,27c] , Lp[0,27i], 1  ^ p  ^ oo . The tools used most ofte n i n this case 
are th e trigonometri c polynomials . W e shal l denot e b y T n th e se t o f al l 
trigonometric polynomial s o f nt h order , i.e . T n i s th e (2n+l)-dimensiona l 
subspace generate d b y th e function s 1 , cosx, sinx , ...,cosnx, sinnx . I n th e 
periodic cas e theore m 1. 1 implie s th e following . 

Theorem 1.4'. Let  f  be  a  2n-periodic  function and  /eC[0,2n\ ( /eL p[0,2TI\\ 
For every  natural  number  n  there  exists  a  trigonometric  polynomial  qeT n of 
best uniform (Lp) approximation  in  T n. 

Let u s conside r no w th e questio n o f uniqueness . On e ca n sho w tha t th e 
spaces L p, 1  <p< oo , are strictl y norme d (se e fo r exampl e S.M . Nikol'ski j 
(1969)). Then theore m 1. 3 implie s th e following . 

Theorem 1.5. Let  feLp(a, b)  (let  f  be  2n-periodic and feLp[0,2n\), 1  < p  < oo. 
Then for every  natural number n there exists a  unique algebraic (trigonometric) 
polynomial of  nth degree  of best L p-approximation in  Pn (in  Tn). 

However, th e space s C , L^, L  = Lx ar e no t strictl y normed . Le t u s sho w 
this fo r instanc e fo r C[0,1] . If we consider th e function s 1  and x , we hav e 

II1 + x  llc[o,i ] =  I I 1 llc[o,i] + I I x llc[o,i ] =  2 

but th e function s 1  and x  ar e no t linearl y dependent . 
It i s easy to se e by examples tha t i n the general case  in L x w e do no t hav e 

uniqueness. Le t u s conside r th e functio n 

In L x(— 1,1 ) ever y constan t c , —  1 ^  c  ^ 1 , is a  polynomia l o f degree zer o 
of bes t approximatio n t o o. 
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Fortunately enough it turns out that the algebraic polynomial of nth degree 
of bes t unifor m approximatio n i s unique . Thi s follow s fro m th e Chebyshe v 
theorem, whic h give s a  characterizatio n o f the algebrai c polynomia l o f bes t 
uniform approximatio n b y alternation. Thi s theorem a s well as its proof ca n 
be modified fo r th e best rationa l unifor m approximation . Tha t i s why i t wil l 
be o f specia l interes t o f us . 

1.2 Characterizatio n o f the algebraic polynomia l o f best 
uniform approximatio n 

Now w e ar e goin g t o solv e th e thir d basi c proble m o f th e theor y o f 
approximation i n the cas e of uniform approximatio n b y means o f algebrai c 
polynomials - characterizatio n o f th e algebrai c polynomia l o f bes t unifor m 
approximation. Thi s proble m wa s solve d b y P.L . Chebyshe v i n th e las t 
century wit h hi s famous alternatio n theorem . 

Let/eC[a,b] . W e shal l denote b y E n(f)c th e bes t unifor m approximatio n 
of the functio n /  b y mean s o f algebrai c polynomial s o f nth  degree : 

En(f)C[a,b] = E„(f)c =  inf {|| /- p  ||C[a,b]' peP n}. 

In wha t follow s i n thi s sectio n w e shal l writ e E n(f) instea d o f E n(f)c an d 
| | / 1 | , | | / - p | | instea d o f | | / | | c , | | / - p | | c . 

Definition 1.1. LetfeC[a,  b~].  The  polynomial pePn is  said to realize Chebyshev 
alternation (or  simply alternation)  for fin \a,  b\ if  there exist  n  + 2 points x h 

i= l , . . . , n 4 - 2, a ^ x 1 <  ••• < x n + 2 ^  b,  such that 

f(Xi)-p(Xi) =  c(-\y\\f-Pl i=i,.. . , w + 2, 

where the number  e is +  1  or —  1 . 
The Chebyshev alternatio n ha s the following geometri c interpretation : le t 

pePn realiz e Chebyshe v alternatio n fo r /eC[a,5 ] i n [a,/?] . Le t u s conside r 
the functions <p(x)  =f(x) +  | | /— p || and \j/(x)  =f(x) —  \\ f— p  ||. Then the graph 
of the polynomial lie s in the strip between cp  an d \//,  touchin g alternatel y th e 
upper functio n cp  an d th e lowe r functio n \j/  a t leas t n  + 2 times. 

Theorem 1.6 (Chebyshev alternation  theorem).  Let  feC\ja,b~\.  The  necessary 
and sufficient condition  for the  algebraic  polynomial peP n to  be  a polynomial 
of best uniform approximation for f in  Pn is that p realizes Chebyshev alternation 
for f  in  [fl,fe] , 

Proof Le t peP n realiz e Chebyshe v alternatio n f o r / i n [a,fc] . Assum e tha t 
p is not a  polynomia l o f bes t unifor m approximation , bu t qeP n is . Then 

EH(f)=\\f-q\\<\\f-p\\. 

The abov e inequalit y implie s tha t th e polynomia l s  = p — qePn ha s th e 
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sign o f p —f i n the point s x h i=  1,.. . ,n + 2 , since \p(x t) —/*(x£)| = | | /— p  || > 
11/-4II, P(*i)  ~ q(x t) = p(xt) -f(xt) -  (q(x t) - / (xf)) . Therefor e seP „ wil l 
change it s sig n a t leas t n  + 1  times, i.e . s  mus t hav e a t leas t n  + 1  zeros i n 
[a,b~\. Sinc e seP„ , i t follow s tha t s  = 0 , i.e . p  = q,  which i s a  contradictio n 
with th e assumption . 

Let no w peP n b e an algebrai c polynomia l o f best unifor m approximatio n 
for / i n P n. W e shal l sho w tha t p  realize s Chebyshe v alternatio n fo r / . Le t 
us assume , contrar y t o this , tha t m  + 2  i s th e highes t numbe r o f point s 
xx<x2< '•-  <xm +  2 i n [a , fr] such tha t 

/(xl.)-p(xI.) =  £ ( - i y | | / - p | | = £ ( - i y £ ; i ( / ) , i = l , . . . , m +  2 , (1 ) 

where e  = 1  or —  1  and m  < n. Then ther e exis t m  + 3  points £ 0, £ 1?..., £ m + 2 

which satisf y th e inequalitie s 

a = £0^x1<£1<x2<£2<-~<Zm+i<xm +  2^€ m +  2 = b 

and ar e suc h tha t fo r ever y x e [ ^ _ 1 , ^ J w e hav e 

s(- l)'(/(x ) - p(x))  > -  E a(f), /  = 1,.. . ,m + 2 . (2 ) 

From (1 ) it follows tha t th e continuou s functio n f  —  p changes it s sig n i n 
the interval [x f,x i + 1] , therefor e th e point s £ l5 £ 2 , . . . ,£m + 1 ca n b e chosen s o 
that 

Md =  P(a i = l , . . . , m + l . (3 ) 

Since K i - i ^ d , i = l , . . . , m +  2 , ar e a  finit e numbe r o f close d interval s 
and / — p i s a  continuou s functio n i n eac h o f them , fro m (2 ) it follow s tha t 
there exist s 3  > 0 suc h tha t fo r ever y xe[<^_i , £J, i  = 1,.. . ,m + 2 , we hav e 
the inequalit y 

e ( - l ) ' ( / ( x ) - p ( x ) ) > 5 - £ „ ( / ) . (4 ) 

Let u s se t 

e(x) = ( - l ) m + 1 A ( x - ^ ) - ( x  

where 

2| |(x-£1) . . .(x-£m + 1)l lc [„, i ) ] ' 

Since m  < n,  we have QeP„. 

From thi s definitio n o f g  i t follow s als o tha t 

\Q(x)\^S/2 forxe[a,ft] , (5 ) 

(-l)'<2(x)>0 forxe(£,.,£ +1), i  = 0,...,m+l, (6 ) 

e(£o)>0, ( - l ) m + 1 6 ( ^ +  2)>0, (7 ) 

 —
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6(6) = 0 , ;  = l , . . . , m + l. (8 ) 

Since p is an algebraic polynomial of best approximation to / in P n, we have 

- E „ ( / K / ' M - P ( x ) <£„( / ) forxe[a,fe] . (9 ) 

Let u s consider th e differenc e 

/ (x ) -p (x ) -£g (x ) . 

In view of (4), (5) and (6), for every xe[£,, £i+,], w e have, for i  = 0,.. . ,m + 1, 

£( - 1  )'(/(x) -p(x) - eQ(x))  = B(-\Kf(x) -p(x))-(-\YQ(x) 

>S-EJLf)-S/2 =  d/2-EJLf). (10 ) 

From (5)-(9 ) we also obtai n that , fo r ever y xe(c h C,-+i ) and x  = Q0, t;m + 2, 
we hav e 

s ( - \)\f(x)-p(x)-zQ{x))  =  (- 1  Hf(x)-p(x)) -  (- l)'Q(x)<£„(/) 

- ( - l ) ' e W <£„(/) . (11 ) 

For x  = <!;,, / = 1,.. . ,m + 1, we have , from (8) , 

m)-p(Q-£<2(Q =  o. (12 ) 

Consequently th e inequalities (10)—(12) give us that, for ever y xe[a , fc], we 
have 

| / (x ) -p(x) -e (2(x) |<£„( / ) . (13 ) 

Since /— p — eQ is a continuous function i n [a,b] , from (13 ) it follows tha t 

|| f-p-eQ|| <£„(/) , 

i.e. a contradiction, sinc e / ? + £,QeP n. • 
From theore m 1. 6 ther e follow s easil y th e uniquenes s o f th e algebraica l 

polynomial o f bes t unifor m approximatio n a s follows . 

Theorem 1.7. Let  feC{a,b\ For  every  natural number n there exists a  unique 
algebraic polynomial peP n of  best uniform  approximation to  f in  P n. 

Proof. Let peP n an d qeP n b e tw o algebrai c polynomial s o f best unifor m 
approximation t o f: 

\\f-p\\ =  \\f-q\\=E n{f). (14 ) 

From theore m 1. 2 th e polynomia l g  = (p + q)/2ePn i s also a  polynomial 
of bes t unifor m approximatio n t o /. By theore m 1. 6 g  realizes Chebyshe v 
alternation for / , i.e . ther e exis t rc + 2 point s x h i=  l , . . . ,n + 2, a^x x< 
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x2 <  • • - <  xn + 2 ^  b,  such tha t 

/ ( X i ) _ p f e ) + ^ ) = e ( _ ] f e ( A l . = l j - - j n + 2 > (15 ) 

where e = 1  or —  1 . 
From (14 ) it follows tha t 

I/(x,)-p(x t) | <£„(/) , ) 

I/(*,.)-g(x() | <E , ( / ) .j l 

Therefore th e equalit y (15 ) can b e fulfilled onl y i f we hav e 

/(*») - P(*.- ) =/(*») - tf(*i), 

i.e. if p(xi) = q(xi) for i  = 1,... , n + 2. 
We thu s hav e tha t th e algebraica l polynomial s peP „ an d qeP n coincid e 

in n  + 2  different points . Consequently p  = g . • 
The following theorem of de la Vallee-Poussin is very useful in the numerical 

methods fo r obtainin g th e polynomia l o f bes t unifor m approximation . 

Theorem 1.8. Let /eC[a,b], p^P n and  xh i  = l , . . . ,n +  2 , a ^x1 <  x2 <  ••• < 
xn + 2 ^b,be n  + 2 different points in  [a, b~\. If  the  difference f —  p has alternate 
signs at the  points  x h i=  1,.. . ,n + 2 , t/zen 

£ n ( / ) ^ / i =  min{ | / (x , . ) -p(x i ) | : i=l , . . . ,n +  2}. 

Proof Le t u s assum e tha t £„(/ ) <  \i.  Le t geP „ b e th e algebrai c polynomia l 
of bes t unifor m approximatio n t o / , i.e . | | /— q  \\ =  En(f) <  \i. 

From thi s i t follow s tha t th e differenc e p  — q mus t hav e th e sig n o f 
P(xt) —f(xi) a t t n e point s x h i  = 1,.. . ,n + 2 . By the conditions o f the theore m 
therefore p  — q must have alternate signs at n  -f 2 points xh i  = 1, 2, . .. ,n + 2, 
i.e. the algebraic polynomial p — qePn mus t have at least n  + 1  differen t zero s 
in [a , b]; consequentl y p  — q = 0 which contradict s 

ll/-*ll =£,,(/ ) <A*< II/-p||. • 

1.3 Numerica l methods 
We shall describe in this section the so-called Remez algorithms for numerica l 
solution o f basi c proble m (v ) from sectio n 1. 1 -finding th e polynomia l o f 
best unifor m approximation . Th e algorithm s ar e mor e genera l an d ca n b e 
used for bes t unifor m approximatio n b y means o f arbitrary Haa r subspace s 
of C[fl,fc] . 

Definition 1.2. The  system  {<pj? = i of  functions (p teC[a, b] , i=  1,.. . ,n, is  said 
to be a Chebyshev system on  the interval  [a , b] if  every generalized polynomial 
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cp = X "= 1  a i<Pi can have  at most n—\ zeros  in [a,b~] (every zero calculated with 
its multiplicity). 

Let C (fc)[a, b~] denot e th e spac e o f al l functions i n th e interva l [a , b~\ whic h 
have /ct h derivative f (k) i n [a , b], which belong s t o C[a,b] . 

We shall say that x0e[a, b~\ is a zero of/eC(fc)[a, fo] of order k (or multiplicity 
fc)if 

/(*o) =/'(*o) =  •  • • = / ( k - "(xo ) - 0 , /*>(x 0) # 0 . 

Definition 1.3. A  subspace  G  a C[a,b],  G  = {cp'.cp =  X"= ia^cp^, generated  by 
the Chebyshev  system  {cp i}1=1, is  said to  be  a Haar subspace. 

Let {(Pi}1= i be a Chebyshev system. In this section we shall use the following 
notations. Le t /eC[a ,b]. The n 

En(f) =  mfU\f-cp\\:cp=^a icpi\, 

A(a) = Z a &i -f 
C[a,b] 

a = (au...,an)eUn, r(a,x ) = £  a ^ ( x ) - / ( x ) , 

£" the rc-dimensional  Euclidea n space . 
Our ai m i s to fin d rea l number s {cf}" =1 suc h tha t 

/ - Z  C *<P«- £„(/)• 
\C[a,b] 

First Reme z algorith m 

The algorith m consist s o f th e followin g recursiv e procedure . 

(i) Select  n  + 1  points X {0) =  {xf}o, vv/ẑ r^ a ^ x 0 <  x x <  • • • <  x n ^  fr; 
(ii) Set  k  = 0; 

(iii) Gwer c the  set  X {k) find a  vector  c {k)eUn such  that  if  we denote  A (fc)(c) = 
max{|r(c,x)|:xeX(fc)} then 

A(/C)(cw) = inf {A(fc)(c):ceIRn}; 

(iv) Find  a  point x n+k + 1e[a,fr] such  that  A(c (k)) = \r(c (k\xn+k +  1 )\; 
(v) Form  the  set  X {k +  1) = X{k)u{xn +  k+1 }; 
(vi) Setk  =  k+1; 

(vii) G o to  (iii). 

The choic e o f the initia l se t X°  ca n b e done i n differen t way s (equidistan t 
point i n th e trigonometrica l case , th e root s o f th e (n  + l)-t h polynomia l o f 
Chebyshev i n th e algebrai c case  an d s o on ) an d ther e exis t n o stron g rule s 
for this . 
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At ste p (iii ) we hav e t o find  i n fac t th e polynomia l o f th e bes t unifor m 
approximation o n a  se t which consist s o f a finit e numbe r o f points . 

Step (iv ) is usuall y th e most laboriou s poin t i n the algorithm . 
The executio n o f the algorith m stop s whe n th e polynomial obtaine d a t the 

/cth iteratio n satisfie s som e demands . 
The metho d (i)-(vii ) generate s a  sequence o f vectors {c (k)}£°=0 for which we 

have th e following . 

Theorem 1.9.  Let  c * be  a  cluster  point  of  the  sequence  {c (/c)}£°=0. Then 
£„( / ) =  A(c*) . 

Proof. Le t us set |c | = YH=  i\ci\ a n d 

I n 

6 =  min max Z  c^cp^x) 
|c| = l  xeX (0)\i=l 

Since X{0) contain s n  + 1  differen t point s and {(?;}"= x is a Chebyshev syste m 
on th e interval [a , b~\ w e have 6  > 0. Fro m X (k) c  X (k + 1} c  [a , fr] we get for 
every ceU n tha t 

A ( k ) (c)^A ( f c + 1 ) (c)^A(c) 

and consequentl y (c : A(c) = E n(f)) 

A<*>(C<*>)  ̂A (fc)(c(fc + 1 }) ^  A (k + " ( c^ " ) ^ A (fc+ ^(c) ^ A(c ) = E n(f). 

The las t inequalitie s sho w tha t th e sequenc e {A (/c)(c(k))}J i s monoton e 
nondecreasing an d bounded fro m above . Thi s mean s tha t ther e exist s e   ̂0 
such tha t l i m ^ A (fc)(c(/c)) -  E n(f) -  e . We shal l sho w tha t e  = 0. 

First w e prove tha t th e sequence {c (/c)}£°=0 i s bounded . Indeed , 

A°(c) = ma x 
6 * 0 

Z Ct(pi(x)  -f(x) ^ m a x 
xeX(0) 

Z Ci<Pi(x) l / l l c>eid- l l / l 

and if |c| > 21 | / | | /0 then A (fc)(c) ^ A°(c ) > | | / 1| =  A (fc)(0), i.e. c can not minimize 
any of the functions A (fc). So the sequence {c (/c)}£°= x generated by the algorithm 
is bounded . 

Further le t u s se t M  =  max U K n | | (pt \\C[a,b]' The n fo r a n arbitrar y vecto r b 

|r(b,x)-r(c,x) | = Z ( bi-ci)<Pi(x) < M | b - c | 

and therefor e |  r(b, x) |< |  r(c, x) | + M | b — c |, i.e . 

A(b) = | | r (b r) | |C [ 0 ] = |r(b,x) | ^ |r(c,x) | + M | b - c | <  A(c ) + M | b - c | . 

(1) 
Let us suppose now tha t e  > 0  and C*G(R " is a cluster poin t o f the sequenc e 

{c(fc)}^°=0. For ever y S  > 0 there exists an index k  such tha t |c * — c(fc)| < S  and 
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an inde x i  > k suc h tha t |c * — c(0| <  3.  Then |c (/c) — c(0| <  23  and , usin g (1) . 
setting c * in plac e o f b , we obtai n 

£„(/) < A(c*) ^ A(c w) + M3  =  \r(c{k\ x{k+1))\ +  MS 

^ |r(c (iU(k + 1))| +  IMS  <  A (k+1)(c(0) +  3M3 

< A (i)(c(0) + 3M3  <  £„(/ ) - e  + 3M<5. 

The number ( 5 > 0  was arbitrary , s o for e  > 3M3  thi s leads t o a  contradic -
tion. Therefore e  = 0 and A(c* ) = E n(f). D 

Corollary 1.2. Let  {<p,-(x)} ? = {x l}o-1- Then  there  exists  l i m ^ ^ c ^ =  c*. 
This follows from th e uniqueness of the best uniform algebrai c approxima -

tion (theore m 1.7) . 
Corollary 1. 2 give s tha t th e firs t Reme z algorith m i s convergen t fo r th e 

case o f approximation b y mean s o f algebraic polynomials . 

Remark. Th e uniquenes s theore m i s als o vali d fo r approximatio n i n th e 
uniform metri c b y mean s o f a  Chebyshe v system . S o w e hav e convergenc e 
of the firs t Reme z algorithm als o i n the genera l case  o f a Chebyshev system . 

Second Remez algorith m 
We shal l describ e th e secon d Reme z algorith m agai n fo r a n arbitrar y 
Chebyshev syste m an d w e shal l prov e th e orde r o f convergence fo r th e case 
of uniform approximatio n b y mean s o f algebraic polynomials . 

(i) Take  w  + 1  different points  x h i  = 0,. . ., n, a^ ix0<x1 <  •  • • <  x n <  b; 
(ii) Solve  the  linear  system 

n 

f(xj) ~  Z  c t<Pi(xj) = (- ]  A ;  =  0 ,1 , . . . , w, 
i = l 

with respect  to  the  unknowns  c l9...9c„ and  / ; 
(hi) Find  the  points  {zJ?= o sucn  tnat  z o =  a > zn+i =  b  and  r(z t) = 0  for 

i= 1 , . . . , ^ 
(iv) Select  the  points  y ie[_zi,zi+1], i  = 0, l,...,n , such  that 

(sign r(xf))rCvf) -  ma x {r(x) sign r(xt): xe[zf, z i+1]}, 

(v) / / | | r(c; •) \\C[a,b] >  m ax {k( c5 yd\: O^i^n} then  there  exists  a  point 
ye\_a,b~\ such  that \r(c\y)\  = lk( c?')llc[a,b] ~ we P ut tne  point  y  in  place of 
some point among y0, y 1,... 9 yn so that the  function r(c ; x) would preserve 
the alternating signs  on the newly obtained points which  we denote again 

by y 0,yi,-.-,yn; 
(vi) Go  to (ii ) and instead  of  the points  {xj" = 0 consider  the points  {)>;}? = 0-

r(x) = r(c; x) 
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This procedur e ca n b e easil y carrie d ou t usin g computer s an d numerica l 
experiments show that it is not very sensitive to the choice of the initial points. 

Usually w e go ou t o f the iterativ e proces s an d sto p th e calculatio n whe n 
on the /cth step | | r(c; •) || differs negligibl y from \X\.  This stop-condition come s 
from th e Chebyshe v theore m o f alternation . 

The secon d Reme z algorith m ha s quadrati c convergenc e unde r som e 
restrictions on the smoothness o f the function /  (se e L. Veidinger (I960)) . We 
shall prove her e th e linear convergenc e o f the algorith m fo r ever y /eC[a, /?] 
in th e case  o f polynomia l approximations . 

Theorem 1.10. Let  {(Pi} n
i = x = {X 1}"=Q and  let feC[a, b~].  The  polynomial  p (k) = 

YH=o c ixl generated  on  the  kth  step  by  the  second  Remez  algorithm  satisfies 
the condition \\p {k) — p\\C[a,b] ^  c ®k-> where  p is  the algebraic  polynomial of  best 
uniform approximation for f of  (n — \)-th  degree,  0 < 0  < 1  and c is a constant, 
independent ofk. 

Proof W e again use the abbreviation r(x)  = r(c; x). Since we described a single 
cycle of the second Reme z algorithm le t us denote a  = |r(x 0)| = •••= = |r(x„)| = 
|A|, P  = max { \r(yt)\: i  = 0,...,n} =  ||r(c;•)|| c, y  = min {|r(^.)|: i = 0, . . . ,n} , 

0 = 11/-Pile-
From d e l a Vallee-Poussin' s theore m (theore m 1.8 ) w e ge t a  ^ y  ^ j ? ^ p. 

Let us agree that on the next cycle of the algorithm the constants correspond -
ing t o a , /? , y, X  and th e coefficien t vecto r c  wil l b e denote d b y a' , /?' , y\ X 
and c' . According t o thi s conventio n i t i s clea r tha t th e vecto r c ' i s selecte d 
by th e syste m 

( - l ^ + Z ' ^ ^ i ) , i  = 0,...,n , 
j = 0 

and 

\f(y0) i  y 0-y"o~l 

\f(y„) i  yn-fn-' 
)!= 

I i  i  yo-Zo" 1 

- 1 1 y . - y r 1 

l(-D" i  y„-y'r l 

where M , are th e minor s correspondin g t o th e first  column o f the matri x i n 
the denominator . 

If /  ha s th e for m / = £"= o ajX J the n th e approximatio n ha s t o b e exac t 
and X  =  0, i.e. 

i(-iyBZa;y/Af / =  0. 
»=0 7 = 0 

S(-i)7(y.-)w« 

EM,-
i = 0 
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Thus w e may replac e f(y () b y 

J = 0 

in th e expressio n fo r X'.  Taking int o accoun t tha t signr(y t) =  —signr(y i+1) 
we obtai n 

a'=iA'i=(£0
M'i^')i)/£0

M---

Since M , > 0, 

Mt =  U(yk-yj), (2 ) 

where th e produc t i s take n ove r al l kj  suc h tha t k>j,  kj  =  0,1,... ,i— 1 , 
i + 1,... , n and y k >  yj fo r k  >j. 

Now le t 0 t = MJEUoMi. The n 

o^=t0t\r{yd\>7t0i =  y>oL. (3 ) 
i = 0  i  = 0 

We shal l sho w tha t ther e exist s 0 , 0 < 8  < 1, such tha t fo r al l number s 9 t 

generated a t th e /ct h iteration o f the algorith m w e hav e 

1 - 0 < 0 £ < 1 , f  = 0,l,. . . ,n . (4 ) 

From (2 ) it follow s tha t thi s wil l b e tru e i f there exist s 8  > 0 independen t 
of k  suc h tha t 

yUi-$)>fi>0, i  = 0 , . . . , w - l , i k = 1,2 , (5 ) 

Let u s assum e tha t thi s inequalit y i s no t true . The n th e sequenc e 
{;y(o*)>--->};iik)}fc0=i w iU n a v e a  cluste r poin t (yo^i^ '-^n X wher e a t leas t tw o 
points y t coincide . Consequentl y ther e exist s a n algebrai c polynomia l 
q(x) =  YS=o  ai*1 whic h interpolate s / a t th e point s y 0, y l,... ,y n (th e numbe r 
of th e differen t point s i s a t mos t n).  B y definitio n oc {k + 1) i s th e bes t 
approximation of / a t th e point s j / 0

k ) , y {i\...,y(n} a t th e A;t h iteration an d 

a(fc+1) < max {\f(y\k)) -  q(y {^)\: i = 0,...,n} 

= max {| / (#>) -  q(y¥>)  -f(yt) +  ^) | : i = 0,...,n}9 (6 ) 

since f(y t) =  q(yt\ i  = 0,.. . ,n. This inequalit y contradict s th e fac t tha t a ' ^ a 
(see (3)) , i.e . a (1) ^  a (2) ^  •• • ^ a (k+1) ^ ••• . Really , i f k  i s suc h tha t 
max {|yf] —  yi\:i =  09...,n} i s smal l enough , the n (a (*) > 0) 

max {|/(#>) -m -  (q(yV)  -  q(y$\:  i  = 0,.. • 9n} < a*1* (7 ) 

since q  an d /  ar e continuou s functions . Fro m (6 ) an d (7 ) w e ge t th e 
contradiction a (/c + 1) < a (1). 
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Therefore (5) , and consequentl y (4) , hold true . Usin g (4 ) we obtai n 

y'-y>a'-y=t U\riyd\  ~i)>i\- W - y ) > (1 - W-y) 
i = 0 

and 

P- /  =  (fi- y ) - ( / -  y X (£- ? ) - ( !- W -  y ) = W- y) , 

i.e./?-/*> <0*(/?-y (O)) an d 
(t + i )_ w  R-v ik) 6 k(B-vt0)V /?«_/, < r_ y * ) < L _ ^ < ^ ^ < ^ _ ^ _ L . (8 ) 

Finally w e shall appl y th e stron g uniquenes s theore m 2. 5 from Chapte r 2 
(obviously th e theore m remain s tru e fo r P„_ l 5 i.e . whe n ra =  0) . B y thi s 
theorem if/? is the polynomial of best uniform approximation for/ o f (n — l)-th 
degree, then ther e exist s a  constan t c(f)  >  0, depending onl y o n /, suc h tha t 
for ever y polynomia l qeP n^1 w e have: 

I l / -9II^II / -Pl l+C( / ) II«-Pl l . (9 ) 

Denoting b y p (k) th e algebraic polynomia l generate d a t th e /cth step of the 
algorithm (a t th e /ct h iteration), we obtain , fro m (8 ) and (9) , 

II P{k) -  P  K - ^ ( I I / - P {k) I I - I I /- P  II) = - ^ ( j S ™ -  £ „ ( / ) ) 

1 _  B-y {0) 

c(/) c(/)( l -  0 ) 

which complete s th e proof . D 

Remark. Theore m 1.1 0 remains valid also for an arbitrary Chebyshev system. 

1.4 Note s 
The classica l theorem s fo r characterizatio n an d uniquenes s o f th e bes t 
polynomial unifor m approximatio n ar e give n b y P.L . Chebyshe v (se e P.L . 
Tchebycheff (1899) , see also Ch.d e la  Vallee-Poussi n (1910)) . 

The abstract theor y o f linear approximation s i s a very developed domain . 
We recommend th e following books , which contai n som e more detail s tha n 
given here: I. Singer (1970), E.W. Cheney (1966), J. Rice (1964), (1969), Collatz, 
Krabs (1973) . 

Usually unifor m approximatio n b y mean s o f a  Chebyshe v syste m i s 
considered. W e shal l giv e onl y th e formulation s o f som e theorems . 

Let K  b e compac t an d le t C(K)  b e th e se t o f al l continuou s function s o n 

t y(*) ^ p(k)  a r e ^  p  a t t ^ e kt h iteration . 

http://Ch.de
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K (real- or complex-valued). The following characterization theorem is known 
as th e Kolmogoro v criterio n (A.N . Kolmogorov , 1948) . 

Let feC(K)  and  let  G  be a  linear  subspace of  C(K).  A  function <p 0eG is a 
best approximation  off  with  respect  to  G  if and only if  the inequality 

min Re (f(x) —  (p0(x))(p(x) ^ 0 
xeA 

holds for every  cpeG,  where A is  the set  of  the extremal  points  off— cp0, i.e. 

A = {x:xeK,\f(x) -  <p 0(x)\ =  | | / - q> 0 \\C(K)}, 

and 6c is  the conjugate  of  ca. 
The uniquenes s theore m 1. 7 ha s th e followin g form . 
Let G  be a Haar subspace  ofC(K) (se e section 1.3) . Then  for every  feC(K) 

there is  exactly  one  best  uniform  approximation  of  f  with  respect  to  G 
(A. Haar , 1918 , A.N. Kolmogorov , 1948) . 

The theore m (1.6 ) of Chebyshev als o i s true fo r Chebyshe v system s (Haa r 
subspaces), a s follows . 

Let G  be a Haar subspace  ofC[a,b] with  dimension n. Let cpeG  be the best 
uniform approximation to  feC[a,b] with  respect  to  G.  Then there  exist  n  + 1 
points x h i  = l , . . . ,n +  1 , a ^^ <  •• • < x n+1 ^  b , such that 

f(Xi)-(p(Xi) =  e{- \y\\f-(p\\c[a,b]>  i=  l , . . . , n + l , e = ±  1 . 

For th e first  an d secon d Reme z algorithm s se e Reme z (1969) . Ther e ar e 
many modifications o f these algorithms, see the books of Cheney (1966), Rice 
(1964,1969), Meinardu s (1967) . W e hav e used  i n sectio n 1. 3 th e boo k o f 
Cheney (1966) . 



2 

Qualitative theory of the 
best rational approximation 

The mos t essentia l problem s i n th e qualitativ e theor y o f th e bes t approxi -
mation ar e the problems o f existence, uniqueness and characterizatio n o f the 
best approximation . Finall y th e problem s connecte d wit h th e continuit y o f 
the operato r o f the bes t approximation , or , as is mainly used , the continuit y 
of th e metri c projection , ar e considered . I n thi s chapte r w e shal l conside r 
these questions for the best rational approximation. The difficulties aris e from 
the fact tha t th e se t R nm o f all rationa l function s o f order (n , m) (see the exac t 
definition i n sectio n 2.1 ) i s no t a  finit e dimensiona l linea r spac e an d th e 
bounded set s i n R nm ar e no t compac t i n C[a,  b~\ o r i n L p(a, b). Nevertheles s 
we shal l se e tha t ther e exist s a n elemen t o f bes t approximatio n i n C[a , £>] 
and L p(a,b) (sectio n 2.1) . Moreove r i n C[a , b~] w e hav e uniquenes s an d 
characterization o f the best approximation b y means o f an alternation , a s in 
the linea r case  (se e sectio n 2.2) . Unfortunately i n L p(a,b), 1  ^p  <  oo, we d o 
not hav e uniquenes s (sectio n 2.3) . In sectio n 2. 4 we consider th e proble m o f 
continuity o f th e metri c projectio n i n C[a , b] - th e metri c projectio n i s 
continuous onl y i n th e so-calle d 'norma l points ' (see section 2.4) . In sectio n 
2.5 w e conside r numerica l method s fo r obtainin g th e rationa l functio n o f 
best uniform approximation . We should like to remark tha t we examine only 
the usua l rational approximation . Som e references fo r th e qualitative theor y 
of generalized rationa l approximation s ar e give n i n th e note s a t th e en d o f 
the chapter . 

2.1 Existenc e 
We shal l denot e b y R nm th e se t o f al l real-value d rationa l function s wit h 
numerator a n algebraic polynomial o f degree a t most n  and denominato r a n 
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algebraic polynomia l o f degree at most m , i.e. reR nm i f r has th e for m 

r ( x ) _ anx n + an-ixn'1 +  - +  a0 

^ x - +  ^ _1 x - - 1 +  ..- + b0
 V  } 

where ah i = 0,. . ., rc, bh i = 0,. . ., m, ar e rea l numbers . 
If reR nm ha s the form (1 ) with a „ ^ 0 , o r bm^0, we say that r  i s 

nondegenerate. 
If r  = p/q, p and q  algebraic polynomial s withou t commo n zeros , w e sa y 

that r is a reduced rational function, or r has a reduced form, or r is irreducible. 
Since th e se t R nm i s nonlinear whe n m ^ 1 , we canno t appl y th e genera l 

theory o f linea r approximatio n t o obtain th e existenc e o f the bes t rationa l 
approximation in the spaces C[a, b] and Lp(a, b\ 1   ̂p < oo. So we shall prove 
its existence directly . 

We define the best rational approximation in C{a, b~\ and Lp(a, b\l^p<co, 
of orde r (n,  m) a s usual : 

Km(f)c[a,b] =  i n f { I I / ~  V  I I C[a tb]'rsRnm}, 

Rnm(f)Lp(a,b) =  in f { | | / -  T  \\Lp{a,hy reR nm}. 

When it is clear w e shal l writ e briefl y R nm(f)c o r Rnm(f) an d R nm(f)Lp
 o r 

RnJ(f)p- w h e n m  = n we s h a 1 1 u s e t he notations R n(f)C[awRn(f)c o r #„(/) 
and/?ll(/)Lp(a,fc),,RII(/)Lp or/?„(/),, . 

Theorem 2.1 (Existence  theorem).  Let  feC\_a,b] (or  feLp(a,b\ \^p<  oo) . 
Then there  exists a  rational function reR nm (respectively  r peRnm) such  that 

II J ~  r  \\C[a,  b]  = RnmU  )c[a,b] 

(respectively 

II J ~  r p\\Lp[a,b] —  Rnm(J)L p[a,b])-

Remark. Th e rational function r , respectively r p, i s called a rational functio n 
of bes t approximatio n t o / i n C[a , fc], or of bes t unifor m approximatio n to 
/ , respectivel y a rational function o f the best /^-approximation t o / , o f orde r 
(ft, m). 

Proof of  theorem 2.1.  Le t X denote th e spac e C[a , fr] or Lp(a,b), \  ^p<co. 
Let / G X an d r NeRnm b e suc h tha t 

\\f-rN\\x^Rnm(f)x+l/N, N = l , 2 , . . . . (2 ) 

Then it follows tha t 

l k J V | l x < ^ m ( / ) x + l l / L + l = ^ N = l , 2 , . . . . (3 ) 

Let r N = pN/qN, wher e p NePn, q^eP^.  W e can assume that rN is normalized 
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so tha t 

kNllc[fl,*]=l, N=\,2,....  (4 ) 

Now (3 ) and (4 ) give u s 

II PN  \\X = I I QN^N \\x < I I ̂ N LII 4N \\c[a,b] < ^ - (5 ) 

From (4 ) an d (5 ) i t follow s tha t th e set s {p N:N =  1,2,...}  a  P n an d 
{qN:N =1,2,...}  a  P m ar e sequence s i n compac t set s (P n,Pm ar e finite 
dimensional spaces) , s o ther e exist s a  subsequenc e N i9 i=  1,2,.... , oo, an d 
pePn,qePm suc h tha t 

l lp-f tvjx — • 0 ; I I P~PJV< IIc[a,b] — • 0 ; 

H-lNiWcia*] - ^ 0 . 
JV,-->oo 

(all norms i n a  finit e dimensiona l linea r norme d spac e ar e equivalent) . 
From (4 ) and (6 ) we obtai n 

lkllc[fl,fc] = l -

(6) 

(7) 

If x  i s no t a  zer o o f q,  in vie w o f (6) qNi(x) -• g(x) and therefor e q Ni(x) #  0 
for sufficientl y larg e JV f. Using (6 ) we obtain ( r = p/g): 

IK*)-^(x)|<-
1 

P\\cH-<lNi\\c+ Iltfllcllp-Pjvjc } —>° - (8 ) 
\q(x)qNi(x 

Therefore, fo r ever y xe[a,6] , x  no t a  zer o o f q,  we get fro m (2 ) and (8 ) 

\r(x) -f(x)\ <  \r(x)  - r Ni(x)\ +  \rSl{x)-f{x)\ —  R„ m(/)c 

or 

\r(x)-f(x)\^Rnm(f)C[a,b]. 

On th e othe r han d w e have fro m (3 ) for ever y xe[a,6 ] 

\PNi(x)\ 

(9) 

(10) 

QNito 
^A o r IPiv.Wl^^kiv.-WI -

The las t inequalit y togethe r wit h (6 ) gives u s 

\p(x)\^A\q(x)\, xe[fl,ft] . (11) 

The inequalit y (11 ) shows tha t ever y zer o o f q  in [a,  b~] i s also a  zer o o f p 
with at least the same multiplicity. Therefore r  = p/q is a continuous functio n 
in [a , b~\. Then , sinc e (10 ) i s valid fo r xe[a , b] whic h ar e no t zero s o f (7 , (10) 
is valid fo r al l xe[a,b] , so (10) gives u s 

l l / - r | | c =  K„J/)c. 
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Now le t X  =  Lp[a, b~\. Le t K  b e some collection o f intervals A f = [a f, jSJ <= 
[a, b] such tha t A , does not contain a  zero of q. Then, by (10), (6), (2), we have 

\f(x)~r(x)^dx\llP 

K 

^\\f-rNl\\„ + 
i / p 

|r(x)-rjV,.(x)|"dx 

^\\f-rNl\\p +  {mes{K)) 1",{\\p\\c\\q-qNl\\c+\\q\\c\\p-pN,\\c} 

i.e. 

\f(x)-r(xWdxV'P^Rnm(f)p 

for ever y suc h compac t K.  Sinc e th e numbe r o f th e zero s o f q  i s finite,  i t 
follows fro m th e definition o f the Lebesgu e integral tha t | | / —  r \\p ^ R„ m{f)p, 
and sinc e reR nm w e must hav e 

\\f-r\\p =  R nm(f)p. • 

The proo f o f thi s existenc e theore m show s th e difficultie s whic h aris e 
when w e work wit h rationa l functions . Roughl y speaking , w e must thin k i n 
terms o f th e pole s o f th e rationa l functio n -  th e proo f o f theore m 2. 1 i s s o 
long becaus e w e have t o conside r th e pole s o f r.  Indeed i t follow s fro m th e 
proof tha t i n th e unifor m cas e i t i s no t possibl e tha t r  ha s pole s o n [a , ft], 
because, i f q has a  zero, on [a , ft], p should hav e th e sam e zero a t leas t wit h 
the same multiplicity. But from here follows the possibility for the best rational 
approximation r  t o b e degenerate : thi s mean s tha t peP n-l9 qeP m.1 i f 
r = p/qeR nm. 

We shal l se e that i n questions connecte d wit h th e continuity o f the metri c 
projection i n C{a,  b~\ o n R nm thi s possibilit y o f degenerac y wil l b e th e mai n 
problem. 

2.2 Uniquenes s and characterization o f the best 
uniform approximatio n 

We hav e see n tha t i f /eC[a,b~\ the n ther e exist s a  rationa l functio n reR nm 

of best uniform approximation. The set of rational functions R nm is a nonlinear 
one; nevertheless it still has uniqueness of the rational function o f best unifor m 
approximation and also characterization of this best approximation by means 
of alternation . I n orde r t o formulat e thi s theore m w e shal l nee d th e notio n 
of the defec t o f a  rationa l function . 
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Let rER nm an d th e reduce d for m o f r  b e r  = p/q, i.e . p  an d q  hav e n o 
common zeros . The defec t d(r)  of r  is given b y 

fminltt —  degp, m — degg}, r ^ O 

where degp denotes the exact degree of the algebraic polynomial p  (degp = k 
if pePk and  p$P k-J. 

It follow s directl y fro m th e definitio n that : 

(a) r  is  degenerate if  and only if  d(r) > 0; 
(b) d(r)  is the greatest  number  s for which  rE# („_s)(m_s). 

Theorem 2.2 Let  feC[a,  b"].  For  all  natural  numbers  n  and  m  the  rational 
function rsR nm is  a  rational  function of  best  uniform  approximation  to  f  of 
order (n, m) if and only if there exist N  =  n + m + 2 — d(r) points x i9i =  1,... , N, 
a ^ x x <  x2 <  •• • • <  x N ^  b,  such that 

f(xi)-r{xd =  e{-l)i\\f-'r\\C[atb]9 i = 1,...,JV , e= ±  1 . 

Moreover the  rational function of  order (n,m) of best uniform approximation 
to f is  unique. 

In othe r word s r  i s th e rationa l functio n o f orde r (n 9 m) of bes t unifor m 
approximation t o /  i f an d onl y i f /— r  alternate s a t leas t n  + m  + 2  — d(r) 
times i n th e interva l [a,fc] . 

Before provin g theore m 2. 2 we shal l giv e som e lemmas . 

Lemma2.1. Let  (peC l[a,b~\ and  let  x h i  — l,...,/ c + 1 , a^x 1<x2<- •  < 
xk + 1̂ b, be  k+ \  different  points  in  the interval  [a, b~] such  that 

<p(xt) # 0 , q>{x2) = .. . =  q>(x k) = 0, <jp(x fc+1) ^  0 , 
sign cpixj =  (-\)k sig n <p(xk + 1). (1 ) 

TTien <p has  at least  k zeros on  (xuxk+l), if  we  compute every  zero with  its 
multiplicity. 

Proof. The functio n cp  ha s k—  1  zeros o n (x l9xk+1) x 2 ,x 3 , . . . ,x k . W e mus t 
show that ther e exists in (x1,xk +  1) a zero z  of cp, different fro m x 2, x 3,...,xk9 

or tha t on e o f th e zero s x 2 , . . . , xk ha s multiplicit y a t leas t 2 . 
If ther e doe s no t exis t a  zer o o f q>  i n (x l 9xk + 1) differen t fro m x 2 , . . . ,x k , 

then i n eac h interva l (x t,xf + x), i  = 1,... , fc, the functio n c p has constan t sign . 
If th e sig n o f cp  i s the sam e i n tw o adjacen t interval s (x t-,xI+1), (x i+1,xi +  2), 
then x f + 1 mus t b e at leas t a  double zero of  cp,  since cpeC l\_a,b~]. I f we assume 
that i n al l adjacen t interval s (x f,x/ + 1), (x l+1 ,x I + 2), /  = l,...,fe — 1 , (p has a 
different sign , we obtain tha t sig n cp{xx) = (—\)h +  i signcp(xk +  1) and w e come 
to contradictio n wit h th e conditio n (1 ) of th e lemma . • 

Lemma 2.2. Let  {cp^^i  be  a  Chebyshev  system  on  the  interval  [a , b], 
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cpieC1[a,b\ f = l , . . . , n , and  G  = {<p:<pZ"= i <W;} be  the  Haar  subspace, 
generated by cp l9...9cpn. Let  x i9 i  = 0,...,n9a^:xo<x1< -•-  <x n^b9ben+l 
different points on  [a , b~\. If  for cpeG  we have 

( - l ) V ( x ^ O , z  = 0,...,n , 
or 

( - l ) V ( x , K 0 , i  = 0,...,n , 

£fterc <p = 0. 

Proof. Le t u s assume tha t cp  ^ 0 . Let u s hav e fo r exampl e 

( - l )V(x , )^0 , i  = 0,...,n. (2 ) 

We shal l prove tha t cp  ha s a t leas t n  zeros in the interval [a , ft], every zer o 
counted with its multiplicity, which contradicts the assumption o f the lemma, 
that {(?,•}"= ! is a  Chebyshe v syste m o n [a , ft]. 

If (p(x f) ^ 0, /  = 0,. . . , n, fro m (2 ) an d th e continuit y o f th e functio n cp  i t 
follows at once that cp  has at least n  zeros in [a, ft]. Let now cp(x t) = 0 for som e 
i. I f cp(xi)  7^ 0 fo r onl y on e valu e o f i,  then th e sam e resul t follows . Ther e 
remains th e case when cp^x^  # 0  for a t leas t tw o value s o f / . Let th e firs t tw o 
be j an d j +  /c , i.e. 

<P(*0) = •  • • = <?(Xj - l ) -  0 , (/>(*; ) ^ 0 , 

From th e hypothesi s (2 ) it follow s tha t 

sign cp(Xj) = (-l)k sig n c^x,-+k). (4 ) 

Since cpeC l[a,b\ fro m (3) , (4) and lemm a 2. 1 it follows tha t cp  ha s a t leas t 
k zero s i n th e interva l ( x ^ x ^ ) an d therefor e cp  ha s a t leas t j  +  k zero s i n 
the interval [_a,x j+k]. Going on in this way, we obtain tha t ther e exist n  zeros 
of cp  i n [a , x J, ever y zer o counte d wit h it s multiplicity . • 

In th e proo f o f theore m 2. 2 w e shal l us e als o th e followin g modificatio n 
of the well-know n Vallee-Poussi n theore m fo r polynomials . 

Theorem 2.3. Let  f eC\a,  ft].  Let  peP n, qeP m and  let q have no zeros on [a, ft]. 
Let there  exist A T = H  + W  + 2  — d(p/q) points {xj ?L 1 ,a^x1<x2<<xN^ 
ft, in [a , ft] such that 

fixt)-^ =  £ ( - l ) %, fi=±l,A |.>0,i=l,...,AT. (5 ) 

Then 

Rnm(f)c[a,b] >  ™™  { ^ l  =  1 , •  • • , # } • 

(3) 
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Proof Le t u s assum e tha t ther e exist s a  rationa l functio n r 1 = Pi/qx^R^, 
(PiAh)-irreducible, suc h tha t 

II / -  r x | | C[a,b] < min {^: f  = 1,... , N}. (6 ) 

Let u s consider th e value s o f the differenc e s  = p/q — r1 a t th e point s x, , 
i=l,...,N. W e obtain fro m (5 ) and (6) that 

sign s(xt.) = sign 11 ^-~- -  f(x t) J  - ( r ^ ) -  f(x t)) 

= s i g n ^ - / ( x , ) ^ £ ( - i y + 1 , i=l...,N. 

Hence s has at least N  — 1  differen t zero s yhi= 1,... , JV — 1 , in the interval 
[a, ft], i.e. 

s(y.) = 0, / = 1 , . . . , N - 1 . 

Let us note now that rx = Pi/qx ha s a reduced form and | | rx \\C[a,h] <  oo, and 
consequently q x ha s no zeros o n [a , ft]. So fro m 

it follows tha t 

ptidiiiyd -  PiiyiHyd  =  o, /  = 1,... , N - 1, 

i.e. the algebraic polynomial p^x — PiqsPM, M  ^n +  m — d(p/q) = N — 2, has 
at leas t N  —  1  >  M differen t zero s i n th e interva l [a , ft]. This contradictio n 
proves th e theorem. • 

Let u s mentio n tha t late r o n w e shal l us e theore m 2. 3 in th e numerica l 
method o f Reme z fo r findin g th e rationa l functio n o f bes t approximatio n 
(see section 2.5). 

Proof of theorem 2.2. Firs t we shall prove that if reRnm realize s an alternation, 
then r  i s a  rationa l functio n o f bes t unifor m approximatio n t o /  o f orde r 
(n,m). If we apply theore m 2. 3 to / an d r  with 

^• = A = | | / - r | C[a,b]> 

we obtai n tha t I  ^  R nm(f)c[a,b]i a nd s i n c e r ^^nm
 w e mus t reall y hav e 

^ = I I / —  r \\c[a,b]  =  RnmifX  i-e- r * s a rationa l function o f best uniform approxi -
mation t o / o f order (n , m). 

Now le t r  be a  rationa l functio n o f bes t unifor m approximatio n t o / o f 
order (n , m). We shal l prov e tha t f  —  r must alternat e a t leas t N  = n + m + 
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2 — d(r) times i n [a , ft]. Let u s assum e th e opposite , tha t M  ^ iV — 1  is th e 
highest numbe r o f points x x <  x2 <  ••• < x M i n [a , ft] such tha t 

/ ( x J - K x ^ f i t - i y i l Z - r l l c ^ ^ e t - l R J / W ] , i = l , . . . , M , e = ± l . 
(7) 

Then ther e exis t M  + 1  points £ f,i =  0,. . . ,M, a  = £0 < ^ < ••• < £ M = ft 
such tha t fo r ever y xe[^ I_1 ,^ l] w e hav e 

e ( - l)'(/(x ) - r(x))  > - R nm(f)C[a,b], i  = 1,... , M. (8 ) 

In vie w o f (7 ) the continuou s functio n f—r  change s it s sig n tn [x f ,x f + 1] , 
therefore w e can assume, as in section 1.2 , that th e points £ f, i = 1,... , M — 1 , 
are suc h tha t 

/ (&)-r(&) =  0 , i = l , . . . , M - l . (9 ) 

Let u s conside r th e algebrai c polynomia l 

s(x) = (-\)M(x-Zl)...(x-ZM^)ePM_1. (10 ) 

Let r  = p/q.and p  and q  have no commo n zeros . Since seP N_2, P
ePn-d(r)i 

qePm-d{r), ther e exis t tw o algebrai c polynomial s p 1ePm,qlePn, suc h tha t 

s =  PPi-lli-

Let u s conside r th e rationa l functio n 

r = P~^eRnm, (11 ) 
q — sop1 

where s  (s = 1  or —  1) is the same a s in (7) , and 3,  3 > 0, will be chosen later . 
Since \\f  —  r \\C[a,b] < °° > P a nd 4  have no common zeros, and q  has no zeros 

in [a , ft], we ca n fin d 3 X s o tha t fo r 0  < S  < 3X th e polynomia l q  — sdpl ha s 
the sam e sig n a s q  in [a , ft]. 

Let u s conside r th e differenc e / —  r. W e hav e 

f ?= f r  ,  P P- s3(li =  f r  ^(PPi-Mi)  __ f „
 8Ss 

q q-8dp 1 q(q-s3p 1) *  q{q-&3p x) 

Let S2^S1 be suc h tha t fo r 3,  0 < 3  < 32, w e have fo r xe[C, _ i, c j 

c ( - l)'(/(x ) - r(x) ) = 8 ( - l)»(/(x) - r(x) ) 

(5s(x) 

(12) 

+ ^  W  ntv\(n(v\  _  o* „ ^ U >  ^»m(/)c[fl,fc] -

This is possible in view of (8), since/ —  r is a continuous function i n [a,ft] . 
On th e othe r han d fo r xe(^ I_1,^I), i=  1,...,M , x  = £ 0, x  = £ M, w e hav e 
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for 0  < S  < 82 

s(- 1  ft/M -  r(x) ) = s(-  l)'(/(x ) - r(x))  - fi (- 1)' " eSs{x) 

^ RmnU  )C[a,b] 

q(x)(q(x)-edp1{x)) 

d(-\ys(x) 

q(x)(q(x)-eSp1(x)) 

< RnJLfha.bV  ( 13) 

since by (10) we have (- l)\s(x ) > 0  for xefc_ t , £,-) , i = 1,... , M, x =  £ 0, x = £ M. 
In vie w o f (9 ) w e hav e als o (13 ) fo r x  = £ f, / = 1 , . . . , M —  1 , i.e . fo r al l 

xe[a,ft]. Sinc e / —  f i s a  continuou s functio n o n [a , ft], the inequalitie s (12 ) 
and (13 ) give u s 

Wf-r\\c{aM<Rnm{f)cVaM' ( 1 4 ) 

By (11 ) reR nm, an d therefor e (14 ) i s a  contradiction . Consequentl y f  —  r 
must alternat e a t leas t N  times . 

Now le t u s prov e th e uniquenes s o f th e bes t rationa l approximatio n o f 
order (n,  m). 

Let u s assum e tha t ther e exis t tw o differen t rationa l function s r x = 
Pi/qi^Km an d r 2 = p2/q2eRnm suc h tha t 

11/ ~ r l \\C[a,b]  —  I I J ~  r 2 \\C[a,b]  =  R nmU )C[a,b]' 

We ca n assum e tha t r x =  p1/q1 an d r 2 =p 2/q2 hav e a  reduce d for m an d 
ql9q2 hav e n o zero s i n [a , ft]. 

Let N l=n +  m + 2 — d ^ ), N 2 =  n + m + 2 — d(r2) an d le t u s assum e fo r 
definiteness tha t N 1^N2, or , whic h i s th e same , d(r 1)^d(r2). Le t x h 

i= \,...,N l9 a^x l <  ••• <xNl ^ft , b e th e point s o f alternatio n fo r r 1? i.e . 

f(Xi)-r1(xd =  8(-l)iRnm(f)C[atb]9 i=l,...,N l9e=±l. (15 ) 

Let u s conside r th e differenc e s  = rl—r2 a t th e point s x h i=l,...,N 1. 
There ar e tw o possibilities : 

(a) s(x i) = 0,i=\,...,N 1, 

(b) s(xi)  / 0  for som e i. 

In cas e (b) , since \f(x t) —  r^x^ =  Rnm(f), w e must hav e 

e(r2(xf) - / (xf ) ) <  e^fo) -  /(x,-)) , s  = sign(rl(xi) -f(x x)\ 
and therefor e 

sign s(xt) = sign (^(x,) -/(**)). (16 ) 

From (15 ) and (16 ) it follow s tha t 

e ( - 1) / + ^(Xi) ^ 0 , i  = 1,2,..., N,. (17 ) 


