


VECTORS 

u = (a, b), v = (c, d) 
u + v = (a + c, b + d) 
u · v = ac + bd 

llu|| =^iàTTb~2 

POLAR COORDINATES 

x2+y2 = r2 

x y 
cos 0 = - , sin 0 = -

r r 

COMPLEX NUMBERS 

(a + bi){c + di) = (ac - bd) + (ad + bc)i 

a + bi = a — bi 
\a + bi\2 = a2 + b2 

(cos 0 + i sin 0)" = cos nO + / sin nO 

x = r cos 0 
y = r sin 0 

Property of 



This page intentionally left blank



INTRODUCTORY 
COLLEGE MATHEMATICS 
WITH LINEAR ALGEBRA 

AND F INITE MATHEMATICS 





INTRODUCTORY 
COLLEGE 
MATHEMATICS 
WITH LINEAR ALGEBRA 
AND FINITE MATHEMATICS 

Harley Flanders j Justin J. Price 

Tel Aviv University Purdue University 

ACADEMIC PRESS New York and London 
A Subsidiary of Harcourt Brace Jovanovich, Publishers 



COPYRIGHT © 1973, BY ACADEMIC PRESS, INC. 
ALL RIGHTS RESERVED. 
NO PART OF THIS PUBLICATION MAY BE REPRODUCED OR 
TRANSMITTED IN ANY FORM OR BY ANY MEANS, ELECTRONIC 
OR MECHANICAL, INCLUDING PHOTOCOPY, RECORDING, OR ANY 
INFORMATION STORAGE AND RETRIEVAL SYSTEM, WITHOUT 
PERMISSION IN WRITING FROM THE PUBLISHER. 

ACADEMIC PRESS, INC. 
Il l Fifth Avenue, New York, New York 10003 

United Kingdom Edition published by 
ACADEMIC PRESS, INC. (LONDON) LTD. 
24/28 Oval Road, London NW1 

LIBRARY OF CONGRESS CATALOG CARD NUMBER: 72-88338 

February 1973, First Printing 
August 1973, Second Printing 

PRINTED IN THE UNITED STATES OF AMERICA 



To the Memories of Anna B. Price and Abraham White 



This page intentionally left blank



CONTENTS 

PREFACE xi 

Chapter I FUNCTIONS AND GRAPHS 

1. Introduction 1 
2. Real numbers 2 
3. Coordinates on the line and plane 4 
4. Functions 8 
5. Construction of functions 13 

Tests 15 

Chapter 2 LINEAR AND QUADRATIC FUNCTIONS 

7. Linear functions 16 
2. Quadratic functions 23 
3. Some applications 30 
4. Tips on graphing 33 

Tests 37 

Chapter 3 POLYNOMIAL FUNCTIONS 

1. Algebra of polynomials 38 
2. Graphs of polynomials 43 
3. Zeros and roots 49 
4. Zeros of higher degree polynomials 54 
5. Graphs of factored polynomials 59 

Tests 62 

vii 



Viii · C O N T E N T S 

Chapter 4 RATIONAL FUNCTIONS 

1. Basic properties 64 
2. Algebraic operations 68 
3. Graphs of rational functions 71 
4. Division with remainder 82 
5. Partial fractions 86 

Tests 90 

Chapter 5 EXPONENTIAL AND LOGARITHM FUNCTIONS 

1. Review of exponents 91 
2. Exponential functions 94 
3. Logarithm functions 100 
4. Accuracy and tables [Optional] 105 
5. Log tables [Optional] 108 
6. Computations with logarithms [Optional] 111 
7. /Ό wer functions 116 

T t o 123 

Chapter 6 TRIGONOMETRIC FUNCTIONS 

/ . Introduction 124 
2. Distances and angles 124 
3. Sine and cosine 130 
4. Other trigonometric functions 135 
5. Graphs of sine and cosine 139 
6. Graphs of the other functions 145 

reite 150 

Chapter 7 IDENTITIES AND INVERSE FUNCTIONS 

1. Identities 152 
2. Further identities 158 
3. Inverse functions 163 
4. Trigonometric equations 170 

7esfj 172 

Chapter 8 TRIGONOMETRY 

/. Right triangles 173 
2. Laws of cosines and sines 178 
3. Oblique triangles [Optional] 182 

Tests 186 



Chapter 9 VECTORS 

/ . Vector algebra 187 
2. Lines 193 
3. Length and inner product 199 
4. Normal form 205 

Tests 213 

Chapter 10 ANALYTIC GEOMETRY 

/ . Translation of axes 214 
2. The circle 216 
3. Tangents and loci 222 
4. Polar coordinates 227 
5. Conies; The parabola 236 
6. The ellipse 240 
7. The hyperbola 246 
8. Rotation of axes [Optional] 251 
9. Additional exercises on conies [Optional] 260 

Tests 262 

Chapter 11 VECTORS AND MATRICES 

1. Column vectors and inner products 263 
2. Matrices 271 
3. 3x3 matrices 276 
4. Determinants 279 
5. Linear systems 286 
6. Inverses and Cramer's rule 292 

Tests 296 

Chapter 12 GEOMETRY OF SPACE 

1. Lines and planes 298 
2. The cross product 301 
3. Linear independence 307 
4. Some applications 312 
5. Polynomials in several variables 318 
6. Quadric surfaces 321 
7. Cylinders and cones 326 

Jes/5 328 

C O N T E N T S • ix 



X . C O N T E N T S 

Chapter 13 LINEAR TRANSFORMATIONS 

1. Basic properties 329 
2. Examples in the plane 332 
3. Rotations and reflections 336 
4. Examples in space 341 

Tests 34 S 

Chapter 14 COMPLEX NUMBERS 

/. Complex arithmetic 347 
2. The complex plane 353 
3. Zeros of polynomials 360 
4. De Moivré's Theorem and roots of unity 364 
5. Complex matrices [Optional] 371 

Tests 375 

Chapter 15 FINITE MATHEMATICS 

1. Sequences 376 
2. Evaluation of sums 383 
3. Counting 389 
4. Permutations and combinations 392 
5. Binomial theorem 398 
6. Mathematical induction 400 

Tests 407 

ANSWERS TO ODD-NUMBERED EXERCISES 409 

TABLES 

1. 4-place logarithm 448 
2. 4-place antilogarithm 450 
3. Powers and roots 452 
4. Trigonometric (degrees) 454 
5. Trigonometric (radians) 458 
6. Log-trig (degrees) 460 
7. Trigonometric (π radians) 464 

INDEX 465 



PREFACE 

OBJECTIVES 

This book is an introduction to college mathematics. It aims at providing a working 
knowledge of 

1. basic functions: polynomial, rational, exponential, logarithmic, and trigono-
metric; 

2. graphing techniques and the numerical aspects and applications of functions; 
3. two and three dimensional vector methods and analytic geometry; 
4. the fundamental ideas of linear algebra ; 
5. complex numbers, elementary combinatorics, the binomial theorem, and 

mathematical induction. 

APPROACH 

A solid understanding of these topics is essential for the study of calculus, statistics, 
computing science, the physical and biological sciences, engineering, and economics. 
Equally essential is the ability to apply the concepts, to solve problems, and to get 
answers. We have tried to achieve a balance between theory and practice, between 
thought problems and drill. 

Our presentation is concrete ; we believe that a formal theorem—proof style at this 
level quickly deadens the interest of most students. Accordingly, we have integrated 
theory with applications, always motivating the abstract by down-to-earth problems. 

SUBJECT MATTER 

The topics treated fall into five categories; let us remark briefly on each. 

A. Elementary Functions (Chapters 1-8). We stress the graphical properties of the 
basic functions in analysis. For example, one section is devoted to graphing factored 

xi 
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polynomials, something which frequently troubles even advanced students. This fits 
in nicely with theoretical properties of zeros of polynomials. 

We stress also algebraic and numerical properties of these functions. Some sections 
contain review material and may be omitted according to the needs of the class. Some 
instructors may choose to omit the optional sections on computation with logarithms 
and solution of triangles. 

B. Plane Analytic Geometry (Chapters 9-10). We treat the subject in modern 
vector style. For instance, in Chapter 9 we show that one basic vector equation 
x = x0 + tv contains all the usual forms of equations for lines. 

Chapter 10 deals with conies, loci, and polar coordinates. Here, as elsewhere, we 
have tried to present those topics needed in other courses. This chapter includes an 
extra section of particularly challenging exercises. 

C. Space Geometry and Linear Algebra. We believe in early introduction to the 
tools of linear algebra, but motivated geometrically in two and three dimensions. In 
Chapters 11-13, we present an integrated approach to space geometry and linear 
algebra. 

The vector ideas of Chapter 9 generalize easily to three dimensions. We introduce 
matrices at once and operate with them on two and three dimensional vectors. We 
discuss linear systems of equations, Ax = b, introducing 2 x 2 and 3 x 3 determinants, 
Cramer's Rule, etc. 

The concepts of linear independence and spanning arise naturally in the study of 
lines, planes, intersections, etc. 

In Chapter 13 we discuss linear transformations and their associated matrices. We 
attempt to solidify these ideas by concrete examples : reflections, projections, rotations, 
etc. 

D. Complex Numbers. In Chapter 14, we present the complex number system as a 
natural extension of the reals. We discuss the Fundamental Theorem of Algebra and 
its implications. For example, we include an optional section on complex matrices 
and the existence of complex eigenvectors. 

E. Finite Mathematics. Chapter 15 is concerned with some basic skills that 
students are expected to acquire somewhere along the way. Painful experience shows 
that many do not; it is distressing that often juniors and seniors cannot shift a 
summation index or give a. proof by induction. 

The chapter begins with finite sequences and sums, providing drill in the use of 
subscripts and summation notation. Then it discusses basic principles of counting, 
the binomial and the multinomial theorems. 

Finally it treats mathematical induction. To many students induction is a vague 
process in which "you add n+\ to both sides," presumably to prove something 
about sums of integers. We hope to break out of this rut by demonstrating various 
ways induction is actually used, for instance, in inductive definitions. We believe our 
problem set is truly representative. Often texts give little else than a list of summation 
formulas to verify (nothing to discover). Little wonder that the student soon begins 
to believe that induction is indeed "adding n + 1 to both sides." 



P R E F A C E . XÜi 

FEATURES 

The 130 worked examples are an essential part of the text. The more than 2100 
exercises are graded in difficulty, and harder ones are marked with an asterisk. 
Answers to alternate exercises are provided. 

There are over 250 figures. Accurate graphs and drawings are essential to this 
subject, and a picture often is worth more than a thousand words. We emphasize plain 
line drawings with uniform shading, drawings that the student can and should learn 
to do himself with simple tools : a couple of pencils, ruler, protractor, compass, and 
graph paper. Illustrations by air brush and other fancy equipment of the professional 
artist can be admirable and revealing to the student, but he cannot draw them himself. 
We think the philosophy of learning mathematics by doing mathematics extends as 
well to graphical skills. 

Each chapter ends with two sample tests of the type a student can expect at the end 
of a unit. 

We include some basic numerical tables, adequate for all examples and exercises in 
this book. There is additional useful information inside the covers. We recommend for 
numerical problems the use of a slide rule, and for greater accuracy a good book of 
tables such as the C.R.C. Standard Mathematical Tables. 
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CHAPTER I F U N C T I O N S A N D G R A P H S 

I. INTRODUCTION 

Everyone is familiar with the use of graphs to summarize data (Fig. 1.1). The figure 
shows three typical graphs. There are many others; one sees graphs concerning length, 
time, speed, voltage, blood pressure, supply, demand, etc. 

conductivity 

temperature 

population 

(a) 

Fig. 1.1. common graphs 

—I 1 1 -
1970 l()71 1972 year 

(b) 

100 centigrade 

(c) 

All graphs have an essential common feature; they illustrate visually the way one 
numerical quantity depends on (or varies with) another. In Fig. 1.1, (a) shows how the 
conductivity of a certain material depends on its temperature, (b) shows how the 
population depends on (varies with) time, and (c) shows how Fahrenheit readings 
depend on (are related to) centigrade readings. 

/ 
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Graphs are pictures of functions. Roughly speaking, a function describes the 
dependence of one quantity on another or the way in which one quantity varies with 
another. We say, for instance, that pressure is a function of temperature, or that 
population is a function of time, etc. 

Functions lurk everywhere; they are the basic idea in almost every application of 
mathematics. Therefore, a great deal of study is devoted to their nature and proper-
ties. This book is largely an introduction to the more common functions in mathe-
matics. 

As Fig. 1.1 illustrates, a graph is an excellent tool in understanding the nature of a 
function. For it is a kind of "life history" of a function, to be seen at a glance. That 
is why there is so much emphasis on graphs in this book. 

The functions and graphs we shall deal with concern quantities measured in the 
real number system. This consists, roughly speaking, of the familiar numbers of our 
experience. Before starting our study of functions and graphs, we shall devote a brief 
section to the real number system itself. 

2. REAL NUMBERS 

The real numbers are the common numbers of everyday life. Everyone is familiar 
with their arithmetic. In more advanced courses they are defined and developed 
rigorously. However, that is a deep and lengthy project, not in the spirit of this book. 
We shall be content to list the basic properties of real numbers for actual use. 

First of all we can compute with real numbers, we can do arithmetic. In doing so we 
automatically make use of the basic rules listed below. 

Associative laws 

a + (b + c) = (a+ b) + c a{bc) = (ab)c. 

Commutative laws 

a + b = b + a ab = ba. 

Zero and unity laws 

a + 0 = a a\ = a. 

Distributive laws 

a(b + c) = ab + ac (a + b)c = ac + be. 

Inverse Laws 

If a is any real number, then there 
is a unique real number — a such 
that 

If a is any real number different 
from 0, then there is a unique real 
number a "' such that 

a + ( — a) = 0. a- a ' = 

Recall that we write a — b = a + ( — b), and ajb = ab~x if b φ 0. 



2. Real numbers · 3 

Besides satisfying these arithmetic rules, the real number system also carries an 
order relation; we can say that one number is greater or less than another. We write 
" a < b" or " è > a" to mean "a is less than b", or equivalently, "Z> is greater than 
a". Actually it is often more convenient to write " a < b" meaning " 0 is less than or 
equal to b". Let us review the rules that govern the order relation. 

Reflexivity 

Anti-symmetry 

Transitivity 

a < a 

If a < b and b < a, then a = b. 

If a < b and b < c, then a <c. 

There are important rules relating the algebraic operations and the order relation, 
but they have no common names: 

If a < b, then a + c < b + c. 

If a < b and c > 0, then ac < be. 

If a < b, then -b < -a. 

IfO <a<b, thenO <b~x <a~1. 

If a <b, then 0 <b- a; 
conversely, if 0 < b — a, then a < b. 

ABSOLUTE VALUES 

We often need the numerical size of a number, regardless of its sign. For instance, 
in some sense — 10 is greater than 3, but we cannot write — 10 > 3. For this reason we 
introduce the absolute value of a real number. We define the absolute value of a, written 
I a I, b y : 

I I _ / a if a>0 
lal ~\-a if a < 0 . 

Thus I -101 =10, | 3 | = 3 , |0 | = 0 . Now it is correct to write | — 101 > | 3 | . 
Absolute values satisfy the following rules: 

\a\ > 0 i f a ^ 0 ; \a\ = 0 i f a = 0. 
If a < b and —a < b, then \a\ < b. 

I ~a\ = \a\-
\ a b \ = I a I I b I. 

\b\ 

\a + b\ < laI + \b\ (the triangle inequality). 
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EXERCISES 

Prove (using the rules): 
1. (a + ft)(c + d) = da + cb + ac + bd 

(a2 + ab + b2)(a - b) = a3 - ft3 

if a > 0 and b < 0, then ab < 0 
if a φ 0, then a2 > 0 
(-a)(-ft) = aft 
if aft 7E 0, then a φ 0 and b Φ 0 
if a ^ 0 and ft ^ 0, then (aft)" ' 
= a- 'ft- ' 

if b φ 0, c φ 0, and d φ 0, then 
(a/ft)/(c/i/) = (ad)l(bc) 
if a ^ 0 and ft / 0, then 
(a/ft)" ' = ft/a 
if 0 < a < ft, then 0 < a/6 < 

3. 
5. 
7. 
9. 

11. 
13. 

15. 

17. 

18. 

20. 

21. 

2. (a + ft)(a-ft) = a 2 - f t 2 

4. (a + a + a)(ft + ft + ft + ft)= 12aft 
6. if a < 0 and ft < 0, then aft > 0 
8. - ( a + ft) = ( - a ) + (-ft) 

10. - ( - a ) = a 
12. if aft = 0, then a = 0 or 6 = 0 
14. if ft Φ 0 and d Φ 0, then (alb)(c/d) 

= (ac)/(6rf) 
16. if ft # 0 and a" # 0, then 

a c ad + be 
b+d= 6rf~ 

19. if a, ft, c, d are not all zero, then a2 + b2 + c2 + d2 > 0 

d2 [a2 + b2 + c2 + d2) +'"+ [a2 

\ab\ 22. 

+ ft2 + c2 + d2 

23. if a and ft have the same sign, or if either is zero, then \a + ft| 
24*. if a < ft and - a < ft, then \a\ < b 
25*. if a and ft have opposite signs, then \a + b\< \a\ + \b\ 
26*. (cont.) \a\ - \b\ <\a-b\< \a\ + \b\. 

\a\ + \b\ 

Find all numbers a for which 
27. | e - 3 | = l 

30. |a + 2 | < l 

33. |α 2 |= |α | 2 

28. 

31. 

34. 

α + 5 | = 2 
a 
2 
a3 

< 1 

l = !«l3 · 

29. 

32. 

| a - 5 | <3 

| - 4 a | > 6 

3. COORDINATES O N THE LINE AND PLANE 

The real numbers provide labels for the points on a line. First, choose a point and 
mark it 0. Then choose a point to the right of 0 and mark it 1. In other words, choose a 
starting point, a unit length, and a positive direction (the direction from 0 towards 1). 
Then mark the points 2, 3, 4, · · · to the right and - 1, —2, —3, · ·· to the left (Fig. 3.1). 
(It is perfectly possible to take the positive direction to the left; perhaps that is the 
convention on some planet in some galaxy.) 

Here we must make a fundamental assumption. We take it as an axiom that there is 
a perfect one-to-one correspondence between the points on the line and the system of 
real numbers. That means each point is assigned a unique real number label, and each 
real number labels exactly one point. 



3. Coordinates on the line and plane · 5 

0 1 

1 1 1 1 h 
0 1 2 3 4 

1 1 1 1 1 1 1 <r 

- 3 - 2 - 1 0 1 2 3 4 

Because of this close association of the real number system and the set of points on a 
line, it is common to refer to a line " a s " the real number system and to the real 
number system " a s " a line. For instance, in a mathematical discussion, the real 
number 5.2 and the point labeled 5.2 might be considered the same. Although this 
is not correct logically, it almost never causes confusion; in fact it often sharpens our 
feeling for a problem. 

Once the identification between real numbers and points on the line has been 
made, many arithmetic statements can be translated into geometric statements, and 
vice versa. Here are a few examples: 

ARITHMETIC STATEMENT 

a is positive. 

a>b. 

a — b = c>0. 

a<b<c. 

| 3 - β | <b 

| « | < | * | . 

GEOMETRIC STATEMENT 

The point a lies to the right of the 
point 0. 

a lies to the right of/). 

a lies c units to the right of b. 

b lies between a and c. 

The point a is within I unit of the 
point 3. 

The point a is closer to the origin 
than the point b is. 

This close relationship between arithmetic and geometry is extremely important; 
often we can use arithmetical reasoning to solve geometrical problems or geometrical 
reasoning to solve arithmetical problems. Thus we may have two different ways of 
looking at a problem and, hence, increased chances of solving it. 

If we denote a typical real number by x. we call the corresponding line the x-axis 
and draw Fig. 3.2. 

1 1 1 1 1 1 1 1 »-
- 3 - 2 - 1 0 1 2 3 4 x *» , , 

rig. 3.2. x-axis 

If we are measuring time, we generally choose / for a typical real number and draw 
the ί-axis (Fig. 3.3). 

1 1 1 1 1 1 I 1 » -

" 3 - 2 - 1 0 1 2 3 4 / Fig.3J. t.axis 

Fig. 3.1. number line 
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Usually 0 on the /-axis represents the time when an experiment begins; negative 
numbers represent past time, positive numbers future time. 

COORDINATES IN THE PLANE 

When the points of a line are specified by real numbers, we say that the line is 
coordinatized: each point has a label or coordinate. It is possible also to label, or coor-
dinatize, the points of a plane. 

Draw two perpendicular lines in the plane. Mark their intersection O and coordin-
atize each line as shown in Fig. 3.4. By convention, call one line horizontal and name it 
the x-axis; call the other line vertical and name it the j-axis. 

1 1 
1 1 

- 2 - 1 

.y 

- 3 

- 2 

- I 

1 1 *■ 
0 1 2 x 

— 1 
— 2 

— 3 

i'r-

1 
1 
1 
1 
X 

,.y 

— ~~"* y 

.Y : 

,r 

i 

I 

0 1 2 γ 

■" 1 

- - 2 

- 3 

Fig. 3.4. coordinate axes Fig. 3.5. rectangular grid Fig. 3.6. coordinates of a 
in the plane point 

Consider all lines parallel to the x-axis and all lines parallel to the >>-axis (Fig. 3.5). 
These two systems of parallel lines impose a rectangular grid on the whole plane. We 
use this grid to coordinatize the points of the plane. 

Take any point P of the plane. Through P pass one vertical line and one horizontal 
line (Fig. 3.6). They meet the axes in points x and y respectively. Associate with /"the 
ordered pair (x, y); it completely describes the location of P. 

Conversely, take any ordered pair (x, y) of real numbers. The vertical line through x 
on the x-axis and the horizontal line through y on the >>-axis meet in a point P whose 
coordinates are precisely (x, y). Thus there is a one-to-one correspondence, 

P < ► (x, y), 

between the set of points of the plane and the set of all ordered pairs of real 
numbers. The numbers x and y are the coordinates of P. The point (0, 0) is called 
the origin. 

Remark 1: The pair (x, y) is also sometimes called (ungrammatically) the coordinates 
of P. 


