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Preface

During the last two decades, much progress has been made in the application of nonlinear
differential geometric control theory, first to robotic manipulators and then to autonomous
vehicles. In fact, robot control is simply a metaphor for nonlinear control. The ability to trans-
form complex nonlinear systems sequentially to simpler prototypes, which can then be con-
trolled by the application of Lyapunov’s second method, has led to the development of some
novel techniques for controlling both robot manipulators and autonomous vehicles without the
need for approximations. More recently, a synergy of the technique of feedback linearization
with classical Lyapunov stability theory has led to the development of a systematic adaptive
backstepping design of nonlinear control laws for systems with unknown constant parame-
ters. Another offspring of the Lyapunov-based controllers is a family of controllers popularly
known as sliding mode controls. Currently, sliding mode controls have evolved into second-
and higher-order implementations, which are being applied extensively to robotic systems.
Some years ago, the author embarked on a comprehensive programme of research to
bring together a number of techniques in an attempt to formulate the dynamics and solve
the control problems associated with both robot manipulators and autonomous vehicles, such
as unmanned aerial vehicles (UAVs), without making any approximations of the essentially
nonlinear dynamics. A holistic approach to the two fields have resulted in new application
ideas such as the morphing control of aerofoil sections and the decoupling of force (or flow)
and displacement control loops in such applications. A number of results of several of these
studies were also purely pedagogical in nature. Pedagogical results are best reported in the
form of new learning resources, and for this reason, the author felt that the educational out-
comes could be best communicated in a new book. In this book, the author focuses on control
and regulation methods that rely on the techniques related to the methods of feedback linear-
ization rather than the more commonly known methods that rely on Jacobian linearization.
The simplest way to stabilize the zero dynamics of a nonlinearly controlled system is to use,
when feasible, input—output feedback linearization. The need for such a book arose due to the
increasing appearance of both robot manipulators and UAVs with operating regimes involv-
ing large magnitudes of state and control variables in environments that are not generally very
noisy. The underpinning themes which serve as a foundation for both robot dynamics and
UAVs include Lagrangian dynamics, feedback linearization and Lyapunov-based methods
of both stabilization and control. In most applications, a combination of these fundamental
techniques provides a powerful tool for designing controllers for a range of application tasks
involving tracking, coordination and motion control. Clearly, the focus of these applications
is primarily on the ability to handle the nonlinearities rather than dealing with the environ-
mental disturbances and noise which are of secondary importance. This book is of an applied
nature and is about doing and designing control laws. A number of application examples
are included to facilitate the reader’s learning of the art of nonlinear control system design.

XV
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PREFACE

The book is not meant to supplant the many excellent books on nonlinear and adaptive control
but is designed to be a complementary resource. It seeks to present the methods of nonlinear
controller synthesis for both robots and UAVs in a single, unified framework.

The book is organized as follows: Chapter 1 deals with the application of the Euler—
Lagrange method to robot manipulators. Special consideration is given to rapidly determining
the equations of motion of various classes of manipulators. Thus, the manipulators are classi-
fied as parallel and serial, as Cartesian and spherical and as planar, rotating planar and spatial,
and the methods of determining the equations of motion are discussed under these categories.
The definition of planar manipulators is generalized so that a wider class of manipulators can
be included in this category. The methods of deriving the dynamics of the manipulators can
be used as templates to derive the dynamics of any manipulator. This approach is unique to
this book. Chapter 2 focuses on the application of the Lagrangian method to UAVs via the
method of quasi-coordinates. It is worth remembering that the use of the Lagrangian method
for deriving the equations of motion of a UAV is not the norm amongst flight dynamicists.
Moreover, the chapter introduces the velocity axes, as the synthesis of the flight controller
in these axes is a relatively easy task. The concept of feedback linearization is introduced
in Chapter 3, while the classical methods of phase plane analysis of the stability of nonlin-
ear systems and their features are discussed in Chapter 4 in the context of Lyapunov’s first
method. Chapter 5 presents an overview of the methods of robot and UAV control. Chapter 6
is dedicated to introducing the concepts of stability, and Chapter 7 is exclusively about
Lyapunov stability with an enunciation of Lyapunov’s second method. The methodology of
computed torque control is the subject of Chapter 8, and sliding mode controls are introduced
in Chapter 9. Chapter 10 discusses parameter identification, including recursive egression,
while adaptive and model predictive controller designs are introduced in Chapter 11. In a
sense, linear optimal control, a particular instance of the Lyapunov design of controllers, is
also covered in the section on model predictive control, albeit briefly. Chapter 12 is exclusively
devoted to the Lyapunov design of controllers by backstepping. Chapter 13 covers the applica-
tion of feedback linearization in the task space to achieve decoupling of the position and force
control loops, and Chapter 14 is devoted to the applications of nonlinear systems theory to the
synthesis of flight controllers for UAVs.

It is the author’s belief that the book will not be just another text on nonlinear control but
serve as a unique resource to both the robotics and UAV research communities in the years to
come and as a springboard for new and advanced projects across the globe.

First and foremost, I thank Jonathan Plant, without his active support, this project would
not have been successful. I also thank my colleagues and present and former students at the
School of Engineering and Material Science at Queen Mary University of London for their
assistance in this endeavour. In particular, I thank Professor Vassili Toropov for his support
and encouragement.

I thank my wife Sudha for her love, understanding and patience. Her encouragement and
support provided the motivation to complete the project. I also thank our children Lullu, Satvi
and Abhinav for their understanding during the course of this project.

Ranjan Vepa
London, United Kingdom
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CHAPTER ONE

Lagrangian methods and
robot dynamics

Introduction

The basis of the Newtonian approach to dynamics is the Newtonian viewpoint, that motion
is induced by the action of forces acting on particles. This viewpoint led Sir Isaac Newton to
formulate his celebrated laws of motion. In the late 1700s and early 1800s, a different view
of dynamic motion began to emerge. According to this view, particles do not follow trajecto-
ries because they are acted upon by external forces, as Newton proposed. Instead, amongst
all possible trajectories between two points, they choose the one which minimizes a specific
time integral of the difference between the kinetic and the potential energies called the action.
Newton’s laws are then obtained as a consequence of this principle, by the application of varia-
tional principles in minimizing the action integral. Also, as a consequence of the minimization
of the action integral, the total potential and kinetic energies of systems are conserved in the
absence of any dissipative forces or forces that cannot be derived from a potential function.
The alternate view of particle motion then led to a newer approach to the formulation and
analysis of the dynamics of motion. It was no longer required to isolate each and every particle
or body and forces acting on them, within a system of particles or bodies. The system of par-
ticles could be treated in a holistic manner without having to identify the forces of interaction
between the particles or bodies.

The variational approach seeks to derive the equations of motion for a system of particles
in the presence of a potential force field as a solution to a minimization problem. The inde-
pendent variable in the problem will clearly be time, and the dependent functions will be the
three-dimensional (3D) positions of each particle. The aim is to find a function L such that the
paths of the particles between times ¢, and ¢, extremize the integral:

n
I= JL(x,y,z,x,y,z;t)dr. (1.1

1

The integral I will be referred to as the action of the system and the function L as the
Lagrangian. In fact, we can show that when the Lagrangian L is defined as

L:T—V=%mv2—V(x,y,z;t), (1.2)
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the equations of motion are given by the Euler—Lagrange equations which are obtained by
setting the variation of the Lagrangian 8L to zero. Thus, we set

o= L gt gy s gy gy Oy gy, (13)
ox Oy 0z ox oy 02

However, by expressing 8L as

OL = &_d(@ljj ox + o _d a—L Sy + aL—d(aIfj dz=0, (1.4)
Ox dt\ ox Oy dt\ oy 0z dt\ 07

and assuming that the variations dx, 8y and 8z can be varied ¢ without placing any constraints
on them, it follows that

OL ALy, (1.5)
oq; dt\ 0q;

with ¢, = x, g, =y and g; = z. These are the celebrated Euler-Lagrange equations which result
in Newton’s second laws of motion when L=T7 —V.

Our focus in this chapter is the application of Lagrangian dynamics, not to particles in
motion but to kinematic mechanisms in general, and robot manipulators in particular. To this
end, a brief review of the kinematics of robot manipulators is essential.

11 Constraining kinematic chains: Manipulators

The primary element of a mechanical system is a link. A link is a rigid body that possesses at
least two nodes that are points for attachment to other links. A joint is a connection between
two or more links at specific locations known as their nodes, which allows some motion, or
potential motion, between the connected links. A kinematic chain is defined as an assem-
blage of links and joints, interconnected in a way to provide a controlled output motion in
response to a specified input motion. A mechanism is defined as a kinematic chain in which
at least one link has been ‘grounded’, or attached, to a frame of reference which itself may be
stationary or in motion. A robot manipulator is a controlled mechanism, consisting of mul-
tiple segments of kinematic chains, that performs tasks by interacting with its environment.
Joints are also known as kinematic pairs and can be classified as a lower pair to describe
joints with surface contact while the term higher pair is used to describe joints with a point
or line contact. Of the six possible lower pairs, the revolute and the prismatic pairs are the
only lower pairs usable in a planar mechanism. The screw, cylindrical, spherical and flat
lower pairs are all combinations of the revolute and/or prismatic pairs and are used in spatial
(three-dimensional) mechanisms.

A primary problem related to the kinematics of manipulators is the forward kinematics
problem, which refers to the determination of the position and orientation of the end effec-
tor, given the values for the joint variables of the robot. In the robotics community, a sys-
tematic procedure for achieving this in terms of four standardized parameters of a link,
namely the joint angle, the link length, the link offset and the link twist, is adopted. This
convention is known as the Denavit and Hartenberg convention, and the parameters are
known as the Denavit and Hartenberg (DH) parameters. The complete systematic method
of defining the DH parameters will not be discussed here. The interested reader is referred
to texts such as Vepa [1], where the application of the DH convention to robot manipulators
is discussed in some detail.
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The Denavit and Hartenberg conventions are used to derive the forward and inverse position
equations relating joint, link and end-effector positions and orientations. From these relations,
one derives the velocity relationships, relating the linear and angular velocities of the end
effector or any point on a link in the manipulator to the joint velocities. The position refer-
enced to a frame attached to the end effector is a function of both the orientation of the frame
and the position of the origin of the frame. Thus, it can be used to determine representations
for both the translational and rotational velocities relating the linear and angular velocities of
the end effector or any point on a link in the manipulator to the joint velocities. In particular,
one could obtain the angular velocity of the end-effector frame and the linear velocity of the
origin of the frame in terms of the joint velocities.

Mathematically, the Denavit and Hartenberg conventions are used to obtain the forward
kinematics equations, defining functions relating the space of Cartesian positions and orien-
tations to the space of joint positions. The velocity relationships are then determined by the
Jacobian of these functions. The Jacobian is a matrix-valued function and can be thought of
as the vector version of the ordinary derivative of a scalar function. The interested reader is
again referred to texts such as Vepa [1], where the velocity kinematics and the derivation of
the Jacobian of specific robot manipulators are discussed in some detail.

A mechanical system’s mobility (M) can be classified according to the number of degrees of
freedom that it possesses. The system’s degree of freedom is equal to the number of indepen-
dent parameters (measurements) that are needed to uniquely define its position in space at any
instant of time. The degrees of freedom of any planar assembly of links can be obtained from
the Gruebler condition, M = 3(L — G) — 2J, where M is the degree of freedom or mobility, L is
the number of links, J is the number of joints and G is the number of grounded links. In real
mechanisms as there can be only one ground plane G = 1. Furthermore, one can distinguish
between joints with one degree of freedom which are referred to as full joints and joints with
two degrees of freedom which are effectively equivalent to two half joints. Thus, if the num-
ber of full joints is J, and the number of half joints is J,, the Gruebler condition as modified
by Kutzbach is

M=3(L-1)-2Jp=Jy. (1.6)

The approach used to determine the mobility of a planar mechanism can be easily extended
to three dimensions. In a three-dimensional space, a rigid body has six degrees of freedom
unlike in two dimensions where a body has only three degrees of freedom. Thus, a full joint
in 3D space removes five degrees of freedom. In general, if the number of joints that remove
k degrees of freedom is denoted as J,_,, the Kutzbach criterion is

5
M= 6(L—1)—Zk]6,k. (1.7)
k=1

Similar criteria can be established to identify the number of rotational degrees of freedom of
a mechanism.

1.2 The Lagrangian formulation of dynamics

Joseph Louis Lagrange defined the so-called Lagrangian method based on sound mathemati-
cal foundations by using the concept of virtual work along with D’Alembert’s principle. While
Newton argued that the rate of change of momentum of a body was directly proportional to
the applied force, D’Alembert proposed that the change in the momentum of a body was itself
responsible for the generation of a force and that this force along with all other applied forces
was responsible in maintaining the body in an equilibrium state.
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Virtual displacements are the result of infinitesimal changes to the system of coordinates that
define a particular system and that are consistent with the different forces and constraints
imposed on the system at a given instant of time. An element of the complete system or vec-
tor of virtual displacements is referred to as a single virtual displacement. The term virtual is
used to distinguish these types of displacement with actual displacement occurring in a finite
time interval, during which the forces could be changing.

Suppose that a system is in static equilibrium. In this case, the total force F; acting on each
particle that compose the system must vanish, that is, F; = 0. If we define the virtual work done
on a particle as F,- 8q; (assuming the use of Cartesian coordinates), then we have for the total
virtual work done by all of the particles

ZE -5q; = 0. (1.8)

Let’s now decompose the force F; as the sum of the externally applied forces F;* and the forces
of constraints Ff such that

Fi = F‘ia + FI‘C. (1.9)
Then the equation for the total virtual work becomes

D (Fe-dq,+Ef -5q,)=0. (1.10)

i

Generally, it is true that the forces of constraints satisfy

ZF"C'&‘" -0. (1.11)

Hence, it follows that

ZE—"-Sq,— =0. (1.12)
Furthermore, if the applied forces are indeed equal to the rate of change of momenta, we can
write

F, =p. (1.13)
Thus, it follows that

F,—p; =0, (1.14)
and that

D (F-p:)-3q, =0, (115)

1

which reduces to

D (F-pi)-5q, =0. (1.16)

i
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D’Alembert argued that —P; was itself a force due to the inertia of the particle. Consequently,
D’Alembert expressed

' =—p;. (117)

Examples of the forces of inertia are the so-called centrifugal force exerted by a rotating body
as well as the forces due to the Coriolis acceleration. The force due to gravity on the surface
of the Earth is an example, which includes the forces due to gravitation and the centrifugal
and Coriolis forces due to the Earth’s rotation. Thus, by eliminating the rates of change of
momenta, the total virtual work done reduces to

Z(F +F")-8q, =0. (1.18)

i

The previous relation is the principle of virtual work in its most general form. The principle
naturally leads to Newton’s laws of motion and to Euler’s equations.

Hamilton’s principle is concerned with the minimization of a quantity (i.e. the action integral)
in a manner that is similar to extremum problems solved using the calculus of variations.
Hamilton’s principle can be stated as follows:

The motion of a system from time t, to time t, is such that the line integral (called the
action or the action integral)

n
I =IL(x,y,z,x,y,z;t)dt (1.19)

n

where L=T — V (with T and V the kinetic and potential energies, respectively) has a station-
ary value for the actual path of the motion.

Note that a ‘stationary value’ for the action integral implies an extremum for the action,
not necessarily a minimum. But in almost all important applications in dynamics, a minimum
does occur. Because of the dependency of the kinetic and potential energies on the coordi-
nates x, y and z and the velocities x, y and z, and possibly the time ¢, it is found that

L=L(xy.z.%3.41). (1.20)

Hamilton’s principle can now be expressed mathematically by

5]
81 =6IL(x,y,z,x,y,Z;t)dt =0. (1.21)

|

A solution for the previous equation is obtained by setting the variation of the Lagrangian 6L
to zero. Thus, we get the equations

oL _d ‘lL -0, (1.22)
Oq; di\ 0g;

with ¢, = x, ¢, =y and g; = z. These are the celebrated Euler—Lagrange equations in Cartesian
coordinates which were shown to be equivalent to Newton’s second law of motion.
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If a mechanical system is made up of n interconnected particles, the positions of all particles
may be specified by 3n coordinates. However, if there are m physical constraints resulting
in an equal number of constraint equations, then the 3n coordinates are not all independent.
Furthermore, if the m constraint equations are in the form of functional relations between the
degrees of freedom, they are said to be holonomic. When the constraints are holonomic, there
will be only 3n — m independent coordinates, and the system will possess only 3n — m degrees
of freedom. Moreover, the degrees of freedom do not need to be specified as Cartesian coordi-
nates but can be any transformation of them so long as the corresponding virtual displacements
associated with the set of degrees of freedom are independent of each other. Such coordinates
are known as generalized coordinates. Thus, one may choose to have different types of coor-
dinate systems for different coordinates as long as they are a minimal set. Also, the degrees
of freedom do not even need to share the same unit or dimensions. One could also transform a
set of generalized coordinates to another set as long as the transformation is invertible over the
entire domain of the generalized coordinate set. It follows naturally that Hamilton’s principle
can now be expressed in terms of the generalized coordinates and velocities as

[5)
SI:SIL(qi,q'i;t)dt:O. (1.23)

I

It also follows naturally that the Euler—Lagrange can now be expressed in terms of the gener-
alized coordinates and velocities as

oL _dfoL =0. (1.24)
Oq; dt\ 0g;

We now go back to our usual coordinate transformation that relates the Cartesian and general-
ized coordinates. We distinguish between the two sets of coordinates by using a superscript
‘C’ for the Cartesian coordinates. Thus, one can express the Cartesian coordinates as func-
tions of the generalized coordinates as

a’ =q; (g;.1). (1.25)
Hence, it follows that

o 6qf(q,-,t)qj . 6qf(q,-,t)'

(1.26)

Similarly, the components 8¢/ of the virtual displacement vectors at a given instant of time
t can be written as

¢ _0af (4,-1)

dq; 5 8q;. (1.27)
q

J

From the expression for the virtual work done by external forces,

ZF“ 5q¢ = ZFazaq‘ 9-1), ZQ, 54, =0. (128)
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Hence, one can express the generalized forces in the transformed generalized coordinates as
oqs (q;.1)

=y Fr—— 7 1.29

0, Z ) (1.29)

Considering the inertia forces in the principle of virtual work, we may show that

or d| or
E F"-3qf = E — === 118¢q,, 1.30

where T is the total kinetic energy expressed in terms of the generalized coordinates and
generalized velocities. Hence, it follows that

o or dfer
Z(F +F, )~8q? =Z{Q,~+6%—(h(%n5%=0- (1.31)

i J

The Euler-Lagrange equations may be expressed as

d(er ) or
L e 1.32
9 dt[@c}j] oq; (1.32)

We can now identify two types of external forces: forces that can be derived from a potential
function and other generalized forces. Forces that can be derived from a potential are then
expressed in terms of a potential energy function and the other generalized forces are denoted
by Q. The Euler-Lagrange equations now reduce to

d| oL oL
P I R 1.33
dt(aq,} oq, @ (39

where L =T — V, with V equal to the total potential energy of all the forces that can be derived
from a potential function.

1.3 Application to manipulators: Parallel and serial manipulators

Classically, a manipulator is said to be a planar manipulator if all the moving links and
their motion are restricted to planes parallel to one another. A manipulator is said to be a
spatial manipulator if at least one of the links of the mechanism possesses a general spatial
motion in three-dimensional space. A manipulator is said to be a serial manipulator or an
open-loop manipulator if all of its links form an open-loop kinematic chain. A manipulator
is said to be a parallel manipulator if it is made up of one or more closed-loop kinematic
chains. A manipulator is known as a hybrid manipulator if it consists of both open-loop and
closed-loop kinematic chains.

In this example, the motion of the platform of a parallel manipulator is along three axes
which are parallel to each other. Consider a uniform homogeneous platform in the shape of
an equilateral triangle with a side of length L, in the horizontal plane, supported at its three
vertices by three extendable vertical legs. The moving mass of each leg is assumed to be m;
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and the three vertices of the platform are assumed at depths of z,, z, and z;. The depth of the
CM of the platform is

Lttt

; (1.34)

cm

The nose of the platform is represented by the vertex ‘/° and the base by the other two vertices.
The longitudinal axis passes through the nose and the mid-point of the base.

The displacement of any point on the platform may be expressed in triangular area coordi-
nates L, j =1, 2, 3, as in Vepa [1, Section 5.2.1]

w=Lz + L7+ L;3z;. (1.35)
The velocity of any point on the surface of the platform is
w=Lz+ L5+ Lsz;. (1.36)

The kinetic energy of the platform is given by

T :%J(le‘l +Loi+Laz) dA. (1.37)
A

Employing the integration formula for polynomial functions of triangle coordinates,

1ble!

J [0S dA = 4tbiet (1.38)

(a+b+c+2)!

A
The total kinetic energy of the platform is

T, =Emp(zl2 +B+B+hi+ b+ bh). (1.39)
The kinetic energy of the moving masses of the three legs is

T=tm(2+343). (1.40)

2

The total kinetic energy of the manipulator is

T = 2([% +’2"sz J{m, + n;"}é - (m, + n;”] G+ %(lez T+l )J (1.41)
The potential energy in the legs and platform is

mP
Vi=—m+=t g(a+zn+z) (1.42)

The Lagrangian may be defined as L=T7 — V.
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In terms of the generalized coordinates g; and the generalized applied forces Q), the Euler—
Lagrange equations are

doL oL _ 143

The Euler-Lagrange equations are

2 1 1]z 1 o0 oz 1 0 0] [t 0 0
% 1 2 1|z|+ml0 1 03 —(m,+";Pjg 0 1 o0|=|0 1t 0]
11 2% 0 0 1|3z o 0o 1|/ ]0o 0 =
(1.44)

It is interesting to note that the equations are linear.

A manipulator is said to be a Cartesian manipulator if all its motion can be resolved to one-
directional uncoupled motion along three axes which are mutually perpendicular to each
other. A manipulator is said to be a spherical manipulator if all the links perform motions over
the surface of a sphere referenced to a common stationary point.

In the example of the Cartesian manipulator considered in the following text, the motion of
the end effector of the manipulator is resolved along three axes which are mutually perpendicular
to each other. An example of a three-dimensional Cartesian manipulator is shown in Figure 1.1.

The 3D Cartesian manipulator is by far the simplest example illustrating the application
of the Euler—Lagrange equations. If the mass of link and end effector moving only along the
y-axis is m,, the mass of the link moving in the x-axis alone is m, and the block moving only
along the z-axis is m,, the total kinetic energy is given by

1 1 . 1 .
TZEmsz+5(mx+my)X2+§(mz+mx+my)Zz. (1.45)

]

FIGURE 1.1 Example of a 3D Cartesian manipulator.
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The total gravitational potential energy stored is given by
\% :(mZ +m, +my)gZ.

The Euler-Lagrange equations are

d oT oV
ot o= Tl?
dt 0X oX
d oT oV
ot =Ty
dt oY oY
d oT oV
— =+t — =Tj.
dt 0Z 07 ’
Hence,

(mx +my)X =1,
va =Ty,
(m +m,+m))Z+(m, +m, +m,)g =1

A typical example of a spherical joint is shown in Figure 1.2.
A manipulator based on the spherical joint may be treated as a rotating planar manip

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)

(1.51)

(1.52)

ulator

and is discussed in a latter section. Typically, a planar manipulator is one where all motion
is restricted to a single plane. Any rotational axes are orthogonal to the plane in which the

motion is permitted. However, for our purposes, the definition of planar manipulators i

s gen-

eralized so that a wider class of manipulators could be included in this category. Thus, we
define a planar manipulator as one where all motion is restricted to a plane and along one or

P

2

FIGURE 1.2 Example of a 3D spherical manipulator.
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more axes normal to the plane; that is in a direction parallel to the axes of rotations. A typi-
cal example of such a manipulator is the selectively compliant assembly robot arm (SCARA)
manipulator which is considered in a subsequent section.

1.4 Dynamics of planar manipulators: Two-link planar manipulators

Consider the two-link planar arm [1] which is a typical configuration that is a planar open-
loop chain with only revolute joints as shown in Figure 1.3, where the end effector and its
payload are modeled as a lumped mass, located at the tip of the outer link.

The total kinetic and potential energies will be obtained in terms of the moment of inertia
and mass moment components:

Ly = my (Leg + kg )+ (ma+ M) L, (1.53)
I = (mszcg + MLz)L1 =Tpl, In=m (Lzzcg + k220g)+ ML, (1.54)
Fll = (mlLICg +m2L1 +ML] ), rzz = (mszcg +ML2). (1.55)

In the previous expressions, M is the tip mass and m;, L;, L, ., and k., are, respectively, the ith
link mass, the ith link length, the ith link’s position of the CM with reference to the ith joint
and the ith link’s radius of gyration about its CM.

Let g, = 0,, the angle of rotation of the first link with respect to the local horizontal, posi-
tive counterclockwise, and g, = 0,, the angle of rotation of the second link with respect to the
first, positive counterclockwise.

The height of the centre of gravity (CG) of the first link from the axis of the first revolute
jointis ¥, = L, ,sin®,. For the second link, it is ¥, = L;sin®, + L,,sin (0, + 0,), and for the tip

mass, it is ¥, = L;sin0, + L,sin (0, + 0,).

2cg

FIGURE 1.3 Two-link planar anthropomorphic manipulator (the ACROBOT); the Z axes are all
aligned normal to the plane of the paper.



12

NONLINEAR CONTROL OF ROBOTS AND UNMANNED AERIAL VEHICLES: AN INTEGRATED APPROACH

Increase in the potential energy of the body is

V= mlgI:Llcg Sin91:|+m2g|:L1 sin 91 +l/20g Sin(92 + 91)]“1‘ MgI:Ll Sinel +L2 Sin(92 + 91 )]

Hence, V = g(m,L,., + m,L, + ML,)sin®, + g(m,L,., + ML,)sin(0, + 6,) which may be

i leg 2cg
written as

V =gl sin6, + gl sin (0, +6,), (1.56)
where

Ty =(mLig +myLi+ ML), Ty =(myLyey +MLy). (1.57)

The horizontal positions of the CG of the first and second link and the tip mass, positive east,
are X, = L, c0s0,, X, = L,cos0, + L,.,cos(©, + 0,), X,;, = L, cos0; + L,cos(0, + 0,).

The horizontal velocities of the CGs of the masses are Xl = —Llcgél sin 0, X2 = —Llél sinQ, —
Ly, (éz +0, )sin(e2 +6,). X, = L0y sin, — L, (é)2 + él)sin(ez +0,).

The vertical velocities of the CGs of the masses are Y; = L;.,6, cos0,, ¥, = 1,0, cos 0, +
Ly, (éz +6, )cos (6,+6;), Y, = L6, cos 6, + L, (éz +0, )003(62 +6,).

The translational kinetic energy for the three masses is
T= oy (30 407+ omy (33 402+ 1 (%, 4. (158)
2 2 2 v

In Equation 1.58,

. . . . . 2 . . . 2
X3+ = (L6 sin®, + Ly (6, + 6, )sin (6, +6,)) +(Li6, cos®,+ Ly (6,+; )cos (0, +8,)
Expanding

. . . . . 2

X2, +Y2 = 36} (sin2 0, +cos’ el)+ 2 (92 + el) (sin2 (6, +6,)+cos(0,+6, ))

+ 2L1L291 (92 + él )(sin 0, sin(Gz +61)+cos 0, cos(ez + 91)).

The expression reduces to

X+ Y, = 1307+ 130, +0,) +2L1L,0, (6, + 6, )cos0,. (1.59)
Furthermore,
X347 = 1307 + L (0, + 0, ) +2LiL5c 0, (0, +6, )cos 0, (1.60)

X2 +Y72 =136}, (1.61)
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Substituting and simplifying,

1

(sl + MLy ) Ly cos6, (6, (6, +6, ).

The kinetic energy of rotation of the rods is

_1 25n 1 2 (0 . \2
Tz—Emlkl 91 +5m2k2 (61+62) .

The total kinetic energy is

T=T,+T, :%(ml(ﬁcg +k12)+(m2 +M)Lf)éf+%(m2(lécg +I<22)+ML22)((31 +éz)2

+ (mszcg +MLy) L, cos 6, (él (é, +0, ))

Hence, the total kinetic energy may be expressed as

T = %111912 +%]22 (el +éz)2 +Izlé] (91 +éz)COS(92)a

or as
1 U B .

T = 5(111 + 1, +21,, COS(ez ))91 +512262 +(122 +1; Cos(ez))GIGZJ
where

Ly = my (L + ki )+ (ma + M) I3

121 = (mszcg + MLz)Ll

122 =ny (Lécg + k22cg ) + ML%
The total potential energy is

V= 8 (mlLICg + m2L1 + MLI )Sin 61 +g (mzlzzcg + ML2 ) Sin(el + 62 ),
which may be written as

V= gr” sin 91 + gr22 Sin(e] + 92 ),
where

Fll = (mlLICg + m2L1 + ML] ), r22 = (m2L2Cg + MLz)

Hence, the Lagrangian may be definedas L=T — V.

. . . . \2 . . . \2
T, :EmlLi.gelz+%m2 (L%6f+LZZCg(Ol +0,) j+%M(L%012+L%(61+62) j

13

(1.62)

(1.63)

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)
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Euler-Lagrange Applying the Lagrangian energy method, it can be shown that the general equations of motion
equations of a two-link manipulator may be expressed as
0, = o, (1.70)
62 =M — O, (171)
. 2 2
I, +1,,cos(6 I, || 1 O —®; I T,
{”I czés(e()Z) I”M. ]+(m2L2L.g+ML2)Llsin(92) i +g[ ]:[ ]
21 2 22 || m, o; r, T, (172)
where
Ty = 1y (B + K5 )+ MLS 4+ (ma Ly + MLy ) Ly €050, ) = Iy + Iy cos(6, ), (1.73)
Fl =FUCOS(91)+F22 COS(el +92), (1.74)
Fz =F22 COS(G] +62). (175)
. d oL oL i
The Euler-Lagrange equations are dr oo oo =0;, where ¢g; = 0;; O, are the generalized
q; 04;

forces other than those accounted for by the potential energy function and are equal to the
torques applied by the joint servo motors, T;.
The partial derivative,

% :Illél +122(61 +é2)+121 COS(Gz)(ZéI +é2), (176)

1
simplifies to

oT

. = (111 + 1 Cos(ez))él +(122 + 1 cos(ez))(él + 62) (L.77)
1

The other partial derivatives are

% = L3105 (6,)8, + L (6, + 0, ): (178)
(%Tl —0; % — —(MaLaeg + ML, ) Ly 5in 6, (é)1 (6,+ éz)); (1.79)
% = g(miLigg +maLy + ML, )08(0, )+ g (Lo + ML, )cos (6, +6,); (1.80)
NV ¢ (Malneg + MLy )cos (0, +6,). (1.81)

0q>
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Hence, the partial derivatives of the Lagrangian L =7 — V are

%:(1” + Iy cos(0,)) 8+ 1 (6, +6; ).
1

%:IZICOS(92)61+122(61+éz), aaiL:—grl,

q> q
and
5—; — —gTs —(maLagy + ML, ) L, sin 0, (él (6, +éz)),
where

Fl = (mlLlcg +m2L1 +ML1 )Cos(el)"l‘(mszcg +ML2)COS(9| + 92),
Fz = (mszcg +ML2)COS(61 +62)

Hence, the two Euler—Lagrange equations of motion are

I]1+122+2121COS(92) 122+12|COS(92) él _J e Sin(e ) 2 1 él
21V2 2 1

Ly + 1 cos(6,) I 8, 0,

mtseontyssmnfofson) o]

In fact, if one defines

1, + 1y +21, cos(ez) I, +1, cos(ez)
Iy +1I cos(0,) I, ’

and then the two Euler—Lagrange equations of motion are

oo F e -]

Hence, we have

N O S NN

15

(1.82)

(1.83)

(1.84)

(1.85)

(1.86)

(1.87)

(1.88)

(1.89)

(1.90)

(1.91)
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that is, the equations are expressed entirely in terms of the matrix H, its partial derivatives
and the partial derivatives of the potential energy function. There are indeed several alternate
ways of expressing the two Euler—Lagrange equations of motion.

The two Euler-Lagrange equations of motion may also be expressed as

111+121005(e2) 112 é1
I, cos(0,) L || 6, +6,

+1 sin92<él (6, +éz))m+ gE‘ ] _ [: ] (1.92)
2 2

- 11 6
—1,,6, s1n(62) L oolls
0,+0,

Let
{ml :| él
= , (1.93)

and it follows that

é] 0)1
= . (1.94)
éz W, — O,

Hence, the expression associated with the second term in the Euler—Lagrange equations may
be expressed as

11 8 ¥

12]sin(62)[ } ) =121sin(92)|:ml ‘”2}. (195)
b 0Jl6,+6, o

It follows that

2 2
0 + O, 2

ézlz] Sin(ez)|:0)l +0)2i|=((1)2—0)1)12] Sinez|: j|=IZl Sin92 oo . (196)
(O] ((OI —(,02)0)1

]

Hence, the two Euler—Lagrange equations of motion are
111+121C05(92) I C . oF —o; 0 L I
+1,,8in 0, + m;m, +g = .
121 COS(92) 122 (:02 ((Dl _0)2)0)1 1 rz ’TQ
The final equations of motion may be written in state-space form as

0, =, (1.98)

0, =, — o, (1.99)
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. 2 2
I+ 15 cos(6,) 121005(92)+122}r)1]+1215in(62) e +g[r1]=[T]], (1.100)

I, cos(6,) I @, o? I, T,
where
I =T cos(6,)+T cos(6, +6,), (1.101)
', =T cos(0,+6,), (1.102)
and
Ty = my (L + ki )+ (ma + M) L, (1.103)
Ly =(myLaeg + MLy ) Ly =Ty, Ly = my (Lo + K )+ ML, (1.104)
Ty =(mLig +mLi+ ML), Ty =(mLy, +ML,). (1.105)
When

Ll = le = 2Llcg = 2L26g = L3 my =nyp =m, M= wm and klzcg = k220g = %,

Illszz(:+uj, 121:mL2(;+uj, IZZ:mLZ(;+u], (1.106)

Ty, =mL[;+u} Ty =mL(;+uj. (1.107)

(oo (o o
oo (i

0,
(1.108)

1.5 The SCARA manipulator

The dynamic model of the three-axis SCARA robot [1] is formulated using the Lagrange
method. The dynamics of the first two links are identical to the two-link planar manipulator
discussed in the preceding section. The dynamics of the third link moving within a prismatic
joint and normal to the plane of motion of the first two links is

My = Msg +Fy. (1.109)

The rotational dynamics of the end effector is

14(él+éz+é4):T4. (1.110)
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1.6 A two-link manipulator on a moving base

A robotic manipulator, which was designed to clean a whiteboard, is shown in Figure 1.4.
It consists of a slider constrained to move horizontally above the whiteboard. A two-link
planar manipulator is attached to the slider. The two links of the manipulator are attached
to each other by a revolute joint. The top end of the manipulator is attached to the slider by
a revolute joint while the bottom end is attached to a duster by another revolute joint, and
constrained so that the duster cannot rotate relative to the whiteboard. The slider and duster
are modeled as point masses.
Our objective is to

1. Apply the Lagrangian energy method
2. Obtain the general equations of motion of a two-link manipulator

To obtain the Euler—Lagrange equations, we must obtain the total kinetic and potential ener-
gies in terms of the total mass, moment of inertia and mass moment components. The slider
and duster masses are M, and M, respectively; m; and L, are, respectively, the ith link mass
and the ith link length; L,., is the position of the CM of the ith link with reference to the ith
joint and k., is the ith link’s radius of gyration about its CM. All the disturbance torques and
forces are ignored.

Let g, be the horizontal displacement of the slider d. Let 0, = g,, the angle of rotation of the
first link w.r.t. the local horizontal, positive clockwise and 0, = g5, the angle of rotation of
the second link w.r.t. the first, positive clockwise.

The depth of the CG of the first link from the axis of the first revolute joint is
X, =Ly, cos(el).

For the second link, it is

X, =Ly cos(0;)+ Ly, cos(6,). (1.111)

Yo ( :

X0

Tip mass, M Whiteboard

FIGURE 1.4 A robotic manipulator designed to clean a whiteboard.
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For the tip mass, it is

Xip = Ly cos(0,)+L, cos(,). (1.112)

Increase in the potential energy of the system comprising the two links, the duster and the
slider, is

V=-mg [Llcg cos(el )] —m,g [Ll cos(91)+ Ly, cos(92 )J - Mg [Ll cos(el ) +L, cos(@z )]

(1.113)
It may be expressed as
V =—g(mLi, + myLy + ML) cos(6,) - g (myLa, + ML, ) cos (6, ), (1.114)
or as
V =—gI'j cos(0,) - gl cos(6,), (1.115)
where
Ty =(mLig+mLi+ML) and Ty =(myLy, +ML,). (1.116)

The horizontal positions of the CG of the first and second link and the tip mass, positive east,
are Y, =d +L,sin(©)), ¥, =d + L;sin(©)) + L,.sin(©,) and Y, = d + L;sin(0,) + L,sin(0,).
The horizontal velocities of the CGs of the masses are

Y, =d+Ly,0,cos(6,), (1.117)
Y‘z = d+Llé] COS(G])“'LZ%, (92)008(92), (1118)
Y)‘ip :d'+Llél COS(91)+L2(62)COS(92). (1119)

The vertical velocities of the CGs of the masses are
X, = ~Ligg0ysin(0,), X =—L,6,sin (6;) — Loey (6, )sin (6,), (1.120)
Xy, ==Ly sin(0,) Ly (0, )sin (6, ). (L.121)
The kinetic energies of translation of the slider and the manipulator masses are

T, = %M@lz, (1.122)

T :%ml(xlz +z2)+%m2(xg +Y22)+%M(X§p 1) (1.123)

ip
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Thus,

_1 2 A2 1 202 2 A2 1 202 202 1 72
]] —EmlLlL.gel +5m2 (Llel +L2Cg62)+EM(Llel +L262)+5(m1 +m, +M)d

+ (mszcg + Ml/z)Ll COS(OQ - 61 )(9]92)+ d((mlLlcg + m2L1 + ML] )91 COS(G] ))
+d((m2LZCg+Ml,2)(92)cos(62)). (1.124)
The kinetic energy of rotation of the links is
Ty = L mk? + L mok262 (1.125)
2 2 11 Y1 2 2/2 V2. .
If we let
M =(My+my+my+M), Iy =m, (L%Cg +k12Cg)+(m2 +M)L,
Ly = (mayLogg + MLy ) L c08(0, ), Iy = my (L + 1, )+ ML, (1.126)
the total kinetic energy is
T=T,+T,+T, :%(MS +my+my+M)d®
+ (m,Llcg + (m2 + M)L] )del COS 91 + (mszcg + Ml/z)dez COS 92
1 2 2 2N\pz, | 2 2 2\ 42
+5(m1 (leg +k1 )+(m2 +M)L] )9] +E<m2 (chg +k2 )+ML2)92
+(moLagg + ML, ) Ly cos (6, — 6, )(éléz). (1.127)
It may be expressed as
T = T's +n +T2 = %thaldz +F||dé] Cos 9] +r22d.éz COS 92
1o 1. ..
+511191 +512292 +121(9)9192' (1.128)
since the potential energy is
V=—gl' cos(@l) —gls cos(ez), (1.129)

Hence, the Lagrangian may be obtained since it is defined as L = T — V. The Euler-Lagrange
equations are

doL_or_, (1.130)

where Q, are the generalized forces other than those accounted for by the potential energy
function and are equal to the torques applied by the joint servo motors.
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The partial derivatives in the Euler—Lagrange equations are

aiL = Mtamld + Fllél COS 91 + Fzzéz COS 92,

o4

ai{l = I“él +12192 +r11d00891,
94,

% = 12161 + 12292 + rzzd COos 62,

q3

oL

oo,
oq,

aiL = —grl + (mszcg + MLz)Lléléz Sin(92 - 91)—F11dél sin 91 .

0q>

oL
0q3

If we let

d

V b
then

d oL

. d d
Eaiql = Mmm,v-l-l—‘lla(el COS@1)+F22 E(ez 00562),

M v =Ty %(91 COs 61)—F22 %(62 Cos 92),

|:111 121} 6, +|:0 121:| 6, +|:F”c'i.coseli|
Ly Iy éz I, 0 62 I'y,dcos6,
.. -1 r,
+(m2L20g +ML2)L19192 Sin(ez —91) =—g .
1 I,
with
rl = (m]LICg + m2L1 + ML] )Sln(el ),
F2 = (mszcg + MLz)Sin (92 )
Differentiating the inertia expression, 1,,, with respect to time,

by ==(myLocg + MLy ) Ly (0,0, )sin (0, 6, ).

21

(1.131)

(1.132)

(1.133)

(1.134)

(1.135)

(1.136)

(1.137)

(1.138)

(1.139)

(1.140)

(1.141)

(1.142)

(1.143)



22

NONLINEAR CONTROL OF ROBOTS AND UNMANNED AERIAL VEHICLES: AN INTEGRATED APPROACH

The final state-space equations of the manipulator are

. (1.144)
él o, (1.145)
o, (1.146)
. d /- d
Miup =Ty (Brcos6y) =T % (6 cos6). (1.147)
Iy Iy ]| ® o
+(maLoc, + MLy ) Ly sin (6, 6, )
Ly In ||, o
Fllsinel . Fll COSO]
. y ‘ (1.148)
F22 sin 92 FZZ cos 62

1.7 A planar manipulator: The two-arm manipulator with extendable arms

Each of the two extendable arms is assumed to be made of two links, the second moving
relative to the first. The CG offset between the first two links is d, and the second pair is d,.
The lengths of the first pair of links are assumed to be L, and L, and those of the second pair
L; and L,. The lower arm makes an angle 0, to the horizontal while the upper arm makes an
angle 6, to the lower arm. The horizontal positions of the CG of the first, second, third and
fourth links and the tip mass, positive east, are

X, = L, cosb,, (1.149)
X, = (L, +d,)cos,, (1.150)
X5 =(Ly+d, +L,)cos8, + Ly cos (6, +6,), (1.151)
Xy =(L i +d, +Ly)cos 6, +(Ls +d,)cos (6, +6,), (1.152)
Xip =(Li+d+Ly)cos 0, +(Ly+dy + Ly )cos (0, +6; ). (1.153)

The height of the CG of the first link from the axis of the first revolute joint is
Y, =L;sin6;. (1.154)
For the second, third and fourth links, it is
Y, =(L, +d,)sin6,, (1.155)
Yy =(L +d,+L,)sin®, + Ly sin (6, +6,), (1.156)

Y4 =(L1 +d1 +L2)Sin91 +(l‘3 +d2)sin(92 +el), (1.157)
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and for the tip mass, it is
Kip = (L] +d1 +LZ)Sll’191 +(IJ3, +d2 +L4)S1n(92 +91). (1.158)

The corresponding velocities are

X, =-L0,sin0,, (1.159)
X, = (L, +d,)0,sin®, +d, cos@, (1.160)
X; = =(Ly+d; +L,) 0, 5in 0, +d cos 0, — Lysin (0, +6,)(6, +6,), (1.161)

Xy =—(Li+d +L,)0,sin0, +d, cos 0, —(Ls +d, )sin (6, +91)(é1 +é)2)

+d, cos (0, +0,), (1.162)

Xup=—(Li+d,+L,)0,sin®, +d, cos0, —(Ls +d, + L, )sin (0, +el)(é1 +éz)

+d, cos(0, +0,), (1.163)
Y, = L6, cos 6, (1.164)
Y, = (L, +d,)0, cos®, +d,sin6,, (1.165)
Yy = (Ly +dy + L, )6, cos 0, +d; sin 0, + Ly cos (6, +el)(él +éz), (1.166)

Y4 = (Ll +d, +L2)91 cos 6, +dl sin 0, +(L3 +d2)cos(62 +61)(él +92)+d2 sin(@z +91),
(1.167)

Y, =(L1 +d, +Lz)él cos 0, +dl sin 6, +(L3 +d, +L4)cos(92 +91)(él +éz)

tip

+dysin(0, +9,). (1.168)

The kinetic energy of translation is
1 b 1 20 1, 1 20 1 1 S (n a2
T‘] —EmlLlel +Em| (L]"‘d]) 61 +Em2d1 +5m3 (L1+d|+L2) 91 +5m3d1 +5m2L3(91+92)
+m3{él(é1+éz)(L1+d1+L2)L300562_dl(él'i‘éz)l{;sin@z}

+Em4 (Ll +d1 +L2)2 912 +§m4(d12+d22)+5n’l4(l;3 +d2)2 (91 +92)2

+my {91 (9, +92)(L1 +d, +L2)(L3 +d2)cos92 +dld2 cos 0, —dl (9, +éz)(L3 +d2)sin92}
+%mn~,, (Li+d, +L2)2 6? +%m,,,, (df +d§)+%m,,~p (Ly +d, +L4)2(é1 +('32)2
+my, {él (él +é)2) (Li+d, +L,)(Ls +dy)c0s 0, +d,d, cos 0, —dl(él +92)(L3 +dy+Ly )sin 92}

+(my +my, ) do0, (Ly +d, + Ly )sin 0, (1.169)
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The kinetic energy of rotation is
1 o1 N2
T2=E(Il+12)e] +5(I3 +I4)(9]+92) . (1.170)
The total kinetic energy is
| | o1 o1 .2
T=T+T,=—1,0] + —mypd} +—myds +—1,, (0, +6
1 2211122212332222(1 2)
+é1 (91 + 62)112 Cos 92 _dl (91 + 62)123 sin 92 +m446.l16.12 COos 92 +114d.291 sin 92. (1171)

where

111 :11+12 +m1L%+m1(L1+d1)2+m3(L1+d1+L2)2+m4(L1+d1+L2)2

gy (Li+dy+ L) (1172)
Iy =L+ L+ sl my (Ly + s ) 4+ my, (Ls +dy + Ly ) (1.173)
N33 = Ny + ms +my + m,,-l,; Myy = my + m,,-P; (]174)

112 = m3 (Ll +d] +L2)L3 +m4 (L] +d1 +L2)(ljj +d2)+mn'1, (Ll +d1 +L2)(ljj +d2), (1,175)
Iz =msL; +m4(L3 +d2)+m,,~p(L3 +d, +L4), (1.176)
Ly =(my+my,)(Li+d +Ly). (1.177)

The total change in the potential energy is
V= mlng sin 61 + ng(Ll + dl )Sin 61 + m3g(L1 + dl + Lz)sin 91 + m3gL3 Sin(ez + 61)
+m4g(Ll +d1 +L2)Sin91 +m4g(L3 + dz)sin(ez + 91)

+my,g (L +dy + Ly )sin©, + my,g (Ls + dy + Ly )sin (6, +6, ). (1.178)

The total change in the potential energy is expressed as
V={m]L1 +m2(L1 +d])+m3(L| +d1 +L2)+m4(L] +d| +L2)+m,,-p(L1 +d1 +lzz)}gsine]
+ {msLy+my (Ls +dy )+ my, (Ls +dy + Ly)| gsin(0, +6, ). (1.179)

The partial derivatives in the Euler—Lagrange equations are

ST'aT =10, + 1, (é. +éz)+(2é1 +(92)112 080, — d 3 sin 0, + I,4d, sin 0, (1.180)

1

%2122 (é]+92)+élllzcosez—d'1123 Sinez, (1181)
2
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oT . . . ) .

—— =mypd, —(0,+0, |I,;s1n 0, + my,d, cos0,,

ad, 220 (1 2)23 2 440> 2

ai = m33d2 + m44d| COoS 92 + I|4é1 sin 92,

od,

o _,

00, ’

aa% = _él (61 + 62)112 sin 62 - dl (61 + 62)123 COS 62 - m44d1d2 sin 92 + 1146.12é1 COS 92,
p)

OT 10l =~ (n a0l - ol -+ .

—=———07+06,(06, +0, | —=co0s0, +my,dd, cos0, + ——d,0, sin 0,,

od, 2 ad, 1 1(1 2)8d1 2 441 Ay 2 ad, 2Y) 2

L _ 100 (4, 16,) +6,(6,+6,) 22 cose, — dy (6, +0,) T2 sino,,

od, 2 od, od, 0d,

a—v =gl cosO, +¢I, cos(92 +91),

00,

ov

——=1Igcos(0,+6,),

20, 28 ( 2 1)

ov

— = +m3 +my +my, ; gsin 0y,

ad, {mz my +ny mtp}g 1

ov .

@Z{m4+mt1p}gsln(ez+el),

with

Fl =m1L1+m2(L1+d1)+m3(L1+d1+LZ)+m4(L1+d|+L2)+m,,«p(L1+dl+L2),
Fz =m3L3 +m4(L3 +d2)+m,,-,,(L3 +d2 +L4)

The Euler-Lagrange equations are

d or or ov

AN An =T

dr o0, 0, 00,

dor _or ov
dr 80, 00, 00,

=T,

d or oT oV

e =T,

dr éd, od, ad,

d or oT oV
— =14.

dt éd, od, od,

25

(1.182)

(1.183)

(1.184)

(1.185)

(1.186)

(1.187)

(1.188)

(1.189)

(1.190)

(1.191)

(1.192)

(1.193)

(1.194)

(1.195)

(1.196)

(L.197)
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Hence, we have the following equations of motion:

11161 +122 (91 +62)+(261 +62)112 COSGZ —(:1.1123 Sin92 +114é2 Sinez

5111 oly, ol ol, ol,
0,d, + 0,+6,)d, +(26,+6 di+-2d, |cos0, —did, —=sin0
adl | ﬁdz ( 1 2) 2 ( 1 2)( adl | : ZJ 2T e adz 2
+%d.|d2 sin 62 + grl COos 91 +gr2 COS(92 +9| ) =T. (1198)
1

122 (91 +éz)+é|1|2 COSOZ —6.1.1123 Sin92 +%(é| +92)d2

2

0, ol sy, ol P2 4 cos 0, —6,0,1,, sin 0,
6 ] a 2

d1d2 Zd sin, — d192123 cos 0, + 9, (él + 92)112 sin 0, + dl (91 + 92)123 cos 0,

2

+ m44d.1d.2 sin 92 — ]|4dzé] Cos 92 + rzg COS(92 + 9| ) =T, (1199)

mzzé.i-l _(61 + 62)123 sin 62 + m446-l.2 Ccos 62 _(61 + éz)dz %Sin 92

2

—(él + 92)92123 cos 6, —m44d2(§2 sin 0, —%%92 - 91 (61 + 62) ad cos 6,

1

- deldz COos 92 —%dzél sin 62 + {m2 +ms+my + m[,‘p} 8 sinf = T3, (1200)
1

m33d2 + m44d1 COoS 62 + 11461 sin 62 — m44d162 sin 62 + 1146162 Cos 92

+ %4 46, sing, - L 2
d, 2 od,

(61+02) =01(6,+0,) 9 cosy +. (6, +6:) 52 sino
2

2

+{m4+mﬁl,}gsin(62 +61)=‘C4. (1.201)

1.8 The multi-link serial manipulator

The modeling of a multi-link manipulator can be done by adopting the Lagrangian formula-
tion. With the correct choice of reference frames, the dynamics can be reduced to a standard
form. The most appropriate choice of the reference frames is not the traditional frames
defined by the Denavit and Hartenberg convention. A typical three-link serial manipulator
is illustrated in Figure 1.5.

The positions and velocities of link CMs in planar Cartesian coordinates for the first, sec-
ond, third and Nth links are, respectively, given by

X = lCl COS 61, yl = lCl Sin 91, (1202)
Xy = ll COS 91 + lcz COos 92, (1.203)

Y2 = ll Sin 91 + lcz Sin 92 ’ (1204)
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c,
oMy
% ¢
@ > X
ﬁ
[ e

o

FIGURE 1.5 A typical three-link manipulator showing the definitions of the degrees of freedom.

x3 =1,c0860, +1,cos0, + -3 cos 0, (1.205)
V3 = l] sin 61 + lz sin 92 + lc3 sin 63, (1206)
i—1 i—1
xi:leC0S6j+lC,-COSB,-, yi:leSinej-i-lCiSinei, (1207)
Jj=1 Jj=1
i—1 . . i—1 . .
V== 0jl;sin0, ~0lcsin0;, vy = 01;c050, + 0l cos0. (1.208)
j=1 j=1

The kinetic energy for N links is given by the sum of the translational and rotational kinetic
energy and is

T_lzN:m.(Vzsz_)JZN:I o (1.209)
2 i=1 2 i=1 o .

The potential energy for N links is given by the gravitational potential energy and is

V= gZN:m,-y,- = gimi [ilj sin@; + I sinG,«J = gimkili sin 6, + gZN:mila sin®;.
i=l1 i=1 j=1 k=1 i=1

i=l1

(1.210)

To simplify the expression for the total kinetic energy, it may be noted that

i-1 2 i-1 2
Vﬁi + V}Z,i = {Zejlj Sinej + éilCi Sine,} +[Zejl] Cosej + éilCi Cose,} 5 (1211)

Jj=1 J=1
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which is expressed as

i—1 2 i-1 2
Vfl‘i‘v‘z,:e,zlé,‘F[zejl]SlnejJ +[ZGJIJCOSGJJ
J=1

J=1
. ’_1 . . l_l .
2l O;5in 0, Y 0,1;5in0; + 60056, 0,1, cos; |. (1.212)
j=1 j=1

The last term in this expression on the right-hand side of the equation is

i1 i1
Zlcl-[é,- sin(—),-Zéjlj sin@; +6; cosG,-Zéjlj cosO,}

Jj=1 Jj=1

i1 i—1
= ZIC,-éiZéjl_,- (cos 6, cos0; +sin6; sin 6_,-) = ZICié,«Zé_,-lj cos(ei - Gj) . (1.213)
j=1

J=1

The second and third terms are
2 2

i—1 . i—1 .

Ze_,.lj sin®; | + Zejz_,. cos0;

j=1 j=1
il i1 il i1

- Ze,.lj $in@, [ 0,1, sinekj+ Zejzj cos0, (Zeklk cos@k]

j=I J=1 k=1

k=1

i—1 i-1 i-1 i—1 i-1
=Zé§l}+{29jljsin9jj Zéklksinek +{Zéjljcosej] Zéklkcosek . (1219
= = k=1 = k=1

k#j k#j

The last term in this equation is

i-1 i-1 i-1 i—1
[Zéjlj sin 6,} Zéklk sin 0, J{Zéjlj cosG,} Zéklk cos 0,
J=1 k=1

k#j k#j

i—1 i—1 i—1 i—1

:Z Zékéjlkzj(cosejcosek+sinejsinek) =Z Zékéjlkz,cos(e,—ek) . (1.215)

j=1| k=l J=L| k=L
k#j k#j

Finally,

i—1

i1 i1 i
R Zéilﬁ + 216,.éizejlj cos (6, -6, )+ Zéké,zklj cos(6,-0,) |

j=1 Jj=1 j=1| k=1

k#j

(1.216)
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The complete expression for the total kinetic energy of N links is

T=;ZN:m{9?lé ZeﬁJ Zlaez ZN:i2éjéimilCiljcos(9,-—6j)

= =l j=1

1 i1
=3

i=1 j=1

eke milil;cos(8; —6,) |. (1.217)
k=1

k#j

For N = 4, the equations of motion may be defined by employing the Lagrangian approach
(Vepa [1]), and the Euler—Lagrange equations are given by

I 1,C(8,-6)  1C(8;-6;)  1.C(8.-61) || 6,
1,C(6,-6,) I InC(0:=0,)  1C(0,-6,) || 6,
I;C(05-6,)  I1C(65-6,) Iy 1,C(0,-65) || 6,
114C(94—91) 124C(94—62) 134C(94—93) Iy é4
0 ~1,8(0,-0,)  —1,5(0;-6,) —1.,5(0,-6,) || 6
% 112S(92—9]) 0 —1235(93—92) —1245(94—92) e%
1:8(0;=6,)  1,,5(05-6,) 0 ~I3,8(0,-65) || 63
1145(94—61) 1245(64—92) 1345(94—9;) 0 i
4| 12C0| | M) (1.218)
F4C94 M4

In Equation 1.218, the terms in the inertia matrix are defined by

I I I3 Ly mllgl mylcoly mslesly mylealy
Ly In In Iy _ mylesl, mzléz mslesl Myleagly
Ly Iy Iy Iy - mslesly mslesly m3lg3 myleals
Iy I, I3 Im mylcal; mylcal, Mylcals m4lé4

B N N N
I, +1$Zm,. IIZZZmi 1113Zmi 0
Ni:2 i=3 . i;;t
N ZIIQZm,- I, +1222m,» lzl3Zm,« 0
i=3 i=3 i=4
l@imi l2l3i m; IC3 +l32im, O
i=4 i=4 i=4

0 0 0 Ie, |
(1.219)
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Finally, the terms I’; are defined as

I, mylcy +moly + msly + myl,

r, _ Myley +mly +myl, . (1.220)
I msles +myly

T, Mylcy

In Equation 1.218, the angles 6, are defined in Figure 1.1. In Equation 1.218, m, and [, i =1,
2, 3, ..., are the masses and lengths of the links. In Equation 1.218, M, is the moment acting
on the outer or tip link, while M;;, , = M; — M, is the net moment acting on the ith link and
M, is the moment acting on the ith link at the pivot O,_,. In Equation 1.219, /., are the distances
of the link CMs from the pivots while L; are the link moments of inertia about the CMs. One
could introduce a tip mass by suitably altering m;, [ and I ;. The functions C(-) and S(-) refer

to the trigonometric cosine and sine functions.

1.9 The multi-link parallel manipulator: The four-bar mechanism

In the case of multi-link parallel closed-chain manipulators, one approach of modeling their
dynamics is to introduce one or more virtual cuts so as to reduce them to several serial or
open-chain manipulators. The closed-chain manipulator is then obtained by introducing holo-
nomic constraints to realize the original closed-chain configuration. A typical example is a
four-bar mechanism. In this case, the input crank and the coupler are treated as an indepen-
dent inverted double pendulum or a two-link planar serial mechanism, while the rocker or
output crank is treated as an independent single-link serial manipulator. Two constraints are
then applied to realize the original four-bar mechanism.
The kinetic energy of all the bodies in the virtual serial manipulators is expressed as

T=T(4;.q;). j=123....J. (1.221)
The total potential energy is expressed as

V=V(q,). (1.222)
The holonomic constraints are expressed as

Gi=0¢;(q;)=0, i=123,...m. (1.223)

The Lagrangian is defined as
L=T(4,q;)-V(4;) Z% 0:(4;)=T(354;)-V(4)). (1.224)

where 2, are Lagrange multipliers. The Euler—Lagrange equations are

ial_alﬁl_iai_@lﬁl_zhwﬂ

! _da (1.225)
drt 0q; 0q; 0q; dtoq; Oq; 0Oq; “= oq;

J*

They may be expressed as

dor _or  ov _ 64) N
dor or  ov A 0+ Y WAL (g0, (1.226)
w5 o0 oy Z ) Z (a6
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where

od; (CIk )
aq;

= A () (1.227)

These equations correspond to the case when the constraints are expressed in differential
form as

J
ZAi,j(‘Ik)Qj=0, i=123,..,m. (1.228)
=1

The differential constraints can be either holonomic or even non-holonomic or not integrable.

To apply this method to the four-bar linkage, consider a four-bar mechanism where the
fixed link is aligned with the horizontal and of length d, the length of the input crank is L,,
the length of the coupler is L, and that of the output crank is L;. The corresponding masses
are m,, m, and ms. The crank makes an angle 0, to the horizontal. The coupler is at angle 6,
to the crank. The output crank makes an angle 65 to the horizontal. The subscripts ‘cg’ denote
the location of the CG of the corresponding link along the length of the link. k,, k, and k;
denote the radii of gyration of the input crank, coupler and output crank, respectively. The
kinetic energy is expressed as

_ 1 2 2 2Nz, | 2 (A .o\
T = E(ml (Llcg +k1 )+m2L1 )61 +5m2 (chg +k2 )(61 +62)
T 1 5 2\ Ao
+ mszchl COS 62 61 (61 + 62) + 577’13 (L3L‘g + k3 )93 (1229)
The potential energy is
V= 8 (mlLlcg + m2L1 ) sin 91 + gmszcg sin (91 + 92 ) + gm3L3cg sin 93. (1230)
The horizontal and vertical position constraints are

L, cosel+chos(92+91)—lg cos0; =d, (1.231)
L;sin®, + L, sin(0,+6,) - L; sin0; = 0. (1.232)

From these constraint equations,

L,cos0, =L, cos(93—61)+dcos91—Ll, (1.233)
L,sin®, = Ly sin(0; —0,)—dsin6,. (1.234)
Thus,

(L3 cos(93 —61)+dcos 0,-L, )2 +(L3 sin(93 _el)—dsin 91)2 (1.235)
= L3+ L +d* +2Lsd cos 05 —2Lid cos 0, — 2L Ly cos (05 — 6, ) = L3

The latter equation reduces to a quadratic equation for cos 6.
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The constraints in differential form are
-0, (L1 sin @) + L, sin (0, + el)) ~0,L,sin (0, +0,)+0,L;sin0; =0, (1.236)
é] (L] Cos 91 + L2 COS(@Z + el )) + ezlzz 005(92 + 91 )— é3L3 Cos 63 = O (1237)

The matrix A, (q,) is

A ()= Lysin® +Lysin(0,+6,)  Lpsin(6,+6,) —Lssin6; -[ As]
i (g )= Licos® +Lycos(0,+6,) Lycos(0,+6,) —Lycos®s| - 3 .

(1.238)
Hence, the velocity constraints are
él . 0
A12 + A363 = . (1.239)
0 0
2

The previous equation can be used to eliminate 6, and 0,.
The acceleration constraints are obtained by differentiating the velocity constraints and are

0 . . 0 5 [0
AIZ : +A393 +{ 1 aAlZ +92 8A12} : + 6A3 9% = . (1.240)
6, o0, a0, J|g | 005 |0

The Euler-Lagrange equations are

I“+Izlcos(92) I, 0, / sin(e )|:62 92} 0, ‘g T - T
—12] 2 . . -
Licos(82)  In |5 4, 6 66,46, L) |1

A
+A1T{ 1}
Ao

(1.241)
2 2\n T Ay
nis (L3Cg + k'; )63 + m3gL3cg Cos 9; = T3 + A3 A s (1242)
2
where
Iy=m (L%cg + klzcg)"‘ m L3, Iy = mylye Ly, I =m, (LZZL‘g + k22L‘g) (1.243)
112 =nl (L%Lg + kzzcg ) + mszL,ng COS(ez) = 122 + 121 COS(92) (1.244)

Fl = (mlLlcg + m2L1 )COS(el ) + mszL.g COS(el + 92), Fz = msz(.g COS(el + 92) (1.245)

On eliminating él, 62, 61, 92, 0,, 0, and the Lagrange multipliers A, and A,, the system of equa-
tions reduces to those of a one-degree-of-freedom system.
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110 Rotating planar manipulators: The kinetic energy
of a rigid body in a moving frame of reference

The strategy adopted in evaluating the Kinetic Energy (KE) is to independently evaluate the
translational KE and the rotational KE of each body at its CM. Thus, we need to find the
translational velocity and rotational velocity of each body at its CM.

The velocity of a ‘particle’ in a body, at a fixed point x, y, z relative to a reference
frame that is not fixed, with the velocity of the origin reference to inertial coordinates
given as v,, is

Vi = Vo T 0,2 - @Y, (1.246)
Vy = Vo +0.X — 0,2, (1.247)
V, = Vo, + 0, — 0, X, (1.248)

where o,, ®, and o, are the components of the body angular velocity in the frame.

If the frame is rotating with angular velocity components ., Q and Q_ with respect to an
inertial frame, and if in addition the particle is only translating with velocities X, y, z, relative
to the frame, the velocity of a particle is

Ve =V, +X+Q,2-Q.y, (1.249)
vy =V, + 7+ Qx-Q z, (1.250)
v, =V, +2+Q,y—Qx. (1.251)

When the point at x, y, z represents the CM of the body,

Ve =10, + X+ Q7 -Q.Y, (1.252)
vy =1, + Y+ QX -Q.7, (1.253)
Ve =1 2+ QY - QX (1.254)

The translational KE of a body idealized as a particle is

T =%m(v%+v%+v§). (1.255)

The rotational KE of a body is

Wy
1
Tzzg[mx o, oI,/ (1.256)

o
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where I is the moment of inertia matrix of the body about a set of axes passing through
the body’s CM and o,, ®, and o, are the components of the body angular velocity in the body-
fixed frame. When the axes are parallel to the principal axes, the rotational KE is

T, = %(Immi +1,0% + 1,0 ) (1.257)

The total KE is the sum of the translational and rotational kinetic energies. Hence,

T=T,+T. (1.258)

111 An extendable arm spherical manipulator

This manipulator consists of an extendable telescopic arm rotating about a horizontal revolute
joint mounted on top of a capstan, along its vertical axis, as shown in Figure 1.2. The capstan can
freely rotate about the vertical axis with an angular velocity ¢. The length of the first link is L
and the distance of the CG of the second telescoping link from the end of the first link is d. The
position coordinates of the CM of the arm in a rotating frame with the capstan, in terms of the

link’s pointing angle 0 and the distance of the link CG from the capstan axis L, are
xy=L,cos0, y =L,sin0, z =0. (1.259)
The corresponding velocities are
X = —chésin 0, = chécos 0, z=-x0 (1.260)

The position coordinates of the extending second link in a rotating frame rotating with the
capstan are

x;=(L+d)cosb, y,=(L+d)sin6, z,=0. (1.261)

The corresponding velocities are

% =—(L+d) 6sin0+dcos, (1.262)
Y, =(L+d)0cos0+dsin6, (1.263)
2 =—x0. (1.264)

The translation kinetic energy is

RN . . . 1 N N
T, :2;% {(xf)2+(yj)2+(zf)2} = L (68 )+ ma (Lt d) (6497 )+ o mad”
(1.265)

The angular velocity components of the two links (links 2 and 3), corresponding to the 3-2
Euler angle sequence, are

Q, Ps 0 —sin®
Q,|=|gs|=|1[6+] 0 |b. (1.266)
Q, rg 0 cos0

The moment of inertia of the capstan about its axis of rotation is /,. Its angular velocity is ¢
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Assuming that the moments of inertia of each of the two links (the second and third link)
about the body transverse axes are the same and equal to I,j= 2, 3, and that about the body

longitudinal axis are zero, the total kinetic energy of rotation is

T, :%(12”3)(92 + 7 cos? 6)+%Ild'>2. (1.267)
T=T+T. (1.268)
The potential energy is
V = g(mLe +m,(L+d))sin®. (1.269)
The partial derivatives in the Euler—Lagrange equations are
aT 2 2 2 :
%z(m@ﬁmz(md) #(I+13)eos 0+1, )4, (1.270)
%:(m1L§g+m2(L+d)2+lz+13)é, (1.271)
aT 5 aT N2 12
T =mad, ——=m,(L+d)(06*+¢*), 1.272
od my ad mz( )( o ) ( )
aT _ 12 . aV _
e —(12 + 13)¢ cos0sin 6, - g(mlLCg +my (L + d))cos 6, (1.273)
ov
—— =gm,sin6. 1.274
od 8gmy ( )
The Euler-Lagrange equations are
(mlLig +m, (L+d)2 +(1, +1I3) cos® 6+11)£]S+ 2m, (L+d)d$
—2(1,+1;)cos 0sin 60 = 1,, (1.275)
(mlLf.g +m, (L+d)2 +1 +I3)é+2m2 (L +d)dé+([2 +1;) ¢’ sinBcos O
+g(mLeg +my (L+d))cos0 =1,. (1.276)
mzéz'—mz(L+d)(é2+<i>2)+gm2 sin = 1. (1.277)
Adding a point If one now adds a point mass at the tip of the manipulator, the position coordinates of the tip
mass at the tip must be obtained first. These are
Xip =(L+d+Ly,)cosb, y,, =(L+d+Ly,,)sin®, z,;,=0. (1.278)
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The corresponding velocities are

Xeip :—(L+d+L,,«p) 0sin0+dcos0, (1.279)
Yup =(L+d+Ly,)0cos0+dsin0, (1.280)
Zip = —Xip. (1.281)

The additional translational kinetic energy due to the mass at the tip is
1 . . . 1
ATy =y, (5 + 55+ 20 ) = Sy (L+d+ Ly) (62 +¢? )+ myd>. (1.282)

The additional potential energy due to the mass at the tip is

AV = gmy, (L+d+ Ly, )sin®. (1.283)
The new Euler-Lagrange equations are

(mlLf.g +m, (L+d) +my, (L+d+L,,p) +(1 +I3)cos29+ll)d§

+2{my (L+d)+my, (L+d+Ly,)}d—2(1, +1;)cos Osin 090 = 7, (1.284)

(mlLf,g +m2(L+d)2 +mn.p(L+al+Ln.p)2 +1, +13)é+2{m2(L+d)+mt,-p(L+d+L,,-p)}dé

+(12 +I3)d)2 sin@cos@—i—g(mlLCg +my (L+d)+m,,-p (L+d+L,,-p))cose =1,,
(1.285)

(o +mg, ) d = {my (L+d)+ my, (L +d + Ly, )} (67 +67) + gmy sin 0 = 1. (1.286)

Adding a spherical We now wish to add a 3-2-1 sequence spherical wrist holding a body at the tip. The body
3-2-1 sequence components of the angular velocity vector of the tip are
wrist at the tip

Qx PB.iip 0 —sin® —(i) sin O
Q= qui |=|1[0+] 0 |o=| 6 | (1.287)
Q, T8.1ip 0 cos0 d)cos 0

The angular velocity components of the outer gimbal are

. —1
pa | [0 cosyu =siny 010, T [bsiny, —¢sin® cosy,

g3 | =] 0|y, +]| siny,, cosy,, O Gphp | = écosww +<i)sin(§) siny,, |. (1.288)
By 1 0 0 1 TB.tip Wy +¢cos6
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Hence,
(ps)’ =(bsin6cosy, ) +(Osiny, ) ~2§0sinOcosy, siny,. (1.289)
(¢,) =(bsinOsiny, )" +(0cosy, ) +240sin0cos y, siny,. (1.290)

and
(r )’ =2 + 6% cos® 0+ 241, 0.cos 6. (1.291)

The additional rotational kinetic energy of the outer gimbal of the wrist is

1 1 1
ATZS = EIXX3W (pSw )2 + EInyw (qSW )2 + Elzz3w (r3w )2’ (1292)

where [, 1,5, and I_,, are the principal moments of inertia of the outer gimbal. (The wrist

rotation axes are assumed to be coincident with the principal axes.)
The angular velocity components of the middle gimbal are

. -1
cosf, O sinb,

Do 0 D D3, €0S0,, — 13, 5in 0,
¢ |=] 110, + 0 1 0 G | = 0, + g3 . (1.293)
o 0 By D3, SN0, +13,, €080,

—sin®,, 0 cos6,,

Hence,
(pr )2 = (p3w )2 COSZ ew + (r3w )2 Sinz ew - 2p3wr3w Sin ew Ccos Gw, (1294)
(q2w )2 = 931/ + q32w + 26wq3w’ (1295)
(72 )2 = (p3w)2 sin*0,, + (r3w)2 cos’ 0, +2ps, 7, 8in B, cosH,,. (1.296)

The additional rotational kinetic energy of the middle gimbal of the wrist is

1 1 1
AT22 = Elxew (plw )2 + ElyyZW (q2w )2 + 51112w (r2w )2’ (1297)

where I,,,,, ,,,, and I_,,, are the principal moments of inertia of the middle gimbal.

xx2ws Lyy2w

The angular velocity components of the body being held by the wrist are

1 0 0
PBw 1 Pow

G |=| 0|0 +| 0 cosd, —sind, | | g |- (1.298)

Tow 0 0 sin¢,, cos¢, "2w
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Hence,
(Pow )’ =02+ P + 2000, (1.299)
(g5 ) = G COS” b + 72, 5i0” b, + 22,7, COS G, SN D, (1.300)
(rBW )2 = g3, sin” o, + 13, COS By, — 22,75, COS G, SINP,,. (1.301)

The additional rotational kinetic energy of the body being held by the inner gimbal of the
wrist is

2

1 1 1
ATy =AT55 = Luny (Poe) + > Lom (q50) + o L (r80) " (1.302)

where [ 4, 1,5, and I_,, are the principal moments of inertia of body being held by the inner
gimbal of the wrist as well as that of the inner gimbal.
The total increase in the rotational kinetic energy is AT, = AT,, + AT,, + AT,;. The addi-

tional terms in the three equations are given by

 d OAT, OAT,

Fi(d5.4,.9;) =123, (1.303)

where q;= $.0.d, j=1.23.
There are also three new equations:

iﬁA.TZ _OAL =1, j=4,56, (1.304)
dt 0q;  0Oq;

with ¢; = ,.0,.,,. j =4.5.6.

112 A rotating planar manipulator: The PUMA 560 four-link model

The programmable universal machine for assembly (PUMA) a 560 four-link manipulator
is a planar manipulator rotating about a single axis in the plane in which all the transla-
tional motions of the main body of the manipulator are taking place. The main body of the
manipulator is the manipulator with all the jaws of the gripper in the end effector locked
in a position, as it is in this configuration that the manipulator is spatially controlled and/
or regulated. The PUMA 560 four-link manipulator is shown in Figure 1.6. Also shown
are the DH coordinate systems associated with each link. However, these coordinate
frames do not need to be used for angular velocity determination.

The angular velocity of link 1 is 73 = 0, about the Z,, axis (three axis). The other two com-
ponents are zero. The angular velocities of links 2 and 3 are determined from the components
of the angular velocity in the Euler angle frames. Using the 32 Euler angle sequence, the body
angular velocity components of link 2 are

3 ril [0 —sin0,
Q2 =|g2|=[1]6,+| O 6. (1.305)

Q2 rp 0 cos0,



