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Discrete Quantum Walks on Graphs and Digraphs

Discrete quantum walks are quantum analogues of classical random walks. They are
an important tool in quantum computing and a number of algorithms can be viewed
as discrete quantum walks, in particular Grover’s search algorithm. These walks are
constructed on an underlying graph, and so there is a relation between properties of
walks and properties of the graph. This book studies the mathematical problems that
arise from this connection, and the different classes of walks that arise. Written at a level
suitable for graduate students in mathematics, the only prerequisites are linear algebra
and basic graph theory; no prior knowledge of physics is required. The text serves
as an introduction to this important and rapidly developing area for mathematicians
and as a detailed reference for computer scientists and physicists working on quantum
information theory.
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Preface

A discrete quantum walk is determined by a unitary matrix U, the transition
matrix of the walk. If the initial state of the system is given by a vector z, then
the state of the system at time k is U*z. The problem is to choose U and z so
that we can do something useful, and indeed we can — Grover showed how an
implementation of this setup could be used to enable quantum computers to
search a database faster than any known classical algorithm.

The framework we have just described is impossibly general; a quantum
computer can conveniently implement only a small subset of the set of unitary
matrices. There is also a mathematical difficulty, in that it may be impossible to
derive useful predictions of the behaviour of the walk without imposing some
structure on U.

As we have described it, the transition matrix U is an operator on the com-
plex inner product space C?. However, for the reasons just given, much of the
work on discrete quantum walks considers the case where U is an operator on
the space of complex functions on the arcs (ordered pairs of adjacent vertices)
of a graph X. Physically meaningful questions must be expressed in terms of
the absolute values of the entries of the powers U*. Thus, we might ask if, for
a given initial state z, there is an integer &k such that the absolute values of the
entries of U* are close to being equal.

The goal of our work on this topic has been to attempt to relate the properties
of the walk to the properties of the underlying graph, and this book is both an
introduction to the topic and a report on our progress.

We start our treatment with the most famous topic, Grover’s search algo-
rithm. We offer two approaches, but in both cases we find that the transition
matrix arises as a product U = RC, where R and C are unitary matrices with
simple structure and are defined in terms of an underlying graph. In fact, R and
C are both involutions, and the algebra they generate is a matrix representa-
tion of the dihedral group. We make use of this fact to determine the spectral

X1



xii Preface

decomposition of U in terms of the underlying graph. (If the graph is k-regular
on n vertices, U is of order nk x nk, so we have reduced the scale of the prob-
lem.) We then apply the resulting theory to the study of properties of our walks,
and determine useful parameters. Of course, each time we identify a parame-
ter of a walk, we have introduced a possibly new graph parameter, and many
interesting questions raise their heads.

In the second part of the book we relax our assumptions that R and C are
involutions. We find that, to properly specify the resulting walks, we must spec-
ify a linear ordering on the arcs leaving a vertex. As any graph theorist is
aware, embeddings of graphs in an orientable surface are specified by cyclic
orderings of the arcs leaving a vertex. Hence we offer a detailed treatment of
graph embeddings and graph covers. Following this, we consider walks based
on shunts and walks on the line. We close the book with a treatment of what
we call vertex-face walks, which are explicitly derived from embeddings of
graphs in orientable surfaces.

We note that this book is based on the Ph.D. thesis of the second author
(https://uwspace.uwaterloo.ca/handle/10012/13952). The intended audience is
mathematicians, particularly those who might be interested in new graph the-
ory problems arising from the study of discrete quantum walks. The book by
Portugal [58] provides a complementary view. We do not think any knowledge
of physics is required to profit from this work; the required background is linear
algebra (spectral decomposition) and some field theory. We have tried to keep
things self-contained, but Godsil and Royle [35] may prove a useful backup.

Cambridge University Press has a website devoted to this book at https://
www.cambridge.org/gb/academic/subjects/mathematics/discrete-mathematics-
information-theory-and-coding/discrete-quantum-walks-graphs-and-digraphs?
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Grover Search

1.1 States

Any quantum system has a state space, which is a complex inner product space.
For us, this will usually be finite dimensional, just C? for some d. The actual
states are the 1-dimensional subspaces of this vector space. We could specify
a subspace U of the complex inner product space V' by giving an orthonormal
basis uy, ..., u;, but it is often more convenient to define U in terms of the
orthogonal projection P onto U — this is the idempotent Hermitian matrix with
image equal to U. In fact, if v* denotes the conjugate transpose of the vector

(or matrix) v, then
P= Z uuy,
i

but, despite appearances, P is independent of the choice of orthonormal basis
for U.

Operations on the state space correspond to unitary matrices. If U is unitary
and the state of our system is given by a unit vector z, then the vector Uz defines
the new state. If we choose to work with projections, our initial state is given
by zz*, and the state after we apply U is Uzz*U*.

The outcome of a measurement of a quantum system modelled by C? can
be taken to be an element of {1,...,d}. However, the result is actually a ran-
dom variable: there are probabilities py, . ..,ps summing to 1, such that we
observe outcome 7 with probability p;. Thus, we have a probability density
defined on the set {1, ..., d}. This means we can view the outcome of a mea-
surement as a probability density. This probability density will depend on the
initial state of our system, the operations we apply to the system, and the choice
of measurement.

Mathematically, a measurement is represented by a sequence Mj,..., M,
of positive semidefinite matrices such that ) ", M; = I. The simplest case is



2 Grover Search

when e = d and M; = e,-el.T (here e; denotes the characteristic vector of i,
and T denotes the transpose). We describe this as ‘measurement relative to the
standard basis.” If the state of the system is zz*, then the probability that we
observe the ith outcome is

tr(M;zz*) = z*M;z,

which is equal to the inner product (M;,zz*); if we are measuring relative to
the standard basis, the probability is

T 2
Zreie; z = |(z, €;)|".

Thus, it is the square of the absolute value of the ith entry of z.

1.2 Discrete Walks

For our purposes, a discrete quantum walk is specified by a unitary matrix U.
We call it the transition matrix of the walk. If U is d x d, we view it as acting
on a quantum system with state space C?. The system evolves under repeated
applications of U; thus, if the initial state of the system is represented by the
unit vector z, then after m steps, the state of the system would be U"z. If we
measure the system after & steps relative to the standard basis, the outcome will
be ¢; with probability
(e, U™z) 2.

Our view of a discrete quantum walk is more general than taken by physicists.
We find the generality useful, but there are two problems. The first is mathe-
matical: at this level of generality, we may lack the mathematical tools needed
to determine interesting properties of parameters of the walk. The second is
physical: some unitary matrices decribe operations that are not easily imple-
mented in practice; thus, we will see that U is usually defined as a product of
simple unitary matrices, often sparse.

One common feature of nearly all discrete walks in this book will be that the
state space is the set of complex functions on the arcs of a graph. Here an arc
of a graph is an ordered pair of adjacent vertices. Thus, if X is an undirected
graph with m edges, then it has 2m arcs, and the associated state space will
have dimension 2m.

1.3 Grover Search

We present one of the most important applications of quantum walks, Grover’s
search algorithm. Basically we have a system with state space C¢ and two
unitary operators R and S. The operators have a special form; they are
reflections. We explain what this means.



