
www.cambridge.org/9780521278706




LONDON MATHEMATICAL SOCIETY LECTURE NOTE SERIES 

Managing Editor: Professor J.w.s. Cassels, 
Department of Pure Mathematics and Mathematical Statistics, 
16 Mill Lane, Cambridge CB2 1SB. 

1. General cohomology theory and K-theory, P.HILTON 
4. Algebraic topology, J.F.ADAMS 
5. Commutative algebra, J.T.KNIGHT 
8. Integration and harmonic analysis on compact groups, R.E.EDWARDS 
9. Elliptic functions and elliptic curves, P.DU VAL 
10. Numerical ranges II, F.F.BONSALL & J.DUNCAN 
11. New developments in topology, G.SEGAL (ed.) 
12. Symposium on complex analysis, canterbury, 1973, J.CLUNIE 

& W.K.HAYMAN (eds.) 
13. Combinatorics: Proceedings of the British Combinatorial Conference 

1973, T.P.McDONOUGH & V.C.MAVRON (eds.) 
15. An introduction to topological groups, P.J.HIGGINS 
16. Topics in finite groups, T.M.GAGEN 
17. Differential germs and catastrophes, Th.BROCKER & L.LANDER 
18. A geometric approach to homology theory, S.BUONCRISTIANO, C.P. ROURKE 

& B.J.SANDERSON 
20. Sheaf theory, B.R.TENNISON 
21. Automatic continuity of linear operators, A.M.SINCLAIR 
23. Parallelisms of complete designs, P.J.CAMERON 
24. The topology of Stiefel manifolds, I.M.JAMES 
25. Lie groups and compact groups, J.F.PRICE 
26. Transformation groups: Proceedings of the conference in the University 

of Newcastle-upon-Tyne, August 1976, C.KOSNIOWSKI 
27. Skew field constructions, P.M.COHN 
28. Brownian motion, Hardy spaces and bounded mean oscillations, 

K.E.PETERSEN 
29. Pontryagin duality and the structure of locally compact Abelian 

groups, S.A.MORRIS 
30. Interaction models, N.L.BIGGS 
31. Continuous crossed products and type III von Neumann algebras, 

A.VAN DAELE 
32. Uniform algebras and Jensen measures, T.W.GAMELIN 
33. Permutation groups and combinatorial structures, N.L.BIGGS & A.T.WHITE 
34. Representation theory of Lie groups, M.F. ATIYAH et al. 
35. Trace ideals and their applications, B.SIMON 
36. Homological group theory, C.T.C.WALL (ed.) 
37. Partially ordered rings and semi-algebraic geometry, G.W.BRUMFIEL 
38. Surveys in combinatorics, B.BOLLOBAS (ed.) 
39. Affine sets and affine groups, D.G.NORTHCOTT 
40. Introduction to Hp spaces, P.J.KOOSIS 
41. Theory and applications of Hopf bifurcation, B.D.HASSARD, 

N.D.KAZARINOFF & Y-H.WAN 
42. Topics in the theory of group presentations, D.L.JOHNSON 
43. Graphs, codes and designs, P.J.CAMERON & J.H.VAN LINT 
44. Z/2-homotopy theory, M.C.CRABB 
45. Recursion theory: its generalisations and applications, F.R.DRAKE 

& S.S.WAINER (eds.) 
46. p-adic analysis: a short course on recent work, N.KOBLITZ 
47. Coding the Universe, A.BELLER, R.JENSEN & P.WELCH 
48. Low-dimensional topology, R.BROWN & T.L.THICKSTUN (eds.) 



49. Finite geometries and designs, P.CAMERON, J.W.P.HIRSCHFELD 
& D.R.HUGHES (eds.) 

50. Commutator calculus and groups of homotopy classes, H.J.BAUES 
51. Synthetic differential geometry, A.KOCK 
52. Combinatorics, H.N.V.TEMPERLEY (ed.) 
53. Singularity theory, V.I.ARNOLD 
54. Markov processes and related problems of analysis, E.B.DYNKIN 
55. Ordered permutation groups, A.M.W.GLASS 
56. Journ~es arithm~tiques 1980, J.V.ARMITAGE (ed.) 
57. Techniques of geometric topology, R.A.FENN 
58. Singularities of smooth functions and maps, J.MARTINET 
59. Applicable differential geometry, M.CRAMPIN & F.A.E.PIRANI 
60. Integrable systems, S.P.NOVIKOV et al. 
61. The core model, A.DODD 
62. Economics for mathematicians, J.W.S.CASSELS 
63. Continuous semigroups in Banach algebras, A.M.SINCLAIR 
64. Basic concepts of enriched category theory, G.M.KELLY 
65. Several complex variables and .complex manifolds I, M.J.FIELD 
66. Several complex variables and complex manifolds II, M.J.FIELD 
67. Classification problems in ergodic theory, W.PARRY & S.TUNCEL 
68. Complex algebraic surfaces, A.BEAUVILLE 
69. Representation theory, I.M.GELFAND et al. 
70. Stochastic differential equations on manifolds, K.D.ELWORTHY 
71. Groups- St Andrews 1981, C.M.CAMPBELL & E.F.ROBERTSON (eds.) 
72. Commutative algebra: Durham 1981, R.Y.SHARP (ed.) 
73. Riemann surfaces: a view towards several complex variables, 

A.T.HUCKLEBERRY 
74. symmetric designs: an algebraic approach, E.S.LANDER 
75. New geometric splittings of classical knots (algebraic knots), 

L.SIEBENMANN & F.BONAHON 
76. Linear differential operators, H.O.CORDES 
77. Isolated singular points on complete intersections, E.J.N.LOOIJENGA 
78. A primer on Riemann surfaces, A.F.BEARDON 
79. Probability, statistics and analysis, J.F.C.KINGMAN & G.E.H.REUTER (eds.) 
80. Introduction to the representation theory of compact and locally 

compact groups, A.ROBERT 
81. Skew fields, P.K.DRAXL 
82. Surveys in combinatorics: Invited papers for the ninth British 

Combinatorial Conference 1983, E.K.LLOYD (ed.) 
83. Homogeneous structures on Riemannian manifolds, F.TRICERRI & L.VANHECKE 
84. Finite group algebras and their modules, P.LANDROCK 
85. Solitons, P.G.DRAZIN 
86. Topological topics, I.M.JAMES (ed.) 
87. Surveys in set theory, A.R.D.MATHIAS (ed.) 
88. FPF ring theory, C.FAITH & S.PAGE 
89. An F-space sampler, N.J.KALTON, N.T.PECK & J.W.ROBERTS 
90. Polytopes and symmetry, S.A.ROBERTSON 
91. Classgroups of group rings, M.J.TAYLOR 
92. Simple artinian rings, A.H.SCHOFIELD 
93. General and algebraic topology, I.M.JAMES & E.H.KRONHEIMER 
94. Representations of general linear groups, G.D.JAMES 



London Mathematical Society Lecture Note Series: 91 

Classgroups of Group Rings 
MARTIN TAYLOR 

Fellow of Trinity College, Cambridge 

CAMBRIDGE UNIVERSITY PRESS 

Cambridge 

London New York New Rochelle 

Melbourne Sydney 



CAMBRIDGE UNIVERSITY PRESS 
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sao Paulo 

Cambridge University Press 
The Edinburgh Building, Cambridge CB2 8RU, UK 

Published in the United States of America by Cambridge University Press, New York 

www.cambridge.org 
Information on this title: www.cambridge.org/9780521278706 

©Cambridge University Press 1984 

This publication is in copyright. Subject to statutory exception 
and to the provisions of relevant collective licensing agreements, 
no reproduction of any part may take place without the written 
permission of Cambridge University Press. 

First published 1984 
Re-issued in this digitally printed version 2008 

A catalogue record for this publication is available from the British Library 

Library of Congress Catalogue Card Number: 83-26167 

ISBN 978-0-521-27870-6 paperback 

CAMBRIDGE UNIVERSITY PRESS 
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sao Paulo 

Cambridge University Press 
The Edinburgh Building, Cambridge CB2 8RU, UK 

Published in the United States of America by Cambridge University Press, New York 

Information on this title: 

©Cambridge University Press 1984 

This publication is in copyright. Subject to statutory exception 
and to the provisions of relevant collective licensing agreements, 
no reproduction of any part may take place without the written 
permission of Cambridge University Press. 

First published 1984 
Re-issued in this digitally printed version 2008 

A catalogue record for this publication is available from the British Library 

Library of Congress Catalogue Card Number: 83-26167 

ISBN 978-0-521-27870-6 paperback 



To Sharon 





CONTENTS 

PAGE 

PREFACE ix 

INTRODUCTION xi 

1. FROHLICH'S DESCRIPTION OF CLASSGROUPS 

1 An exact sequence from K-theory 

2 Notation 

3 Frohlich's description 

4 Functoriality 

5 Duality 

2. CHARACTER ACTION 

1 The Swan-Ullom theorem 

2 Frobenius module structure 

3. SWAN MODULES 

1 Basic properties 

2 The p-group case 

3 Self-duality of rings of integers 

4. REDUCTION THEORY 

1 The mod R. congruences 

2 Some general results 

3 Generalised dihedral groups 

5. TORSION DETERMINANTS 

6. THE GROUP LOGARITHM 

1 The main results 

2 Proof of Theorem 1.2(b) 

3 Q-p-elementary groups 

1 

1 

4 

10 

14 

19 

21 

21 

24 

26 

26 

29 

31 

34 

34 

37 

39 

45 

52 

52 

64 

67 

7. SWAN MODULES, CLASSGROUPS OF EXCEPTIONAL GROUPS 73 

1 Non-exceptional p-groups and Wall's conjecture 73 



2 Exceptional 2-groups 

8. THE EXTENSION THEOREM FORK T 
0 

9. ADAMS OPERATIONS FOR CLASSGROUPS 

1 Statement of results 

2 Reduction to Q-p-elementary groups 

3 Proof of (2.3) 

REFERENCES 

79 

91 

96 

98 

104 

106 

117 

viii 



PREFACE 

It gives me great pleasure to thank Ali Frohlich for all the 

help and encouragement he has given me, and in particular for the many 

suggestions and helpful remarks he has made concerning the writing of 

this book. 

I should like to express my thanks to Steve Ullom for 

numerous conversations and valuable insights, and I also wish to thank 

Joan Bunn for the typing. 

This book first appeared in the form of an essay submitted for 

the Adams prize at Cambridge University. 

Trinity College 

Cambridge 

July 1983. 





INTRODUCTION 

For the most part this book is concerned with modules, which 

are locally free over an integral group ring, and the consequent problem 

of determining whether or not the module is globally free. Such questions 

arise naturally in both algebraic number theory and in algebraic topology. 

In the former, the standard such question is that of the existence of a 

normal integral basis. That is to say, given a Galois extension of number 

fields N/K, we wish to know whether ON, the ring of integers of N, has a 

basis over the ring of integers of a subfield F cK which has the form 

{aYJ, for y running through Gal(N/K). An alternative way of considering 
~ 

this is to ask whether or not ON is free over the group algebra 

OF Gal(N/K). In the second area of application, that of algebraic 

topology, C.T.C. Wall has introduced a locally free module whose deviation 

from being globally free represents an obstruction to finding a finite 

complex in the homotopy type of a given space. 

For a group ring R, C~(R) is defined in a manner which closely 

resembles the way in which the ideal classgroup of a Dedekind domain is 

defined. In place of taking ideals modulo principal ideals, in essence we 

take locally free modules modulo free modules. This construction will be 

made precise in chapter 1. 

The principal aim of this book is to instruct the reader in 

sufficient techniques to enable him, when given a locally free R module M, 

to calculate the class of Min C~(R) and thereby, in many cases, determine 

whether or not M is globally free. 

In the 1960's Swan and Jacobinski gave abstract descriptions 

of locally free (or projective) classgroups. However, explicit calcul

ations of these classgroups were possible in only a few cases. Subse

quently Reiner and Ullom introduced the elegant technique of Mayer

Vietoris sequences to the subject. This proved to be quite a powerful 

tool and it substantially increased our knowledge of classgroups of 



group rings. There is an excellent account of the level of knowledge 

obtained by such methods inS. Ullom's survey article [U3]. 

xii 

There then came a very important turning point in the theory 

of such classgroups when A. Frohlich, motivated by the normal integral 

basis problem, introduced a completely new description of such class

groups. He was able to show that such classgroups are naturally isomor

phic to the quotient of two groups of homomorphisms from the virtual 

characters of the group in question, taking idelic values. With this new 

viewpoint even the most basic properties were immediately better under

stood. As an example we consider certain elementary functorial properties. 

Previous descriptions of such classgroups had nearly always been in terms 

of families of ideals, one for each absolutely irreducible character of 

the underlying group. If we now change group, by means of induction 

resp. restriction of module, this then corresponds to restriction resp. 

induction on the characters of the underlying group. Of course, in 

general, induction and restriction do not preserve irreducibility of 

characters. They do, however, induce natural maps on homomorphisms from 

virtual characters. To underline the advantage of this change in view

point, we mention one further development. Presently we shall see that 

the Adams operations of character theory play a fundamental role in the 

theory of classgroups. In general, however, an Adams operation takes an 

irreducible character to a virtual character (and not an actual character, 

let alone an irreducible character). 

Whilst Frohlich's description of classgroups represents a 

fundamental change in view point, it does not, however, solve the basic 

problems. The point being that while the numerator in his description of 

the classgroup as the quotient of two groups was very clearly understood, 

the denominator was exceedingly difficult to handle. This necessitated a 

further development called the group logarithm which was first introduced 

by the author in [Tl]. Essentially the group logarithm is the usual 

p-adic logarithm twisted by means of an Adams operation. Very often, 

adroit use of this logarithm, together with Frohlich's description, 

allows us to decide whether or not the class of a module is trivial or 

not. The power of this technique is well illustrated by the normal 

integral basis problem. Here, the above work, when allied to Frohlich's 

Gauss sum resolvent relation, enables one to describe the class of a ring 

of integers over a group ring whose coefficients are ~ , whenever the ring 


