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PREFACE TO THE SECOND EDITION

The Handbook of Linear Partial Differential Equations for Engineers and Scien-

tists, a unique reference for scientists and engineers, contains nearly 4,000 linear partial

differential equations with solutions as well as analytical, symbolic, and numerical methods

for solving linear equations. First-, second-, third-, fourth-, and higher-order linear equa-

tions and systems of coupled equations are considered. Equations of parabolic, hyperbolic,

elliptic, mixed, and other types are discussed. A number of new linear equations, exact

solutions, transformations, and methods are described. Formulas for effective construction

of solutions are given. A number of specific examples where the methods described in

the book are used are considered. Boundary value problems and eigenvalue problems are

described. Symbolic and numerical methods for solving PDEs with Maple, Mathematica,

and MATLAB R© are considered. All in all, the handbook contains many more linear partial

differential equations than any other book currently available.

In selecting the material, the authors have given highest priority to the following major

topics:

• Equations and problems that arise in various applications (heat and mass transfer theory,

wave theory, elasticity, hydrodynamics, aerodynamics, continuum mechanics, acous-

tics, electrostatics, electrodynamics, electrical engineering, diffraction theory, quantum

mechanics, chemical engineering sciences, control theory, etc.).

• Systems of coupled equations that arise in various fields of continuum mechanics and

physics.

• Analytical and symbolic methods for solving linear equations of mathematical

physics.

• Equations of general form that depend on arbitrary functions and equations that involve

many free parameters; exact solutions of such equations are of major importance for

testing numerical and approximate analytical methods.

The second edition has been substantially updated, revised, and expanded. More than

1,500 linear equations and systems with solutions, as well some methods and many exam-

ples, have been added, which amounts to over 700 pages of new material (including 250

new pages dealing with methods).

New to the second edition:

• Some second-, third-, fourth-, and higher-order linear PDEs with solutions.

• Systems of coupled partial differential equations with solutions.

• First-order linear PDEs with solutions.

• Some analytical methods including decomposition methods and their applications.

• Symbolic and numerical methods with Maple, Mathematica, and MATLAB.

• Some transformations, asymptotic formulas and solutions.

• Many new examples and figures included for illustrative purposes.

• Some long tables, including tables of various integral transforms.

• Extensive table of contents and detailed index.

xxv
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Note that Chapters 1–12 of the book can be used as a database of test problems for

numerical, approximate analytical, and symbolic methods for solving linear partial differ-

ential equations and systems of coupled equations. To satisfy the needs of a broad au-

dience with diverse mathematical backgrounds, the authors have done their best to avoid

special terminology whenever possible. Therefore, some of the methods are outlined in

a schematic and somewhat simplified manner with necessary references made to books

where these methods are considered in more detail. Many sections are written so that they

can be read independently from each other. This allows the reader to get to the heart of the

matter quickly.

Separate sections of the book can serve as a basis for practical courses and lectures on

equations of mathematical physics and linear PDEs.

We would like to express our keen gratitude to Alexei Zhurov for fruitful discussions

and valuable remarks. We are very thankful to Inna Shingareva and Carlos Lizárraga-

Celaya, who wrote three chapters (22–24) of the book at our request.

The authors hope that the handbook will prove helpful for a wide audience of re-

searchers, university and college teachers, engineers, and students in various fields of ap-

plied mathematics, mechanics, physics, chemistry, economics, and engineering sciences.

Andrei D. Polyanin

Vladimir E. Nazaikinskii

PREFACE TO THE FIRST EDITION

Linear partial differential equations arise in various fields of science and numerous ap-

plications, e.g., heat and mass transfer theory, wave theory, hydrodynamics, aerodynamics,

elasticity, acoustics, electrostatics, electrodynamics, electrical engineering, diffraction the-

ory, quantum mechanics, control theory, chemical engineering sciences, and biomechanics.

This book presents brief statements and exact solutions of more than 2000 linear equa-

tions and problems of mathematical physics. Nonstationary and stationary equations with

constant and variable coefficients of parabolic, hyperbolic, and elliptic types are consid-

ered. A number of new solutions to linear equations and boundary value problems are

described. Special attention is paid to equations and problems of general form that depend

on arbitrary functions. Formulas for the effective construction of solutions to nonhomo-

geneous boundary value problems of various types are given. We consider second-order

and higher-order equations as well as the corresponding boundary value problems. All in

all, the handbook presents more equations and problems of mathematical physics than any

other book currently available.

For the reader’s convenience, the introduction outlines some definitions and basic equa-

tions, problems, and methods of mathematical physics. It also gives useful formulas that

enable one to express solutions to stationary and nonstationary boundary value problems

of general form in terms of the Green’s function.

Two supplements are given at the end of the book. Supplement A lists properties of

the most common special functions (the gamma function, Bessel functions, degenerate hy-

pergeometric functions, Mathieu functions, etc.). Supplement B describes the methods of
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generalized and functional separation of variables for nonlinear partial differential equa-

tions. We give specific examples and an overview application of these methods to construct

exact solutions for various classes of second-, third-, fourth-, and higher-order equations

(in total, about 150 nonlinear equations with solutions are described). Special attention is

paid to equations of heat and mass transfer theory, wave theory, and hydrodynamics as well

as to mathematical physics equations of general form that involve arbitrary functions.

The equations in all chapters are in ascending order of complexity. Many sections

can be read independently, which facilitates working with the material. An extended table

of contents will help the reader find the desired equations and boundary value problems.

We refer to specific equations using notation like “1.8.5.2,” which means “Equation 2 in

Subsection 1.8.5.”

To extend the range of potential readers with diverse mathematical backgrounds, the

author strove to avoid the use of special terminology wherever possible. For this reason,

some results are presented schematically, in a simplified manner (without details), which

is, however, quite sufficient in most applications.

Separate sections of the book can serve as a basis for practical courses and lectures on

equations of mathematical physics.

The author thanks Alexei Zhurov for useful remarks on the manuscript.

The author hopes that the handbook will be useful for a wide range of scientists, univer-

sity teachers, engineers, and students in various areas of mathematics, physics, mechanics,

control, and engineering sciences.

Andrei D. Polyanin

MATLAB R© is a registered trademark of The MathWorks, Inc. For product information,

please contact:

The MathWorks, Inc. 3

Apple Hill Drive

Natick, MA 01760-2098 USA

Tel: 508 647 7000

Fax: 508-647-7001

E-mail: info@mathworks.com

Web: www.mathworks.com
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2008; V. Nazaikinskii, B.-W. Schulze, and B. Sternin, The Localization Problem in Index

Theory of Elliptic Operators, Springer, Basel, 2014) and more than 90 papers on various

aspects of noncommutative analysis, asymptotic problems, and elliptic theory.

Address: Institute for Problems in Mechanics, Russian Academy of Sciences, 101 Vernadsky Ave.,

Bldg 1, 119526 Moscow, Russia



BASIC NOTATION AND REMARKS

Latin Characters

curlu curl of a vector u, sometimes also denoted by rotu

divu divergence of a vector u; divu= ∂u1
∂x + ∂u2

∂y in the two-dimensional case

u = (u1, u2)
E fundamental solution of the Cauchy problem

Ee fundamental solution corresponding to an operator (or fundamental so-

lution of an equation)

grad a gradient of a scalar a, also denoted by ∇a, where ∇ is the nabla vector

differential operator

Im[A] imaginary part of a complex number A
G Green function

R
n n-dimensional Euclidean space, Rn = {−∞ < xk <∞; k = 1, . . . , n}

Re[A] real part of a complex number A

r, ϕ, z cylindrical coordinates, r =
√
x2 + y2 with x = r cosϕ and y = r sinϕ

r, θ, ϕ spherical coordinates, r =
√
x2 + y2 + z2 with x = r sin θ cosϕ,

y = sin θ sinϕ, and z = r cos θ
t time (t ≥ 0)

w unknown function (dependent variable)

x, y, z space (Cartesian) coordinates

x1, . . . , xn Cartesian coordinates in n-dimensional space

x n-dimensional vector, x = {x1, . . . , xn}
|x| magnitude (length) of n-dimensional vector, |x|=

√
x21 + x22 + · · ·+ x2n

y n-dimensional vector, y = {y1, . . . , yn}

Greek Characters

∆ Laplace operator

∆2 two-dimensional Laplace operator, ∆2 =
∂2

∂x2 + ∂2

∂y2

∆3 three-dimensional Laplace operator, ∆3 =
∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2

∆n n-dimensional Laplace operator, ∆n =
n∑

k=1

∂2

∂x2
k

∆∆ biharmonic operator; ∆∆ = ∂4

∂x4 + 2 ∂4

∂x2∂y2 + ∂4

∂y4 in the two-dimensional

case

δ(x) Dirac delta function;

∫ a

−a
f(y)δ(x − y) dy = f(x), where f(x) is any con-

tinuous function, a > 0, and −a < x < a

δnm Kronecker delta, δnm =
{

1 if n=m,

0 if n 6=m

ϑ(x) Heaviside unit step function, ϑ(x) =
{

1 if x>0,

0 if x≤0
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Brief Notation for Derivatives

Partial derivatives:

wx = ∂xw =
∂w

∂x
, wt = ∂tw =

∂w

∂t
, wxx = ∂xxw =

∂2w

∂x2
, wxt = ∂txw =

∂2w

∂x∂t
,

wtt = ∂ttw =
∂2w

∂t2
, wxxx = ∂xxxw =

∂3w

∂x3
, wxxt = ∂xxtw =

∂3w

∂x2∂t
, . . .

Ordinary derivatives for f = f(x):

f ′x =
df

dx
, f ′′xx =

d2f

dx2
, f ′′′xxx =

d3f

dx3
, f (n)x =

dnf

dxn
with n ≥ 4.

Special Functions

Ai(x) = 1
π

∫∞
0 cos

(
1
3 t

3 + xt
)
dt Airy function;

Ai(x) = 1
π

(
1
3x
)1/2

K1/3

(
2
3x

3/2
)

Ce2n+p(x, q) =
∞∑
k=0

A2n+p
2k+p cosh[(2k+p)x] even modified Mathieu functions, where

p = 0, 1; Ce2n+p(x, q) = ce2n+p(ix, q)

ce2n(x, q) =
∞∑
k=0

A2n
2k cos 2kx even π-periodic Mathieu functions; these

satisfy the equation y′′+(a−2q cos 2x)y=
0, where a = a2n(q) are eigenvalues

ce2n+1(x, q) =
∞∑
k=0

A2n+1
2k+1 cos[(2k+1)x] even 2π-periodic Mathieu functions; these

satisfy the equation y′′+(a−2q cos 2x)y=
0, where a = a2n+1(q) are eigenvalues

Dν = Dν(x) parabolic cylinder function; it satisfies the

equation y′′ +
(
ν + 1

2 − 1
4x

2
)
y = 0

erf x = 2√
π

∫ x
0 exp

(
−ξ2

)
dξ error function

erfc x = 2√
π

∫∞
x exp

(
−ξ2

)
dξ complementary error function

Hn(x) = (−1)nex2 dn

dxn

(
e−x2)

Hermite polynomial

H
(1)
ν (x) = Jν(x) + iYν(x) Hankel function of the first kind; i2 = −1

H
(2)
ν (x) = Jν(x)− iYν(x) Hankel function of the second kind

F (a, b, c;x) = 1 +
∞∑
n=1

(a)n(b)n
(c)n

xn

n! hypergeometric function,

(a)n = a(a+ 1) . . . (a+ n− 1)

Iν(x) =
∞∑
n=0

(x/2)ν+2n

n! Γ(ν+n+1) modified Bessel function of the first kind

Jν(x) =
∞∑
n=0

(−1)n(x/2)ν+2n

n! Γ(ν+n+1) Bessel function of the first kind

Kν(x) =
π
2

I−ν(x)−Iν(x)
sin(πν) modified Bessel function of the second

kind
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Ls
n(x) =

1
n!x

−sex dn

dxn

(
xn+se−x

)
generalized Laguerre polynomial

Pn(x) =
1

n! 2n
dn

dxn (x2 − 1)n Legendre polynomial

Pm
n (x) = (1− x2)m/2 dm

dxm Pn(x) associated Legendre functions

Se2n+p(x, q) =
∞∑
k=0

B2n+p
2k+p sinh[(2k+p)x] odd modified Mathieu functions, where

p = 0, 1; Se2n+p(x, q) =−i se2n+p(ix, q)

se2n(x, q) =
∞∑
k=0

B2n
2k sin 2kx odd π-periodic Mathieu functions; these

satisfy the equation y′′+(a−2q cos 2x)y=
0, where a = b2n(q) are eigenvalues

se2n+1(x, q) =
∞∑
k=0

B2n+1
2k+1 sin[(2k+1)x] odd 2π-periodic Mathieu functions; these

satisfy the equation y′′+(a−2q cos 2x)y=
0, where a = b2n+1(q) are eigenvalues

Yν(x) =
Jν(x) cos(πν)−J−ν(x)

sin(πν) Bessel function of the second kind

γ(α, x) =
∫ x
0 e

−ξξα−1 dξ incomplete gamma function

Γ(α) =
∫∞
0 e−ξξα−1 dξ gamma function

Φ(a, b;x) = 1 +
∞∑
n=1

(a)n
(b)n

xn

n! degenerate hypergeometric function,

(a)n = a(a+ 1) . . . (a+ n− 1)

Miscellaneous Remarks

1. The previous handbooks by Polyanin (2002) and Polyanin, Zaitsev, and Moussiaux

(2002) were extensively used in compiling this book; references to these sources are

often omitted.

2. The conventional abbreviations ODE and PDE stand for “ordinary differential equa-

tion” and “partial differential equation,” respectively.

3. The conventional abbreviations 2D equation and 3D equation stand for “two-dimen-

sional equation” and “three-dimensional equation,” respectively.

4. Throughout the book, unless explicitly specified otherwise, all parameters occurring

in the equations considered are assumed to be real numbers.

5. The term “exact solution” with regard to linear PDEs and systems of PDEs is used

in the following cases:

• the solution is expressible in terms of elementary functions;

• the solution is expressible via special functions, in closed form via infinite func-

tion series, and/or via definite (indefinite) integrals; the solution may depend on

arbitrary functions, which may occur in the equation itself or in the initial and

boundary conditions.

6. If a formula or a solution contains derivatives of some functions, then the functions

are assumed to be differentiable.

7. If a formula or a solution contains finite or definite integrals, then the integrals are

supposed to be convergent.
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8. If a formula or a solution contains an expression like
f(x)
a−2 , then the assumption that

a 6= 2 is implied but often not stated explicitly.

9. Equations are numbered separately within each subsection. In Chapters 1–12, when

referring to a particular equation, we use notation like 3.2.1.5, which denotes Eq. 5

in Section 3.2.1.

10. The symbol ⊙ indicates references to literature sources whenever

• at least one of the solutions was obtained in the cited source;

• the cited source provides further information on the equations in question and

their solutions.

11. The symbol ◮ marks the beginning of a small section; such sections are referred to

as paragraphs.

12. The symbol ⇒ stands for uniform convergence.



Part I

Exact Solutions





Chapter 1

First-Order Equations

with Two Independent Variables

1.1 Equations of the Form f(x, y)
∂w

∂x
+ g(x, y)

∂w

∂y
= 0

◆ For brevity, often only a principal integral

Ξ = Ξ(x, y)

of an equation will be presented in Section 1.1. The general solution of the equation is

given by

w = Φ(Ξ),

where Φ = Φ(Ξ) is an arbitrary function.

1.1.1 Equations Containing Power-Law Functions

◮ Coefficients of equations are linear in x and y.

1. a
∂w

∂x
+ b

∂w

∂y
= 0.

General solution: w = Φ(bx− ay), where Φ is an arbitrary function.

⊙ Literature: E. Kamke (1965).

2. a
∂w

∂x
+ (bx+ c)

∂w

∂y
= 0.

Principal integral: Ξ = 1
2 bx

2 + cx− ay.

3.
∂w

∂x
+ (ax+ by + c)

∂w

∂y
= 0.

Principal integral: Ξ = (abx+ b2y + a+ bc)e−bx.

3
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4. ax
∂w

∂x
+ by

∂w

∂y
= 0.

For a = b, this is a conoid equation. Principal integral: Ξ = |x|b|y|−a.

⊙ Literature: E. Kamke (1965).

5. ay
∂w

∂x
+ bx

∂w

∂y
= 0.

Principal integral: Ξ = bx2 − ay2.

⊙ Literature: E. Kamke (1965).

6. y
∂w

∂x
+ (y + a)

∂w

∂y
= 0.

Principal integral: Ξ = x− y + a ln |y + a|.

7. (ay + bx+ c)
∂w

∂x
− (by + kx+ s)

∂w

∂y
= 0.

Principal integral: Ξ = ay2 + kx2 + 2(bxy + cy + sx).

8. (a1x+ b1y + c1)
∂w

∂x
+ (a2x+ b2y + c2)

∂w

∂y
= 0.

The principal integral is determined by solutions of the following auxiliary system of alge-

braic equations for the parameters s, λ, µ, α, β, and γ:

(a1 − s)(b2 − s) = a2b1, (1)

a1λ+ a2µ = sλ, b1λ+ b2µ = sµ, (2)

c1α+ c2β − sγ = c1λ+ c2µ, (3)

(a1 − s)α+ a2β = λs, b1α+ (b2 − s)β = µs. (4)

Case 1: (a1 − b2)2 + 4a2b1 6= 0. Equation (1) has two different roots s1 and s2. To

these roots there correspond two sets of solutions, λ1, µ1 and λ2, µ2, of system (2).

1.1. If a1b2 − a2b1 6= 0, then s1 6= 0 and s2 6= 0. Hence the principal integral has the

form

Ξ =
|s1(λ1x+ µ1y) + λ1c1 + µ1c2|s2
|s2(λ2x+ µ2y) + λ2c1 + µ2c2|s1

.

1.2. If a1b2 − a2b1 = 0, then s1 = s = a1 + b2 and s2 = 0.

Principal integral for λ2c1 + µ2c2 6= 0:

Ξ = s
λ2x+ µ2y

λ2c1 + µ2c2
− ln |s1(λ1x+ µ1y) + λ1c1 + µ1c2|.

Principal integral for λ2c1 + µ2c2 = 0:

Ξ = λ2x+ µ2y.

Case 2: (a1 − b2)2 + 4a2b1 = 0. Equation (1) has the double root s = 1
2 (a1 + b2).

System (2) gives λ and µ not equal to zero simultaneously.
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2.1. If s 6=0, then we find γ from (3) and take nonzero α and β that satisfy relations (4).

This leads to the principal integral

Ξ = ln |s(λx+ µy) + c1λ+ c2µ| −
s(αx+ βy + γ)

s(λx+ µy) + c1λ+ c2µ
.

2.2. If s = 0, then b2 = −a1. We have

Ξ = a2x
2 − 2a1xy − b1y2 + 2c2x− 2c1y.

⊙ Literature: E. Kamke (1965).

◮ Coefficients of equations are quadratic in x and y.

9.
∂w

∂x
+ (ax2 + bx+ c)

∂w

∂y
= 0.

Principal integral: Ξ = 1
3ax

3 + 1
2 bx

2 + cx− y.

10.
∂w

∂x
+ (ay2 + by + c)

∂w

∂y
= 0.

1◦. Principal integral for 4ac− b2 > 0:

Ξ = x− 2√
4ac− b2

arctan
2ay + b√
4ac − b2

.

2◦. Principal integral for 4ac− b2 < 0:

Ξ = x− 2√
b2 − 4ac

ln

∣∣∣∣
2ay + b−

√
b2 − 4ac

2ay + b+
√
b2 − 4ac

∣∣∣∣.

11.
∂w

∂x
+ (ay + bx2 + cx)

∂w

∂y
= 0.

This is a special case of equation 1.1.7.1 with f(x) = a and g(x) = bx2 + cx.

12.
∂w

∂x
+ (axy + bx2 + cx+ ky + s)

∂w

∂y
= 0.

Principal integral: Ξ = y exp
(
− 1

2ax
2 − kx

)
−
∫

(bx2 + cx+ s) exp
(
− 1

2ax
2 − kx

)
dx.

13.
∂w

∂x
+ (y2 − a2x2 + 3a)

∂w

∂y
= 0.

Principal integral: Ξ =
exp(ax2)

x(xy − ax2 + 1)
+

∫
exp(ax2)

dx

x2
.

14.
∂w

∂x
+ (y2 − a2x2 + a)

∂w

∂y
= 0.

This is a special case of equation 1.1.1.59 with n = 1.
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15.
∂w

∂x
+ (y2 + axy + a)

∂w

∂y
= 0.

This is a special case of equation 1.1.1.60 with n = 1.

16.
∂w

∂x
+ (y2 + axy − abx− b2)

∂w

∂y
= 0.

This is a special case of equation 1.1.1.61 with n = 1.

17.
∂w

∂x
+ k(ax+ by + c)2

∂w

∂y
= 0.

This is a special case of equation 1.1.8.6 with f(z) = kz2.

18. x
∂w

∂x
+ (ay2 + cx2 + y)

∂w

∂y
= 0.

This is a special case of equation 1.1.1.75 with b = 1.

19. x
∂w

∂x
+ (ay2 + bxy + cx2 + y)

∂w

∂y
= 0.

This is a special case of equation 1.1.1.76 with n = 1.

20. (ax+ c)
∂w

∂x
+
[[
α(ay + bx)2 + β(ay + bx) − bx+ γ

]]∂w
∂y

= 0.

Principal integral:

Ξ = ln |ax+ c| −
∫

dv

αv2 + βv + γ + bc/a
, v = ay + bx.

21. ax2 ∂w

∂x
+ by2

∂w

∂y
= 0.

Principal integral: Ξ =
1

by
− 1

ax
.

22. (ax2 + b)
∂w

∂x
−
[[
y2 − 2xy + (1 − a)x2 − b

]] ∂w
∂y

= 0.

Principal integral: Ξ = −
∫

dx

ax2 + b
+

1

y − x .

23. (a1x
2 + b1x+ c1)

∂w

∂x
+ (a2y

2 + b2y + c2)
∂w

∂y
= 0.

Principal integral: Ξ =

∫
dx

a1x2 + b1x+ c1
−
∫

dy

a2y2 + b2y + c2
.

24. (x− a)(x− b)
∂w

∂x
−
[[
y2 + k(y + x− a)(y + x− b)

]]∂w
∂y

= 0.

1◦. Principal integral for a 6= b:

Ξ =
y + k(y + x− a)
y + k(y + x− b)

(
x− a
x− b

)k

, k 6= 0, k 6= −1.

2◦. Principal integral for a = b:

Ξ =
(x− a) +

[
y + k(y + x− a)

]
[
y + k(y + x− a)

]
(x− a) , k 6= 0, k 6= −1.
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25. (a1y
2 + b1y + c1)

∂w

∂x
+ (a2x

2 + b2x+ c2)
∂w

∂y
= 0.

Principal integral: Ξ = 1
3a1y

3 + 1
2 b1y

2 + c1y − 1
3a2x

3 − 1
2 b2x

2 − c2x.

26. y(ax+ b)
∂w

∂x
+ (ay2 − cx)

∂w

∂y
= 0.

Principal integral: Ξ =
(ax+ b)2

cx2 + by2
.

27. (ay2 + bx)
∂w

∂x
− (cx2 + by)

∂w

∂y
= 0.

Principal integral: Ξ = 1
3ay

3 + 1
3 cx

3 + bxy.

28. (ay2 + bx2)
∂w

∂x
+ 2bx

∂w

∂y
= 0.

This is a special case of equation 1.1.8.2 with f(x) = bx2 and g(y) = ay2.

29. (ay2 + bx2)
∂w

∂x
+ 2bxy

∂w

∂y
= 0.

Principal integral: Ξ =
bx2 − ay2

y
.

30. (ay2 + x2)
∂w

∂x
+ (bx2 + c− 2xy)

∂w

∂y
= 0.

Principal integral: Ξ = ay3 − bx3 + 3(x2y − cx).

31. (Ay2 + Bx2 − a2B)
∂w

∂x
+ (Cy2 + 2Bxy)

∂w

∂y
= 0.

Principal integral:

Ξ = (x− a)E + 2aB

∫
E dv

v(Av2 − Cv −B)
, v =

y

x− a ,

where E = exp

[∫
(Av2 +B) dv

v(Av2 − Cv −B)

]
.

32. (ay2 + bx2 + cy)
∂w

∂x
+ 2bx

∂w

∂y
= 0.

This is a special case of equation 1.1.8.2 with f(x) = bx2 and g(y) = ay2 + cy.

33. (Axy + Bx2 + kx)
∂w

∂x
+ (Dy2 + Exy + Fx2 + ky)

∂w

∂y
= 0.

Principal integral:

Ξ = xV + k

∫
V dv

(A−D)v2 + (B − E)v − F , v =
y

x
,

where V = exp

[∫
(Av +B) dv

(A−D)v2 + (B −E)v − F

]
.
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34. (Axy +Aky +Bx2 +Bkx)
∂w

∂x
+
[[
Cy2 +Dxy + k(D −B)y

]] ∂w
∂y

= 0.

Principal integral:

Ξ = (x+ k)E + kB

∫
E dv

v
[
(C −A)v +D −B

] , v =
y

x+ k
,

where E = exp

[∫
(Av +B) dv

v
[
(A− C)v +B −D

]
]

.

35. (Ay2 + Bxy + Cx2 + kx)
∂w

∂x
+ (Dy2 + Exy + Fx2 + ky)

∂w

∂y
= 0.

Principal integral:

Ξ = xV + k

∫
V dv

Av3 + (B −D)v2 + (C − E)v − F , v =
y

x
,

where V = exp

[∫
(Av2 +Bv + C) dv

Av3 + (B −D)v2 + (C − E)v − F

]
.

36. (Ay2 + Bxy + Cx2)
∂w

∂x
+ (Dy2 + Exy + Fx2)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
(Av2 +Bv + C) dv

Av3 + (B −D)v2 + (C − E)v − F + ln |x|, v =
y

x
.

37. (Ay2 + 2Bxy +Dx2 + a)
∂w

∂x
− (By2 + 2Dxy − Ex2 − b)

∂w

∂y
= 0.

Principal integral: Ξ = Ay3 − Ex3 + 3(Bxy2 +Dx2y + ay − bx).

38. (y2 − 2xy + x2 + ay)
∂w

∂x
+ ay

∂w

∂y
= 0.

Principal integral: Ξ =
a

x− y + ln |y|.

39. (xf1 − f2)
∂w

∂x
+ (yf1 − f3)

∂w

∂y
= 0, fn = an + bnx+ cny.

Hesse’s equation. The introduction of the homogeneous coordinates x= ξ2/ξ1, y = ξ3/ξ1
leads to an equation with three independent variables for w = w(ξ1, ξ2, ξ3):

g1
∂w

∂ξ1
+ g2

∂w

∂ξ2
+ g3

∂w

∂ξ3
= 0,

where gn = anξ1+ bnξ2+ cnξ3 (n= 1, 2, 3). See 2.1.1.21 for the solution of this equation.

⊙ Literature: E. Kamke (1965).
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◮ Coefficients of equations contain integer powers of x and y.

40.
∂w

∂x
+ (y2 + bx2y − a2 − abx2)

∂w

∂y
= 0.

This is a special case of equation 1.1.7.3 with f(x) = bx2.

41.
∂w

∂x
+ (ax2y + bx3 + c)

∂w

∂y
= 0.

This is a special case of equation 1.1.7.1 with f(x) = ax2 and g(x) = bx3 + c.

42.
∂w

∂x
+ (ax2y + by3)

∂w

∂y
= 0.

This is a special case of equation 1.1.7.2 with k = 3, f(x) = ax2, and g(x) = b.

43.
∂w

∂x
+ (axy + b)y2

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

v(av2 + bv + 1)
− ln |x|, v = xy.

44.
∂w

∂x
+A(ax+ by + c)3

∂w

∂y
= 0.

This is a special case of equation 1.1.8.6 with f(z) = Az3.

45. x
∂w

∂x
+
[[
ax4y3 + (bx2 − 1)y + cx

]]∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av3 + bv + c
− x2

2
, v = xy.

46. x2 ∂w

∂x
+ (ax2y2 + bxy + c)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

av2 + (b+ 1)v + c
− ln |x|, v = xy.

47. (ax2y + b)
∂w

∂x
− (axy2 + c)

∂w

∂y
= 0.

Principal integral: Ξ = 1
2ax

2y2 + by + cx.

48. (ax+ by3)
∂w

∂x
− (cx3 + ay)

∂w

∂y
= 0.

Principal integral: Ξ = axy + 1
4 by

4 + 1
4 cx

4.

◆ See also equations 1.1.1.56–1.1.1.111 for integer values of exponents.
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◮ Coefficients of equations contain fractional powers.

49.
∂w

∂x
+ (a

√
x y + b)

∂w

∂y
= 0.

Principal integral: Ξ = y exp
(
− 2

3ax
3/2
)
− b

∫
exp
(
− 2

3ax
3/2
)
dx.

50.
∂w

∂x
+ (a

√
x y + b

√
y )

∂w

∂y
= 0.

This is a special case of equation 1.1.7.2 with k = 1
2 , f(x) = a

√
x, and g(x) = b.

51.
∂w

∂x
+ (a

√
x y + bx

√
y )

∂w

∂y
= 0.

This is a special case of equation 1.1.7.2 with k = 1
2 , f(x) = a

√
x, and g(x) = bx.

52.
∂w

∂x
+A

√
ax+ by + c

∂w

∂y
= 0.

This is a special case of equation 1.1.8.6 with f(z) = A
√
z.

53. x
∂w

∂x
+
((
ay + b

√
y2 + cx2

))∂w
∂y

= 0.

1◦. Principal integral for a 6= 1:

Ξ = ln |x| −
∫

du

(a− 1)u + b
√
u2 + c

, u =
y

x
.

2◦. Principal integral for a = 1:

Ξ = |x|−b−1
(
y +

√
y2 + cx2

)
.

54. (ax+ b
√
y )

∂w

∂x
− (c

√
x+ ay)

∂w

∂y
= 0.

Principal integral: Ξ = axy + 2
3 by

3/2 + 2
3 cx

3/2.

55.
√
f(x)

∂w

∂x
+
√
f(y)

∂w

∂y
= 0, f(t) =

4∑

ν=0

aνt
ν .

Principal integral: Ξ =

[√
f(x) +

√
f(y)

x− y

]2
− a4(x+ y)2 − a3(x+ y).

⊙ Literature: E. Kamke (1965).

◆ See also equations in 1.1.1.56–1.1.1.111 for fractional values of exponents.
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◮ Coefficients of equations contain arbitrary powers of x and y.

56.
∂w

∂x
+ (ay + bxk)

∂w

∂y
= 0.

Principal integral: Ξ = ye−ax − b
∫
xke−ax dx.

57.
∂w

∂x
+ (axky + bxn)

∂w

∂y
= 0.

Principal integral: Ξ = y exp
(
− a

k + 1
xk+1

)
−b
∫
xn exp

(
− a

k + 1
xk+1

)
dx.

58.
∂w

∂x
+ (ay2 + bxn)

∂w

∂y
= 0.

The principal integral Ξ(x, y) can be found as the general solution Ξ(x, y) = C of the spe-

cial Riccati equation y′x = ay2+ bxn, which is considered in the handbooks by G. M. Mur-

phy (1960), E. Kamke (1977), and A. D. Polyanin and V. F. Zaitsev (2003).

59.
∂w

∂x
+ (y2 + anxn−1 − a2x2n)

∂w

∂y
= 0.

1◦. Principal integral for n 6= −1:

Ξ =
E

y − axn +

∫
E dx, E = exp

(
2a

n+ 1
xn+1

)
.

2◦. Principal integral for n = −1 and a 6= − 1
2 :

Ξ =
xy + a+ 1

(2a+ 1)(xy − a) x
2a+1.

3◦. Principal integral for n = −1 and a = − 1
2 :

Ξ =
2

2xy + 1
+ ln |x|.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

60.
∂w

∂x
+ (y2 + axny + axn−1)

∂w

∂y
= 0.

1◦. Principal integral for n 6= −1:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

(
a

n+ 1
xn+1

)
.

2◦. Principal integral for n = −1 and a 6= 1:

Ξ =
xy + a

(a− 1)(xy + 1)
xa−1.

3◦. Principal integral for n = −1 and a = 1:

Ξ =
1

xy + 1
+ ln |x|.
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61.
∂w

∂x
+ (y2 + axny − abxn − b2)

∂w

∂y
= 0.

1◦. Principal integral for n 6= −1:

Ξ =
1

y − b exp
(
2bx+

a

n+ 1
xn+1

)
+

∫
exp

(
2bx+

a

n+ 1
xn+1

)
dx.

2◦. Principal integral for n = −1:

Ξ =
xae2bx

y − b +

∫
xae2bx dx.

62.
∂w

∂x
+ (axny2 + bx−n−2)

∂w

∂y
= 0.

Principal integral:

Ξ = ln |x| −
∫

dv

av2 + (n+ 1)v + b
, v = xn+1y.

63.
∂w

∂x
+ (axny2 + bmxm−1 − ab2xn+2m)

∂w

∂y
= 0.

1◦. Principal integral for n+m 6= −1:

Ξ =
E

y − bxm + a

∫
xnE dx, E = exp

(
2ab

n+m+ 1
xn+m+1

)
.

2◦. Principal integral for n+m = −1 and m 6= 2ab:

Ξ =
x2ab

y − bxm +
a

2ab−mx2ab−m.

3◦. Principal integral for n+m = −1 and m = 2ab:

Ξ =
xm

y − bxm + a lnx.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

64.
∂w

∂x
−
[[
(n+ 1)xny2 − axn+m+1y + axm

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
x−n−1E

xn+1y − 1
− (n+ 1)

∫
x−n−2E dx, E = exp

(
a

n+m+ 2
xn+m+2

)
.
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65.
∂w

∂x
+ (axny2 + bxmy + bcxm − ac2xn)

∂w

∂y
= 0.

1◦. Principal integral for m,n 6= −1:

Ξ =
E

y + c
+ a

∫
xnE dx, E = exp

(
b

m+ 1
xm+1 − 2ac

n+ 1
xn+1

)
.

2◦. Principal integral for n = −1:

Ξ =
x−2ac

y + c
exp

(
b

m+ 1
xm+1

)
+ a

∫
x−2ac−1 exp

(
b

m+ 1
xm+1

)
dx.

3◦. Principal integral for m = −1:

Ξ =
xb

y + c
exp

(
− 2ac

n+ 1
xn+1

)
+ a

∫
xn+b exp

(
− 2ac

n+ 1
xn+1

)
dx.

66.
∂w

∂x
+
[[
axny2 − axn(bxm + c)y + bmxm−1

]] ∂w
∂y

= 0.

1◦. Principal integral for n 6= −1 and m+ n 6= −1:

Ξ =
E

y − bxm − c + a

∫
xnE dx, E = exp

(
abxn+m+1

n+m+ 1
+
acxn+1

n+ 1

)
.

2◦. Principal integral for n = −1 and m 6= 0:

Ξ =
xac

y − bxm − c exp
(
ab

m
xm
)
+ a

∫
xac−1 exp

(
ab

m
xm
)
dx.

3◦. Principal integral for n 6= −1 and m = −1− n:

Ξ =
xab

y − bx−n−1 − c exp
(

ac

n+ 1
xn+1

)
+ a

∫
xab+n exp

(
ac

n+ 1
xn+1

)
dx.

67.
∂w

∂x
−
[[
anxn−1y2 − cxm(axn + b) + cxm

]] ∂w
∂y

= 0.

1◦. Principal integral for m 6= −1 and m+ n 6= −1:

Ξ =
E

(axn + b)
[
(axn + b)y − 1

] − an
∫

xn−1E

(axn + b)2
dx,

E = exp

(
acxm+n+1

m+ n+ 1
+
bcxm+1

m+ 1

)
.

2◦. Principal integral for m = −1 and n 6= 0:

Ξ =
xbc

(axn + b)
[
(axn + b)y − 1

] exp
(
ac

n
xn
)
− an

∫
exp

(
ac

n
xn
)

xbc+n−1

(axn + b)2
dx.

3◦. Principal integral for n 6= −1 and m = −1− n:

Ξ=
xac

(axn+b)
[
(axn+b)y−1

] exp
(
− bc
n
x−n

)
−an

∫
xac+n−1

(axn+b)2
exp

(
− bc
n
x−n

)
dx.
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68.
∂w

∂x
+ (axny2 + bxmy + ckxk−1 − bcxm+k − ac2xn+2k)

∂w

∂y
= 0.

1◦. Principal integral for m 6= −1 and n+ k 6= −1:

Ξ =
E

y − cxk + a

∫
xnE dx, E = exp

(
2ac

n+ k + 1
xn+k+1 +

b

m+ 1
xm+1

)
.

2◦. Principal integral for m = −1 and n+ k 6= −1:

Ξ =
xbE

y − cxk + a

∫
xb+nE dx, E = exp

(
2ac

n+ k + 1
xn+k+1

)
.

3◦. Principal integral for m 6= −1 and n+ k = −1:

Ξ =
x2ac

y − cxk exp

(
b

m+ 1
xm+1

)
+ a

∫
x2ac+n exp

(
b

m+ 1
xm+1

)
dx.

4◦. Principal integral for m = −1, n+ k = −1, and 2ac+ b 6= k:

Ξ =
ay + (ac+ b− k)xk

(2ac+ b− k)(y − cxk)x
2ac+b−k.

5◦. Principal integral for m = −1, n+ k = −1, and 2ac+ b = k:

Ξ =
xk

y − cxk + a lnx.

69.
∂w

∂x
+ (ax2n+1y3 + bx−n−2)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

av3 + (n+ 1)v + b
− ln |x|, v = xn+1y.

70.
∂w

∂x
+ (axny3 + 3abxn+my2 − bmxm−1 − 2ab3xn+3m)

∂w

∂y
= 0.

1◦. Principal integral for n+ 2m 6= −1:

Ξ =
E

(y + bxm)2
+ 2a

∫
xnE dx, E = exp

(
− 6ab2

n+ 2m+ 1
xn+2m+1

)
.

2◦. Principal integral for n = −2m− 1:

Ξ =
x−6ab2

(y + bxm)2
+

a

3ab2 +m
x−2(3ab2+m).

3◦. Principal integral for n = −2m− 1 and m = −3ab2:

Ξ =
x2m

(y + bxm)2
+ 2a ln |x|.
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71.
∂w

∂x
+ (axny3 + 3abxn+my2 + cxky

− 2ab3xn+3m + bcxm+k − bmxm−1)
∂w

∂y
= 0.

1◦. Principal integral for k 6= −1 and n+ 2m 6= −1:

Ξ =
E

(y + bxm)2
+2a

∫
xnE dx, E = exp

(
2c

k + 1
xk+1− 6ab2

n+ 2m+ 1
xn+2m+1

)
.

2◦. Principal integral for k = −1 and n+ 2m 6= −1:

Ξ =
x2cE2

(y + bxm)2
+ 2a

∫
xn+2cE2 dx, E2 = exp

(
− 6ab2

n+ 2m+ 1
xn+2m+1

)
.

3◦. Principal integral for k 6= −1 and n+ 2m = −1:

Ξ =
x−6ab2E1

(y + bxm)2
+ 2a

∫
xn−6ab2E1 dx, E1 = exp

(
2c

k + 1
xk+1

)
.

4◦. Principal integral for k = n+ 2m = −1 and c 6= 3ab2 +m:

Ξ =
x2(c−3ab2)

(y + bxm)2
+

a

c− 3ab2 −mx2(c−3ab2−m).

5◦. Principal integral for k = n+ 2m = −1 and c = 3ab2 +m:

Ξ =
x2m

(y + bxm)2
+ 2a ln |x|.

72.
∂w

∂x
+
((
ayn + bx

n

1 − n
))
∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

avn + 1
n−1v + b

− ln |x|, v = yx
1

n−1 .

73.
∂w

∂x
+ (axm−n−mnyn + bxm)

∂w

∂y
= 0.

Principal integral:

Ξ = ln |x| −
∫

dv

avn − (m+ 1)v + b
, v = yx−m−1.

74.
∂w

∂x
+ (axnyk + bxmy)

∂w

∂y
= 0.

This is a special case of equation 1.1.7.2 with f(x) = bxm and g(x) = axn.
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75. x
∂w

∂x
+ (ay2 + by + cx2b)

∂w

∂y
= 0.

1◦. Principal integral for ac > 0:

Ξ =
b√
ac

arctan

(√
a

c
x−by

)
− xb.

2◦. Principal integral for ac < 0:

Ξ =
b

2
√
−ac ln

ax−by −
√
−ac

ax−by +
√
−ac − x

b.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

76. x
∂w

∂x
+
[[
ay2 + (n+ bxn)y + cx2n

]] ∂w
∂y

= 0.

1◦. Principal integral for n 6= 0:

Ξ =

∫
dv

av2 + bv + c
− 1

n
xn, v = x−ny.

2◦. Principal integral for n = 0:

Ξ =

∫
dy

ay2 + by + c
− ln |x|.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

77. x
∂w

∂x
+ (axny2 + by + cx−n)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

av2 + (b+ n)v + c
− lnx, v = xny.

78. x
∂w

∂x
+ (axny2 +my − ab2xn+2m)

∂w

∂y
= 0.

1◦. Principal integral for m+ n 6= 0:

Ξ =
xmE

y − bxm + a

∫
xm+n−1E dx, E = exp

(
2ab

m+ n
xm+n

)
.

2◦. Principal integral for m = −n:

Ξ =
x2ab(y + bxm)

2b(y − bxm)
.

79. x
∂w

∂x
+
[[
x2ny2 + (m− n)y + x2m

]] ∂w
∂y

= 0.

Principal integral: Ξ = arctan(xn−my)− xn+m

n+m
.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).
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80. x
∂w

∂x
+
[[
ax2ny2 + (bxn − n)y + c

]]∂w
∂y

= 0.

Principal integral:

Ξ = n

∫
dv

av2 + bv + c
− xn, v = xny.

81. x
∂w

∂x
+
[[
ax2n+my2 + (bxn+m − n)y + cxm

]] ∂w
∂y

= 0.

1◦. Principal integral for n+m 6= 0:

Ξ =

∫
dv

av2 + bv + c
− xn+m

n+m
, v = xny.

2◦. Principal integral for n+m = 0:

Ξ =

∫
dv

av2 + bv + c
− lnx, v = xny.

82. x
∂w

∂x
+ (ay3 + 3abxny2 − bnxn − 2ab3x3n)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

(y + bxn)2
+ 2a

∫
x−1E dx, E = exp

(
− 3ab2

n
x2n
)
.

83. x
∂w

∂x
+
[[
ax2n+1y3 + (bx− n)y + cx1−n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av3 + bv + c
− x, v = xny.

84. x
∂w

∂x
+
[[
axn+2y3 + (bxn − 1)y + cxn−1

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av3 + bv + c
− 1

n
xn, v = xy.

85. x
∂w

∂x
+ (y + axn−mym + bxn−kyk)

∂w

∂y
= 0.

1◦. Principal integral for n 6= 1:

Ξ =

∫
dv

avm + bvk
− xn−1

n− 1
, v =

y

x
.

2◦. Principal integral for n = 1:

Ξ =

∫
dv

avm + bvk
− ln |x|, v =

y

x
.



18 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

86. y
∂w

∂x
+
{{
xn−1[(1 + 2n)x+ an]y − nx2n(x+ a)

}}∂w

∂y
= 0.

Principal integral:

Ξ = (xn+1 + axn − y)−1/n +

∫
dv

a− v−n
, v = x(xn+1 + axn − y)−1/n.

87. y
∂w

∂x
+
{{
[a(2n+ k)xk + b]xn−1y− (a2nx2k +abxk − c)x2n−1

}} ∂w

∂y
= 0.

Principal integral:

Ξ = x−kE − ak
∫

E dv

nv2 − bv − c , v = x−ny − axk,

where E = exp

(
−k
∫

v dv

nv2 − bv − c

)
.

88. x(2axy + b)
∂w

∂x
−
[[
a(m+ 3)xy2 + b(m+ 2)y − cxm

]] ∂w
∂y

= 0.

Principal integral: Ξ = cxm+2
[
cxm − 2(m+ 1)y(axy + b)

]
.

89. x2(2axy + b)
∂w

∂x
− (4ax2y2 + 3bxy − cx2 − k)

∂w

∂y
= 0.

Principal integral: Ξ = (cx2 + k)2 − 4cx3y(axy + b).

90. axm ∂w

∂x
+ byn

∂w

∂y
= 0.

1◦. Principal integral for m 6= 1 and n 6= 1:

Ξ = b(n− 1)x1−m − a(m− 1)y1−n.

2◦. Principal integral for m = 1 and n 6= 1:

Ξ = b ln |x|+ a

n− 1
y1−n.

3◦. Principal integral for m 6= 1 and n = 1:

Ξ =
b

m− 1
x1−m + a ln |y|.

4◦. Principal integral for m = n = 1:

Ξ = b ln |x| − a ln |y|.

⊙ Literature: E. Kamke (1965).
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91. axn ∂w

∂x
+ (by + cxm)

∂w

∂y
= 0.

1◦. Principal integral for n 6= 1:

Ξ = e−F y − c

a

∫
e−Fxm−n dx, F =

b

a(1− n)x
1−n.

2◦. Principal integral for n = 1 and am 6= b:

Ξ = x−b/ay − c

am− b x
am−b

a .

3◦. Principal integral for n = 1 and am = b:

Ξ = x−b/ay − c

a
ln |x|.

92. axk ∂w

∂x
+ (yn + bxmy)

∂w

∂y
= 0, n 6= 1.

1◦. Principal integral for m 6= k − 1:

Ξ = e−F y1−n +
n− 1

a

∫
e−Fx−k dx, F =

(1− n)b
a(m+ k − 1)

xm−k+1.

2◦. Principal integral for m = k − 1 and (n− 1)b 6= ma:

Ξ = x
(n−1)b

a y1−n +
n− 1

(n− 1)b−max
(n−1)b−ma

a .

3◦. Principal integral for m = k − 1 and (n− 1)b = ma:

Ξ = x
(n−1)b

a y1−n +
n− 1

a
ln |x|.

93. x(axk + b)
∂w

∂x
+
[[
αxny2 + (β − anxk)y + γx−n

]] ∂w
∂y

= 0.

Principal integral:

Ξ = x−kE + ka

∫
E dv

αv2 + (β + bn)v + γ
, v = xny,

where E = exp

[
kb

∫
dv

αv2 + (β + bn)v + γ

]
.

94. (y + Axn + a)
∂w

∂x
− (nAxn−1y + kxm + b)

∂w

∂y
= 0.

Principal integral: Ξ = y2 +
2k

m+ 1
xm+1 + 2(Axny + ay + bx).
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95. (y + axn+1 + bxn)
∂w

∂x
+ (anxn + cxn−1)y

∂w

∂y
= 0.

Principal integral:

Ξ = x−1E − a
∫

E dv

nv2 − (bn+ c)v + bc
, v = x−ny + b,

where E = exp

[
−
∫

v dv

nv2 − (bn+ c)v + bc

]
.

96. x(2axny+b)
∂w

∂x
−
[[
a(3n+m)xny2+b(2n+m)y−Axm−Cx−n

]] ∂w
∂y

=0.

Principal integral: Ξ = (Axn+m + C)2 − 2A(n+m)x2n+my(axny + b).

97. (axn + bx2 + xy)
∂w

∂x
+ (cxn + bxy + y2)

∂w

∂y
= 0.

Principal integral:

Ξ =
1

n− 2
(ay − cx)n−2 +

∫
(v + b)(av − c)n−3 dv, v =

y

x
.

98. (ayn + bx2 + cxy)
∂w

∂x
+ (kyn + bxy + cy2)

∂w

∂y
= 0.

Principal integral:

Ξ =
1

n− 2
(kx− ay)n−2 −

∫
(k − av)n−3(b+ cv)

vn
dv, v =

y

x
.

99. (axn + bxm + c)
∂w

∂x
+ (cy2 − bxm−1y + axn−2)

∂w

∂y
= 0.

Principal integral:

Ξ = c

∫
E dx

axn + bxm + c
+

xE

xy + 1
, E = exp

[
−
∫

(bxm + 2c) dx

x(axn + bxm + c)

]
.

100. (axn + bxm + c)
∂w

∂x
+ (axn−2y2 + bxm−1y + c)

∂w

∂y
= 0.

Principal integral:

Ξ = a

∫
xn−2E dx

axn + bxm + c
+

E

y − x , E = exp

[∫
(2axn + bxm) dx

x(axn + bxm + c)

]
.

101. (axn + bxm + c)
∂w

∂x
+ (αxky2 + βxsy − αλ2xk + βλxs)

∂w

∂y
= 0.

Principal integral:

Ξ = α

∫
xkE dx

axn + bxm + c
+

E

y + λ
, E = exp

(∫
βxs − 2αλxk

axn + bxm + c
dx

)
.
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102. x(axn+ bxm+ c)
∂w

∂x
−
[[
sxky2− (axn+ bxm + c)y− sλxk+2

]]∂w
∂y

= 0.

Principal integral: Ξ =
y − x

√
λ

y + x
√
λ
exp

(
2s
√
λ

∫
xk dx

axn + bxm + c

)
.

103. (axn + bxm + c)
∂w

∂x

+
[[
(axn + bxm + c)y2 − an(n− 1)xn−2 − bm(m− 1)xm−2

]] ∂w
∂y

= 0.

Principal integral:

Ξ=
1

(axn+bxm+c)
[
(axn+bxm+c)y+anxn−1+bmxm−1

] +
∫

dx

(axn+bxm+c)2
.

104. (axn + byn + x)
∂w

∂x
+ (αxkyn−k + βxmyn−m + y)

∂w

∂y
= 0.

Principal integral:

Ξ =
1

n− 1
xn−1E −

∫
E dv

αvn−k + βvn−m − bvn+1 − av , v =
y

x
,

where E = exp

[
(1− n)

∫
(bvn + a) dv

αvn−k + βvn−m − bvn+1 − av

]
.

105. (axn + byn +Ax2 + Bxy)
∂w

∂x

+ (αxkyn−k + βxmyn−m + Axy + By2)
∂w

∂y
= 0.

Principal integral:

Ξ =
1

n− 2
xn−2E −

∫
(Bv +A)E dv

αvn−k + βvn−m − bvn+1 − av , v =
y

x
,

where E = exp

[
(2− n)

∫
(bvn + a) dv

αvn−k + βvn−m − bvn+1 − av

]
.

106. (aym + bxn + s)
∂w

∂x
− (αxk + bnxn−1y + β)

∂w

∂y
= 0.

Principal integral:

Ξ = aϕ(y) + αψ(x) + bxny + sy + βx,

where

ϕ(y) =





ym+1

m+ 1
if m 6= −1,

ln |y| if m = −1,
ψ(x) =





xk+1

k + 1
if k 6= −1,

ln |x| if k = −1.
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107. (axnym + x)
∂w

∂x
+ (bxkyn+m−k + y)

∂w

∂y
= 0.

Principal integral:

Ξ =
1

n+m− 1
xn+m−1E − a

∫
E dv

vm(bvn−k − av) , v =
y

x
,

where E = exp

[
a(1− n−m)

∫
dv

bvn−k − av

]
.

108. x(axnym + α)
∂w

∂x
− y(bxnym + β)

∂w

∂y
= 0.

Principal integral:

Ξ =
(yaxb)A

A
+

(yαxβ)B

B
, where A =

mβ − nα
aβ − bα , B =

mb− na
aβ − bα .

109. x(anxkyn+k + s)
∂w

∂x
− y(bmxm+kyk + s)

∂w

∂y
= 0.

Principal integral: Ξ = akyn + bkxm − s(xy)−k.

110. (axnym + Ax2 +Bxy)
∂w

∂x
+ (bxkyn+m−k + Axy + By2)

∂w

∂y
= 0.

Principal integral:

Ξ =
1

n+m− 2
xn+m−2E − a

∫
(Bv +A)E dv

vm(bvn−k − av) , v =
y

x
,

where E = exp

[
a(2− n−m)

∫
dv

bvn−k − av

]
.

111. (axnym + bxyk)
∂w

∂x
+ (αys + β)

∂w

∂y
= 0.

Principal integral:

Ξ =
1

1− nx
1−nE − a

∫
ymE

αys + β
dy, E = exp

[
b(n− 1)

∫
yk dy

αys + β

]
.

1.1.2 Equations Containing Exponential Functions

◮ Coefficients of equations contain exponential functions.

1.
∂w

∂x
+ aeλx

∂w

∂y
= 0.

Principal integral: Ξ = λy − aeλx.

2.
∂w

∂x
+
((
aeλx + b

)) ∂w
∂y

= 0.

Principal integral: Ξ = λ(bx− y) + aeλx.
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3.
∂w

∂x
+
((
aeλy + b

)) ∂w
∂y

= 0.

Principal integral: Ξ = λ(bx− y) + ln
∣∣b+ aeλy

∣∣.

4.
∂w

∂x
+
((
aeλy+βx + b

)) ∂w
∂y

= 0.

Principal integral: Ξ = ebλx−λy +
aλ

β + bλ
e(β+bλ)x.

5.
∂w

∂x
+
((
aeλy+βx + beγx

)) ∂w
∂y

= 0.

Principal integral: Ξ = e−λyE + aλ

∫
eβxE dx, where E = exp

(
bλ

γ
eγx
)

.

6. aeλx
∂w

∂x
+ beβy

∂w

∂y
= 0.

Principal integral: Ξ =
1

βb
e−βy − 1

λa
e−λx.

7.
((
aeλx + b

)) ∂w
∂x

+
((
ceβx + d

)) ∂w
∂y

= 0.

Principal integral: Ξ = y −
∫

ceβx + d

aeλx + b
dx.

8.
((
aeλx + b

)) ∂w
∂x

+
((
ceβy + d

)) ∂w
∂y

= 0.

Principal integral: Ξ = λβ(dx− by)− dβ ln
∣∣aeλx + b

∣∣+ bλ ln
∣∣ceβy + d

∣∣.

9.
((
aeλy + b

)) ∂w
∂x

+
((
ceβx + d

)) ∂w
∂y

= 0.

Principal integral: Ξ = βλ(dx− by) + cλeβx − aβeλy .

10.
((
aeλx + beβy

)) ∂w
∂x

+ aλeλx
∂w

∂y
= 0.

Principal integral: Ξ = aeλx−y − b

β − 1
e(β−1)y .

11.
((
aeλx+βy + cµ

))∂w
∂x

−
((
beγx+µy + cλ

))∂w
∂y

= 0.

Principal integral: Ξ =
a

β − µ e
(β−µ)y +

b

γ − λ e
(γ−λ)x − ce−λx−µy .
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◮ Coefficients of equations contain exponential and power-law functions.

12.
∂w

∂x
+ (y2 + aλeλx − a2e2λx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − aeλx +

∫
E dx, E = exp

(
2a

λ
eλx
)
.

13.
∂w

∂x
+
[[
y2 + by + a(λ− b)eλx − a2e2λx

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − aeλx +

∫
E dx, E = exp

(
2a

λ
eλx + bx

)
.

14.
∂w

∂x
+ (y2 + aeλxy − abeλx − b2)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − b +

∫
E dx, E = exp

(
2bx+

a

λ
eλx
)
.

15.
∂w

∂x
− (y2 − axeλxy + aeλx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

x(xy − 1)
−
∫

E

x2
dx, E = exp

[
a

λ2
(λx− 1)eλx

]
.

16.
∂w

∂x
+ (aeλxy2 + be−λx)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

av2 + λv + b
− x, v = eλxy.

17.
∂w

∂x
+
[[
aeλxy2 + bµeµx − ab2e(λ+2µ)x

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − beµx + a

∫
eλxE dx, E = exp

[
2ab

λ+ µ
e(λ+µ)x

]
.

18.
∂w

∂x
+ (aeλxy2 + by + ce−λx)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

av2 + (b+ λ)v + c
− x, v = eλxy.
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19.
∂w

∂x
+
[[
aeλxy2 + µy − ab2e(λ+2µ)x

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − beµx + a

∫
eλxE dx, E = exp

[
2ab

λ+ µ
e(λ+µ)x + µx

]
.

20.
∂w

∂x
+
[[
eλxy2 + aeµxy + aλe(µ−λ)x

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + λe−λx
+

∫
eλxE dx, E = exp

(
a

µ
eµx − 2λx

)
.

21.
∂w

∂x
−
[[
λeλxy2 − aeµxy + ae(µ−λ)x

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − e−λx
− λ

∫
eλxE dx, E = exp

(
a

µ
eµx − 2λx

)
.

22.
∂w

∂x
+
[[
aeλxy2 + abe(λ+µ)xy − bµeµx

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + beµx
+ a

∫
eλxE dx, E = exp

[
− ab

λ+ µ
e(λ+µ)x

]
.

23.
∂w

∂x
+
[[
ae(2λ+µ)xy2 + (be(λ+µ)x − λ)y + ceµx

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av2 + bv + c
− 1

µ+ λ
e(µ+λ)x, v = eλxy.

24.
∂w

∂x
+
[[
eλx(y − beµx)2 + bµeµx

]]∂w
∂y

= 0.

Principal integral: Ξ =
1

y − beµx +
1

λ
eλx.

25.
∂w

∂x
+ (aeλxy2 + bnxn−1 − ab2eλxx2n)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − bxn + a

∫
eλxE dx, E = exp

(
2ab

∫
xneλx dx

)
.
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26.
∂w

∂x
+ (eλxy2 + axny + aλxne−λx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y + λe−λx
+

∫
eλxE dx, E = exp

(
a

n+ 1
xn+1 − 2λx

)
.

27.
∂w

∂x
+ (λeλxy2 + axneλxy − axne2λx)

∂w

∂y
= 0.

Principal integral:

Ξ =
e2λxE

y − eλx + λ

∫
eλxE dx, E = exp

(
a

∫
xne−λx dx

)
.

28.
∂w

∂x
+ (aeλxy2 − abxneλxy + bnxn−1)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − bxn + a

∫
eλxE dx, E = exp

(
ab

∫
xneλx dx

)
.

29.
∂w

∂x
+ (axny2 + bλeλx − ab2xne2λx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − beλx + a

∫
xnE dx, E = exp

(
2ab

∫
xneλx dx

)
.

30.
∂w

∂x
+ (axny2 + λy − ab2xne2λx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − beλx + a

∫
xnE dx, E = exp

(
λx+ 2ab

∫
xneλx dx

)
.

31.
∂w

∂x
+ (axny2 − abxneλxy + bλeλx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − beλx + a

∫
xnE dx, E = exp

(
ab

∫
xneλx dx

)
.

32.
∂w

∂x
+
[[
axny2 − axn(beλx + c)y + bλeλx

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − beλx − c + a

∫
xnE dx,

where E =





exp

(
ac

n+ 1
xn+1 + ab

∫
xneλx dx

)
if n 6= −1,

xac exp

(
ab

∫
eλx

x
dx

)
if n = −1.
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33.
∂w

∂x
+
[[
axne2λxy2 + (bxneλx − λ)y + cxn

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av2 + bv + c
−
∫
xneλx dx, v = eλxy.

34.
∂w

∂x
+
[[
aeλx(y − bxn − c)2 + bnxn−1

]]∂w
∂y

= 0.

Principal integral: Ξ =
1

y − bxn − c +
a

λ
eλx.

35.
∂w

∂x
+
((
y2 + 2aλxeλx

2 − a2e2λx
2))∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − aeλx2 +

∫
E dx, E = exp

(
2a

∫
eλx

2
dx

)
.

36.
∂w

∂x
+
((
ae−λx2

y2 + λxy + ab2
))∂w
∂y

= 0.

Principal integral: Ξ = arctan

[
1

b
y exp

(
− 1

2λx
2
)]
− ab

∫
exp
(
− 1

2λx
2
)
dx.

37.
∂w

∂x
+
((
axny2 + λxy + ab2xneλx

2)) ∂w
∂y

= 0.

Principal integral: Ξ = arctan

[
y

b
exp
(
− 1

2λx
2
)]
− ab

∫
xn exp

(
1
2λx

2
)
dx.

38.
∂w

∂x
+ (ae2λxy3 + beλxy2 + cy + de−λx)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

av3 + bv2 + (c+ λ)v + d
− x, v = eλxy.

39.
∂w

∂x
+ (aeλxy3 + 3abeλxy2 + cy − 2ab3eλx + bc)

∂w

∂y
= 0.

Principal integral:

Ξ =
e2cxE

(y + b)2
+ 2a

∫
e(λ+2c)xE dx, E = exp

(
− 6ab2

λ
eλx
)
.

40. x
∂w

∂x
+ (aeλxy2 + ky + ab2x2keλx)

∂w

∂y
= 0.

Principal integral: Ξ = arctan
y

bxk
− ab

∫
xk−1eλx dx.
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41. x
∂w

∂x
+
[[
ax2neλxy2 + (bxneλx − n)y + ceλx

]]∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av2 + bv + c
−
∫
xn−1eλx dx, v = xny.

42. y
∂w

∂x
+ eλx

[[
(2aλx+ a+ b)y − eλx(a2λx2 + abx− c)

]]∂w
∂y

= 0.

Principal integral:

Ξ = xE +

∫
vE dv

λv2 − bv − c , v = e−λxy − ax,

where E = exp

(
a

∫
dv

λv2 − bv − c

)
.

43. aeλx
∂w

∂x
+ bym

∂w

∂y
= 0.

1◦. Principal integral for m 6= 1: Ξ =
1

b(1−m)
y1−m +

1

λa
e−λx.

2◦. Principal integral for m = 1: Ξ =
1

b
ln y +

1

λa
e−λx.

44. (aey + bx)
∂w

∂x
+

∂w

∂y
= 0.

1◦. Principal integral for b 6= 1: Ξ = xe−by − a

1− b e
(1−b)y .

2◦. Principal integral for b = 1: Ξ = xe−y − ay.

45. (axneλy + bxym)
∂w

∂x
+ eµy ∂w

∂y
= 0.

Principal integral:

Ξ =
1

1− nx
1−nE − a

∫
e(λ−µ)yE dy, E = exp

[
b(n− 1)

∫
yme−µy dy

]
.

46. (axnym + bxeλy)
∂w

∂x
+ yk

∂w

∂y
= 0.

Principal integral:

Ξ =
1

n− 1
xn−1E + a

∫
ym−kE dy, E = exp

[
b(n− 1)

∫
y−keλy dy

]
.

47. (axnym + bxyk)
∂w

∂x
+ eλy

∂w

∂y
= 0.

Principal integral:

Ξ =
1

1− nx
1−nE − a

∫
yme−λyE dy, E = exp

[
b(n− 1)

∫
yke−λy dy

]
.
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1.1.3 Equations Containing Hyperbolic Functions

◮ Coefficients of equations contain hyperbolic sine.

1.
∂w

∂x
+ a sinh(λx)

∂w

∂y
= 0.

Principal integral: Ξ = λy − a cosh(λx).

2.
∂w

∂x
+ a sinh(µy)

∂w

∂y
= 0.

Principal integral: Ξ = aµx− ln
∣∣tanh( 12µy)

∣∣.

3.
∂w

∂x
+
[[
y2 − a2 + aλ sinh(λx)− a2 sinh2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a cosh(λx)
+

∫
E dx, E = exp

[
2a

λ
sinh(λx)

]
.

4.
∂w

∂x
+ λ

[[
sinh(λx)y2 − sinh3(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
exp
[
1
2 cosh(2λx)

]

y − cosh(λx)
+ λ

∫
sinh(λx) exp

[
1
2 cosh(2λx)

]
dx.

5.
∂w

∂x
+
{{
[a sinh2(λx) − λ]y2 − a sinh2(λx) + λ− a

}}∂w

∂y
= 0.

Principal integral:

Ξ =
E

sinh(λx)
[
sinh(λx)y − cosh(λx)

] +
∫ [

a− λ

sinh2(λx)

]
E dx,

E = exp

[
a

2λ
cosh(2λx)

]
.

6. sinh(λx)
∂w

∂x
+ a sinh(µy)

∂w

∂y
= 0.

Principal integral: Ξ = aµ ln
∣∣tanh( 12λx)

∣∣− λ ln
∣∣tanh( 12µy)

∣∣.

7. sinh(µy)
∂w

∂x
+ a sinh(λx)

∂w

∂y
= 0.

Principal integral: Ξ = λ cosh(µy)− aµ cosh(λx).

◮ Coefficients of equations contain hyperbolic cosine.

8.
∂w

∂x
+ a cosh(λx)

∂w

∂y
= 0.

Principal integral: Ξ = a sinh(λx)− λy.
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9.
∂w

∂x
+ a cosh(λy)

∂w

∂y
= 0.

Principal integral: Ξ = aλx− 2 arctan(eλy).

10.
∂w

∂x
+
{{
[a cosh2(λx)− λ]y2 − a cosh2(λx) + λ+ a

}}∂w

∂y
= 0.

Principal integral:

Ξ =
E

cosh(λx)
[
cosh(λx)y − sinh(λx)

] +
∫ [

a− λ

cosh2(λx)

]
E dx,

E = exp

[
a

2λ
cosh(2λx)

]
.

11. 2
∂w

∂x
+
{{
[a− λ+ a cosh(λx)]y2 + a+ λ− a cosh(λx)

}}∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − tanh
(
1
2λx

) +
1

2

∫ [
a− λ+ a cosh(λx)

]
E dx,

where

E =
[
cosh( 12λx)

] 2(a−λ)
λ exp

[
a

∫
cosh(λx) tanh

(
1
2λx

)
dx

]
.

12. (axn + bx coshm y)
∂w

∂x
+ yk

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
y−kE dy, E = exp

[
b(n− 1)

∫
y−k coshm y dy

]
.

13. (axn + bx coshm y)
∂w

∂x
+ coshk(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
E dy

coshk(λy)
, E = exp

[
b(n− 1)

∫
coshm y dy

coshk(λy)

]
.

14. (axnym + bx)
∂w

∂x
+ coshk(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n − 1)a

∫
ymE dy

coshk(λy)
, E = exp

[
b(n− 1)

∫
dy

coshk(λy)

]
.

15. cosh(µy)
∂w

∂x
+ a cosh(λx)

∂w

∂y
= 0.

Principal integral: Ξ = µa sinh(λx)− λ sinh(µy).
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◮ Coefficients of equations contain hyperbolic tangent.

16.
∂w

∂x
+ a tanh(λx)

∂w

∂y
= 0.

Principal integral: Ξ = λy − a ln
[
cosh(λx)

]
.

17.
∂w

∂x
+ a tanh(λy)

∂w

∂y
= 0.

Principal integral: Ξ = aλx− ln
∣∣sinh(λy)

∣∣.

18.
∂w

∂x
+
[[
y2 + aλ− a(a+ λ) tanh2(λx)

]]∂w
∂y

= 0.

Principal integral: Ξ =

[
cosh(λx)

]2a/λ

y − a tanh(λx)
+

∫ [
cosh(λx)

]2a/λ
dx.

19.
∂w

∂x
+
[[
y2 + 3aλ− λ2 − a(a+ λ) tanh2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =

[
cosh(λx)

]2a/λ

sinh2(λx)
[
y − a tanh(λx) + λ coth(λx)

] +
∫ [

cosh(λx)
]2a/λ

sinh2(λx)
dx.

20. (axn + bx tanhm y)
∂w

∂x
+ yk

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
y−kE dy, E = exp

[
b(n− 1)

∫
y−k tanhm y dy

]
.

21. (axn + bx tanhm y)
∂w

∂x
+ tanhk(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
E dy

tanhk(λy)
, E = exp

[
b(n− 1)

∫
tanhm y dy

tanhk(λy)

]
.

22. (axnym + bx)
∂w

∂x
+ tanhk(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
ymE dy

tanhk(λy)
, E = exp

[
b(n− 1)

∫
dy

tanhk(λy)

]
.

23. (axn tanhm y + bx)
∂w

∂x
+ yk

∂w

∂y
= 0.

1◦. Principal integral for k 6= 1:

Ξ = x1−nE + (n− 1)a

∫
y−kE tanhm y dy, E = exp

[
b(n− 1)

1− k y1−k

]
.

2◦. Principal integral for k = 1:

Ξ = (xy−b)1−n + (n− 1)a

∫
y(n−1)b−1 tanhm y dy.
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◮ Coefficients of equations contain hyperbolic cotangent.

24.
∂w

∂x
+ a coth(λx)

∂w

∂y
= 0.

Principal integral: Ξ = λy − a ln
∣∣sinh(λx)

∣∣.

25.
∂w

∂x
+ a coth(λy)

∂w

∂y
= 0.

Principal integral: Ξ = aλx− ln
[
cosh(λy)

]
.

26.
∂w

∂x
+
[[
y2 + aλ− a(a+ λ) coth2(λx)

]]∂w
∂y

= 0.

Principal integral: Ξ =

[
sinh(λx)

]2a/λ

y − a coth(λx)
+

∫ [
sinh(λx)

]2a/λ
dx.

27.
∂w

∂x
+
[[
y2 + 3aλ− λ2 − a(a+ λ) coth2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =

[
sinh(λx)

]2a/λ

cosh2(λx)
[
y − a coth(λx) + λ tanh(λx)

] +
∫ [

sinh(λx)
]2a/λ

cosh2(λx)
dx.

◮ Coefficients of equations contain different hyperbolic functions.

28.
∂w

∂x
+ a sinh(λx) cosh(µy)

∂w

∂y
= 0.

Principal integral: Ξ = 2λ arctan
(
eµy
)
− aµ cosh(λx).

29.
∂w

∂x
+ a cosh(λx) sinh(µy)

∂w

∂y
= 0.

Principal integral: Ξ = λ ln
∣∣tanh

(
1
2µy

)∣∣− aµ sinh(λx).

30.
∂w

∂x
+
[[
y2 − 2λ2 tanh2(λx)− 2λ2 coth2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
sinh2(λx) cosh2(λx)

y − λ tanh(λx)− λ coth(λx)
+

∫
sinh2(λx) cosh2(λx) dx.

31.
∂w

∂x
+
[[
y2 + λ(a+ b) − 2ab− a(a+ λ) tanh2(λx)

− b(b+ λ) coth2(λx)
]]∂w
∂y

= 0.

Principal integral:

Ξ =

[
sinh(λx)

] 2b
λ
[
cosh(λx)

] 2a
λ

y − a tanh(λx)− b coth(λx)
+

∫ [
sinh(λx)

] 2b
λ
[
cosh(λx)

] 2a
λ dx.
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32. sinh(λy)
∂w

∂x
+ a cosh(βx)

∂w

∂y
= 0.

Principal integral: Ξ = β cosh(λy)− aλ sinh(βx).

33.
[[
axn coshm(λy) + bx

]] ∂w
∂x

+ sinhk(βy)
∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
coshm(λy)E dy

sinhk(βy)
, E = exp

[
b(n− 1)

∫
dy

sinhk(βy)

]
.

1.1.4 Equations Containing Logarithmic Functions

◮ Coefficients of equations contain logarithmic functions.

1.
∂w

∂x
+
[[
a lnk(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

lnk(λx) dx.

2.
∂w

∂x
+
[[
a lnk(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a lnk(λy) + b
.

3.
∂w

∂x
+ a lnk(λx) lnn(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
lnk(λx) dx−

∫
dy

lnn(µy)
.

4.
∂w

∂x
+ a lnk(x+ λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x−
∫

dz

1 + aλ lnk z
, z = x+ λy.

◮ Coefficients of equations contain logarithmic and power-law functions.

5.
∂w

∂x
+ axn lnk(λy)

∂w

∂y
= 0.

Principal integral: Ξ =
a

n+ 1
xn+1 −

∫
dy

lnk(λy)
.

6.
∂w

∂x
+ ayn lnk(λx)

∂w

∂y
= 0.

Principal integral: Ξ =
1

1− n y
1−n − a

∫
lnk(λx) dx.
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7.
∂w

∂x
+
[[
y2 + a ln(βx)y − ab ln(βx)− b2

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
e(2b−a)xE

y − b +

∫
e(2b−a)xE dx, E = exp

[
ax ln(βx)

]
.

8.
∂w

∂x
+
[[
y2 + ax lnm(bx)y + a lnm(bx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

[
a

∫
x lnm(bx) dx

]
.

9.
∂w

∂x
+ (axny2 − abxn+1y lnx+ b lnx+ b)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − bx lnx + a

∫
xnE dx, E = exp

[
ab

n+ 2
xn+2

(
lnx− 1

n+ 2

)]
.

10.
∂w

∂x
−
[[
(n+ 1)xny2 − axn+1(ln x)my + a(lnx)m

]]∂w
∂y

= 0.

Principal integral:

Ξ =
x−2(n+1)E

y − x−n−1
− (n+ 1)

∫
x−n−2E dx, E = exp

[
a

∫
xn+1(lnx)m dx

]
.

11.
∂w

∂x
+
[[
a(lnx)ny2 + bmxm−1 − ab2x2m(lnx)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + a

∫
(ln x)nE dx, E = exp

[
2ab

∫
xm(lnx)n dx

]
.

12.
∂w

∂x
+
[[
a(lnx)ny2 − abx(lnx)n+1y + b ln x+ b

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bx lnx + a

∫
(lnx)nE dx, E = exp

[
ab

∫
x(lnx)n+1 dx

]
.

13.
∂w

∂x
+
[[
a(lnx)k(y − bxn − c)2 + bnxn−1

]]∂w
∂y

= 0.

Principal integral: Ξ =
1

y − bxn − c + a

∫
(lnx)k dx.
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14.
∂w

∂x
+
[[
a(lnx)ny2 + b(ln x)my + bc(lnx)m − ac2(lnx)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + c
+ a

∫
(lnx)nE dx, E = exp

{∫
[b(lnx)m − 2ac(ln x)n] dx

}
.

15. x
∂w

∂x
+ (ay + b lnx)2

∂w

∂y
= 0.

Principal integral:

Ξ = lnx−
∫

dv

av2 + b
, v = ay + b lnx.

16. x
∂w

∂x
+
[[
xy2 −A2x ln2(βx) + A

]]∂w
∂y

= 0.

Principal integral:

Ξ =
e−2AxE

y −A ln(βx)
+

∫
e−2AxE dx, E = exp

[
2Ax ln(βx)

]
.

17. x
∂w

∂x
+
[[
xy2 −A2x ln2k(βx) + kA lnk−1(βx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y −A lnk(βx)
+

∫
E dx, E = exp

[
2A

∫
lnk(βx) dx

]
.

18. x
∂w

∂x
+ (axny2 + b− ab2xn ln2 x)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − b lnx +

∫
axn−1E dx, E = exp

[
2abxn

n2
(n lnx− 1)

]
.

19. x
∂w

∂x
+
[[
a lnm(λx)y2 + ky + ab2x2k lnm(λx)

]]∂w
∂y

= 0.

Principal integral: Ξ = arctan

(
y

bxk

)
− ab

∫
xk−1 lnm(λx) dx.

20. x
∂w

∂x
+
[[
axn(y + b lnx)2 − b

]] ∂w
∂y

= 0.

Principal integral: Ξ =
1

y + b lnx
+
a

n
xn.

21. x
∂w

∂x
+
[[
ax2n(lnx)y2 + (bxn ln x− n)y + c lnx

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av2 + bv + c
−
∫
xn−1 lnx dx, v = xny.
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22. xk ∂w

∂x
+ (ayn lnm x+ by lns x)

∂w

∂y
= 0.

Principal integral:

Ξ = y1−nE + (n− 1)a

∫
x−kE lnm x dx, E = exp

[
b(n− 1)

∫
x−k lns x dx

]
.

23. (a ln x+ b)
∂w

∂x
+
[[
y2 + c(lnx)ny − λ2 + λc(lnx)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + λ
+

∫
E dx

a lnx+ b
, E = exp

[∫
c(ln x)n − 2λ

a lnx+ b

]
dx.

24. (a ln x+ b)
∂w

∂x
+
[[
(lnx)ny2 + cy − λ2(lnx)n + cλ

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + λ
+

∫
(lnx)nE dx

a lnx+ b
, E = exp

[∫
c− 2λ(ln x)n

a lnx+ b
dx

]
.

25. x2 ln(ax)
∂w

∂x
−
[[
x2y2 ln(ax) + 1

]] ∂w
∂y

= 0.

Principal integral: Ξ =
x

ln(ax)
[
xy ln(ax)− 1

] −
∫

dx

ln2(ax)
.

26. lnk(λx)
∂w

∂x
+ (ayn + by lnm x)

∂w

∂y
= 0.

Principal integral:

Ξ = y1−nE + (n− 1)a

∫
E dx

lnk(λx)
, E = exp

[
b(n− 1)

∫
lnm x dx

lnk(λx)

]
.

27. lnk(λx)
∂w

∂x
+ (ayn lnm x+ by)

∂w

∂y
= 0.

Principal integral:

Ξ = y1−nE + (n− 1)a

∫
E lnm x dx

lnk(λx)
, E = exp

[
b(n− 1)

∫
dx

lnk(λx)

]
.

1.1.5 Equations Containing Trigonometric Functions

◮ Coefficients of equations contain sine.

1.
∂w

∂x
+
[[
a sink(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

sink(λx) dx.
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2.
∂w

∂x
+
[[
a sink(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a sink(λy) + b
.

3.
∂w

∂x
+ a sink(λx) sinn(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
sink(λx) dx−

∫
dy

sinn(µy)
.

4.
∂w

∂x
+ a sink(x+ λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x−
∫

dz

1 + aλ sink z
, z = x+ λy.

5.
∂w

∂x
+
[[
y2 − a2 + aλ sin(λx) + a2 sin2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + a cos(λx)
+

∫
E dx, E = exp

[
− 2a

λ
sin(λx)

]
.

6.
∂w

∂x
+
[[
y2 + a sin(βx)y + ab sin(βx) − b2

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + b
+

∫
E dx, E = exp

[
−2bx− a

β
cos(βx)

]
.

7.
∂w

∂x
+
[[
y2 + ax sinm(bx)y + a sinm(bx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

[
a

∫
x sinm(bx) dx

]
.

8.
∂w

∂x
+
[[
λ sin(λx)y2 + λ sin3(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + cos(λx)
+ λ

∫
E sin(λx) dx, E = exp

[
1
2 cos(2λx)

]
.

9. 2
∂w

∂x
+
{{
[λ+ a− a sin(λx)]y2 + λ− a− a sin(λx)

}}∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − tan
(
1
2λx+ 1

4π
) +

1

2

∫ [
λ+ a− a sin(λx)

]
E dx,

E =
1

1− sin(λx)
exp

[
a

λ
sin(λx)

]
.
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10.
∂w

∂x
+
{{
[λ+ a sin2(λx)]y2 + λ− a+ a sin2(λx)

}}∂w

∂y
= 0.

Principal integral:

Ξ =
E

y + cot(λx)
+

∫ [
λ+ a sin2(λx)

]
E dx, E =

1

sin2(λx)
exp

[
a

2λ
cos(2λx)

]
.

11.
∂w

∂x
−
[[
(k+ 1)xky2 − axk+1(sin x)my + a(sinx)m

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

xk+1(xk+1y − 1)
− (k + 1)

∫
E dx

xk+2
, E = exp

[
a

∫
xk+1(sinx)m dx

]
.

12.
∂w

∂x
+
[[
a sink(λx+ µ)(y− bxn − c)2 + y− bxn + bnxn−1 − c

]] ∂w
∂y

= 0.

Principal integral: Ξ =
ex

y − bxn − c + a

∫
ex sink(λx+ µ) dx.

13. x
∂w

∂x
+
[[
a sinm(λx)y2 + ky + ab2x2k sinm(λx)

]]∂w
∂y

= 0.

Principal integral: Ξ = arctan

(
y

bxk

)
− ab

∫
xk−1 sinm(λx) dx.

14.
[[
a sin(λx) + b

]] ∂w
∂x

+
[[
y2 + c sin(µx)y − k2 + ck sin(µx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + k
+

∫
E dx

a sin(λx) + b
, E = exp

[∫
c sin(µx)− 2k

a sin(λx) + b
dx

]
.

◮ Coefficients of equations contain cosine.

15.
∂w

∂x
+
[[
a cosk(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

cosk(λx) dx.

16.
∂w

∂x
+
[[
a cosk(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a cosk(λy) + b
.

17.
∂w

∂x
+ a cosk(λx) cosn(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
cosk(λx) dx−

∫
dy

cosn(µy)
.
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18.
∂w

∂x
+ a cosk(x+ λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x−
∫

dz

1 + aλ cosk z
, z = x+ λy.

19.
∂w

∂x
+
[[
y2 − a2 + aλ cos(λx) + a2 cos2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a sin(λx) +

∫
E dx, E = exp

[
− 2a

λ
cos(λx)

]
.

20.
∂w

∂x
+
[[
λ cos(λx)y2 + λ cos3(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − sin(λx)
+ λ

∫
E cos(λx) dx, E = exp

[
− 1

2 cos(2λx)
]
.

21. 2
∂w

∂x
+
{{
[λ+ a+ a cos(λx)]y2 + λ− a+ a cos(λx)

}}∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − tan( 12λx)
+

1

2

∫ [
λ+ a+ a cos(λx)

]
E dx,

E =
1

1 + cos(λx)
exp

[
− a
λ
cos(λx)

]
.

22.
∂w

∂x
+
{{
[λ+ a cos2(λx)]y2 + λ− a+ a cos2(λx)

}}∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − tan(λx)
+

∫ [
λ+ a cos2(λx)

]
E dx, E =

1

cos2(λx)
exp

[
− a

2λ
cos(2λx)

]
.

23. (axnym + bx)
∂w

∂x
+ cosk(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + a(n − 1)

∫
ymE dy

cosk(λy)
, E = exp

[
b(n− 1)

∫
dy

cosk(λy)

]
.

24. (axn + bx cosm y)
∂w

∂x
+ yk

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + a(n− 1)

∫
y−k E dy, E = exp

[
b(n− 1)

∫
cosm y dy

yk

]
.
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25. (axn + bx cosm y)
∂w

∂x
+ cosk(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + a(n− 1)

∫
E dy

cosk(λy)
, E = exp

[
b(n− 1)

∫
cosm y dy

cosk(λy)

]
.

26. (axn cosm y + bx)
∂w

∂x
+ cosk(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + a(n− 1)

∫
cosm y E dy

cosk(λy)
, E = exp

[
b(n− 1)

∫
dy

cosk(λy)

]
.

◮ Coefficients of equations contain tangent.

27.
∂w

∂x
+
[[
a tank(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

tank(λx) dx.

28.
∂w

∂x
+
[[
a tank(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a tank(λy) + b
.

29.
∂w

∂x
+ a tank(λx) tann(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
tank(λx) dx−

∫
cotn(µy) dy.

30.
∂w

∂x
+
[[
y2 + aλ+ a(λ− a) tan2(λx)

]]∂w
∂y

= 0.

Principal integral: Ξ =

[
cos(λx)

]−2a/λ

y − a tan(λx) +

∫ [
cos(λx)

]−2a/λ
dx.

31.
∂w

∂x
+
[[
y2 + λ2 + 3aλ+ a(λ− a) tan2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =

[
cos(λx)

]−2a/λ

sin2(λx)
[
y − a tan(λx) + λ cot(λx)

] +
∫ [

cos(λx)
]−2a/λ

sin2(λx)
dx.

32.
∂w

∂x
+
[[
y2 + ax tank(bx)y + a tank(bx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

[
a

∫
x tank(bx) dx

]
.
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33.
∂w

∂x
−
[[
(k+ 1)xky2 − axk+1(tanx)my + a(tanx)m

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

xk+1(xk+1y − 1)
− (k + 1)

∫
E dx

xk+2
, E = exp

[
a

∫
xk+1(tan x)m dx

]
.

34.
∂w

∂x
+
[[
a tann(λx)y2 − ab2 tann+2(λx) + bλ tan2(λx) + bλ

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − b tan(λx) + a

∫
E tann(λx) dx, E = exp

[
2ab

∫
tann+1(λx) dx

]
.

35.
∂w

∂x
+
[[
a tank(λx+ µ)(y− bxn − c)2 + y− bxn + bnxn−1 − c

]]∂w
∂y

= 0.

Principal integral: Ξ =
ex

y − bxn − c + a

∫
ex tank(λx+ µ) dx.

36. x
∂w

∂x
+
[[
a tanm(λx)y2 + ky + ab2x2k tanm(λx)

]]∂w
∂y

= 0.

Principal integral: Ξ = arctan

(
1

b
x−ky

)
− ab

∫
xk−1 tanm(λx) dx.

37.
[[
a tan(λx) + b

]] ∂w
∂x

+
[[
y2 + c tan(µx)y − k2 + ck tan(µx)

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + k
+

∫
E dx

a tan(λx) + b
, E = exp

[∫
c tan(µx)− 2k

a tan(λx) + b
dx

]
.

38. (axnym + bx)
∂w

∂x
+ tank(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
ymE dy

tank(λy)
, E = exp

[
b(n− 1)

∫
dy

tank(λy)

]
.

39. (axn + bx tanm y)
∂w

∂x
+ yk

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
y−kE dy, E = exp

[
b(n− 1)

∫
y−k tanm y dy

]
.

40. (axn + bx tanm y)
∂w

∂x
+ tank(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
E dy

tank(λy)
, E = exp

[
b(n− 1)

∫
tanm y dy

tank(λy)

]
.
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41. (axn tanm y + bx)
∂w

∂x
+ tank(λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)a

∫
tanm yE dy

tank(λy)
, E = exp

[
b(n− 1)

∫
dy

tank(λy)

]
.

◮ Coefficients of equations contain cotangent.

42.
∂w

∂x
+
[[
a cotk(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

cotk(λx) dx.

43.
∂w

∂x
+
[[
a cotk(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a cotk(λy) + b
.

44.
∂w

∂x
+ a cotk(x+ λy)

∂w

∂y
= 0.

Principal integral:

Ξ = x−
∫

dz

1 + aλ cotk z
, z = x+ λy.

45.
∂w

∂x
+
[[
y2 + aλ+ a(λ− a) cot2(λx)

]]∂w
∂y

= 0.

Principal integral: Ξ =

[
sin(λx)

]−2a/λ

y + a cot(λx)
+

∫ [
sin(λx)

]−2a/λ
dx.

46.
∂w

∂x
+
[[
y2 + λ2 + 3aλ+ a(λ− a) cot2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =

[
sin(λx)

]−2a/λ

cos2(λx)
[
y − λ tan(λx) + a cot(λx)

] +
∫ [

sin(λx)
]−2a/λ

cos2(λx)
dx.

47.
∂w

∂x
+
[[
y2 − 2a cot(ax)y + b2 − a2

]] ∂w
∂y

= 0.

Principal integral: Ξ =
sin−2(bx)

y − a cot(ax) + b cot(bx)
− 1

b
cot(bx).

48. cot(λx)
∂w

∂x
+ a cot(µy)

∂w

∂y
= 0.

Principal integral: Ξ = aµ ln
∣∣cos(λx)

∣∣− λ ln
∣∣cos(µy)

∣∣.
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49. cot(µy)
∂w

∂x
+ a cot(λx)

∂w

∂y
= 0.

Principal integral: Ξ = aµ ln
∣∣sin(λx)

∣∣− λ ln
∣∣sin(µy)

∣∣.

50. cot(µy)
∂w

∂x
+ a cot2(λx)

∂w

∂y
= 0.

Principal integral: Ξ = λ ln
∣∣sin(µy)

∣∣+ aµ cot(λx) + aλµx.

51. cot(y + a)
∂w

∂x
+ c cot(x+ b)

∂w

∂y
= 0.

Principal integral: Ξ = c ln
∣∣sin(x+ b)

∣∣− ln
∣∣sin(y + a)

∣∣.

52. cot(λx) cot(µy)
∂w

∂x
+ a

∂w

∂y
= 0.

Principal integral: Ξ = λ ln
∣∣sin(µy)

∣∣+ aµ ln
∣∣cos(λx)

∣∣.

53. cot(λx) cot(µy)
∂w

∂x
+ a cot(νx)

∂w

∂y
= 0.

Principal integral: Ξ = aµ

∫
cot(νx)

cot(λx)
dx− ln

∣∣sin(µy)
∣∣.

◮ Coefficients of equations contain different trigonometric functions.

54.
∂w

∂x
+ a sink(λx) cosn(µy)

∂w

∂y
= 0.

Principal integral: Ξ= a

∫
sink(λx) dx−

∫
dy

cosn(µy)
. In the special case a= 1, k = 1,

and n = −1 we have Ξ = µ cos(λx) + λ sin(µy).

55.
∂w

∂x
+
[[
y2 − y tanx+ a(1− a) cot2 x

]] ∂w
∂y

= 0.

1◦. Principal integral for a 6= 1
2 :

Ξ =
(sinx)−2a cos x

y + a cot x
+

1

1− 2a
(sinx)1−2a.

2◦. Principal integral for a = 1
2 :

Ξ =
cos x

y sinx+ 1
2 cos x

+ ln |sinx|.

56.
∂w

∂x
+ (y2 −my tanx+ b2 cos2m x)

∂w

∂y
= 0.

Principal integral: Ξ = arctan

(
1

b
y cos−m x

)
− b

∫
cosm x dx.
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57.
∂w

∂x
+ (y2 +my cot x+ b2 sinm x)

∂w

∂y
= 0.

Principal integral: Ξ = arctan

(
1

b
y sin−m x

)
− b

∫
sinm x dx.

58.
∂w

∂x
+
[[
y2 − 2λ2 tan2(λx) − 2λ2 cot2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
sin2(λx) cos2(λx)

y − λ cot(λx) + λ tan(λx)
+

1

8
x− 1

8λ
sin(λx) cos(λx) cos(2λx).

59.
∂w

∂x
+
[[
y2+λ(a+b)+2ab+a(λ−a) tan2(λx)+b(λ−b) cot2(λx)

]]∂w
∂y

=0.

Principal integral:

Ξ =
E

y − a tan(λx) + b cot(λx)
+

∫
E dx, E =

[
cos(λx)

]− 2a
λ
[
sin(λx)

]− 2b
λ .

60.
∂w

∂x
+
[[
λ sin(λx)y2 + a cosn(λx)y − a cosn−1(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

cos(λx)
[
y cos(λx)− 1

] + λ

∫
E sin(λx)

cos2(λx)
dx, E = exp

[
a

∫
cosn(λx) dx

]
.

61.
∂w

∂x
+
[[
λ sin(λx)y2 + a sin(λx)y − a tan(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

cos(λx)
[
y cos(λx)− 1

] + λ

∫
E sin(λx)

cos2(λx)
dx, E = exp

[
− a
λ
cos(λx)

]
.

62.
∂w

∂x
+
[[
λ sin(λx)y2 + axn cos(λx)y − axn

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

cos(λx)
[
y cos(λx)− 1

] + λ

∫
E sin(λx)

cos2(λx)
dx, E = exp

[
a

∫
xn cos(λx) dx

]
.

63.
∂w

∂x
+
[[
Aeλx cos(ay) +Beµx sin(ay) + Aeλx

]] ∂w
∂y

= 0.

Principal integral: Ξ = tan
ay

2
exp

(
− aB

µ
eµx
)
− aA

∫
exp

(
λx− aB

µ
eµx
)
dx.

64. sinn+1(2x)
∂w

∂x
+ (ay2 sin2n x+ b cos2n x)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

av2 + n2n+1v + b
− 2−n−1 ln tanx, v = y tann x.
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1.1.6 Equations Containing Inverse Trigonometric Functions

◮ Coefficients of equations contain arcsine.

1.
∂w

∂x
+
[[
a arcsink(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

arcsink(λx) dx.

2.
∂w

∂x
+
[[
a arcsink(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a arcsink(λy) + b
.

3.
∂w

∂x
+ k arcsinn(ax+ by + c)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

a+ bk arcsinn v
− x, v = ax+ by + c.

4.
∂w

∂x
+ a arcsink(λx) arcsinn(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
arcsink(λx) dx −

∫
dy

arcsinn(µy)
.

5.
∂w

∂x
+
[[
y2 + λ(arcsin x)ny − a2 + aλ(arcsinx)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
e−2axE

y + a
+

∫
e−2axE dx, E = exp

[
λ

∫
(arcsinx)n dx

]
.

6.
∂w

∂x
+
[[
y2 + λx(arcsin x)ny + λ(arcsin x)n

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

[
λ

∫
x(arcsin x)n dx

]
.

7.
∂w

∂x
−
[[
(k + 1)xky2 − λ(arcsinx)n(xk+1y − 1)

]] ∂w
∂y

= 0.

Principal integral:

Ξ=
E

xk+1(xk+1y − 1)
−(k+1)

∫
x−k−2E dx, E = exp

[
λ

∫
xk+1(arcsin x)n dx

]
.
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8.
∂w

∂x
+
[[
λ(arcsin x)ny2 + ay + ab− b2λ(arcsin x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
eaxE

y + b
+ λ

∫
eax(arcsinx)nE dx, E = exp

[
−2bλ

∫
(arcsin x)n dx

]
.

9.
∂w

∂x
+
[[
λ(arcsin x)ny2 − bλxm(arcsinx)ny + bmxm−1

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arcsinx)nE dx, E = exp

[
bλ

∫
xm(arcsinx)n dx

]
.

10.
∂w

∂x
+
[[
λ(arcsin x)ny2 + bmxm−1 − λb2x2m(arcsin x)n

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arcsin x)nE dx, E = exp

[
2bλ

∫
xm(arcsin x)n dx

]
.

11.
∂w

∂x
+
[[
λ(arcsin x)n(y − axm − b)2 + amxm−1

]] ∂w
∂y

= 0.

Principal integral: Ξ =
1

y − axm − b + λ

∫
(arcsin x)n dx.

12. x
∂w

∂x
+
[[
λ(arcsin x)ny2 + ky + λb2x2k(arcsin x)n

]] ∂w
∂y

= 0.

Principal integral: Ξ = arctan

(
y

bxk

)
− λb

∫
xk−1(arcsin x)n dx.

◮ Coefficients of equations contain arccosine.

13.
∂w

∂x
+
[[
a arccosk(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

arccosk(λx) dx.

14.
∂w

∂x
+
[[
a arccosk(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a arccosk(λy) + b
.

15.
∂w

∂x
+ k arccosn(ax+ by + c)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

a+ bk arccosn v
− x, v = ax+ by + c.
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16.
∂w

∂x
+ a arccosk(λx) arccosn(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
arccosk(λx) dx −

∫
dy

arccosn(µy)
.

17.
∂w

∂x
+
[[
y2 + λ(arccosx)ny − a2 + aλ(arccosx)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
e−2axE

y + a
+

∫
e−2axE dx, E = exp

[
λ

∫
(arccos x)n dx

]
.

18.
∂w

∂x
+
[[
y2 + λx(arccosx)ny + λ(arccos x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

[
λ

∫
x(arccos x)n dx

]
.

19.
∂w

∂x
−
[[
(k+ 1)xky2 − λ(arccosx)n(xk+1y − 1)

]] ∂w
∂y

= 0.

Principal integral:

Ξ=
E

xk+1(xk+1y − 1)
−(k+1)

∫
x−k−2E dx, E =exp

[
λ

∫
xk+1(arccos x)n dx

]
.

20.
∂w

∂x
+
[[
λ(arccosx)ny2 + ay + ab− b2λ(arccosx)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
eaxE

y + b
+ λ

∫
eax(arccos x)nE dx, E = exp

[
−2bλ

∫
(arccos x)n dx

]
.

21.
∂w

∂x
+
[[
λ(arccosx)ny2 − bλxm(arccosx)ny + bmxm−1

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arccos x)nE dx, E = exp

[
bλ

∫
xm(arccos x)n dx

]
.

22.
∂w

∂x
+
[[
λ(arccosx)ny2 + bmxm−1 − λb2x2m(arccosx)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arccos x)nE dx, E = exp

[
2bλ

∫
xm(arccos x)n dx

]
.

23.
∂w

∂x
+
[[
λ(arccosx)n(y − axm − b)2 + amxm−1

]] ∂w
∂y

= 0.

Principal integral: Ξ =
1

y − axm − b + λ

∫
(arccos x)n dx.
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24. x
∂w

∂x
+
[[
λ(arccosx)ny2 + ky + λb2x2k(arccos x)n

]] ∂w
∂y

= 0.

Principal integral: Ξ = arctan

(
y

bxk

)
− λb

∫
xk−1(arccos x)n dx.

◮ Coefficients of equations contain arctangent.

25.
∂w

∂x
+
[[
a arctank(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

arctank(λx) dx.

26.
∂w

∂x
+
[[
a arctank(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a arctank(λy) + b
.

27.
∂w

∂x
+ k arctann(ax+ by + c)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

a+ bk arctann v
− x, v = ax+ by + c.

28.
∂w

∂x
+ a arctank(λx) arctann(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
arctank(λx) dx −

∫
dy

arctann(µy)
.

29.
∂w

∂x
+
[[
y2 + λ(arctan x)ny − a2 + aλ(arctan x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
e−2axE

y + a
+

∫
e−2axE dx, E = exp

[
λ

∫
(arctan x)n dx

]
.

30.
∂w

∂x
+
[[
y2 + λx(arctan x)ny + λ(arctan x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

[
λ

∫
x(arctan x)n dx

]
.

31.
∂w

∂x
−
[[
(k+ 1)xky2 − λ(arctan x)n(xk+1y − 1)

]]∂w
∂y

= 0.

Principal integral:

Ξ=
E

xk+1(xk+1y − 1)
− (k+1)

∫
x−k−2E dx, E = exp

[
λ

∫
xk+1(arctan x)n dx

]
.
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32.
∂w

∂x
+
[[
λ(arctan x)ny2 + ay + ab− b2λ(arctan x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
eaxE

y + b
+ λ

∫
eax(arctan x)nE dx, E = exp

[
−2bλ

∫
(arctan x)n dx

]
.

33.
∂w

∂x
+
[[
λ(arctan x)ny2 − bλxm(arctan x)ny + bmxm−1

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arctan x)nE dx, E = exp

[
bλ

∫
xm(arctan x)n dx

]
.

34.
∂w

∂x
+
[[
λ(arctan x)ny2 + bmxm−1 − λb2x2m(arctan x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arctan x)nE dx, E = exp

[
2bλ

∫
xm(arctan x)n dx

]
.

35.
∂w

∂x
+
[[
λ(arctan x)n(y − axm − b)2 + amxm−1

]] ∂w
∂y

= 0.

Principal integral: Ξ =
1

y − axm − b + λ

∫
(arctan x)n dx.

36. x
∂w

∂x
+
[[
λ(arctan x)ny2 + ky + λb2x2k(arctan x)n

]] ∂w
∂y

= 0.

Principal integral: Ξ = arctan

(
y

bxk

)
− λb

∫
xk−1(arctan x)n dx.

◮ Coefficients of equations contain arccotangent.

37.
∂w

∂x
+
[[
a arccotk(λx) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = y − bx− a
∫

arccotk(λx) dx.

38.
∂w

∂x
+
[[
a arccotk(λy) + b

]] ∂w
∂y

= 0.

Principal integral: Ξ = x−
∫

dy

a arccotk(λy) + b
.

39.
∂w

∂x
+ k arccotn(ax+ by + c)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

a+ bk arccotn v
− x, v = ax+ by + c.
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40.
∂w

∂x
+ a arccotk(λx) arccotn(µy)

∂w

∂y
= 0.

Principal integral: Ξ = a

∫
arccotk(λx) dx −

∫
dy

arccotn(µy)
.

41.
∂w

∂x
+
[[
y2 + λ(arccot x)ny − a2 + aλ(arccot x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
e−2axE

y + a
+

∫
e−2axE dx, E = exp

[
λ

∫
(arccot x)n dx

]
.

42.
∂w

∂x
+
[[
y2 + λx(arccot x)ny + λ(arccot x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

[
λ

∫
x(arccot x)n dx

]
.

43.
∂w

∂x
−
[[
(k+ 1)xky2 − λ(arccot x)n(xk+1y − 1)

]]∂w
∂y

= 0.

Principal integral:

Ξ=
E

xk+1(xk+1y − 1)
− (k+1)

∫
x−k−2E dx, E = exp

[
λ

∫
xk+1(arccot x)n dx

]
.

44.
∂w

∂x
+
[[
λ(arccot x)ny2 + ay + ab− b2λ(arccot x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
eaxE

y + b
+ λ

∫
eax(arccot x)nE dx, E = exp

[
−2bλ

∫
(arccot x)n dx

]
.

45.
∂w

∂x
+
[[
λ(arccot x)ny2 − bλxm(arccot x)ny + bmxm−1

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arccot x)nE dx, E = exp

[
bλ

∫
xm(arccot x)n dx

]
.

46.
∂w

∂x
+
[[
λ(arccot x)ny2 + bmxm−1 − λb2x2m(arccot x)n

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − bxm + λ

∫
(arccot x)nE dx, E = exp

[
2bλ

∫
xm(arccot x)n dx

]
.

47.
∂w

∂x
+
[[
λ(arccot x)n(y − axm − b)2 + amxm−1

]] ∂w
∂y

= 0.

Principal integral: Ξ =
1

y − axm − b + λ

∫
(arccot x)n dx.
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48. x
∂w

∂x
+
[[
λ(arccot x)ny2 + ky + λb2x2k(arccot x)n

]] ∂w
∂y

= 0.

Principal integral: Ξ = arccot

(
y

bxk

)
− λb

∫
xk−1(arccot x)n dx.

1.1.7 Equations Containing Arbitrary Functions of x

◆ Notation: f = f(x), g = g(x), and h = h(x) are arbitrary functions, and a, b, k, n,

and λ are arbitrary parameters.

◮ Equations contain arbitrary and power-law functions.

1.
∂w

∂x
+
[[
f(x)y + g(x)

]]∂w
∂y

= 0.

Principal integral:

Ξ = e−F y −
∫
e−F g(x) dx, F =

∫
f(x) dx.

2.
∂w

∂x
+
[[
f(x)y + g(x)yk

]] ∂w
∂y

= 0.

Principal integral:

Ξ = e−F y1−k − (1− k)
∫
e−F g(x) dx, F = (1− k)

∫
f(x) dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

3.
∂w

∂x
+ (y2 + fy − a2 − af)

∂w

∂y
= 0.

Principal integral:

Ξ =
e2axE

y − a +

∫
e2axE dx, E = exp

(∫
f dx

)
.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

4.
∂w

∂x
+ (y2 + xfy + f)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

x(xy + 1)
+

∫
x−2E dx, E = exp

(∫
xf dx

)
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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5.
∂w

∂x
−
[[
(k + 1)xky2 − xk+1fy + f

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

xk+1(xk+1y − 1)
− (k + 1)

∫
x−k−2E dx, E = exp

(∫
xk+1f dx

)
.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

6.
∂w

∂x
+ (fy2 + ay − ab− b2f)

∂w

∂y
= 0.

Principal integral:

Ξ =
eaxE

y − b +

∫
eaxfE dx, E = exp

(
2b

∫
f dx

)
.

7.
∂w

∂x
+ (fy2 − axnfy + anxn−1)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − axn +

∫
fE dx, E = exp

(
a

∫
xnf dx

)
.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

8.
∂w

∂x
+ (fy2 + anxn−1 − a2x2nf)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − axn +

∫
fE dx, E = exp

(
2a

∫
xnf dx

)
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

9.
∂w

∂x
+ (fy2 + gy − a2f − ag)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − a +

∫
fE dx, E = exp

∫
(2af + g) dx.

10.
∂w

∂x
+ (fy2 + gy + anxn−1 − axng − a2x2nf)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − axn +

∫
fE dx, E = exp

[∫
(2axnf + g) dx

]
.
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11.
∂w

∂x
+
[[
fy2 − axngy + anxn−1 + a2x2n(g − f)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − axn +

∫
fE dx, E = exp

[
a

∫
xn(2f − g) dx

]
.

12. x
∂w

∂x
+ (fy2 + ny + ax2nf)

∂w

∂y
= 0.

1◦. Principal integral for a > 0:

Ξ = arctan

(
y√
axn

)
−
√
a

∫
xn−1f dx.

2◦. Principal integral for a < 0:

Ξ = arctanh

(
y√
|a|xn

)
+
√
|a|
∫
xn−1f dx.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

13. x
∂w

∂x
+
[[
x2nfy2 + (axnf − n)y + bf

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

v2 + av + b
−
∫
xn−1f dx, v = xny.

◮ Equations contain arbitrary and exponential functions.

14.
∂w

∂x
+ (aeλxy2 + aeλxfy + λf)

∂w

∂y
= 0.

Principal integral:

Ξ =
e−2λxE

ay + λe−λx
+

∫
e−λxE dx, E = exp

(
a

∫
eλxf dx

)
.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

15.
∂w

∂x
+ (fy2 − aeλxfy + aλeλx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − aeλx +

∫
fE dx, E = exp

(
a

∫
eλxf dx

)
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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16.
∂w

∂x
+ (fy2 + aλeλx − a2e2λxf)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − aeλx +

∫
fE dx, E = exp

(
2a

∫
eλxf dx

)
.

17.
∂w

∂x
+ (fy2 + λy + ae2λxf)

∂w

∂y
= 0.

1◦. Principal integral for a > 0:

Ξ = arctan

(
e−λxy√

a

)
−
√
a

∫
eλxf dx.

2◦. Principal integral for a < 0:

Ξ = arctanh

(
e−λxy√
|a|

)
+
√
|a|
∫
eλxf dx.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

18.
∂w

∂x
+
[[
fy2 − (aeλx + b)fy + aλeλx

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − aeλx − b +

∫
fE dx, E = exp

[∫
(aeλx + b)f dx

]
.

19.
∂w

∂x
+
[[
eλxfy2 + (af − λ)y + be−λxf

]]∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

v2 + av + b
−
∫
f(x) dx, v = eλxy.

20.
∂w

∂x
+ (fy2 + gy + aλeλx − aeλxg − a2e2λxf)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − aeλx +

∫
fE dx, E = exp

[∫
(2aeλxf + g) dx

]
.

21.
∂w

∂x
+
[[
fy2 − aeλxgy + aλeλx + a2e2λx(g − f)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − aeλx +

∫
fE dx, E = exp

[
a

∫
eλx(2f − g) dx

]
.
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22.
∂w

∂x
+
((
fy2 + 2aλxeλx

2 − a2fe2λx
2)) ∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − aeλx2 +

∫
fE dx, E = exp

(
2a

∫
eλx

2
f dx

)
.

23.
∂w

∂x
+
((
fy2 + 2λxy + afe2λx

2))∂w
∂y

= 0.

1◦. Principal integral for a > 0:

Ξ = arctan

(
e−λx2

y√
a

)
−
√
a

∫
eλx

2
f dx.

2◦. Principal integral for a < 0:

Ξ = arctanh

(
e−λx2

y√
|a|

)
+
√
|a|
∫
eλx

2
f dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

24.
∂w

∂x
+
[[
f(x)eλy + g(x)

]]∂w
∂y

= 0.

Principal integral:

Ξ = e−λyE + λ

∫
f(x)E dx, E = exp

[
λ

∫
g(x) dx

]
.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

◮ Equations contain arbitrary and hyperbolic functions.

25.
∂w

∂x
+
[[
fy2 − a2f + aλ sinh(λx)− a2f sinh2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a cosh(λx)
+

∫
fE dx, E = exp

[
2a

∫
f cosh(λx) dx

]
.

26.
∂w

∂x
+
[[
fy2 − a(af + λ) tanh2(λx) + aλ

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a tanh(λx)
+

∫
fE dx, E = exp

[
2a

∫
f tanh(λx) dx

]
.

27.
∂w

∂x
+
[[
fy2 − a(af + λ) coth2(λx) + aλ

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a coth(λx)
+

∫
fE dx, E = exp

[
2a

∫
f coth(λx) dx

]
.
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◮ Equations contain arbitrary and logarithmic functions.

28.
∂w

∂x
−
[[
ay2 lnx− axy(lnx− 1)f + f

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

x(lnx− 1)[axy(ln x− 1)− 1]
−
∫

E lnx dx

x2(lnx− 1)2
,

E = exp

[
a

∫
xf(lnx− 1) dx

]
.

29.
∂w

∂x
+
[[
fy2 − ax(lnx)fy + a lnx+ a

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − ax lnx +

∫
fE dx, E = exp

(
a

∫
xf lnx dx

)
.

30. x
∂w

∂x
+
[[
fy2 + a− a2(lnx)2f

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a lnx +

∫
x−1fE dx, E = exp

(
2a

∫
x−1f lnx dx

)
.

31. x
∂w

∂x
+
[[
(y + a ln x)2f − a

]]∂w
∂y

= 0.

Principal integral: Ξ =
1

y + a lnx
+

∫
f(x)

x
dx.

◮ Equations contain arbitrary and trigonometric functions.

32.
∂w

∂x
+
[[
λ sin(λx)y2 + f cos(λx)y − f

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

cos(λx)[cos(λx)y − 1]
+ λ

∫
sin(λx)

cos2(λx)
E dx, E = exp

[∫
f cos(λx) dx

]
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

33.
∂w

∂x
+
[[
fy2 − a2f + aλ sin(λx) + a2f sin2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + a cos(λx)
+

∫
fE dx, E = exp

[
−2a

∫
f cos(λx) dx

]
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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34.
∂w

∂x
+
[[
fy2 − a2f + aλ cos(λx) + a2f cos2(λx)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a sin(λx) +

∫
fE dx, E = exp

[
2a

∫
f sin(λx) dx

]
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

35.
∂w

∂x
+
[[
fy2 − a(af − λ) tan2(λx) + aλ

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y − a tan(λx) +

∫
fE dx, E = exp

[
2a

∫
f tan(λx) dx

]
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

36.
∂w

∂x
+
[[
fy2 − a(af − λ) cot2(λx) + aλ

]]∂w
∂y

= 0.

Principal integral:

Ξ =
E

y + a cot(λx)
+

∫
fE dx, E = exp

[
−2a

∫
f cot(λx) dx

]
.

◮ Equations contain arbitrary functions and their derivatives.

37.
∂w

∂x
+ (fy2 − fgy + g′x)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

y − g +

∫
fE dx, E = exp

(∫
fg dx

)
.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

38.
∂w

∂x
− (f ′

xy
2 − fgy + g)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

f(fy − 1)
−
∫

f ′xE
f2

dx, E = exp

(∫
fg dx

)
.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

39.
∂w

∂x
+
[[
g(y − f)2 + f ′

x

]] ∂w
∂y

= 0.

Principal integral: Ξ =
1

y − f +

∫
g dx.
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40.
∂w

∂x
+
((
f ′

x

g
y2 − g′

x

f

))
∂w

∂y
= 0.

Principal integral:

Ξ =
1

f(fy + g)
+

∫
f ′x dx
f2g

.

41. f2 ∂w

∂x
+
[[
f ′

xy
2 − g(y − f)

]]∂w
∂y

= 0.

Principal integral:

Ξ =
f2E

y − f +

∫
f ′xE dx, E = exp

(
−
∫

g dx

f2

)
.

42.
∂w

∂x
+
((
y2 − f ′′

xx

f

))
∂w

∂y
= 0.

Principal integral: Ξ =
1

f(fy + f ′x)
+

∫
dx

f2
.

43. g
∂w

∂x
+
[[
afgy3 + (bfg3 + g′x)y + cfg4

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

av3 + bv + c
−
∫
fg2 dx, v =

y

g
.

44.
∂w

∂x
+
[[
fy3 + 3fhy2 + (g + 3fh2)y + fh3 + gh− h′

x

]] ∂w
∂y

= 0.

Principal integral:

Ξ =
E

(y + h)2
+ 2

∫
fE dx, E = exp

(
2

∫
g dx

)
.

45.
∂w

∂x
+
[[

g′

x

f2(ag + b)3
y3 +

f ′

x

f
y + fg′x

]]
∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

v3 − av + 1
− 1

a
ln |ag + b|, v =

y

f(ag + b)
.

46.
∂w

∂x
+
[[
(y − f)(y − g)

((
y − af + bg

a + b

))
h+

y − g

f − g
f ′

x +
y − f

g − f
g′x

]]
∂w

∂y
= 0.

Principal integral:

Ξ = E|y − f |a|y − g|b
∣∣∣∣y −

af + bg

a+ b

∣∣∣∣
−a−b

, E = exp

[
− ab

a+ b

∫
(f − g)2hdx

]
.
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47.
∂w

∂x
+ (fy2 + g′xy + afe2g)

∂w

∂y
= 0.

1◦. Principal integral for a > 0:

Ξ = arctan

(
e−gy√
a

)
−
√
a

∫
feg dx.

2◦. Principal integral for a < 0:

Ξ = arctanh

(
e−gy√
|a|

)
+
√
|a|
∫
feg dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

48.
∂w

∂x
+ (f ′

xy
2 + aeλxfy + aeλx)

∂w

∂y
= 0.

Principal integral:

Ξ =
E

f(fy + 1)
+

∫
f ′xE
f2

dx, E = exp

(
a

∫
eλxf dx

)
.

1.1.8 Equations Containing Arbitrary Functions of Different
Arguments

◮ Equations contain arbitrary functions of x and arbitrary functions of y.

1. f(x)
∂w

∂x
+ g(y)

∂w

∂y
= 0.

Principal integral: Ξ =

∫
dx

f(x)
−
∫

dy

g(y)
.

⊙ Literature: E. Kamke (1965).

2.
[[
f(x) + g(y)

]]∂w
∂x

+ f ′

x(x)
∂w

∂y
= 0.

Principal integral: Ξ = f(x)e−y −
∫
e−yg(y) dy.

3.
[[
xnf(y) + xg(y)

]]∂w
∂x

+ h(y)
∂w

∂y
= 0.

Principal integral:

Ξ = x1−nE + (n− 1)

∫
f(y)E

h(y)
dy, E = exp

[
(n− 1)

∫
g(y)

h(y)
dy

]
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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4.
[[
f(y) + amxnym−1

]]∂w
∂x

−
[[
g(x) + anxn−1ym

]] ∂w
∂y

= 0.

Principal integral: Ξ =

∫
f(y) dy +

∫
g(x) dx + axnym.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

5.
[[
eαxf(y) + cβ

]] ∂w
∂x

−
[[
eβyg(x) + cα

]]∂w
∂y

= 0.

Principal integral: Ξ =

∫
e−βyf(y) dy +

∫
e−αxg(x) dx − ce−αx−βy .

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

◮ Equations contain one arbitrary function of complicated argument.

6.
∂w

∂x
+ f(ax+ by + c)

∂w

∂y
= 0, b 6= 0.

Principal integral:

Ξ =

∫
dv

a+ bf(v)
− x, v = ax+ by + c.

7.
∂w

∂x
+ f

((
y

x

))
∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

f(v)− v − ln |x|, v =
y

x
.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

8.
∂w

∂x
+
[[
f(y + axn + b) − anxn−1

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

f(v)
− x, v = y + axn + b.

9. x
∂w

∂x
+ yf(xnym)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

v
[
mf(v) + n

] − ln |x|, v = xnym.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

10. ym−1 ∂w

∂x
+ xn−1f(axn + bym)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

an+ bmf(v)
− 1

n
xn, v = axn + bym.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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11.
∂w

∂x
+ e−λxf(eλxy)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

f(v) + λv
− x, v = eλxy.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

12.
∂w

∂x
+ eλyf(eλyx)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

v
[
λvf(v) + 1

] − ln |x|, v = eλyx.

13.
∂w

∂x
+ yf(eαxym)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

v
[
α+mf(v)

] − x, v = eαxym.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

14. x
∂w

∂x
+ f(xneαy)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

v
[
n+ αf(v)

] − ln |x|, v = xneαy.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

15.
∂w

∂x
+ eλx−βyf(aeλx + beβy)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

aλ+ bβf(v)
− 1

λ
eλx, v = aeλx + beβy.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

16.
∂w

∂x
+
[[
f(y + aeλx + b) − aλeλx

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

f(v)
− x, v = y + aeλx + b.
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17. αxy
∂w

∂x
+
[[
αf(xneαy) − ny

]]∂w
∂y

= 0.

Principal integral:

Ξ = yE − 1

α

∫
v−1E dv, v = xneαy, E = exp

[
n

α2

∫
dv

vf(v)

]
.

18. mx(ln y)
∂w

∂x
+
[[
yf(xnym) − ny ln y

]] ∂w
∂y

= 0.

Principal integral:

Ξ = E ln y − 1

m

∫
v−1E dv, v = xnym, E = exp

[
n

m

∫
dv

vf(v)

]
.

19.
∂w

∂x
+
[[
f(y + a tanx) − a tan2 x

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

a+ f(v)
− x, v = y + a tan x.

20. eλx
∂w

∂x
+ f(λx+ ln y)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
ev dv

f(v) + λev
− x, v = λx+ ln y.

21.
∂w

∂x
+ eλyf(λy + lnx)

∂w

∂y
= 0.

Principal integral:

Ξ =

∫
dv

λevf(v) + 1
− lnx, v = λy + lnx.

◮ Equations contain several arbitrary functions.

22. mx
∂w

∂x
−
[[
ny − xykf(x)g(xnym)

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
v
1−k−m

m
dv

g(v)
−
∫
x
n(1−k)

m f(x) dx, v = xnym.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

23. yn
∂w

∂x
−
[[
axn + g(x)f(yn+1 + axn+1)

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

f(v)
+ (n + 1)

∫
g(x) dx, v = yn+1 + axn+1.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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24.
[[
f
((
y

x

))
+ xah

((
y

x

))]]
∂w

∂x
+
[[
g
((
y

x

))
+ yxa−1h

((
y

x

))]]
∂w

∂y
= 0.

Principal integral:

Ξ = x−aE + a

∫
h(v)E dv

g(v) − vf(v) , v =
y

x
,

where E = exp

[
a

∫
f(v) dv

g(v) − vf(v)

]
.

25.
[[
f(ax+by)+bxg(ax+by)

]] ∂w
∂x

+
[[
h(ax+by)−axg(ax+by)

]] ∂w
∂y

= 0.

Principal integral:

Ξ = xE −
∫

f(v)E dv

af(v) + bh(v)
, v = ax+ by,

where E = exp

[
−b
∫

g(v) dv

af(v) + bh(v)

]
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

26.
[[
f(ax+by)+byg(ax+by)

]]∂w
∂x

+
[[
h(ax+by)−ayg(ax+by)

]]∂w
∂y

= 0.

Principal integral:

Ξ = yE −
∫

h(v)E dv

af(v) + bh(v)
, v = ax+ by,

where E = exp

[
a

∫
g(v) dv

af(v) + bh(v)

]
.

27. x
[[
f(xnym) +mxkg(xnym)

]] ∂w
∂x

+ y
[[
h(xnym)− nxkg(xnym)

]]∂w
∂y

= 0.

Principal integral:

Ξ = x−kE + km

∫
g(v)E dv

v
[
nf(v) +mh(v)

] , v = xnym,

where E = exp

{
k

∫
f(v) dv

v
[
nf(v) +mh(v)

]
}

.

28. x
[[
f(xnym) +mykg(xnym)

]]∂w
∂x

+ y
[[
h(xnym)− nykg(xnym)

]] ∂w
∂y

= 0.

Principal integral:

Ξ = y−kE − kn
∫

g(v)E dv

v
[
nf(v) +mh(v)

] , v = xnym,

where E = exp

{
k

∫
h(v) dv

v
[
nf(v) +mh(v)

]
}

.



64 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

29. x
[[
sf(xnym)−mg(xkys)

]]∂w
∂x

+ y
[[
ng(xkys) − kf(xnym)

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

vg(v)
−
∫

dz

zf(z)
, v = xkys, z = xnym.

30. fy
∂w

∂x
− fx

∂w

∂y
= 0.

Here fx and fy are the partial derivatives of the function f = f(x, y) with respect to x
and y.

General solution: w = Φ(f(x, y)), where Φ = Φ(ξ) is an arbitrary function.

⊙ Literature: E. Kamke (1965).

31. f(x, y)
∂w

∂x
− g(x, y)

∂w

∂y
= 0, where

∂f

∂x
=

∂g

∂y
.

Principal integral:

Ξ =

∫ y

y0

f(x0, t) dt+

∫ x

x0

g(t, y) dt,

where x0 and y0 are arbitrary constants.

32. x
∂w

∂x
+
[[
xf(x)g(xney) − n

]]∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

vg(v)
−
∫
f(x) dx, v = xney.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

33. m
∂w

∂x
+
[[
mykf(x)g(eαxym) − αy

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
v
1−k−m

m
dv

g(v)
−m

∫
f(x) exp

[
α(1 − k)

m
x

]
dx, v = eαxym.

⊙ Literature: A. D. Polyanin and V. F. Zaitsev (1996).

34.
[[
f(ax+by)+beλyg(ax+by)

]] ∂w
∂x

+
[[
h(ax+by)−aeλyg(ax+by)

]] ∂w
∂y

=0.

Principal integral:

Ξ = e−λyE − λa
∫

g(v)E dv

af(v) + bh(v)
, v = ax+ by,

where E = exp

[
λ

∫
h(v) dv

af(v) + bh(v)

]
.
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35.
[[
f(ax+by)+beαxg(ax+by)

]]∂w
∂x

+
[[
h(ax+by)−aeαxg(ax+by)

]]∂w
∂y

=0.

Principal integral:

Ξ = e−αxE + αb

∫
g(v)E dv

af(v) + bh(v)
, v = ax+ by,

where E = exp

[
α

∫
f(v) dv

af(v) + bh(v)

]
.

36. x
[[
f(xneαy) + αyg(xneαy)

]] ∂w
∂x

+
[[
h(xneαy) − nyg(xneαy)

]] ∂w
∂y

= 0.

Principal integral:

Ξ = yE −
∫

h(v)E dv

v
[
nf(v) + αh(v)

] , v = xneαy,

where E = exp

{
n

∫
g(v) dv

v
[
nf(v) + αh(v)

]
}

.

37.
[[
f(eαxym) +mxg(eαxym)

]] ∂w
∂x

+ y
[[
h(eαxym)−αxg(eαxym)

]] ∂w
∂y

= 0.

Principal integral:

Ξ = xE −
∫

f(v)E dv

v
[
αf(v) +mh(v)

] , v = eαxym,

where E = exp

{
−m

∫
g(v) dv

v
[
αf(v) +mh(v)

]
}

.

38. x
∂w

∂x
+
[[
xyf(x)g(xn ln y) − ny ln y

]]∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

g(v)
−
∫
xnf(x) dx, v = xn ln y.

39. x
[[
f(xnym)+mg(xnym) ln y

]] ∂w
∂x

+y
[[
h(xnym)−ng(xnym) ln y

]]∂w
∂y

=0.

Principal integral:

Ξ = E ln y −
∫

h(v)E dv

v
[
nf(v) +mh(v)

] , v = xnym,

where E = exp

{
n

∫
g(v) dv

v
[
nf(v) +mh(v)

]
}

.
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40. x
[[
f(xnym)+mg(xnym) ln x

]]∂w
∂x

+y
[[
h(xnym)−ng(xnym) lnx

]] ∂w
∂y

=0.

Principal integral:

Ξ = E lnx−
∫

f(v)E dv

v
[
nf(v) +mh(v)

] , v = xnym,

where E = exp

{
−m

∫
g(v) dv

v
[
nf(v) +mh(v)

]
}

.

41. cos y
∂w

∂x
+
[[
f(x)g(sinx sin y) − cotx sin y

]]∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

g(v)
−
∫
f(x) sinx dx, v = sinx sin y.

42. sin 2x
∂w

∂x
+
[[
sin 2x cos2 yf(x)g(tanx tan y) − sin 2y

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

g(v)
−
∫
f(x) tan x dx, v = tanx tan y.

43. x
∂w

∂x
+
[[
x cos2 yf(x)g(x2n tan y) − n sin 2y

]]∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

g(v)
−
∫
x2nf(x) dx, v = x2n tan y.

44.
∂w

∂x
+
[[
cos2 yf(x)g(e2x tan y) − sin 2y

]] ∂w
∂y

= 0.

Principal integral:

Ξ =

∫
dv

g(v)
−
∫
e2xf(x) dx, v = e2x tan y.

1.2 Equations of the Form

f(x, y)
∂w

∂x
+ g(x, y)

∂w

∂y
= h(x, y)

◆ The solutions given below contain an arbitrary function Φ = Φ(z).



1.2. Equations of the Form f(x, y) ∂w
∂x

+ g(x, y) ∂w
∂y

= h(x, y) 67

1.2.1 Equations Containing Power-Law Functions

◮ Coefficients of equations are linear in x and y.

1. a
∂w

∂x
+ b

∂w

∂y
= c.

The equation of a cylindrical surface. Two forms of the general solution:

w =
c

a
x+Φ(bx− ay), w =

c

b
y +Φ(bx− ay).

⊙ Literature: E. Kamke (1965).

2. a
∂w

∂x
+ b

∂w

∂y
= αx+ βy + γ.

General solution: w =
α

2a
x2 +

γ

a
x+

β

2b
y2 +Φ(bx− ay).

3. ax
∂w

∂x
+ b

∂w

∂y
= αx+ βy + γ.

General solution: w =
α

a
x+

γ

a
ln |x|+ β

2b
y2 +Φ

(
ay − b ln |x|

)
.

4. ax
∂w

∂x
+ bx

∂w

∂y
= c.

General solution: w =
c

a
ln |x|+Φ(bx− ay).

5. (ax+ b)
∂w

∂x
+ (cy + d)

∂w

∂y
= αx+ βy + γ.

General solution:

w =
α

a
x+

aγ − bα
a2

ln |ax+ b|+ β

c
y − dβ

c2
ln |cy + d|+Φ

(
|ax+ b|c|cy + d|−a

)
.

6. ay
∂w

∂x
+ b

∂w

∂y
= αx+ βy + γ.

General solution: w =
β

a
x+

αx+ γ

b
y − aα

3b2
y3 +Φ

(
2bx− ay2

)
.

7. ay
∂w

∂x
+ bx

∂w

∂y
= c.

General solution: w =
c√
ab

ln
∣∣√ab x+ ay

∣∣+Φ
(
ay2 − bx2

)
.

8. ay
∂w

∂x
+ bx

∂w

∂y
= cx+ ky.

General solution: w =
bkx+ acy

ab
+Φ

(
ay2 − bx2

)
.



68 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

◮ Coefficients of equations are quadratic in x and y.

9. a
∂w

∂x
+ b

∂w

∂y
= cx2 + dy2 + kxy + n.

General solution:

w =
1

6a2b

[
b(2ac− bk)x3 + 2a2dy3 + 3abx(kxy + 2n)

]
+Φ(bx− ay).

10. ax
∂w

∂x
+ by

∂w

∂y
= cx2 + dy2 + kxy + n.

General solution:

w =





1

2ab
(bcx2 + ady2) +

n

a
ln |x|+ k

a+ b
xy +Φ

(
|x|−b/ay

)
if a+ b 6= 0,

1

2a
(cx2 − dy2) + 1

a
(kxy + n) ln |x|+Φ(xy) if a+ b = 0.

11. ay
∂w

∂x
+ bx

∂w

∂y
= cxy + d.

General solution: w =
c

2a
x2 +

d√
ab

ln
∣∣√ab x+ ay

∣∣+Φ(ay2 − bx2).

12. ax2 ∂w

∂x
+ by2

∂w

∂y
= cx2 + dy2 + kxy + nx+my + s.

General solution:

w =
c

a
x− s

ax
− dy2

ax− by +
kxy

ax− by ln

∣∣∣∣
ax

y

∣∣∣∣+
n

a
ln |x|+ m

b
ln |y|+Φ

(
ax− by
xy

)
.

13. x2 ∂w

∂x
+ axy

∂w

∂y
= by2.

General solution:

w =





b

2a− 1

y2

x
+Φ(|x|−ay) if a 6= 1

2 ,

b
y2

x
ln |x|+Φ(|x|−1/2y) if a = 1

2 .

14. ay2
∂w

∂x
+ bx2 ∂w

∂y
= cx2 + d.

This is a special case of equation 1.2.7.14 with k = 2, f(x) = a, g(x) = bx2, and h(x) =
cx2 + d.

15. ay2
∂w

∂x
+ bxy

∂w

∂y
= cx2 + dy2.

General solution:

w =
ac+ bd

ab
x− c

b

√
ay2 − bx2

b
arctan

(
x

√
b

ay2 − bx2
)
+Φ(ay2 − bx2).
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◮ Coefficients of equations contain other power-law functions.

16. x
∂w

∂x
+ y

∂w

∂y
= a

√
x2 + y2.

General solution: w = a
√
x2 + y2 +Φ

(
y

x

)
.

17. ax
∂w

∂x
+ by

∂w

∂y
= cxy2 + dx2y + k.

General solution: w =
cxy2

a+ 2b
+

dx2y

2a+ b
+
k

a
ln |x|+Φ

(
|x|−b/ay

)
.

18. ay
∂w

∂x
+ bx

∂w

∂y
= cx2y + d.

General solution: w =
c

3a
x3 +

d√
ab

ln
∣∣√ab x+ ay

∣∣+Φ(ay2 − bx2).

19. (ax+ b)
∂w

∂x
+ (cy + d)

∂w

∂y
= kx3 + ny3.

General solution:

w =
k

a

(
1

3
x3 − b

2a
x2 +

b2

a2
x− b3

a3
ln |ax+ b|

)

+
n

c

(
1

3
y3 − d

2c
y2 +

d2

c2
y − d3

c3
ln |cy + d|

)
+Φ

(
|ax+ b|c|cy + d|−a

)
.

20. x2 ∂w

∂x
+ xy

∂w

∂y
= y2(ax+ by).

General solution: w =
(ax+ by)y2

2x
+Φ

(
y

x

)
.

21. ax3 ∂w

∂x
+ by3

∂w

∂y
= cx+ d.

General solution: w = − 2cx+ d

2ax2
+Φ

(
ax2 − by2
x2y2

)
.

◮ Coefficients of equations contain arbitrary powers of x and y.

22. a
∂w

∂x
+ b

∂w

∂y
= cxn + dym.

General solution: w = Φ(bx− ay) + c

a(n+ 1)
xn+1 +

d

b(m+ 1)
ym+1.
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23. a
∂w

∂x
+ b

∂w

∂y
= cxny.

General solution:

w =





c[a(n + 2)y − bx]xn+1

a2(n+ 1)(n + 2)
+ Φ(bx− ay) if n 6= −1,−2;

bc

a2
x
(
1− ln |x|

)
+
c

a
y ln |x|+Φ(bx− ay) if n = −1;

bc

a2
(
1 + ln |x|

)
− cy

ax
+Φ(bx− ay) if n = −2.

24. x
∂w

∂x
+ y

∂w

∂y
= a(x2 + y2)k.

General solution: w =
a

2k
(x2 + y2)k +Φ

(
y

x

)
.

25. ax
∂w

∂x
+ by

∂w

∂y
= cxnym.

General solution:

w =





c

an+ bm
xnym +Φ

(
|y|a|x|−b

)
if an+ bm 6= 0,

c

a
xnym ln |x|+Φ

(
|y|a|x|−b

)
if an+ bm = 0.

26. ax
∂w

∂x
+ by

∂w

∂y
= cxn + dym.

General solution: w =
c

an
xn +

d

bm
ym +Φ

(
yax−b

)
.

27. mx
∂w

∂x
+ ny

∂w

∂y
= (axn + bym)k.

General solution: w =
1

mnk
(axn + bym)k +Φ

(
ymx−n

)
.

28. axn ∂w

∂x
+ bym

∂w

∂y
= cxk + dys.

This is a special case of equation 1.2.7.20. General solution:

w =
c

a(k − n+ 1)
xk−n+1 +

d

b(s−m+ 1)
ys−m+1 +Φ(u),

u =
1

a(1− n)x
1−n − 1

b(1 −m)
y1−m.

29. axn ∂w

∂x
+ bxmy

∂w

∂y
= cxkys + d.

This is a special case of equation 1.2.7.34 with f(x) = axn, g(x) = bxm, and h(x, y) =
cxkys + d.
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30. axn ∂w

∂x
+
((
bxmy + cxk

)) ∂w
∂y

= sxpyq + d.

This is a special case of equation 1.2.7.35 with f(x) = axn, g1(x) = bxm, g0(x) = cxk,

and h(x, y) = sxpyq + d.

31. axn ∂w

∂x
+
((
bxmyk + cxly

)) ∂w
∂y

= sxpyq + d.

This is a special case of equation 1.2.7.36 with f(x) = axn, g1(x) = cxl, g0(x) = bxm,

and h(x, y) = sxpyq + d.

32. ayk
∂w

∂x
+ bxn ∂w

∂y
= cxm + d.

This is a special case of equation 1.2.7.14 with f(x) = a, g(x) = bxn, and h(x) = cxm+d.

1.2.2 Equations Containing Exponential Functions

◮ Coefficients of equations contain exponential functions.

1. a
∂w

∂x
+ b

∂w

∂y
= ceλx + deµy .

General solution: w =
c

aλ
eλx +

d

bµ
eµy +Φ(bx− ay).

2. a
∂w

∂x
+ b

∂w

∂y
= ceαx+βy .

General solution:

w =





c

aα+ bβ
eαx+βy +Φ(bx− ay) if aα+ bβ 6= 0,

c

a
xeαx+βy +Φ(bx− ay) if aα+ bβ = 0.

3. aeλx
∂w

∂x
+ beβy

∂w

∂y
= c.

General solution: w = − c

aλ
e−λx +Φ(u), where u = bβe−λx − aλe−βy .

4. aeλy
∂w

∂x
+ beβx

∂w

∂y
= c.

General solution: w =
c(βx− λy)

u
+Φ(u), where u = aβeλy − bλeβx.

5. aeαx ∂w

∂x
+ beβy

∂w

∂y
= ceγx−βy .

Introduce the notation u =
1

βb
eβy − 1

αa
eαx.
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General solution:

w =





c

a(γ − α) e
(γ−α)x

[
e−βy +

bβe−αx

a(γ − 2α)

]
+Φ(u) if γ 6= α, 2α,

c

a

[
xe−βy − bβ

aα2
(αx+ 1)e−αx

]
+Φ(u) if γ = α,

c

aα

[
eαx−βy +

bβ

aα
(αx− 1)

]
+Φ(u) if γ = 2α.

6. aeαx ∂w

∂x
+ beβy

∂w

∂y
= ceγx−2βy .

Introduce the notation u =
1

βb
eβy − 1

αa
eαx.

1◦. General solution for γ 6= α, γ 6= 2α, and γ 6= 3α:

w=
c

a(γ−α)

[
e−2βy+

2bβ

a(γ−2α)
e−αx−βy+

2b2β2

a2(γ−2α)(γ−3α)
e−2αx

]
e(γ−α)x+Φ(u).

2◦. General solution for γ = α:

w =
c

a

[
xe−2βy − 2bβ

aα2
(αx+ 1)e−αx−βy +

b2β2

a2α3

(
αx+

3

2

)
e−2αx

]
+Φ(u).

3◦. General solution for γ = 2α:

w =
c

aα

[
eαx−βy +

2bβ

aα
(αx− 1)

]
e−βy +Φ(u).

4◦. General solution for γ = 3α:

w =
c

aα

[
1

2
e2(αx−βy) +

bβ

aα
eαx−βy +

b2β2

a2α2

(
αx− 3

2

)]
+Φ(u).

7. aeαx ∂w

∂x
+ beβy

∂w

∂y
= ceγx + seµy .

This is a special case of equation 1.2.7.20 with f(x) = aeαx, g(y) = beβy , h1(x) = ceγx,

and h2(y) = seµy .

8. aeβx
∂w

∂x
+
((
beγx + ceλy

)) ∂w
∂y

= seµx + keδy + p.

This is a special case of equation 1.2.7.37 with f(x) = aeβx, g1(x) = beγx, g0(x) = c, and

h(x, y) = seµx + keδy + p.

9. aeβx
∂w

∂x
+
((
beγx + ceλy

)) ∂w
∂y

= seµx+δy + k.

This is a special case of equation 1.2.7.37 with f(x) = aeβx, g1(x) = beγx, g0(x) = c, and

h(x, y) = seµx+δy + k.
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10. aeβx
∂w

∂x
+ beγx+λy ∂w

∂y
= ceµx+δy + k.

This is a special case of equation 1.2.7.37 with f(x) = aeβx, g1(x) ≡ 0, g0(x) = beγx, and

h(x, y) = ceµx+δy + k.

11. aeλy
∂w

∂x
+ beβx

∂w

∂y
= ceγx + d.

This is a special case of equation 1.2.7.16 with f(x)= a, g(x)= beβx, and h(x)= ceγx+d.

◮ Coefficients of equations contain exponential and power-law functions.

12. a
∂w

∂x
+ b

∂w

∂y
= cyeλx + kxeµy.

General solution: w =
c

aλ
eλx
(
y − b

aλ

)
+

k

bµ
eµy
(
x− a

bµ

)
+Φ(bx− ay).

13.
∂w

∂x
+ a

∂w

∂y
= axkeλy .

This is a special case of equation 1.2.7.5 with f(x) = axk.

14.
∂w

∂x
+ (ay + beλx)

∂w

∂y
= ceβx.

This is a special case of equation 1.2.7.6 with f(x) = beλx and g(x) = ceβx.

15.
∂w

∂x
+ (aeλxy + beβxyk)

∂w

∂y
= ceµx.

This is a special case of equation 1.2.7.12 with f(x) = 1, g1(x) = aeλx, g2(x) = beβx, and

h(x) = ceµx.

16.
∂w

∂x
+ (axk + bxneλy)

∂w

∂y
= ceβx.

This is a special case of equation 1.2.7.13 with f(x) = 1, g1(x) = axk, g2(x) = bxn, and

h(x) = ceβx.

17. x
∂w

∂x
+ y

∂w

∂y
= axeλx+µy .

General solution: w =
ax

λx+ µy
eλx+µy +Φ

(
y

x

)
.

18. x
∂w

∂x
+ y

∂w

∂y
= ayeλx + bxeµy .

General solution: w =
ay

λx
eλx +

bx

µy
eµy +Φ

(
y

x

)
.

19. axk ∂w

∂x
+ beλy

∂w

∂y
= cxn + s.

This is a special case of equation 1.2.7.13 with f(x) = axk, g1(x) = 0, g2(x) = b, and

h(x) = cxn + s.



74 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

20. ayk
∂w

∂x
+ beλx

∂w

∂y
= ceµx + s.

This is a special case of equation 1.2.7.14 with f(x)= a, g(x) = beλx, and h(x)= ceµx+s.

21. aeλx
∂w

∂x
+ byk

∂w

∂y
= cxn + s.

This is a special case of equation 1.2.7.12 with f(x) = aeλx, g1(x) = 0, g2(x) = b, and

h(x) = cxn + s.

22. aeλy
∂w

∂x
+ bxk ∂w

∂y
= ceµx + s.

This is a special case of equation 1.2.7.16 with f(x) = a, g(x) = bxk, and h(x) = ceµx+s.

1.2.3 Equations Containing Hyperbolic Functions

◮ Coefficients of equations contain hyperbolic sine.

1. a
∂w

∂x
+ b

∂w

∂y
= c sinh(λx) + k sinh(µy).

General solution: w =
c

aλ
cosh(λx) +

k

bµ
cosh(µy) + Φ(bx− ay).

2. a
∂w

∂x
+ b

∂w

∂y
= c sinh(λx+ µy).

General solution:

w =





c

aλ+ bµ
cosh(λx+ µy) + Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x sinh(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

3. x
∂w

∂x
+ y

∂w

∂y
= ax sinh(λx+ µy).

General solution: w =
ax

λx+ µy
cosh(λx+ µy) + Φ

(
y

x

)
.

4. a
∂w

∂x
+ b sinhn(λx)

∂w

∂y
= c sinhm(µx) + s sinhk(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b sinhn(λx),
and h(x, y) = c sinhm(µx) + s sinhk(βy).

5. a
∂w

∂x
+ b sinhn(λy)

∂w

∂y
= c sinhm(µx) + s sinhk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b sinhn(λy), h1(x) =
c sinhm(µx), and h2(y) = s sinhk(βy).
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◮ Coefficients of equations contain hyperbolic cosine.

6. a
∂w

∂x
+ b

∂w

∂y
= c cosh(λx) + k cosh(µy).

General solution: w =
c

aλ
sinh(λx) +

k

bµ
sinh(µy) + Φ(bx− ay).

7. a
∂w

∂x
+ b

∂w

∂y
= c cosh(λx+ µy).

General solution:

w =





c

aλ+ bµ
sinh(λx+ µy) + Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x cosh(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

8. x
∂w

∂x
+ y

∂w

∂y
= ax cosh(λx+ µy).

General solution: w =
ax

λx+ µy
sinh(λx+ µy) + Φ

(
y

x

)
.

9. a
∂w

∂x
+ b coshn(λx)

∂w

∂y
= c coshm(µx) + s coshk(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b coshn(λx),
and h(x, y) = c coshm(µx) + s coshk(βy).

10. a
∂w

∂x
+ b coshn(λy)

∂w

∂y
= c coshm(µx) + s coshk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b coshn(λy), h1(x) =
c coshm(µx), and h2(y) = s coshk(βy).

◮ Coefficients of equations contain hyperbolic tangent.

11. a
∂w

∂x
+ b

∂w

∂y
= c tanh(λx) + k tanh(µy).

General solution: w =
c

aλ
ln
[
cosh(λx)

]
+

k

bµ
ln
[
cosh(µy)

]
+Φ(bx− ay).

12. a
∂w

∂x
+ b

∂w

∂y
= c tanh(λx+ µy).

General solution:

w =





c

aλ+ bµ
ln
[
cosh(λx+ µy)

]
+Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x tanh(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

13. x
∂w

∂x
+ y

∂w

∂y
= ax tanh(λx+ µy).

General solution: w =
ax

λx+ µy
ln
[
cosh(λx+ µy)

]
+Φ

(
y

x

)
.
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14. a
∂w

∂x
+ b tanhn(λx)

∂w

∂y
= c tanhm(µx) + s tanhk(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b tanhn(λx),
and h(x, y) = c tanhm(µx) + s tanhk(βy).

15. a
∂w

∂x
+ b tanhn(λy)

∂w

∂y
= c tanhm(µx) + s tanhk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b tanhn(λy), h1(x) =
c tanhm(µx), and h2(y) = s tanhk(βy).

◮ Coefficients of equations contain hyperbolic cotangent.

16. a
∂w

∂x
+ b

∂w

∂y
= c coth(λx) + k coth(µy).

General solution: w =
c

aλ
ln
∣∣sinh(λx)

∣∣+ k

bµ
ln
∣∣sinh(µy)

∣∣+Φ(bx− ay).

17. a
∂w

∂x
+ b

∂w

∂y
= c coth(λx+ µy).

General solution:

w =





c

aλ+ bµ
ln
∣∣sinh(λx+ µy)

∣∣+Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x coth(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

18. x
∂w

∂x
+ y

∂w

∂y
= ax coth(λx+ µy).

General solution: w =
ax

λx+ µy
ln
∣∣sinh(λx+ µy)

∣∣+Φ

(
y

x

)
.

19. a
∂w

∂x
+ b cothn(λx)

∂w

∂y
= c cothm(µx) + s cothk(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b cothn(λx),
and h(x, y) = c cothm(µx) + s cothk(βy).

20. a
∂w

∂x
+ b cothn(λy)

∂w

∂y
= c cothm(µx) + s cothk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b cothn(λy), h1(x) =
c cothm(µx), and h2(y) = s cothk(βy).

◮ Coefficients of equations contain different hyperbolic functions.

21. a
∂w

∂x
+ b

∂w

∂y
= c sinh(λx) + k cosh(µy).

General solution: w =
c

aλ
cosh(λx) +

k

bµ
sinh(µy) + Φ(bx− ay).
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22. a
∂w

∂x
+ b

∂w

∂y
= tanh(λx) + k coth(µy).

General solution: w =
1

aλ
ln
∣∣cosh(λx)

∣∣+ k

bµ
ln
∣∣sinh(µy)

∣∣+Φ(bx− ay).

23. a
∂w

∂x
+ b

∂w

∂y
= sinh(λx) + k tanh(µy).

General solution: w =
1

aλ
cosh(λx) +

k

bµ
ln
∣∣cosh(µy)

∣∣+Φ(bx− ay).

24. a
∂w

∂x
+ b cosh(µy)

∂w

∂y
= sinh(λx).

General solution: w =
1

aλ
cosh(λx) + Φ(u), where u = bµx− 2a arctan

(
tanh

µx

2

)
.

25. a
∂w

∂x
+ b sinh(µy)

∂w

∂y
= cosh(λx).

General solution: w =
1

aλ
sinh(λx) + Φ(u), where u = bµx− a ln

∣∣∣tanh
µx

2

∣∣∣.

1.2.4 Equations Containing Logarithmic Functions

◮ Coefficients of equations contain logarithmic functions.

1. a
∂w

∂x
+ b

∂w

∂y
= c ln(λx+ βy).

General solution:

w =





c(λx+ βy)

aλ+ bβ

[
ln(λx+ βy)− 1

]
+Φ(bx− ay) if aλ 6= −bβ,

c

a
x ln(λx+ βy) + Φ(bx− ay) if aλ = −bβ.

2. a
∂w

∂x
+ b

∂w

∂y
= c ln(λx) + k ln(βy).

General solution: w =
c

a
x
[
ln(λx)− 1

]
+
k

b
y
[
ln(βy)− 1

]
+Φ(bx− ay).

3. a
∂w

∂x
+ b ln(λx) ln(βy)

∂w

∂y
= c ln(γx).

General solution:

w =
c

a
x
[
ln(γx)− 1

]
+Φ(u), where u = bx

[
ln(λx)− 1

]
− a

∫
dy

ln(βy)
.

4. a
∂w

∂x
+ b lnn(λx)

∂w

∂y
= c lnm(µx) + s lnk(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b lnn(λx),
and h(x, y) = c lnm(µx) + s lnk(βy).
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5. a
∂w

∂x
+ b lnn(λy)

∂w

∂y
= c lnm(µx) + s lnk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b lnn(λy), h1(x) =
c lnm(µx), and h2(y) = s lnk(βy).

6. a lnn(λx)
∂w

∂x
+ b lnk(βy)

∂w

∂y
= c lnm(γx).

General solution:

w =
c

a

∫
lnm(γx)

lnn(λx)
dx+Φ(u), where u = b

∫
dx

lnn(λx)
− a

∫
dy

lnk(βy)
.

◮ Coefficients of equations contain logarithmic and power-law functions.

7. a
∂w

∂x
+ b

∂w

∂y
= cxn + s lnk(λy).

General solution: w =
c

a(n+ 1)
xn+1 +

s

b

∫
lnk(λy) dy +Φ(bx− ay).

8.
∂w

∂x
+ a

∂w

∂y
= by2 + cxny + s lnk(λx).

This is a special case of equation 1.2.7.3 with f(x) = b, g(x) = cxn, and h(x) = s lnk(λx).

9.
∂w

∂x
+ a

∂w

∂y
= b lnk(λx) lnn(βy).

This is a special case of equation 1.2.7.18 with f(x) = b lnk(λx) and g(y) = lnn(βy).

10.
∂w

∂x
+ (ay + bxn)

∂w

∂y
= c lnk(λx).

This is a special case of equation 1.2.7.6 with f(x) = bxn and g(x) = c lnk(λx).

11. ax
∂w

∂x
+ by

∂w

∂y
= xk(n lnx+m ln y).

This is a special case of equation 1.2.7.28 with f(u) = lnu.

12. axk ∂w

∂x
+ byn

∂w

∂y
= c lnm(λx) + s lnl(βy).

General solution:

w=
c

a

∫
x−k lnm(λx) dx+

s

b

∫
y−n lnl(βy) dy+Φ(u), u=

b

1−kx
1−k− a

1−ny
1−n.

1.2.5 Equations Containing Trigonometric Functions

◮ Coefficients of equations contain sine.

1. a
∂w

∂x
+ b

∂w

∂y
= c sin(λx) + k sin(µy).

General solution: w = − c

aλ
cos(λx)− k

bµ
cos(µy) + Φ(bx− ay).
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2. a
∂w

∂x
+ b

∂w

∂y
= c sin(λx+ µy).

General solution:

w =




− c

aλ+ bµ
cos(λx+ µy) + Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x sin(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

3. x
∂w

∂x
+ y

∂w

∂y
= ax sin(λx+ µy).

General solution: w = − ax

λx+ µy
cos(λx+ µy) + Φ

(
y

x

)
.

4. a
∂w

∂x
+ b sinn(λx)

∂w

∂y
= c sinm(µx) + s sink(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b sinn(λx),
and h(x, y) = c sinm(µx) + s sink(βy).

5. a
∂w

∂x
+ b sinn(λy)

∂w

∂y
= c sinm(µx) + s sink(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b sinn(λy), h1(x) =
c sinm(µx), and h2(y) = s sink(βy).

◮ Coefficients of equations contain cosine.

6. a
∂w

∂x
+ b

∂w

∂y
= c cos(λx) + k cos(µy).

General solution: w =
c

aλ
sin(λx) +

k

bµ
sin(µy) + Φ(bx− ay).

7. a
∂w

∂x
+ b

∂w

∂y
= c cos(λx+ µy).

General solution:

w =





c

aλ+ bµ
sin(λx+ µy) + Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x cos(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

8. x
∂w

∂x
+ y

∂w

∂y
= ax cos(λx+ µy).

General solution: w =
ax

λx+ µy
sin(λx+ µy) + Φ

(
y

x

)
.

9. a
∂w

∂x
+ b cosn(λx)

∂w

∂y
= c cosm(µx) + s cosk(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b cosn(λx),
and h(x, y) = c cosm(µx) + s cosk(βy).

10. a
∂w

∂x
+ b cosn(λy)

∂w

∂y
= c cosm(µx) + s cosk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b cosn(λy), h1(x) =
c cosm(µx), and h2(y) = s cosk(βy).
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◮ Coefficients of equations contain tangent.

11. a
∂w

∂x
+ b

∂w

∂y
= c tan(λx) + k tan(µy).

General solution: w = − c

aλ
ln
∣∣cos(λx)

∣∣− k

bµ
ln
∣∣cos(µy)

∣∣+Φ(bx− ay).

12. a
∂w

∂x
+ b

∂w

∂y
= c tan(λx+ µy).

General solution:

w =




− c

aλ+ bµ
ln
∣∣cos(λx+ µy)

∣∣+Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x tan(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

13. x
∂w

∂x
+ y

∂w

∂y
= ax tan(λx+ µy).

General solution: w = − ax

λx+ µy
ln
∣∣cos(λx+ µy)

∣∣+Φ

(
y

x

)
.

14. a
∂w

∂x
+ b tann(λx)

∂w

∂y
= c tanm(µx) + s tank(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b tann(λx),
and h(x, y) = c tanm(µx) + s tank(βy).

15. a
∂w

∂x
+ b tann(λy)

∂w

∂y
= c tanm(µx) + s tank(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b tann(λy), h1(x) =
c tanm(µx), and h2(y) = s tank(βy).

◮ Coefficients of equations contain cotangent.

16. a
∂w

∂x
+ b

∂w

∂y
= c cot(λx) + k cot(µy).

General solution: w =
c

aλ
ln
∣∣sin(λx)

∣∣+ k

bµ
ln
∣∣sin(µy)

∣∣+Φ(bx− ay).

17. a
∂w

∂x
+ b

∂w

∂y
= c cot(λx+ µy).

General solution:

w =





c

aλ+ bµ
ln
∣∣sin(λx+ µy)

∣∣+Φ(bx− ay) if aλ+ bµ 6= 0,

c

a
x cot(λx+ µy) + Φ(bx− ay) if aλ+ bµ = 0.

18. x
∂w

∂x
+ y

∂w

∂y
= ax cot(λx+ µy).

General solution: w =
ax

λx+ µy
ln
∣∣sin(λx+ µy)

∣∣+Φ

(
y

x

)
.
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19. a
∂w

∂x
+ b cotn(λx)

∂w

∂y
= c cotm(µx) + s cotk(βy).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(x) ≡ 0, g0(x) = b cotn(λx),
and h(x, y) = c cotm(µx) + s cotk(βy).

20. a
∂w

∂x
+ b cotn(λy)

∂w

∂y
= c cotm(µx) + s cotk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b cotn(λy), h1(x) =
c cotm(µx), and h2(y) = s cotk(βy).

◮ Coefficients of equations contain different trigonometric functions.

21. a
∂w

∂x
+ b

∂w

∂y
= sin(λx) + c cos(µy) + k.

General solution: w =
k

a
x− 1

aλ
cos(λx) +

c

bµ
sin(µy) + Φ(bx− ay).

22. a
∂w

∂x
+ b

∂w

∂y
= tan(λx) + c sin(µy) + k.

General solution: w =
k

a
x− 1

aλ
ln
∣∣cos(λx)

∣∣− c

bµ
cos(µy) + Φ(bx− ay).

23. a
∂w

∂x
+ b

∂w

∂y
= sin(λx) cos(µy) + c.

General solution:

w =





c

a
x− cos(λx− µy)

2(aλ− bµ) −
cos(λx+ µy)

2(aλ+ bµ)
+ Φ(bx− ay) if aλ± bµ 6= 0,

c

a
x+

x

2a
sin
[µ
a
(bx− ay)

]
− cos(λx+ µy)

2(aλ+ bµ)
+ Φ(bx− ay) if aλ− bµ = 0,

c

a
x− x

2a
sin
[µ
a
(bx− ay)

]
− cos(λx− µy)

2(aλ− bµ) + Φ(bx− ay) if aλ+ bµ = 0.

24. a
∂w

∂x
+ b sin(µy)

∂w

∂y
= cos(λx) + c.

General solution: w =
c

a
x+

1

aλ
sin(λx) + Φ(u), where u = bµx− a ln

∣∣tan
(
1
2µy

)∣∣.

25. a
∂w

∂x
+ b tan(µy)

∂w

∂y
= sin(λx) + c.

General solution: w =
c

a
x− 1

aλ
cos(λx) + Φ(u), where u = bµx− a ln

∣∣sin(µy)
∣∣.

26. a
∂w

∂x
+ b tan(µy)

∂w

∂y
= cot(λx) + c.

General solution: w =
c

a
x− 1

aλ
ln
∣∣sin(λx)

∣∣ +Φ(u), where u = bµx− a ln
∣∣sin(µy)

∣∣.
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1.2.6 Equations Containing Inverse Trigonometric Functions

◮ Coefficients of equations contain arcsine.

1. a
∂w

∂x
+ b

∂w

∂y
= c arcsin

x

λ
+ k arcsin

y

β
.

General solution:

w =
c

a

(
x arcsin

x

λ
+
√
λ2 − x2

)
+
k

b

(
y arcsin

y

β
+
√
β2 − y2

)
+Φ(bx− ay).

2. a
∂w

∂x
+ b

∂w

∂y
= c arcsin(λx+ βy).

1◦. General solution for aλ+ bβ 6= 0:

w =
c

aλ+ bβ

[
(λx+ βy) arcsin(λx+ βy) +

√
1− (λx+ βy)2

]
+Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w =
c

a
x arcsin(λx+ βy) + Φ(bx− ay).

3. x
∂w

∂x
+ y

∂w

∂y
= ax arcsin(λx+ βy).

General solution: w = ax

[
arcsin(λx+ βy) +

√
1− (λx+ βy)2

λx+ βy

]
+Φ

(
y

x

)
.

4. a
∂w

∂x
+ b arcsinn(λx)

∂w

∂y
= c arcsinm(µx) + s arcsink(βy).

This is a special case of equation 1.2.7.35 with f(x)= a, g1(x)≡ 0, g0(x)= b arcsinn(λx),
and h(x, y) = c arcsinm(µx) + s arcsink(βy).

5. a
∂w

∂x
+ b arcsinn(λy)

∂w

∂y
= c arcsinm(µx) + s arcsink(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b arcsinn(λy), h1(x) =
c arcsinm(µx), and h2(y) = s arcsink(βy).

◮ Coefficients of equations contain arccosine.

6. a
∂w

∂x
+ b

∂w

∂y
= c arccos

x

λ
+ k arccos

y

β
.

General solution:

w =
c

a

(
x arccos

x

λ
−
√
λ2 − x2

)
+
k

b

(
y arccos

y

β
−
√
β2 − y2

)
+Φ(bx− ay).
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7. a
∂w

∂x
+ b

∂w

∂y
= c arccos(λx+ βy).

1◦. General solution for aλ+ bβ 6= 0:

w =
c

aλ+ bβ

[
(λx+ βy) arccos(λx+ βy)−

√
1− (λx+ βy)2

]
+Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w =
c

a
x arccos(λx+ βy) + Φ(bx− ay).

8. x
∂w

∂x
+ y

∂w

∂y
= ax arccos(λx+ βy).

General solution: w = ax

[
arccos(λx+ βy)−

√
1− (λx+ βy)2

λx+ βy

]
+Φ

(
y

x

)
.

9. a
∂w

∂x
+ b arccosn(λx)

∂w

∂y
= c arccosm(µx) + s arccosk(βy).

This is a special case of equation 1.2.7.35 with f(x)=a, g1(x)≡ 0, g0(x)= b arccos
n(λx),

and h(x, y) = c arccosm(µx) + s arccosk(βy).

10. a
∂w

∂x
+ b arccosn(λy)

∂w

∂y
= c arccosm(µx) + s arccosk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b arccosn(λy), h1(x) =
c arccosm(µx), and h2(y) = s arccosk(βy).

◮ Coefficients of equations contain arctangent.

11. a
∂w

∂x
+ b

∂w

∂y
= c arctan

x

λ
+ k arctan

y

β
.

General solution:

w =
c

a

[
x arctan

x

λ
− λ

2
ln(λ2 + x2)

]
+
k

b

[
y arctan

y

β
− β

2
ln(β2 + y2)

]
+Φ(bx− ay).

12. a
∂w

∂x
+ b

∂w

∂y
= c arctan(λx+ βy).

1◦. General solution for aλ+ bβ 6= 0:

w =
c

aλ+ bβ

{
(λx+ βy) arctan(λx+ βy)− 1

2
ln
[
1 + (λx+ βy)2

]}
+Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w =
c

a
x arctan(λx+ βy) + Φ(bx− ay).
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13. x
∂w

∂x
+ y

∂w

∂y
= ax arctan(λx+ βy).

General solution:

w = ax

{
arctan(λx+ βy)− 1

2(λx+ βy)
ln

[
x2 +

x2

(λx+ βy)2

]}
+Φ

(
y

x

)
.

14. a
∂w

∂x
+ b arctann(λx)

∂w

∂y
= c arctanm(µx) + s arctank(βy).

This is a special case of equation 1.2.7.35 with f(x)= a, g1(x)≡ 0, g0(x)= b arctann(λx),
and h(x, y) = c arctanm(µx) + s arctank(βy).

15. a
∂w

∂x
+ b arctann(λy)

∂w

∂y
= c arctanm(µx) + s arctank(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b arctann(λy), h1(x) =
c arctanm(µx), and h2(y) = s arctank(βy).

◮ Coefficients of equations contain arccotangent.

16. a
∂w

∂x
+ b

∂w

∂y
= c arccot

x

λ
+ k arccot

y

β
.

General solution:

w =
c

a

[
x arccot

x

λ
+
λ

2
ln(λ2 + x2)

]
+
k

b

[
y arccot

y

β
+
β

2
ln(β2 + y2)

]
+Φ(bx− ay).

17. a
∂w

∂x
+ b

∂w

∂y
= c arccot(λx+ βy).

1◦. General solution for aλ+ bβ 6= 0:

w =
c

aλ+ bβ

{
(λx+ βy) arccot(λx+ βy) +

1

2
ln
[
1 + (λx+ βy)2

]}
+Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w =
c

a
x arccot(λx+ βy) + Φ(bx− ay).

18. x
∂w

∂x
+ y

∂w

∂y
= ax arccot(λx+ βy).

General solution:

w = ax

{
arccot(λx+ βy) +

1

2(λx+ βy)
ln

[
x2 +

x2

(λx+ βy)2

]}
+Φ

(
y

x

)
.

19. a
∂w

∂x
+ b arccotn(λx)

∂w

∂y
= c arccotm(µx) + s arccotk(βy).

This is a special case of equation 1.2.7.35 with f(x)= a, g1(x)≡ 0, g0(x)= b arccotn(λx),
and h(x, y) = c arccotm(µx) + s arccotk(βy).

20. a
∂w

∂x
+ b arccotn(λy)

∂w

∂y
= c arccotm(µx) + s arccotk(βy).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = b arccotn(λy), h1(x) =
c arccotm(µx), and h2(y) = s arccotk(βy).
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1.2.7 Equations Containing Arbitrary Functions

◮ Coefficients of equations contain arbitrary functions of x.

1. a
∂w

∂x
+ b

∂w

∂y
= f(x).

General solution: w =
1

a

∫
f(x) dx+Φ(bx− ay).

⊙ Literature: E. Kamke (1965).

2.
∂w

∂x
+ a

∂w

∂y
= f(x)y.

General solution: w =

∫ x

x0

(y − ax+ at)f(t) dt+Φ(y − ax), where x0 may be taken as

arbitrary.

3.
∂w

∂x
+ a

∂w

∂y
= f(x)y2 + g(x)y + h(x).

General solution:

w = ϕ(x)y2 + ψ(x)y + χ(x) + Φ(y − ax),

where

ϕ(x) =

∫
f(x) dx, ψ(x) =

∫ [
g(x) − 2aϕ(x)

]
dx, χ(x) =

∫ [
h(x) − aψ(x)

]
dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

4.
∂w

∂x
+ a

∂w

∂y
= f(x)yk.

General solution: w =

∫ x

x0

(y− ax+ at)kf(t) dt+Φ(y− ax), where x0 may be taken as

arbitrary.

5.
∂w

∂x
+ a

∂w

∂y
= f(x)eλy.

General solution: w = eλ(y−ax)

∫
f(x)eaλx dx+Φ(y − ax).

6.
∂w

∂x
+ [ay + f(x)]

∂w

∂y
= g(x).

General solution: w =

∫
g(x) dx +Φ(u), where u = e−axy −

∫
f(x)e−ax dx.

7.
∂w

∂x
+
[[
ay + f(x)

]]∂w
∂y

= g(x)yk.

This is a special case of equation 1.2.7.19 with h(y) = yk.
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8. f(x)
∂w

∂x
+ yk

∂w

∂y
= g(x).

General solution:

w =

∫
g(x)

f(x)
dx+Φ(u), where u =





1

k − 1
y1−k +

∫
dx

f(x)
if k 6= 1,

y exp

[
−
∫

dx

f(x)

]
if k = 1.

9. f(x)
∂w

∂x
+ (y + a)

∂w

∂y
= by + c.

General solution: w= by+(c−ab) ln |y+a|+Φ(u), where u=(y+a) exp

[
−
∫

dx

f(x)

]
.

10. f(x)
∂w

∂x
+ (y + ax)

∂w

∂y
= g(x).

General solution:

w =

∫
g(x)

f(x)
dx+Φ

(
e−zy − a

∫
xe−z

f(x)
dx

)
, where z =

∫
dx

f(x)
.

11. f(x)
∂w

∂x
+
[[
g1(x)y + g0(x)

]]∂w
∂y

= h2(x)y
2 + h1(x)y + h0(x).

General solution:

w = ϕ(x)y2 + ψ(x)y + χ(x) + Φ(u), u = e−Gy −
∫
e−G g0

f
dx,

where

ϕ(x) = e−2G

∫
e2G

h2
f
dx, G = G(x) =

∫
g1
f
dx,

ψ(x) = e−G

∫
eG
h1 − 2g0ϕ

f
dx, χ(x) =

∫
h0 − g0ψ

f
dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

12. f(x)
∂w

∂x
+
[[
g1(x)y + g2(x)y

k
]] ∂w
∂y

= h(x).

General solution: w =

∫
h(x)

f(x)
dx+Φ(u), where

u = e−Gy1−k − (1− k)
∫
e−G g2(x)

f(x)
dx, G = (1− k)

∫
g1(x)

f(x)
dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

13. f(x)
∂w

∂x
+
[[
g1(x) + g2(x)e

λy
]] ∂w
∂y

= h(x).

General solution: w =

∫
h(x)

f(x)
dx+Φ(u), where

u = e−λyE(x) + λ

∫
g2(x)

f(x)
E(x) dx, E(x) = exp

[
λ

∫
g1(x)

f(x)
dx

]
.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
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14. f(x)yk
∂w

∂x
+ g(x)

∂w

∂y
= h(x).

General solution: w = Φ(u) +

∫ x

x0

h(t)

f(t)

[
u+ E(t)

]− k
k+1 dt, where

u = yk+1 − E(x), E(x) = (k + 1)

∫
g(x)

f(x)
dx, x0 may be taken as arbitrary.

15. f(x)yk
∂w

∂x
+
[[
g1(x)y

k+1 + g0(x)
]]∂w
∂y

= h2(x)y
3k+2 + h1(x)y

2k+1 + h0(x)y
k.

The substitution z = yk+1 leads to an equation of the form 1.2.7.11:

f(x)
∂w

∂x
+ (k + 1)

[
g1(x)z + g0(x)

] ∂w
∂z

= h2(x)z
2 + h1(x)z + h0(x).

16. f(x)eλy
∂w

∂x
+ g(x)

∂w

∂y
= h(x).

General solution:

w = Φ(u) +

∫ x

x0

h(t) dt

f(t)
[
u+ E(t)

] , u = eλy − E(x), E(x) = λ

∫
g(x)

f(x)
dx,

where x0 may be taken as arbitrary.

◮ Equations contain arbitrary functions of x and arbitrary functions of y.

17. a
∂w

∂x
+ b

∂w

∂y
= f(x) + g(y).

General solution: w =
1

a

∫
f(x) dx+

1

b

∫
g(y) dy +Φ(bx− ay).

18.
∂w

∂x
+ a

∂w

∂y
= f(x)g(y).

General solution: w =

∫ x

x0

f(t)g(y − ax+ at) dt + Φ(y − ax), where x0 may be taken

as arbitrary.

19.
∂w

∂x
+
[[
ay + f(x)

]]∂w
∂y

= g(x)h(y).

General solution:

w=

∫
g(x)h

(
eaxu+eax

∫
f(x)e−ax dx

)
dx+Φ(u), u= e−axy−

∫
f(x)e−ax dx.

In the integration, u is considered a parameter.
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20. f(x)
∂w

∂x
+ g(y)

∂w

∂y
= h1(x) + h2(y).

General solution:

w =

∫
h1(x)

f(x)
dx+

∫
h2(y)

g(y)
dy +Φ

(∫
dx

f(x)
−
∫

dy

g(y)

)
.

21. f1(x)
∂w

∂x
+
[[
f2(x)y + f3(x)y

k
]] ∂w
∂y

= g(x)h(y).

The transformation ξ =

∫
f2(x)

f1(x)
dx, η = y1−k leads to an equation of the form 1.2.7.19:

∂w

∂ξ
+
[
(1− k)η + F (ξ)

] ∂w
∂η

= G(ξ)H(η),

where F (ξ) = (1− k) f3(x)
f2(x)

, G(ξ) =
g(x)

f2(x)
, and H(η) = h(y).

22. f1(x)g1(y)
∂w

∂x
+ f2(x)g2(y)

∂w

∂y
= h1(x)h2(y).

The transformation ξ =

∫
f2(x)

f1(x)
dx, η =

∫
g1(y)

g2(y)
dy leads to an equation of the form

1.2.7.18:

∂w

∂ξ
+
∂w

∂η
= F (ξ)G(η), where F (ξ) =

h1(x)

f2(x)
, G(η) =

h2(y)

g1(y)
.

23. f1(x)g1(y)
∂w

∂x
+ f2(x)g2(y)

∂w

∂y
= h1(x) + h2(y).

This is a special case of equation 1.2.7.38 with h(x, y) = h1(x) + h2(y).

◮ Equations contain arbitrary functions of complicated arguments.

24. a
∂w

∂x
+ b

∂w

∂y
= f(αx+ βy).

General solution:

w =





1

aα+ bβ

∫
f(z) dz +Φ(bx− ay) if aα+ bβ 6= 0,

1

a
xf(αx+ βy) + Φ(bx− ay) if aα+ bβ = 0,

where z = αx+ βy.

25. x
∂w

∂x
+ y

∂w

∂y
= xf

((
y

x

))
+ yg

((
y

x

))
.

General solution: w = xf
( y
x

)
+ yg

(
y

x

)
+Φ

( y
x

)
.
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26. x
∂w

∂x
+ y

∂w

∂y
= f(x2 + y2).

General solution: w = Φ
( y
x

)
+

1

2

∫
f(ξ)

dξ

ξ
, where ξ = x2 + y2.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

27. x
∂w

∂x
+ y

∂w

∂y
= xf

((
y

x

))
+ g(x2 + y2).

General solution: w = Φ
( y
x

)
+ xf

( y
x

)
+

1

2

∫
g(ξ)

dξ

ξ
, where ξ = x2 + y2.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

28. ax
∂w

∂x
+ by

∂w

∂y
= xkf(xnym).

General solution:

w =





1

a

∫
xk−1f

(
x
an+bm

a u
m
a

)
dx+Φ(u) if an 6= −bm,

1

ak
xkf(xnym) + Φ(u) if an = −bm, k 6= 0,

1

a
f(xnym) ln |x|+Φ(u) if an = −bm, k = 0,

where u = yax−b. In the integration, u is considered a parameter.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

29. mx
∂w

∂x
+ ny

∂w

∂y
= f(axn + bym).

General solution: w = Φ
(
ymx−n

)
+

1

nm

∫
f(ξ)

dξ

ξ
, where ξ = axn + bym.

30. x2 ∂w

∂x
+ xy

∂w

∂y
= ykf(αx+ βy).

General solution: w =
yk

x(αx+ βy)k−1

∫
zk−2f(z) dz +Φ

( y
x

)
, where z = αx+ βy.

31.
f(x)

f ′(x)

∂w

∂x
+

g(y)

g′(y)

∂w

∂y
= h

((
f(x) + g(y)

))
.

General solution:

w = Φ(u) +

∫
h(ξ)

d ξ

ξ
, where u =

g(y)

f(x)
, ξ = f(x) + g(y).

◮ Equations contain arbitrary functions of two variables.

32.
∂w

∂x
+ a

∂w

∂y
= f(x, y).

General solution: w =

∫ x

x0

f(t, y − ax+ at) dt +Φ(y − ax), where x0 may be taken as

arbitrary.



90 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

33. ax
∂w

∂x
+ by

∂w

∂y
= f(x, y).

General solution:

w =
1

a

∫
1

x
f
(
x, u1/axb/a

)
dx+Φ(u), where u = yax−b.

In the integration, u is considered a parameter.

34. f(x)
∂w

∂x
+ g(x)y

∂w

∂y
= h(x, y).

General solution:

w = Φ(u) +

∫
h(x, uG)

f
dx, where u =

y

G
, G = exp

(∫
g

f
dx

)
.

In the integration, u is considered a parameter.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

35. f(x)
∂w

∂x
+
[[
g1(x)y + g0(x)

]]∂w
∂y

= h(x, y).

General solution:

w = Φ(u) +

∫
h(x, uG+Q)

f
dx, u =

y −Q
G

,

where G = exp

(∫
g1
f
dx

)
and Q = G

∫
g0 dx

fG
. In the integration, u is considered a

parameter.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

36. f(x)
∂w

∂x
+
[[
g1(x)y + g0(x)y

k
]] ∂w
∂y

= h(x, y).

For k = 1, see equation 1.2.7.34. For k 6= 1, the substitution ξ = y1−k leads to an equation

of the form 1.2.7.35:

f(x)
∂w

∂x
+ (1− k)

[
g1(x)ξ + g0(x)

] ∂w
∂ξ

= h
(
x, ξ

1
1−k

)
.

⊙ Literature: V. F. Zaitsev and A. D. Polyanin (1996).

37. f(x)
∂w

∂x
+
[[
g1(x) + g0(x)e

λy
]] ∂w
∂y

= h(x, y).

The substitution z = e−λy leads to an equation of the form 1.2.7.35:

f(x)
∂w

∂x
− λ

[
g1(x)z + g0(x)

] ∂w
∂z

= h

(
x, − 1

λ
ln z

)
.

38. f1(x)g1(y)
∂w

∂x
+ f2(x)g2(y)

∂w

∂y
= h(x, y).

The transformation ξ =

∫
f2(x)

f1(x)
dx, η =

∫
g1(y)

g2(y)
dy leads to an equation of the form

1.2.7.32:
∂w

∂ξ
+
∂w

∂η
= F (ξ, η), where F (ξ, η) =

h(x, y)

f2(x)g1(y)
.
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1.3 Equations of the Form

f(x, y)
∂w

∂x
+ g(x, y)

∂w

∂y
= h(x, y)w

◆ The solutions given below contain an arbitrary function Φ = Φ(z).

1.3.1 Equations Containing Power-Law Functions

◮ Coefficients of equations are linear in x and y.

1. a
∂w

∂x
+ b

∂w

∂y
= cw.

Two forms of the representation of the general solution:

w = exp
( c
a
x
)
Φ(bx− ay), w = exp

( c
b
y
)
Φ(bx− ay).

2. a
∂w

∂x
+ y

∂w

∂y
= bw.

General solution: w = |y|bΦ
(
|y|ae−x

)
.

⊙ Literature: E. Kamke (1965).

3. x
∂w

∂x
+ y

∂w

∂y
= aw.

Differential equation for homogeneous functions of order awith two independent variables.

General solution: w = xaΦ(y/x).

⊙ Literature: E. Kamke (1965).

4. x
((
a
∂w

∂x
− b

∂w

∂y

))
= cyw.

General solution: w = exp
{ c

a2
[
(bx+ ay) lnx− bx

]}
Φ(bx+ ay).

5. x
∂w

∂x
+ y

∂w

∂y
= axw.

General solution: w = eaxΦ
( y
x

)
.

6. (x− a)
∂w

∂x
+ (y − b)

∂w

∂y
= w.

Differential equation of a conic surface with the vertex at the point (a, b, 0).

General solution: w = (x− a)Φ
( y − b
x− a

)
.

7. (y + ax)
∂w

∂x
+ (y − ax)

∂w

∂y
= bw.

General solution:

w = ξ
b

a+1Φ

(
ln
√
ξ +

a+ 1

2

∫
dv

v2 + (a− 1)v + a

)
,

where ξ = y2 + (a− 1)xy + ax2 and v = y/x.
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◮ Coefficients of equations are quadratic in x and y.

8. a
∂w

∂x
+ b

∂w

∂y
= (x2 − y2)w.

General solution: w = exp

[
1

3ab
(bx3 − ay3)

]
Φ(bx− ay).

9. x2 ∂w

∂x
+ axy

∂w

∂y
= by2w.

General solution:

w =





exp

(
b

2a− 1

y2

x

)
Φ(x−ay) if a 6= 1

2 ,

exp

(
b
y2

x
lnx

)
Φ(x−1/2y) if a = 1

2 .

10. ax2 ∂w

∂x
+ by2

∂w

∂y
= (x+ cy)w.

General solution: w = x1/ayc/bΦ

(
b

x
− a

y

)
.

11. x2 ∂w

∂x
+ ay2

∂w

∂y
= (bx2 + cxy + dy2)w.

General solution: w = exp

(
dy2 + abxy − bx2

ay − x − cxy

ay − x ln

∣∣∣∣
x

y

∣∣∣∣
)
Φ

(
x− ay
xy

)
.

12. y2
∂w

∂x
+ ax2 ∂w

∂y
= (bx2 + cy2)w.

General solution: w = exp

(
cx+

b

a
y

)
Φ
(
ax3 − y3

)
.

13. xy
∂w

∂x
+ ay2

∂w

∂y
= (bx+ cy + d)w.

General solution:

w =





xc exp

[
(1− a)d− abx
a(a− 1)y

]
Φ
(
x−ay

)
if a 6= 1,

exp

[(
bx

y
+ c

)
ln |x| − d

y

]
Φ

(
y

x

)
if a = 1.

14. x(ay + b)
∂w

∂x
+ (ay2 − bx)

∂w

∂y
= ayw.

General solution: w = (x+ y)Φ

(
ax− b
x+ y

+ a ln

∣∣∣∣
x+ y

x

∣∣∣∣
)

.

15. x(ky − x+ a)
∂w

∂x
− y(kx− y + a)

∂w

∂y
= b(y − x)w.

General solution: w = (x+ y − a)bΦ
(

(x+ y − a)k
xy

)
.
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◮ Coefficients of equations contain other power-law functions.

16. a
∂w

∂x
+ b

∂w

∂y
= (cx3 + dy3)w.

General solution: w = exp

(
bcx4 + ady4

4ab

)
Φ(bx− ay).

17. x
∂w

∂x
+ y

∂w

∂y
= a

√
x2 + y2w.

General solution: w = exp
(
a
√
x2 + y2

)
Φ
( y
x

)
.

18. x2 ∂w

∂x
+ xy

∂w

∂y
= y2(ax+ by)w.

General solution: w = exp

[
(ax+ by)y2

2x

]
Φ
( y
x

)
.

19. x2y
∂w

∂x
+ axy2

∂w

∂y
= (bxy + cx+ dy + k)w.

General solution:

w =





xb exp

[
− k

(a+ 1)xy
− d

x
− c

ay

]
Φ
(
x−ay

)
if a 6= −1,

exp

[(
k

xy
+ b

)
ln |x|+ c

y
− d

y

]
Φ(xy) if a = −1.

20. axy2
∂w

∂x
+ bx2y

∂w

∂y
= (any2 + bmx2)w.

General solution: w = xnymΦ(ay2 − bx2).

21. x3 ∂w

∂x
+ ay3

∂w

∂y
= x2(bx+ cy)w.

General solution:

w = exp

(
c

√
x2y2

x2 − ay2 ln

∣∣∣∣

√
x2

y2
− a +

x

y

∣∣∣∣+ bx

)
Φ

(
x2 − ay2
x2y2

)
.

◮ Coefficients of equations contain arbitrary powers of x and y.

22. a
∂w

∂x
+ b

∂w

∂y
= (cxn + dym)w.

General solution: w = Φ(bx− ay) exp
[

c

a(n+ 1)
xn+1 +

d

b(m+ 1)
ym+1

]
.
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23. a
∂w

∂x
+ b

∂w

∂y
= cxnyw.

General solution:

w =





exp

{
c[a(n + 2)y − bx]xn+1

a2(n+ 1)(n + 2)

}
Φ(bx− ay) if n 6= −1,−2;

exp

[
bc

a2
x(1− lnx) +

c

a
y lnx

]
Φ(bx− ay) if n = −1;

exp

[
bc

a2
(1 + lnx)− cy

ax

]
Φ(bx− ay) if n = −2.

24. x
∂w

∂x
+ y

∂w

∂y
= a(x2 + y2)kw.

General solution: w = exp
[ a
2k

(x2 + y2)k
]
Φ
( y
x

)
.

25. ax
∂w

∂x
+ by

∂w

∂y
= cxnymw.

General solution:

w =





exp

(
c

an+ bm
xnym

)
Φ
(
yax−b

)
if an+ bm 6= 0,

exp

(
c

a
xnym lnx

)
Φ
(
yax−b

)
if an+ bm = 0.

26. ax
∂w

∂x
+ by

∂w

∂y
= (cxn + kym)w.

General solution: w = exp

(
c

an
xn +

k

bm
ym
)
Φ
(
yax−b

)
.

27. mx
∂w

∂x
+ ny

∂w

∂y
= (axn + bym)kw.

General solution: w = exp

[
1

mnk
(axn + bym)k

]
Φ
(
ymx−n

)
.

28. axn ∂w

∂x
+ bym

∂w

∂y
= (cxk + dys)w.

This is a special case of equation 1.3.7.19. General solution:

w = exp

[
cxk−n+1

a(k − n+ 1)
+

dys−m+1

b(s−m+ 1)

]
Φ(u), u =

x1−n

a(1− n) −
y1−m

b(1−m)
.

29. axn ∂w

∂x
+ bxmy

∂w

∂y
=
((
cxkys + d

))
w.

This is a special case of equation 1.3.7.32 with f(x) = axn, g(x) = bxm, and h(x, y) =
cxkys + d.
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30. axn ∂w

∂x
+
((
bxmy + cxk

)) ∂w
∂y

=
((
sxpyq + d

))
w.

This is a special case of equation 1.3.7.33 with f(x) = axn, g1(x) = bxm, g0(x) = cxk,

and h(x, y) = sxpyq + d.

31. axn ∂w

∂x
+ bxmyk

∂w

∂y
=
((
cxpyq + s

))
w.

This is a special case of equation 1.3.7.34 with f(x) = axn, g1(x) ≡ 0, g0(x) = bxm, and

h(x, y) = cxpyq + s.

32. ayk
∂w

∂x
+ bxn ∂w

∂y
=
((
cxm + s

))
w.

This is a special case of equation 1.3.7.14 with f(x) = a, g(x) = bxn, and h(x) = cxm+s.

33. x
[[
xn + (2n− 1)yn

]] ∂w
∂x

+ y
[[
yn + (2n− 1)xn

]] ∂w
∂y

= kn(xn + yn)w.

General solution: w = (xn − yn)kΦ
(

(xn − yn)2
xy

)
.

34. x
[[
(n− 2)yn − 2xn

]] ∂w
∂x

+ y
[[
2yn − (n− 2)xn

]] ∂w
∂y

=
{{
[a(n− 2) + 2b]yn − [2a+ b(n− 2)]xn

}}
w.

General solution: w = xaybΦ

(
xn + yn

x2y2

)
.

1.3.2 Equations Containing Exponential Functions

◮ Coefficients of equations contain exponential functions.

1. a
∂w

∂x
+ b

∂w

∂y
= ceαx+βyw.

General solution:

w =





exp

(
c

aα+ bβ
eαx+βy

)
Φ(bx− ay) if aα+ bβ 6= 0,

exp

(
c

a
xeαx+βy

)
Φ(bx− ay) if aα+ bβ = 0.

2. a
∂w

∂x
+ b

∂w

∂y
=
((
ceλx + keµy

))
w.

General solution: w = exp

(
c

aλ
eλx +

k

bµ
eµy
)
Φ(bx− ay).

3. aeλx
∂w

∂x
+ beβy

∂w

∂y
= cw.

General solution: w = exp

(
− c

aλ
e−λx

)
Φ
(
bβe−λx − aλe−βy

)
.
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4. aeλy
∂w

∂x
+ beβx

∂w

∂y
= cw.

General solution: w = exp

[
c(βx− λy)

aβeλy − bλeβx
]
Φ
(
aβeλy − bλeβx

)
.

5. aeλx
∂w

∂x
+ beβx

∂w

∂y
= ceγyw.

This is a special case of equation 1.3.7.33 with f(x) = aeλx, g1(x) ≡ 0, g0(x) = beβx, and

h(x, y) = ceγy .

6. aeλx
∂w

∂x
+ beβy

∂w

∂y
=
((
ceγx + seδy

))
w.

This is a special case of equation 1.3.7.19 with f(x) = aeλx, g(y) = beβy , h1(x) = ceγx,

and h2(y) = seδy .

7. aeβx
∂w

∂x
+
((
beγx + ceλy

)) ∂w
∂y

=
((
seµx + keδy + p

))
w.

This is a special case of equation 1.3.7.35 with f(x) = aeβx, g1(x) = beγx, g0(x) = c, and

h(x, y) = seµx + keδy + p.

8. aeβx
∂w

∂x
+
((
beγx + ceλy

)) ∂w
∂y

=
((
seµx+δy + k

))
w.

This is a special case of equation 1.3.7.35 with f(x) = aeβx, g1(x) = beγx, g0(x) = c, and

h(x, y) = seµx+δy + k.

9. aeβx
∂w

∂x
+ beγx+λy ∂w

∂y
=
((
ceµx+δy + k

))
w.

This is a special case of equation 1.3.7.35 with f(x) = aeβx, g1(x) ≡ 0, g0(x) = beγx, and

h(x, y) = ceµx+δy + k.

10. aeλy
∂w

∂x
+ beβx

∂w

∂y
=
((
ceµx + k

))
w.

This is a special case of equation 1.3.7.15 with f(x)= a, g(x)= beβx, and h(x)= ceµx+k.

◮ Coefficients of equations contain exponential and power-law functions.

11. a
∂w

∂x
+ b

∂w

∂y
=
((
cyeλx + kxeµy

))
w.

General solution: w = exp

[
c

aλ
eλx
(
y − b

aλ

)
+

k

bµ
eµy
(
x− a

bµ

)]
Φ(bx− ay).

12. x
∂w

∂x
+ y

∂w

∂y
= axeλx+µyw.

General solution: w = exp

(
ax

λx+ µy
eλx+µy

)
Φ

(
y

x

)
.
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13. x
∂w

∂x
+ y

∂w

∂y
=
((
ayeλx + bxeµy

))
w.

General solution: w = exp

(
ay

λx
eλx +

bx

µy
eµy
)
Φ

(
y

x

)
.

14. axk ∂w

∂x
+ beλy

∂w

∂y
=
((
cxn + s

))
w.

This is a special case of equation 1.3.7.13 with f(x) = axk, g1(x) = 0, g2(x) = b, and

h(x) = cxn + s.

15. ayk
∂w

∂x
+ beλx

∂w

∂y
=
((
ceµx + s

))
w.

This is a special case of equation 1.3.7.14 with f(x)= a, g(x) = beλx, and h(x)= ceµx+s.

16. aeλx
∂w

∂x
+ byk

∂w

∂y
=
((
cxn + s

))
w.

This is a special case of equation 1.3.7.12 with f(x) = aeλx, g1(x) = 0, g2(x) = b, and

h(x) = cxn + s.

17. aeλy
∂w

∂x
+ bxk ∂w

∂y
=
((
ceµx + s

))
w.

This is a special case of equation 1.3.7.15 with f(x) = a, g(x) = bxk, and h(x) = ceµx+s.

1.3.3 Equations Containing Hyperbolic Functions

◮ Coefficients of equations contain hyperbolic sine.

1. a
∂w

∂x
+ b

∂w

∂y
=
[[
c sinh(λx) + k sinh(µy)

]]
w.

General solution: w = exp

[
c

aλ
cosh(λx) +

k

bµ
cosh(µy)

]
Φ(bx− ay).

2. a
∂w

∂x
+ b

∂w

∂y
= c sinh(λx+ µy)w.

General solution:

w =





exp

[
c

aλ+ bµ
cosh(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ 6= 0,

exp

[
c

a
x sinh(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ = 0.

3. x
∂w

∂x
+ y

∂w

∂y
= ax sinh(λx+ µy)w.

General solution: w = exp

[
ax

λx+ µy
cosh(λx+ µy)

]
Φ

(
y

x

)
.
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4. a
∂w

∂x
+ b sinhn(λx)

∂w

∂y
=
[[
c sinhm(µx) + s sinhk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b sinhn(λx),
and h(x, y) = c sinhm(µx) + s sinhk(βy).

5. a
∂w

∂x
+ b sinhn(λy)

∂w

∂y
=
[[
c sinhm(µx) + s sinhk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b sinhn(λy), h1(x) =
c sinhm(µx), and h2(y) = s sinhk(βy).

◮ Coefficients of equations contain hyperbolic cosine.

6. a
∂w

∂x
+ b

∂w

∂y
=
[[
c cosh(λx) + k cosh(µy)

]]
w.

General solution: w = exp

[
c

aλ
sinh(λx) +

k

bµ
sinh(µy)

]
Φ(bx− ay).

7. a
∂w

∂x
+ b

∂w

∂y
= c cosh(λx+ µy)w.

General solution:

w =





exp

[
c

aλ+ bµ
sinh(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ 6= 0,

exp

[
c

a
x cosh(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ = 0.

8. x
∂w

∂x
+ y

∂w

∂y
= ax cosh(λx+ µy)w.

General solution: w = exp

[
ax

λx+ µy
sinh(λx+ µy)

]
Φ

(
y

x

)
.

9. a
∂w

∂x
+ b coshn(λx)

∂w

∂y
=
[[
c coshm(µx) + s coshk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b coshn(λx),
and h(x, y) = c coshm(µx) + s coshk(βy).

10. a
∂w

∂x
+ b coshn(λy)

∂w

∂y
=
[[
c coshm(µx) + s coshk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b coshn(λy), h1(x) =
c coshm(µx), and h2(y) = s coshk(βy).

◮ Coefficients of equations contain hyperbolic tangent.

11. a
∂w

∂x
+ b

∂w

∂y
=
[[
c tanh(λx) + k tanh(µy)

]]
w.

General solution: w = exp

[
c

aλ
ln cosh(λx) +

k

bµ
ln cosh(µy)

]
Φ(bx− ay).
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12. a
∂w

∂x
+ b

∂w

∂y
= c tanh(λx+ µy)w.

General solution:

w =





exp

[
c

aλ+ bµ
ln cosh(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ 6= 0,

exp

[
c

a
x tanh(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ = 0.

13. x
∂w

∂x
+ y

∂w

∂y
= ax tanh(λx+ µy)w.

General solution: w = exp

[
ax

λx+ µy
ln cosh(λx+ µy)

]
Φ

(
y

x

)
.

14. a
∂w

∂x
+ b tanhn(λx)

∂w

∂y
=
[[
c tanhm(µx) + s tanhk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b tanhn(λx),
and h(x, y) = c tanhm(µx) + s tanhk(βy).

15. a
∂w

∂x
+ b tanhn(λy)

∂w

∂y
=
[[
c tanhm(µx) + s tanhk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b tanhn(λy), h1(x) =
c tanhm(µx), and h2(y) = s tanhk(βy).

◮ Coefficients of equations contain hyperbolic cotangent.

16. a
∂w

∂x
+ b

∂w

∂y
=
[[
c coth(λx) + k coth(µy)

]]
w.

General solution: w = exp

(
c

aλ
ln
∣∣sinh(λx)

∣∣+ k

bµ
ln
∣∣sinh(µy)

∣∣
)
Φ(bx− ay).

17. a
∂w

∂x
+ b

∂w

∂y
= c coth(λx+ µy)w.

General solution:

w =





exp

(
c

aλ+ bµ
ln
∣∣sinh(λx+ µy)

∣∣
)
Φ(bx− ay) if aλ+ bµ 6= 0,

exp

[
c

a
x coth(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ = 0.

18. x
∂w

∂x
+ y

∂w

∂y
= ax coth(λx+ µy)w.

General solution: w = exp

(
ax

λx+ µy
ln
∣∣sinh(λx+ µy)

∣∣
)
Φ
( y
x

)
.

19. a
∂w

∂x
+ b cothn(λx)

∂w

∂y
=
[[
c cothm(µx) + s cothk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b cothn(λx),
and h(x, y) = c cothm(µx) + s cothk(βy).
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20. a
∂w

∂x
+ b cothn(λy)

∂w

∂y
=
[[
c cothm(µx) + s cothk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b cothn(λy), h1(x) =
c cothm(µx), and h2(y) = s cothk(βy).

◮ Coefficients of equations contain different hyperbolic functions.

21. a
∂w

∂x
+ b

∂w

∂y
=
[[
c sinh(λx) + k cosh(µy)

]]
w.

General solution: w = exp

[
c

aλ
cosh(λx) +

k

bµ
sinh(µy)

]
Φ(bx− ay).

22. a
∂w

∂x
+ b

∂w

∂y
=
[[
tanh(λx) + k coth(µy)

]]
w.

General solution: w = cosh1/aλ(λx) sinhk/bµ(µy)Φ(bx− ay).

23.
∂w

∂x
+ a sinh(µy)

∂w

∂y
= b cosh(λx)w.

General solution: w = exp

[
b

λ
sinh(λx)

]
Φ

(
aµx− ln

∣∣∣tanh
µy

2

∣∣∣
)

.

24.
∂w

∂x
+ a sinh(µy)

∂w

∂y
= b tanh(λx)w.

General solution: w = coshb/λ(λx)Φ

(
aµx− ln

∣∣∣tanh
µy

2

∣∣∣
)

.

25. a sinh(λx)
∂w

∂x
+ b cosh(µy)

∂w

∂y
= w.

General solution: w = tanh1/aλ
(
λx

2

)
Φ

(
2a arctan

(
tanh

µy

2

)
+
bµ

λ
ln
∣∣∣coth

λx

2

∣∣∣
)

.

26. a tanh(λx)
∂w

∂x
+ b coth(µy)

∂w

∂y
= w.

General solution: w = sinh1/aλ(λx)Φ
(
coshaλ(µy) sinh−bµ(λx)

)
.

1.3.4 Equations Containing Logarithmic Functions

◮ Coefficients of equations contain logarithmic functions.

1. a
∂w

∂x
+ b

∂w

∂y
= c ln(λx+ βy)w.

General solution:

w =





exp

[
c(λx+ βy)

aλ+ bβ

(
ln(λx+ βy)− 1

)]
Φ(bx− ay) if aλ 6= −bβ,

exp

[
c

a
x ln(λx+ βy)

]
Φ(bx− ay) if aλ = −bβ.
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2. a
∂w

∂x
+ b

∂w

∂y
=
[[
c ln(λx) + k ln(βy)

]]
w.

General solution: w = exp

[
c

a
x
(
ln(λx)− 1

)
+
k

b
y
(
ln(βy)− 1

)]
Φ(bx− ay).

3. a
∂w

∂x
+ b lnn(λx)

∂w

∂y
=
[[
c lnm(µx) + s lnk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b lnn(λx),
and h(x, y) = c lnm(µx) + s lnk(βy).

4. a
∂w

∂x
+ b lnn(λy)

∂w

∂y
=
[[
c lnm(µx) + s lnk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b lnn(λy), h1(x) =
c lnm(µx), and h2(y) = s lnk(βy).

5. ln(βy)
∂w

∂x
+ a ln(λx)

∂w

∂y
= bw ln(βy).

General solution: w = ebxΦ(u), where u = ax
[
1− ln(λx)

]
+ y
[
ln(βy)− 1

]
.

6. a lnn(λx)
∂w

∂x
+ b lnk(βy)

∂w

∂y
= c lnm(γx)w.

General solution:

w = Φ(u) exp

[
c

a

∫
lnm(γx)

lnn(λx)
dx

]
, where u = b

∫
dx

lnn(λx)
− a

∫
dy

lnk(βy)
.

◮ Coefficients of equations contain logarithmic and power-law functions.

7. a
∂w

∂x
+ b

∂w

∂y
=
[[
cxn + s lnk(λy)

]]
w.

General solution: w = Φ(bx− ay) exp
[

c

a(n+ 1)
xn+1 +

s

b

∫
lnk(λy) dy

]
.

8.
∂w

∂x
+ a

∂w

∂y
=
[[
by2 + cxny + s lnk(λx)

]]
w.

This is a special case of equation 1.3.7.3 with f(x) = b, g(x) = cxn, and h(x) = s lnk(λx).

9.
∂w

∂x
+ a

∂w

∂y
= b lnk(λx) lnn(βy)w.

This is a special case of equation 1.3.7.17 with f(x) = b lnk(λx) and g(y) = lnn(βy).

10.
∂w

∂x
+ (ay + bxn)

∂w

∂y
= c lnk(λx)w.

This is a special case of equation 1.3.7.6 with f(x) = bxn and g(x) = c lnk(λx).

11. ax
∂w

∂x
+ by

∂w

∂y
= xk(n lnx+m ln y)w.

This is a special case of equation 1.3.7.26 with f(u) = lnu.
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12. axk ∂w

∂x
+ byn

∂w

∂y
=
[[
c lnm(λx) + s lnl(βy)

]]
w.

General solution:

w = Φ(u) exp

[
c

a

∫
x−k lnm(λx) dx+

s

b

∫
y−n lnl(βy) dy

]
,

u =
b

1− k x
1−k − a

1− n y
1−n.

1.3.5 Equations Containing Trigonometric Functions

◮ Coefficients of equations contain sine.

1. a
∂w

∂x
+ b

∂w

∂y
= c sin(λx+ µy)w.

General solution:

w =





exp

[
− c

aλ+ bµ
cos(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ 6= 0,

exp

[
c

a
x sin(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ = 0.

2. a
∂w

∂x
+ b

∂w

∂y
=
[[
c sin(λx) + k sin(µy)

]]
w.

General solution: w = exp

[
− c

aλ
cos(λx)− k

bµ
cos(µy)

]
Φ(bx− ay).

3. x
∂w

∂x
+ y

∂w

∂y
= ax sin(λx+ µy)w.

General solution: w = exp

[
− ax

λx+ µy
cos(λx+ µy)

]
Φ

(
y

x

)
.

4. a
∂w

∂x
+ b sinn(λx)

∂w

∂y
=
[[
c sinm(µx) + s sink(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b sinn(λx),
and h(x, y) = c sinm(µx) + s sink(βy).

5. a
∂w

∂x
+ b sinn(λy)

∂w

∂y
=
[[
c sinm(µx) + s sink(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b sinn(λy), h1(x) =
c sinm(µx), and h2(y) = s sink(βy).

◮ Coefficients of equations contain cosine.

6. a
∂w

∂x
+ b

∂w

∂y
= c cos(λx+ µy)w.

General solution:

w =





exp

[
c

aλ+ bµ
sin(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ 6= 0,

exp

[
c

a
x cos(λx+ µy)

]
Φ(bx− ay) if aλ+ bµ = 0.
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7. a
∂w

∂x
+ b

∂w

∂y
=
[[
c cos(λx) + k cos(µy)

]]
w.

General solution: w = exp

[
c

aλ
sin(λx) +

k

bµ
sin(µy)

]
Φ(bx− ay).

8. x
∂w

∂x
+ y

∂w

∂y
= ax cos(λx+ µy)w.

General solution: w = exp

[
ax

λx+ µy
sin(λx+ µy)

]
Φ

(
y

x

)
.

9. a
∂w

∂x
+ b cosn(λx)

∂w

∂y
=
[[
c cosm(µx) + s cosk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b cosn(λx),
and h(x, y) = c cosm(µx) + s cosk(βy).

10. a
∂w

∂x
+ b cosn(λy)

∂w

∂y
=
[[
c cosm(µx) + s cosk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b cosn(λy), h1(x) =
c cosm(µx), and h2(y) = s cosk(βy).

◮ Coefficients of equations contain tangent.

11. a
∂w

∂x
+ b

∂w

∂y
= c tan(λx+ µy)w.

General solution:

w =





exp

(
− c

aλ+ bµ
ln
∣∣cos(λx+ µy)

∣∣
)
Φ(bx− ay) if aλ 6= −bµ,

exp

[
c

a
x tan(λx+ µy)

]
Φ(bx− ay) if aλ = −bµ.

12. a
∂w

∂x
+ b

∂w

∂y
=
[[
c tan(λx) + k tan(µy)

]]
w.

General solution: w = exp

(
− c

aλ
ln
∣∣cos(λx)

∣∣− k

bµ
ln
∣∣cos(µy)

∣∣
)
Φ(bx− ay).

13. x
∂w

∂x
+ y

∂w

∂y
= ax tan(λx+ µy)w.

General solution: w = exp

(
− ax

λx+ µy
ln
∣∣cos(λx+ µy)

∣∣
)
Φ
( y
x

)
.

14. a
∂w

∂x
+ b tann(λx)

∂w

∂y
=
[[
c tanm(µx) + s tank(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b tann(λx),
and h(x, y) = c tanm(µx) + s tank(βy).

15. a
∂w

∂x
+ b tann(λy)

∂w

∂y
=
[[
c tanm(µx) + s tank(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b tann(λy), h1(x) =
c tanm(µx), and h2(y) = s tank(βy).
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◮ Coefficients of equations contain cotangent.

16. a
∂w

∂x
+ b

∂w

∂y
= c cot(λx+ µy)w.

General solution:

w =





exp

(
c

aλ+ bµ
ln
∣∣sin(λx+ µy)

∣∣
)
Φ(bx− ay) if aλ 6= −bµ,

exp

[
c

a
x cot(λx+ µy)

]
Φ(bx− ay) if aλ = −bµ.

17. a
∂w

∂x
+ b

∂w

∂y
=
[[
c cot(λx) + k cot(µy)

]]
w.

General solution: w = exp

(
c

aλ
ln
∣∣sin(λx)

∣∣+ k

bµ
ln
∣∣sin(µy)

∣∣
)
Φ(bx− ay).

18. x
∂w

∂x
+ y

∂w

∂y
= ax cot(λx+ µy)w.

General solution: w = exp

(
ax

λx+ µy
ln
∣∣sin(λx+ µy)

∣∣
)
Φ
( y
x

)
.

19. a
∂w

∂x
+ b cotn(λx)

∂w

∂y
=
[[
c cotm(µx) + s cotk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) ≡ 0, g0(x) = b cotn(λx),
and h(x, y) = c cotm(µx) + s cotk(βy).

20. a
∂w

∂x
+ b cotn(λy)

∂w

∂y
=
[[
c cotm(µx) + s cotk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b cotn(λy), h1(x) =
c cotm(µx), and h2(y) = s cotk(βy).

◮ Coefficients of equations contain different trigonometric functions.

21.
∂w

∂x
+ a

∂w

∂y
=
[[
b sin(λx) + k cos(µy)

]]
w.

General solution: w = exp

[
k

aµ
sin(µy)− b

λ
cos(λx)

]
Φ(ax− y).

22.
∂w

∂x
+ a

∂w

∂y
=
[[
b sin(λx) + k tan(µy)

]]
w.

General solution: w = exp

[
− b
λ
cos(λx)

]
cosk/aµ(µy)Φ(ax− y).

23.
∂w

∂x
+ a sin(µy)

∂w

∂y
= bw tan(λx).

General solution: w = cos−b/λ(λx)Φ

(
aµx− ln

∣∣∣tan µy
2

∣∣∣
)

.
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24.
∂w

∂x
+ a tan(µy)

∂w

∂y
= bw sin(λx).

General solution: w = exp

[
− b
λ
cos(λx)

]
Φ
(
aµx− ln

∣∣sin(µy)
∣∣
)

.

25. sin(λx)
∂w

∂x
+ a

∂w

∂y
= bw cos(µy).

General solution: w = exp

[
b

aµ
sin(µy)

]
Φ

(
λy + b ln

∣∣∣cot λx
2

∣∣∣
)

.

26. cot(λx)
∂w

∂x
+ a

∂w

∂y
= bw tan(µy).

General solution: w = cos−b/aµ(µy)Φ
(
λy + b ln

∣∣cos(λx)
∣∣
)

.

1.3.6 Equations Containing Inverse Trigonometric Functions

◮ Coefficients of equations contain arcsine.

1. a
∂w

∂x
+ b

∂w

∂y
=
((
c arcsin

x

λ
+ k arcsin

y

β

))
w.

General solution:

w = exp

[
c

a

(
x arcsin

x

λ
+
√
λ2 − x2

)
+
k

b

(
y arcsin

y

β
+
√
β2 − y2

)]
Φ(bx− ay).

2. a
∂w

∂x
+ b

∂w

∂y
= c arcsin(λx+ βy)w.

1◦. General solution for aλ+ bβ 6= 0:

w = exp

[
c(λx+ βy)

aλ+ bβ
arcsin(λx+ βy) +

√
1− (λx+ βy)2

aλ+ bβ

]
Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w = exp

[
c

a
x arcsin(λx+ βy)

]
Φ(bx− ay).

3. x
∂w

∂x
+ y

∂w

∂y
= ax arcsin(λx+ βy)w.

General solution: w = exp

[
ax arcsin(λx+ βy) + ax

√
1− (λx+ βy)2

λx+ βy

]
Φ

(
y

x

)
.

4. a
∂w

∂x
+ b arcsinn(λx)

∂w

∂y
=
[[
c arcsinm(µx) + s arcsink(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x)= a, g1(x)≡ 0, g0(x)= b arcsinn(λx),
and h(x, y) = c arcsinm(µx) + s arcsink(βy).

5. a
∂w

∂x
+ b arcsinn(λy)

∂w

∂y
=
[[
c arcsinm(µx) + s arcsink(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b arcsinn(λy), h1(x) =
c arcsinm(µx), and h2(y) = s arcsink(βy).
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◮ Coefficients of equations contain arccosine.

6. a
∂w

∂x
+ b

∂w

∂y
=
((
c arccos

x

λ
+ k arccos

y

β

))
w.

General solution:

w = exp

[
c

a

(
x arccos

x

λ
−
√
λ2 − x2

)
+
k

b

(
y arccos

y

β
−
√
β2 − y2

)]
Φ(bx− ay).

7. a
∂w

∂x
+ b

∂w

∂y
= c arccos(λx+ βy)w.

1◦. General solution for aλ+ bβ 6= 0:

w = exp

[
c(λx+ βy)

aλ+ bβ
arccos(λx+ βy)−

√
1− (λx+ βy)2

aλ+ bβ

]
Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w = exp

[
c

a
x arccos(λx+ βy)

]
Φ(bx− ay).

8. x
∂w

∂x
+ y

∂w

∂y
= ax arccos(λx+ βy)w.

General solution: w = exp

[
ax arccos(λx+ βy)− ax

√
1− (λx+ βy)2

λx+ βy

]
Φ

(
y

x

)
.

9. a
∂w

∂x
+ b arccosn(λx)

∂w

∂y
=
[[
c arccosm(µx) + s arccosk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x)=a, g1(x)≡ 0, g0(x)= b arccos
n(λx),

and h(x, y) = c arccosm(µx) + s arccosk(βy).

10. a
∂w

∂x
+ b arccosn(λy)

∂w

∂y
=
[[
c arccosm(µx) + s arccosk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b arccosn(λy), h1(x) =
c arccosm(µx), and h2(y) = s arccosk(βy).

◮ Coefficients of equations contain arctangent.

11. a
∂w

∂x
+ b

∂w

∂y
=
((
c arctan

x

λ
+ k arctan

y

β

))
w.

General solution:

w=exp

{
c

a

[
x arctan

x

λ
− λ

2
ln
(
λ2+x2

)]
+
k

b

[
y arctan

y

β
− β

2
ln
(
β2+y2

)]}
Φ(bx−ay).
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12. a
∂w

∂x
+ b

∂w

∂y
= c arctan(λx+ βy)w.

1◦. General solution for aλ+ bβ 6= 0:

w = exp

{
c(λx+ βy)

aλ+ bβ
arctan(λx+ βy)− ln[1 + (λx+ βy)2]

2(aλ+ bβ)

}
Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w = exp
[ c
a
x arctan(λx+ βy)

]
Φ(bx− ay).

13. x
∂w

∂x
+ y

∂w

∂y
= ax arctan(λx+ βy)w.

General solution:

w = exp

{
ax arctan(λx+ βy)− ax

2(λx+ βy)
ln

[
x2 +

x2

(λx+ βy)2

]}
Φ

(
y

x

)
.

14. a
∂w

∂x
+ b arctann(λx)

∂w

∂y
=
[[
c arctanm(µx) + s arctank(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x)= a, g1(x)≡ 0, g0(x)= b arctann(λx),
and h(x, y) = c arctanm(µx) + s arctank(βy).

15. a
∂w

∂x
+ b arctann(λy)

∂w

∂y
=
[[
c arctanm(µx) + s arctank(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b arctann(λy), h1(x) =
c arctanm(µx), and h2(y) = s arctank(βy).

◮ Coefficients of equations contain arccotangent.

16. a
∂w

∂x
+ b

∂w

∂y
=
((
c arccot

x

λ
+ k arccot

y

β

))
w.

General solution:

w=exp

{
c

a

[
x arccot

x

λ
+
λ

2
ln
(
λ2+x2

)]
+
k

b

[
y arccot

y

β
+
β

2
ln
(
β2+y2

)]}
Φ(bx−ay).

17. a
∂w

∂x
+ b

∂w

∂y
= c arccot(λx+ βy)w.

1◦. General solution for aλ+ bβ 6= 0:

w = exp

{
c(λx+ βy)

aλ+ bβ
arccot(λx+ βy) +

ln[1 + (λx+ βy)2]

2(aλ+ bβ)

}
Φ(bx− ay).

2◦. General solution for aλ+ bβ = 0:

w = exp
[ c
a
x arccot(λx+ βy)

]
Φ(bx− ay).
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18. x
∂w

∂x
+ y

∂w

∂y
= ax arccot(λx+ βy)w.

General solution:

w = exp

{
ax arccot(λx+ βy) +

ax

2(λx+ βy)
ln

[
x2 +

x2

(λx+ βy)2

]}
Φ

(
y

x

)
.

19. a
∂w

∂x
+ b arccotn(λx)

∂w

∂y
=
[[
c arccotm(µx) + s arccotk(βy)

]]
w.

This is a special case of equation 1.3.7.33 with f(x)= a, g1(x)≡ 0, g0(x)= b arccotn(λx),
and h(x, y) = c arccotm(µx) + s arccotk(βy).

20. a
∂w

∂x
+ b arccotn(λy)

∂w

∂y
=
[[
c arccotm(µx) + s arccotk(βy)

]]
w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = b arccotn(λy), h1(x) =
c arccotm(µx), and h2(y) = s arccotk(βy).

1.3.7 Equations Containing Arbitrary Functions

◮ Coefficients of equations contain arbitrary functions of x.

1. a
∂w

∂x
+ b

∂w

∂y
= f(x)w.

General solution: w = exp

[
1

a

∫
f(x) dx

]
Φ(bx− ay).

2.
∂w

∂x
+ a

∂w

∂y
= f(x)yw.

General solution: w= exp

[∫ x

x0

(y−ax+at)f(t) dt
]
Φ(y−ax), where x0 may be chosen

arbitrarily.

3.
∂w

∂x
+ a

∂w

∂y
=
[[
f(x)y2 + g(x)y + h(x)

]]
w.

General solution:

w = exp
[
ϕ(x)y2 + ψ(x)y + χ(x)

]
Φ(y − ax),

where

ϕ(x) =

∫
f(x) dx, ψ(x) =

∫ [
g(x) − 2aϕ(x)

]
dx, χ(x) =

∫ [
h(x) − aψ(x)

]
dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

4.
∂w

∂x
+ a

∂w

∂y
= f(x)ykw.

General solution: w= exp

[∫ x

x0

(y−ax+at)kf(t) dt
]
Φ(y−ax), where x0 can be chosen

arbitrarily.
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5.
∂w

∂x
+ a

∂w

∂y
= f(x)eλyw.

General solution: w = exp

[
eλ(y−ax)

∫
f(x)eaλx dx

]
Φ(y − ax).

6.
∂w

∂x
+
[[
ay + f(x)

]]∂w
∂y

= g(x)w.

General solution: w = exp

[∫
g(x) dx

]
Φ(u), where u = e−axy −

∫
f(x)e−ax dx.

7.
∂w

∂x
+
[[
ay + f(x)

]]∂w
∂y

= g(x)ykw.

This is a special case of equation 1.3.7.18 with h(y) = yk.

8. f(x)
∂w

∂x
+ yk

∂w

∂y
= g(x)w.

General solution:

w = exp

[∫
g(x)

f(x)
dx

]
Φ(u), where u =





1

k − 1
y1−k +

∫
dx

f(x)
if k 6= 1,

y exp

[
−
∫

dx

f(x)

]
if k = 1.

9. f(x)
∂w

∂x
+ (y + a)

∂w

∂y
= (by + c)w.

General solution: w = (y + a)c−abebyΦ(u), where u = (y + a) exp

[
−
∫

dx

f(x)

]
.

10. f(x)
∂w

∂x
+ (y + ax)

∂w

∂y
= g(x)w.

General solution:

w = exp

[∫
g(x)

f(x)
dx

]
Φ

(
e−zy − a

∫
xe−z

f(x)
dx

)
, where z =

∫
dx

f(x)
.

11. f(x)
∂w

∂x
+
[[
g1(x)y + g0(x)

]]∂w
∂y

=
[[
h2(x)y

2 + h1(x)y + h0(x)
]]
w.

General solution:

w = exp
[
ϕ(x)y2 + ψ(x)y + χ(x)

]
Φ(u), u = e−Gy −

∫
e−G g0

f
dx,

where

ϕ(x) = e−2G

∫
e2G

h2
f
dx, G = G(x) =

∫
g1
f
dx,

ψ(x) = e−G

∫
eG
h1 − 2g0ϕ

f
dx, χ(x) =

∫
h0 − g0ψ

f
dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
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12. f(x)
∂w

∂x
+
[[
g1(x)y + g2(x)y

k
]] ∂w
∂y

= h(x)w.

General solution: w = exp

[∫
h(x)

f(x)
dx

]
Φ(u), where

u = e−Gy1−k − (1− k)
∫
e−G g2(x)

f(x)
dx, G = (1− k)

∫
g1(x)

f(x)
dx.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

13. f(x)
∂w

∂x
+
[[
g1(x) + g2(x)e

λy
]] ∂w
∂y

= h(x)w.

General solution: w = exp

[∫
h(x)

f(x)
dx

]
Φ(u), where

u = e−λyE(x) + λ

∫
g2(x)

f(x)
E(x) dx, E(x) = exp

[
λ

∫
g1(x)

f(x)
dx

]
.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

14. f(x)yk
∂w

∂x
+ g(x)

∂w

∂y
= h(x)w.

General solution: w = Φ(u) exp

{∫ x

x0

h(t)

f(t)

[
u+ E(t)

]− k
k+1 dt

}
, where

u = yk+1 − E(x), E(x) = (k + 1)

∫
g(x)

f(x)
dx, where x0 may be chosen arbitrarily.

15. f(x)eλy
∂w

∂x
+ g(x)

∂w

∂y
= h(x)w.

General solution:

w = Φ(u) exp

{∫ x

x0

h(t) dt

f(t)
[
u+ E(t)

]
}
, u = eλy −E(x), E(x) = λ

∫
g(x)

f(x)
dx,

where x0 may be chosen arbitrarily.

◮ Equations contain arbitrary functions of x and arbitrary functions of y.

16. a
∂w

∂x
+ b

∂w

∂y
=
[[
f(x) + g(y)

]]
w.

General solution: w = exp

[
1

a

∫
f(x) dx+

1

b

∫
g(y) dy

]
Φ(bx− ay).

17.
∂w

∂x
+ a

∂w

∂y
= f(x)g(y)w.

General solution: w= exp

[∫ x

x0

f(t)g(y−ax+at) dt
]
Φ(y−ax), where x0 may be taken

as arbitrary.



1.3. Equations of the Form f(x, y) ∂w
∂x

+ g(x, y) ∂w
∂y

= h(x, y)w 111

18.
∂w

∂x
+ [ay + f(x)]

∂w

∂y
= g(x)h(y)w.

The substitutions w = ±eu lead to an equation of the form 1.2.7.19:

∂u

∂x
+ [ay + f(x)]

∂u

∂y
= g(x)h(y).

19. f(x)
∂w

∂x
+ g(y)

∂w

∂y
=
[[
h1(x) + h2(y)

]]
w.

General solution:

w = exp

[∫
h1(x)

f(x)
dx+

∫
h2(y)

g(y)
dy

]
Φ

(∫
dx

f(x)
dx−

∫
dy

g(y)
dy

)
.

20. f1(x)
∂w

∂x
+
[[
f2(x)y + f3(x)y

k
]] ∂w
∂y

= g(x)h(y)w.

The transformation ξ =

∫
f2(x)

f1(x)
dx, η = y1−k leads to an equation of the form 1.3.7.18:

∂w

∂ξ
+
[
(1− k)η + F (ξ)

] ∂w
∂η

= G(ξ)H(η)w,

where F (ξ) = (1− k) f3(x)
f2(x)

, G(ξ) =
g(x)

f2(x)
, and H(η) = h(y).

21. f1(x)g1(y)
∂w

∂x
+ f2(x)g2(y)

∂w

∂y
= h1(x)h2(y)w.

The transformation ξ =

∫
f2(x)

f1(x)
dx, η =

∫
g1(y)

g2(y)
dy leads to an equation of the form

1.3.7.17:

∂w

∂ξ
+
∂w

∂η
= F (ξ)G(η)w, where F (ξ) =

h1(x)

f2(x)
, G(η) =

h2(y)

g1(y)
.

22. f1(x)g1(y)
∂w

∂x
+ f2(x)g2(y)

∂w

∂y
=
[[
h1(x) + h2(y)

]]
w.

This is a special case of equation 1.3.7.36 with h(x, y) = h1(x) + h2(y).

◮ Equations contain arbitrary functions of complicated arguments.

23. a
∂w

∂x
+ b

∂w

∂y
= f(αx+ βy)w.

General solution:

w =





exp

[
1

aα+ bβ

∫
f(u) du

]
Φ(bx− ay) if aα+ bβ 6= 0,

exp

[
1

a
xf(αx+ βy)

]
Φ(bx− ay) if aα+ bβ = 0,

where u = αx+ βy.
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24. x
∂w

∂x
+ y

∂w

∂y
= xf

((
y

x

))
w.

General solution: w = exp

[
xf
( y
x

)]
Φ
( y
x

)
.

25. x
∂w

∂x
+ y

∂w

∂y
= f(x2 + y2)w.

General solution: w = Φ
( y
x

)
exp

[
1

2

∫
f(ξ)

dξ

ξ

]
, where ξ = x2 + y2.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

26. ax
∂w

∂x
+ by

∂w

∂y
= xkf(xnym)w.

General solution:

w =





exp

[
1

a

∫
xk−1f

(
x
an+bm

a u
m
a

)
dx

]
Φ(u) if an 6= −bm;

exp

[
1

ak
xkf(xnym)

]
Φ(u) if an = −bm, k 6= 0;

exp

[
1

a
f(xnym) lnx

]
Φ(u) if an = −bm, k = 0,

where u = yax−b. In the integration, u is considered a parameter.

27. mx
∂w

∂x
+ ny

∂w

∂y
= f(axn + bym)w.

General solution: w = Φ
(
ymx−n

)
exp

[
1

nm

∫
f(ξ)

dξ

ξ

]
, where ξ = axn + bym.

28. x2 ∂w

∂x
+ xy

∂w

∂y
= ykf(αx+ βy)w.

General solution:

w = exp

[
yk

x(αx+ βy)k−1

∫
zk−2f(z) dz

]
Φ

(
y

x

)
, where z = αx+ βy.

29.
f(x)

f ′(x)

∂w

∂x
+

g(y)

g′(y)

∂w

∂y
= h

((
f(x) + g(y)

))
w.

General solution:

w = Φ(u) exp

[∫
h(ξ)

dξ

ξ

]
, where u =

g(y)

f(x)
, ξ = f(x) + g(y).

◮ Equations contain arbitrary functions of two variables.

30.
∂w

∂x
+ a

∂w

∂y
= f(x, y)w.

General solution: w = exp

[∫ x

x0

f(t, y − ax+ at) dt

]
Φ(y − ax), where x0 may be taken

as arbitrary.
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31. ax
∂w

∂x
+ by

∂w

∂y
= f(x, y)w.

General solution:

w = exp

[
1

a

∫
1

x
f
(
x, u1/axb/a

)
dx

]
Φ(u), where u = yax−b.

In the integration, u is considered a parameter.

32. f(x)
∂w

∂x
+ g(x)y

∂w

∂y
= h(x, y)w.

General solution:

w = Φ(u) exp

[∫
h(x, uG)

f(x)
dx

]
, where u =

y

G
, G = exp

(∫
g

f
dx

)
.

In the integration, u is considered a parameter.

33. f(x)
∂w

∂x
+
[[
g1(x)y + g0(x)

]]∂w
∂y

= h(x, y)w.

General solution:

w = Φ(u) exp

[∫
h(x, uG+Q)

f(x)
dx

]
, u =

y −Q
G

,

where G = exp

(∫
g1
f
dx

)
and Q = G

∫
g0 dx

fG
. In the integration, u is considered a

parameter.

⊙ Literature: A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

34. f(x)
∂w

∂x
+
[[
g1(x)y + g0(x)y

k
]] ∂w
∂y

= h(x, y)w.

For k = 1, see equation 1.3.7.32. For k 6= 1, the substitution ξ = y1−k leads to an equation

of the form 1.3.7.33:

f(x)
∂w

∂x
+ (1− k)

[
g1(x)ξ + g0(x)

] ∂w
∂ξ

= h
(
x, ξ

1
1−k

)
w.

35. f(x)
∂w

∂x
+
[[
g1(x) + g0(x)e

λy
]] ∂w
∂y

= h(x, y)w.

The substitution z = e−λy leads to an equation of the form 1.3.7.33:

f(x)
∂w

∂x
− λ

[
g1(x)z + g0(x)

] ∂w
∂z

= h
(
x, − 1

λ
ln z
)
w.

36. f1(x)g1(y)
∂w

∂x
+ f2(x)g2(y)

∂w

∂y
= h(x, y)w.

The transformation ξ =

∫
f2(x)

f1(x)
dx, η =

∫
g1(y)

g2(y)
dy leads to an equation of the form

1.3.7.30:
∂w

∂ξ
+
∂w

∂η
= F (ξ, η)w, where F (ξ, η) =

h(x, y)

f2(x)g1(y)
.
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1.4 Equations of the Form

f(x, y)
∂w

∂x
+ g(x, y)

∂w

∂y
= h1(x, y)w + h0(x, y)

◆ The solutions given below contain an arbitrary function Φ = Φ(z).

1.4.1 Equations Containing Power-Law Functions

◮ Coefficients of equations are linear in x and y.

1. a
∂w

∂x
+ b

∂w

∂y
= cw + d.

General solution: w = − d
c
+ ecx/aΦ(bx− ay).

2. (x− a)
∂w

∂x
+ (y − b)

∂w

∂y
= w − c.

Differential equation of a conic surface with the vertex at the point (a, b, c).

General solution: w = c+ (x− a)Φ
( y − b
x− a

)
.

⊙ Literature: E. Kamke (1965).

3. (ax+ b)
∂w

∂x
+ (cx+ d)

∂w

∂y
= αw + β.

General solution:

w =





− β
α

+ (ax+ b)α/aΦ
(
a(cx− ay) + (ad− bc) ln |ax+ b|

)
if a 6= 0,

− β
α

+ eαx/bΦ
(
x(cx+ 2d)− 2by

)
if a = 0.

4. (ax+ b)
∂w

∂x
+ (cy + d)

∂w

∂y
= αw + β.

General solution:

w =





−β
α

+ (ax+ b)α/aΦ
(
(ax+ b)−c/a(cy + d)

)
if a 6= 0,

−β
α

+ eαx/bΦ
(
(cy + d)e−cx/b

)
if a = 0.

5. (ax+ b)
∂w

∂x
+ (cy + d)

∂w

∂y
= αw + βy + γx.

1◦. General solution for a 6= 0, a 6= α, and c 6= α:

w =
γ(αx+ b)

α(a− α) −
β(αy + d)

α(α − c) + (ax+ b)α/aΦ
(
(ax+ b)−c/a(cy + d)

)
.

2◦. General solution for a 6= 0, a = α, and c 6= α:

w =
γ
[
b+ (ax+ b) ln |ax+ b|

]

a2
− β(ay + d)

a(a− c) + (ax+ b)Φ
(
(ax+ b)−c/a(cy + d)

)
.
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3◦. General solution for a 6= 0 and a = c = α:

w =
bγ + dβ[γ(ax+ b) + β(ay + d)] ln |ax+ b|

a2
+ (ax+ b)Φ

(
ay + d

ax+ b

)
.

4◦. General solution for a = 0 and c 6= α:

w = − γ(αx+ b)

α2
− β(αy + d)

α(α− c) + eαx/bΦ
(
(cy + d)e−cx/b

)
.

5◦. General solution for a = 0 and c = α:

w =
(dβ − bγ)(cx+ b)

bc2
+
β

b
xy + ecx/bΦ

(
(cy + d)e−cx/b

)
.

6. (ax+ b)
∂w

∂x
+ (cx+ dy)

∂w

∂y
= αw + β.

1◦. General solution for a 6= 0 and a 6= d:

w = − β
α

+ (ax+ b)α/aΦ
([
c(dx+ b) + d(d− a)y

]
(ax+ b)−d/a

)
.

2◦. General solution for a 6= 0 and a = d:

w = − β
α

+ (ax+ b)α/aΦ

(
bc− a2y
ax+ b

+ c ln |ax+ b|
)
.

3◦. General solution for a = 0:

w = − β
α

+ eαx/bΦ
([
bc+ d(cx + dy)

]
e−dx/b

)
.

7. (a1x+a0)
∂w

∂x
+(b2y+b1x+b0)

∂w

∂y
= (c2y+c1x+c0)w+k2y+k1x+k0.

This is a special case of equation 1.4.7.22 with f(x) = a1x + a0, g1(x) = b2, g0(x) =
b1x+ b0, h(x, y) = c2y + c1x+ c0, and F (x, y) = k2y + k1x+ k0.

8. ay
∂w

∂x
+ (b1x+ b0)

∂w

∂y
= (c1x+ c0)w + s1x+ s0.

This is a special case of equation 1.4.7.11 with k = 1, f1(x) = a, f2(x) = b1x + b0,

g(x) = c1x+ c0, and h(x) = s1x+ s0.

◮ Coefficients of equations are quadratic in x and y.

9. a
∂w

∂x
+ b

∂w

∂y
= cw + βxy + γ.

General solution: w = − γ
c
− β

c3
[
(cx+ a)(cy + b) + ab

]
+ ecx/aΦ(bx− ay).
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10. a
∂w

∂x
+ b

∂w

∂y
= cw + x(βx+ γy) + δ.

General solution:

w = − δ
c
− 1

c3
[
β(cx+ a)2 + γ(cx+ a)(cy + b) + a(aβ + bγ)

]
+ ecx/aΦ(bx− ay).

11. x
∂w

∂x
+ y

∂w

∂y
= w + ax2 + by2 + c.

General solution: w = ax2 + by2 − c+ xΦ(y/x).

12. ax
∂w

∂x
+ by

∂w

∂y
= cw + x(βx+ γy) + δ.

1◦. General solution for c 6= 2a and c 6= a+ b:

w = − δ
c
+

β

2a− c x
2 +

γ

a+ b− c xy + xc/aΦ
(
y|x|−b/a

)
.

2◦. General solution for c = 2a and a 6= b:

w = − δ
c
+
β

a
x2 ln |x| − γ

a− b xy + x2Φ
(
y|x|−b/a

)
.

3◦. General solution for c = a+ b and a 6= b:

w = − δ
c
+

β

a− b x
2 +

γ

a
xy ln |x|+ xΦ

(
y|x|−b/a

)
.

4◦. General solution for c = 2a and a = b:

w = − δ
c
+

1

a
x(βx+ γy) ln |x|+Φ

( y
x

)
.

13. ay
∂w

∂x
+ (b2x

2 + b1x+ b0)
∂w

∂y
= (c2x

2 + c1x+ c0)w+ s2x
2 + s1x+ s0.

This is a special case of equation 1.4.7.11 with k = 1, f1(x) = a, f2(x) = b2x
2+ b1x+ b0,

g(x) = c2x
2 + c1x+ c0, and h(x) = s2x

2 + s1x+ s0.

14. ay2
∂w

∂x
+ (b1x

2 + b0)
∂w

∂y
= (c1x

2 + c0)w + s1x
2 + s0.

This is a special case of equation 1.4.7.11 with k = 2, f1(x) = a, f2(x) = b1x
2 + b0,

g(x) = c1x
2 + c0, and h(x) = s1x

2 + s0.

15. (a1x
2 + a0)

∂w

∂x
+ (y + b2x

2 + b1x+ b0)
∂w

∂y

= (c2y + c1x+ c0)w + k22y
2 + k12xy + k11x

2 + k0.

This is a special case of equation 1.4.7.22 with f(x) = a1x
2 + a0, g1(x) = 1, g0(x) =

b2x
2 + b1x+ b0, h(x, y) = c2y + c1x+ c0, and F (x, y) = k22y

2 + k12xy + k11x
2 + k0.

16. (a1x
2 + a0)

∂w

∂x
+ (b2y

2 + b1xy)
∂w

∂y

= (c2y
2 + c1x

2)w + s22y
2 + s12xy + s11x

2 + s0.

This is a special case of equation 1.4.7.23 with k = 2, f(x) = a1x
2 + a0, g1(x) = b1x,

g0(x) = b2, h(x, y) = c2y
2 + c1x

2, and F (x, y) = s22y
2 + s12xy + s11x

2 + s0.
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◮ Coefficients of equations contain square roots.

17. ax
∂w

∂x
+ by

∂w

∂y
= αw + β

√
xy + γ.

1◦. General solution for 2α 6= a+ b:

w =
2β

a+ b− 2α

√
xy − γ

α
+ xα/aΦ

(
y|x|−b/a

)
.

2◦. General solution for 2α = a+ b:

w =
β

a

√
xy ln |x| − 2γ

a+ b
+
√
xyΦ

(
y|x|−b/a

)
.

3◦. General solution for α = a = −b:

w =
1

a

(
β
√
xy + γ

)
+ xΦ(xy).

18. ax
∂w

∂x
+ by

∂w

∂y
= λ

√
xy w + βxy + γ.

1◦. General solution for b 6= −a:

w = −β
λ

√
xy − β(a+ b)

2λ2
+ exp

(
2λ

a+ b

√
xy

)
Φ
(
x−b/ay

)
.

2◦. General solution for b = −a:

w = −β
λ

√
xy + exp

(
λ

a

√
xy ln |x|

)
Φ(xy).

19. ay
∂w

∂x
+ bx

∂w

∂y
= αw + β

√
x+ γ.

This is a special case of equation 1.4.7.11 with k = 1, f1(x) = a, f2(x) = bx, g(x) = α,

and h(x) = β
√
x+ γ.

20. ay
∂w

∂x
+ b

√
x

∂w

∂y
= αw + β

√
x+ γ.

This is a special case of equation 1.4.7.11 with k = 1, f1(x) = a, f2(x) = b
√
x, g(x) = α,

and h(x) = β
√
x+ γ.

21. a
√
x

∂w

∂x
+ b

√
y
∂w

∂y
= αw + βx+ γy + δ.

General solution:

w = − aβ
√
x+ bγ

√
y

α2
− βx+ γy + δ

α
− a2β + b2γ

2α3
+ exp

(
2α

a

√
x

)
Φ
(
b
√
x− a√y

)
.

22. a
√
x

∂w

∂x
+ b

√
y
∂w

∂y
= αw + β

√
x+ γ.

General solution: w = −β
√
x+ γ

α
− aβ

2α2
+ exp

(
2α

a

√
x

)
Φ
(
b
√
x− a√y

)
.

23. a
√
y
∂w

∂x
+ b

√
x

∂w

∂y
= αw + β

√
x+ γ.

This is a special case of equation 1.4.7.11 with k=1/2, f1(x)= a, f2(x)= b
√
x, g(x)=α,

and h(x) = β
√
x+ γ.
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◮ Coefficients of equations contain arbitrary powers of x and y.

24. a
∂w

∂x
+ b

∂w

∂y
= cw + kxnym.

Two forms of the representation of the general solution:

w = exp
( c
a
x
)[

Φ(bx− ay) + k

am+1

∫
xn(bx− u)m exp

(
− c
a
x
)
dx

]
,

w = exp
( c
b
y
)[

Φ(bx− ay) + k

bn+1

∫
ym(ay + u)n exp

(
− c
b
y
)
dy

]
,

where u = bx− ay. In the integration, u is considered a parameter.

25. a
∂w

∂x
+ y

∂w

∂y
= bw + cxnym.

General solution:

w = yb
[
Φ(yae−x) + c

∫
ym−b−1(a ln y − lnu)n dy

]
, where u = yae−x.

In the integration, u is considered a parameter.

26. x
∂w

∂x
+ y

∂w

∂y
= axw + bxnym.

General solution: w = eax
[
Φ
( y
x

)
+ bx−mym

∫
xm+n−1e−ax dx

]
.

27. x
∂w

∂x
+ y

∂w

∂y
= a

√
x2 + y2w + bxnym.

General solution:

w=exp
(
a
√
x2+y2

)[
Φ
( y
x

)
+bx−mym

∫
xm+n−1 exp

(
−ax

√
1+u2

)
dx

]
, u=

y

x
.

In the integration, u is considered a parameter.

28. ax
∂w

∂x
+ by

∂w

∂y
= cxnymw + pxkys.

1◦. General solution for an+ bm 6= 0:

w = exp

(
c

an+ bm
xnym

)[
Φ
(
yax−b

)
+ ψ(x, y)

]
,

ψ(x, y) = px−
bs
a ys

∫
x
bs+ak−a

a exp

(
− c

an+ bm
u
m
a x

an+bm
a

)
dx,

where u = yax−b. In the integration, u is considered a parameter.

2◦. General solution for an+ bm = 0:

w = exp

(
c

a
xnym lnx

)[
Φ
(
yax−b

)
+ ψ(x, y)

]
,

ψ(x, y) =





pk−2x
ak−bs

a ys exp

(
− c
a
x−

bm
a ym

)
(k lnx− 1) if k 6= 0,

1
2 px
− bs

a ys exp

(
− c
a
x−

bm
a ym

)
(ln x)2 if k = 0.



1.4. Equations of the Form f(x, y) ∂w
∂x

+ g(x, y) ∂w
∂y

= h1(x, y)w + h0(x, y) 119

29. ax
∂w

∂x
+ by

∂w

∂y
= (cxn + pym)w + qxkys.

General solution:

w = exp

(
cxn

an
+
pym

bm

)[
Φ
(
yax−b

)

+ qx−
bs
a ys

∫
x
ak−a+bs

a exp

(
− cx

n

an
− p

bm
u
m
a x

bm
a

)
dx

]
,

where u = yax−b. In the integration, u is considered a parameter.

30. x2 ∂w

∂x
+ axy

∂w

∂y
= by2w + cxnym.

1◦. General solution for a 6= 1/2:

w= exp

(
b

2a− 1

y2

x

)[
Φ(x−ay)+ cx−amym

∫
xam+n−2 exp

(
− b

2a− 1
u2x2a−1

)
dx

]
,

where u = x−ay. In the integration, u is considered a parameter.

2◦. General solution for a = 1/2:

w = exp

(
b
y2

x
lnx

)
Φ(x−1/2y) +

2cxnym

(m+ 2n− 2)x− by2 .

31. x2 ∂w

∂x
+ xy

∂w

∂y
= y2(ax+ by)w + cxnym.

General solution:

w = exp

[
(ax+ by)y2

2x

]{
Φ

(
y

x

)
+ cx−mym

∫
xm+n−2 exp

[
− (a+ bu)u2x2

2

]
dx

}
,

where u = y/x. In the integration, u is considered a parameter.

32. axn ∂w

∂x
+ bxmy

∂w

∂y
= cxpyqw + sxγyδ + d.

This is a special case of equation 1.4.7.21 with f(x) = axn, g(x) = bxm, h(x, y) = cxpyq,

and F (x, y) = sxγyδ + d.

33. axn ∂w

∂x
+
((
bxmy + cxk

)) ∂w
∂y

= sxpyqw + d.

This is a special case of equation 1.4.7.22 with f(x) = axn, g1(x) = bxm, g0(x) = cxk,

h(x, y) = sxpyq, and F (x, y) = d.

34. axn ∂w

∂x
+ bxmyk

∂w

∂y
= cw + sxpyq + d.

This is a special case of equation 1.4.7.23 with f(x) = axn, g1(x) ≡ 0, g0(x) = bxm,

h(x, y) = c, and F (x, y) = sxpyq + d.

35. ayk
∂w

∂x
+ bxn ∂w

∂y
= cw + sxm.

This is a special case of equation 1.4.7.11 with f1(x) = a, f2(x) = bxn, g(x) = c, and

h(x) = sxm.
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1.4.2 Equations Containing Exponential Functions

◮ Coefficients of equations contain exponential functions.

1. a
∂w

∂x
+ b

∂w

∂y
=
((
ceλx + seµy

))
w + keνx.

General solution:

w = exp
( c

aλ
eλx +

s

bµ
eµy
)[

Φ(bx− ay) + k

a

∫
exp
(
νx− c

aλ
eλx − s

bµ
e
µbx−µu

a

)
dx

]
,

where u = bx− ay. In the integration, u is considered a parameter.

2. a
∂w

∂x
+ b

∂w

∂y
= ceαx+βyw + keγx.

1◦. General solution for aα+ bβ 6= 0:

w=exp

(
c

aα+ bβ
eαx+βy

){
Φ(bx−ay)+ k

a

∫
exp

[
γx− c

aα+ bβ
e
(aα+bβ)x−βu

a

]
dx

}
,

where u = bx− ay. In the integration, u is considered a parameter.

2◦. General solution for aα+ bβ = 0:

w = exp

(
c

a
xeαx+βy

)
Φ(bx− ay) + keγx

aγ − ceαx+βy
.

3. aeλx
∂w

∂x
+ beβx

∂w

∂y
= ceγyw + seµx+δy .

This is a special case of equation 1.4.7.22 with f(x) = aeλx, g1(x) ≡ 0, g0(x) = beβx,

h(x, y) = ceγy , and F (x, y) = seµx+δy .

4. aeβx
∂w

∂x
+
((
beγx + ceλy

)) ∂w
∂y

= sw + keµx+δy .

This is a special case of equation 1.4.7.24 with f(x) = aeβx, g1(x) = beγx, g0(x) = c,
h(x, y) = s, and F (x, y) = keµx+δy .

5. aeβx
∂w

∂x
+
((
beγx + ceλy

)) ∂w
∂y

= seµx+δyw + k.

This is a special case of equation 1.4.7.24 with f(x) = aeβx, g1(x) = beγx, g0(x) = c,
h(x, y) = seµx+δy , and F (x, y) = k.

6. aeβx
∂w

∂x
+ beγx+λy ∂w

∂y
= ceσyw + keµx+δy + d.

This is a special case of equation 1.4.7.24 with f(x) = aeβx, g1(x) ≡ 0, g0(x) = beγx,

h(x, y) = ceσy , and F (x, y) = keµx+δy + d.

7. aeλy
∂w

∂x
+ bxβx ∂w

∂y
= cw + seγx.

This is a special case of equation 1.4.7.12 with f1(x) = a, f2(x) = bxβx, g(x) = c, and

h(x) = seγx.
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8. aeλy
∂w

∂x
+ bxβx ∂w

∂y
= ceγxw + s.

This is a special case of equation 1.4.7.12 with f1(x) = a, f2(x) = bxβx, g(x) = ceγx, and

h(x) = s.

◮ Coefficients of equations contain exponential and power-law functions.

9.
∂w

∂x
+ (aeλxy + bxn)

∂w

∂y
= cw + keγx.

This is a special case of equation 1.4.7.7 with f(x) = 1, g1(x) = aeλx, g0(x) = bxn,

h1(x) = c, and h0(x) = keγx.

10.
∂w

∂x
+ (aeλxy + beβx)

∂w

∂y
= cw + keγx.

This is a special case of equation 1.4.7.7 with f(x) = 1, g1(x) = aeλx, g0(x) = beβx,

h1(x) = c, and h0(x) = keγx.

11.
∂w

∂x
+ (aeλxy + beβx)

∂w

∂y
= cw + kxn.

This is a special case of equation 1.4.7.7 with f(x) = 1, g1(x) = aeλx, g0(x) = beβx,

h1(x) = c, and h0(x) = kxn.

12.
∂w

∂x
+ (aeλy + bxk)

∂w

∂y
= cw + keγx.

This is a special case of equation 1.4.7.10 with f(x)=1, g1(x)= bx
k, g0(x)=a, h2(x)= c,

h1(x) = 0, and h0(x) = keγx.

13. x
∂w

∂x
+ y

∂w

∂y
= axeλx+µyw + beνx.

General solution:

w = exp

(
ax

λx+ µy
eλx+µy

){
Φ

(
y

x

)
+ b

∫
exp

[
νx− a

λ+ µu
e(λ+µu)x

]
dx

x

}
,

where u = y/x. In the integration, u is considered a parameter.

14. x
∂w

∂x
+ y

∂w

∂y
=
((
ayeλx + bxeµy

))
w + ceνx.

General solution:

w = exp

(
ay

λx
eλx +

bx

µy
eµy
)[

Φ

(
y

x

)
+ c

∫
exp

(
νx− au

λ
eλx − b

µu
eµux

)
dx

x

]
,

where u = y/x. In the integration, u is considered a parameter.

15. ayk
∂w

∂x
+ beλx

∂w

∂y
= w + ceβx.

This is a special case of equation 1.4.7.11 with f1(x) = a, f2(x) = beλx, g(x) = 1, and

h(x) = ceβx.
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16. aeλx
∂w

∂x
+ by

∂w

∂y
= w + ceλx.

This is a special case of equation 1.4.7.7 with f(x)=aeλx, g1(x)= b, g0(x)=0, h1(x)=1,

and h0(x) = ceλx.

17. aeλy
∂w

∂x
+ bxk ∂w

∂y
= w + ceβx.

This is a special case of equation 1.4.7.12 with f1(x) = a, f2(x) = bxk, g(x) = 1, and

h(x) = ceβx.

18. aeλy
∂w

∂x
+ beβx

∂w

∂y
= w + cxk.

This is a special case of equation 1.4.7.12 with f1(x) = a, f2(x) = beβx, g(x) = 1, and

h(x) = cxk.

1.4.3 Equations Containing Hyperbolic Functions

◮ Coefficients of equations contain hyperbolic sine.

1. a
∂w

∂x
+ b

∂w

∂y
= cw + sinhk(λx) sinhn(βy).

This is a special case of equation 1.4.7.13 with f(x) = sinhk(λx) and g(y) = sinhn(βy).

2. a
∂w

∂x
+ b

∂w

∂y
= c sinhk(λx)w + s sinhn(βx).

This is a special case of equation 1.4.7.1 with f(x) = sinhk(λx) and g(y) = sinhn(βx).

3. a
∂w

∂x
+ b

∂w

∂y
=
[[
c1 sinhn1(λ1x) + c2 sinhn2(λ2y)

]]
w

+ s1 sinhk1(β1x) + s2 sinhk2(β2y).

This is a special case of equation 1.4.7.16 with f(x)=c1 sinhn1(λ1x), g(y)=c2 sinhn2(λ2y),
p(x) = s1 sinhk1(β1x), and q(y) = s2 sinhk2(β2y).

4. a sinhn(λx)
∂w

∂x
+ b sinhm(µx)

∂w

∂y
= c sinhk(νx)w + p sinhs(βy).

This is a special case of equation 1.4.7.22 with f(x) = a sinhn(λx), g1(x) ≡ 0, g0(x) =
b sinhm(µx), h(x, y) = c sinhk(νx), and F (x, y) = p sinhs(βy).

5. a sinhn(λx)
∂w

∂x
+ b sinhm(µx)

∂w

∂y
= c sinhk(νy)w + p sinhs(βx).

This is a special case of equation 1.4.7.22 with f(x) = a sinhn(λx), g1(x) ≡ 0, g0(x) =
b sinhm(µx), h(x, y) = c sinhk(νy), and F (x, y) = p sinhs(βx).

◮ Coefficients of equations contain hyperbolic cosine.

6. a
∂w

∂x
+ b

∂w

∂y
= cw + coshk(λx) coshn(βy).

This is a special case of equation 1.4.7.13 with f(x) = coshk(λx) and g(y) = coshn(βy).
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7. a
∂w

∂x
+ b

∂w

∂y
= c coshk(λx)w + s coshn(βx).

This is a special case of equation 1.4.7.1 with f(x) = coshk(λx) and g(y) = coshn(βx).

8. a
∂w

∂x
+ b

∂w

∂y
=
[[
c1 coshn1(λ1x) + c2 coshn2(λ2y)

]]
w

+ s1 coshk1(β1x) + s2 coshk2(β2y).

This is a special case of equation 1.4.7.16 in which f(x) = c1 coshn1(λ1x), g(y) =
c2 coshn2(λ2y), p(x) = s1 coshk1(β1x), and q(y) = s2 coshk2(β2y).

9. x
∂w

∂x
+ y

∂w

∂y
= ax cosh(λx+ µy)w + b cosh(νx).

General solution:

w = exp

[
ax sinh(λx+ µy)

λx+ µy

][
Φ

(
y

x

)
+ b

∫
cosh(νx) exp

(
− a sinh[(λ+ µu)x]

λ+ µu

)
dx

x

]
,

where u = y/x. In the integration, u is considered a parameter.

10. a coshn(λx)
∂w

∂x
+ b coshm(µx)

∂w

∂y
= c coshk(νx)w + p coshs(βy).

This is a special case of equation 1.4.7.22 with f(x) = a coshn(λx), g1(x) ≡ 0, g0(x) =
b coshm(µx), h(x, y) = c coshk(νx), and F (x, y) = p coshs(βy).

11. a coshn(λx)
∂w

∂x
+ b coshm(µx)

∂w

∂y
= c coshk(νy)w + p coshs(βx).

This is a special case of equation 1.4.7.22 with f(x) = a coshn(λx), g1(x) ≡ 0, g0(x) =
b coshm(µx), h(x, y) = c coshk(νy), and F (x, y) = p coshs(βx).

◮ Coefficients of equations contain hyperbolic tangent.

12. a
∂w

∂x
+ b

∂w

∂y
= cw + tanhk(λx) tanhn(βy).

This is a special case of equation 1.4.7.13 with f(x) = tanhk(λx) and g(y) = tanhn(βy).

13. a
∂w

∂x
+ b

∂w

∂y
= c tanhk(λx)w + s tanhn(βx).

This is a special case of equation 1.4.7.1 with f(x) = tanhk(λx) and g(y) = tanhn(βx).

14. a
∂w

∂x
+ b

∂w

∂y
=
[[
c1 tanhn1(λ1x) + c2 tanhn2(λ2y)

]]
w

+ s1 tanhk1(β1x) + s2 tanhk2(β2y).

This is a special case of equation 1.4.7.16 in which f(x) = c1 tanhn1(λ1x), g(y) =
c2 tanhn2(λ2y), p(x) = s1 tanhk1(β1x), and q(y) = s2 tanhk2(β2y).

15. a tanhn(λx)
∂w

∂x
+ b tanhm(µx)

∂w

∂y
= c tanhk(νx)w + p tanhs(βy).

This is a special case of equation 1.4.7.22 with f(x) = a tanhn(λx), g1(x) ≡ 0, g0(x) =
b tanhm(µx), h(x, y) = c tanhk(νx), and F (x, y) = p tanhs(βy).
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16. a tanhn(λx)
∂w

∂x
+ b tanhm(µx)

∂w

∂y
= c tanhk(νy)w + p tanhs(βx).

This is a special case of equation 1.4.7.22 with f(x) = a tanhn(λx), g1(x) ≡ 0, g0(x) =
b tanhm(µx), h(x, y) = c tanhk(νy), and F (x, y) = p tanhs(βx).

◮ Coefficients of equations contain hyperbolic cotangent.

17. a
∂w

∂x
+ b

∂w

∂y
= cw + cothk(λx) cothn(βy).

This is a special case of equation 1.4.7.13 with f(x) = cothk(λx) and g(y) = cothn(βy).

18. a
∂w

∂x
+ b

∂w

∂y
= c cothk(λx)w + s cothn(βx).

This is a special case of equation 1.4.7.1 with f(x) = cothk(λx) and g(y) = cothn(βx).

19. a
∂w

∂x
+ b

∂w

∂y
=
[[
c1 cothn1(λ1x) + c2 cothn2(λ2y)

]]
w

+ s1 cothk1(β1x) + s2 cothk2(β2y).

This is a special case of equation 1.4.7.16 in which f(x) = c1 cothn1(λ1x), g(y) =
c2 cothn2(λ2y), p(x) = s1 cothk1(β1x), and q(y) = s2 cothk2(β2y).

20. a cothn(λx)
∂w

∂x
+ b cothm(µx)

∂w

∂y
= c cothk(νx)w + p coths(βy).

This is a special case of equation 1.4.7.22 with f(x) = a cothn(λx), g1(x) ≡ 0, g0(x) =
b cothm(µx), h(x, y) = c cothk(νx), and F (x, y) = p coths(βy).

21. a cothn(λx)
∂w

∂x
+ b cothm(µx)

∂w

∂y
= c cothk(νy)w + p coths(βx).

This is a special case of equation 1.4.7.22 with f(x) = a cothn(λx), g1(x) ≡ 0, g0(x) =
b cothm(µx), h(x, y) = c cothk(νy), and F (x, y) = p coths(βx).

◮ Coefficients of equations contain different hyperbolic functions.

22. a
∂w

∂x
+ b

∂w

∂y
= w + c1 sinhk(λx) + c2 coshn(βy).

This is a special case of equation 1.4.7.16 with f(x) = 0, g(y) = 1, p(x) = c1 sinhk(λx),
and q(y) = c2 coshn(βy).

23. a
∂w

∂x
+ b

∂w

∂y
= cw + sinhk(λx) coshn(βy).

This is a special case of equation 1.4.7.13 with f(x) = sinhk(λx) and g(y) = coshn(βy).

24. a
∂w

∂x
+ b

∂w

∂y
= cw + k tanh(λx) + s coth(µy).

General solution:

w = ecx/a
{
Φ(bx− ay)− 1

a

∫ x

0

[
s coth

(
bµ

a
(x− t)− µy

)
− k tanh(λt)

]
e−ct/a dt

}
.
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25. a
∂w

∂x
+ b sinh(λx)

∂w

∂y
= cw + k cosh(µy).

General solution:

w= ecx/a
{∫ x

0
cosh

[
µy+

bµ

aλ

(
cosh(λt)−cosh(λx)

)]
e−ct/a dt+Φ

(
aλy−b cosh(λx)

)}
.

26. a sinhn(λx)
∂w

∂x
+ b coshm(µx)

∂w

∂y
= c coshk(νx)w + p sinhs(βy).

This is a special case of equation 1.4.7.22 with f(x) = a sinhn(λx), g1(x) ≡ 0, g0(x) =
b coshm(µx), h(x, y) = c coshk(νx), and F (x, y) = p sinhs(βy).

27. a tanhn(λx)
∂w

∂x
+ b cothm(µx)

∂w

∂y
= c tanhk(νy)w + p coths(βx).

This is a special case of equation 1.4.7.22 with f(x) = a tanhn(λx), g1(x) ≡ 0, g0(x) =
b cothm(µx), h(x, y) = c tanhk(νy), and F (x, y) = p coths(βx).

1.4.4 Equations Containing Logarithmic Functions

◮ Coefficients of equations contain logarithmic functions.

1. a
∂w

∂x
+ b

∂w

∂y
= cw + lnk(λx) lnn(βy).

This is a special case of equation 1.4.7.13 with f(x) = lnk(λx) and g(y) = lnn(βy).

2. a
∂w

∂x
+ b

∂w

∂y
= c lnk(λx)w + s lnn(βx).

This is a special case of equation 1.4.7.1 with f(x) = lnk(λx) and g(y) = lnn(βx).

3. a
∂w

∂x
+b

∂w

∂y
=
[[
c1 ln

n1(λ1x)+c2 ln
n2(λ2y)

]]
w+s1 ln

k1(β1x)+s2 ln
k2(β2y).

This is a special case of equation 1.4.7.16 with f(x) = c1 ln
n1(λ1x), g(y) = c2 ln

n2(λ2y),
p(x) = s1 ln

k1(β1x), and q(y) = s2 ln
k2(β2y).

4. a ln(λx)
∂w

∂x
+ b ln(µy)

∂w

∂y
= cw + k.

General solution:

w = − k
c
+Φ(u) exp

[
c

a

∫
dx

ln(λx)

]
, u = b

∫
dx

ln(λx)
− a

∫
dy

ln(µy)
.

5. a lnn(λx)
∂w

∂x
+ b lnm(µx)

∂w

∂y
= c lnk(νx)w + p lns(βy) + q.

This is a special case of equation 1.4.7.22 with f(x) = a lnn(λx), g1(x) ≡ 0, g0(x) =
b lnm(µx), h(x, y) = c lnk(νx), and F (x, y) = p lns(βy) + q.

6. a lnn(λx)
∂w

∂x
+ b lnm(µx)

∂w

∂y
= c lnk(νy)w + p lns(βx) + q.

This is a special case of equation 1.4.7.22 with f(x) = a lnn(λx), g1(x) ≡ 0, g0(x) =
b lnm(µx), h(x, y) = c lnk(νy), and F (x, y) = p lns(βx) + q.
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◮ Coefficients of equations contain logarithmic and power-law functions.

7. a
∂w

∂x
+ b

∂w

∂y
= w + c1x

k + c2 ln
n(βy).

This is a special case of equation 1.4.7.16 with f(x) = 0, g(y) = 1, p(x) = c1x
k, and

q(y) = c2 ln
n(βy).

8. a
∂w

∂x
+ b

∂w

∂y
= cw + xk lnn(βy).

This is a special case of equation 1.4.7.13 with f(x) = xk and g(y) = lnn(βy).

9. axk ∂w

∂x
+ bxn ∂w

∂y
= cw + s lnm(βx).

This is a special case of equation 1.4.7.7 with f(x) = axk, g1(x) = 0, g0(x) = bxn,

h1(x) = c, and h0(x) = s lnm(βx).

10. axn ∂w

∂x
+ byk

∂w

∂y
= cw + s lnm(βx).

This is a special case of equation 1.4.7.23 with f(x)= axn, g1(x)= 0, g0(x)= b, h(x, y)=
c, and F (x, y) = s lnm(βx).

11. axk ∂w

∂x
+ b lnn(λx)

∂w

∂y
= cw + sxm.

This is a special case of equation 1.4.7.7 with f(x) = axk, g1(x) = 0, g0(x) = b lnn(λx),
h1(x) = c, and h0(x) = sxm.

12. ayk
∂w

∂x
+ bxn ∂w

∂y
= cw + s lnm(βx).

This is a special case of equation 1.4.7.11 with f1(x) = a, f2(x) = bxn, g(x) = c, and

h(x) = s lnm(βx).

13. ayk
∂w

∂x
+ b lnn(λx)

∂w

∂y
= cw + sxm.

This is a special case of equation 1.4.7.11 with f1(x) = a, f2(x) = b lnn(λx), g(x) = c,
and h(x) = sxm.

1.4.5 Equations Containing Trigonometric Functions

◮ Coefficients of equations contain sine.

1. a
∂w

∂x
+ b

∂w

∂y
= cw + k sin(λx+ µy).

General solution:

w = ecx/aΦ(bx− ay)− k

c2 + (aλ+ bµ)2
[
(aλ+ bµ) cos(λx+ µy) + c sin(λx+ µy)

]
.
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2. a
∂w

∂x
+ b

∂w

∂y
= w + c1 sin

k(λx) + c2 sin
n(βy).

This is a special case of equation 1.4.7.16 with f(x) = 0, g(y) = 1, p(x) = c1 sin
k(λx),

and q(y) = c2 sin
n(βy).

3. a
∂w

∂x
+ b

∂w

∂y
= cw + sink(λx) sinn(βy).

This is a special case of equation 1.4.7.13 with f(x) = sink(λx) and g(y) = sinn(βy).

4. ax
∂w

∂x
+ by

∂w

∂y
= cw + k sin(λx+ µy).

General solution:

w = xc/a
[
k

a

∫ x

0
t−(a+c)/a sin

(
λt+ µtb/ax−b/ay

)
dt+Φ

(
x−b/ay

)]
.

5. x
∂w

∂x
+ y

∂w

∂y
= ax sin(λx+ µy)w + b sin(νx).

General solution:

w = exp

[
− ax

λx+ µy
cos(λx+ µy)

]{
Φ
( y
x

)

+ b

∫
sin(νx) exp

(
a

λ+ µu
cos
[
(λ+ µu)x

])
dx

}
,

where u = y/x. In the integration, u is considered a parameter.

6. a sinn(λx)
∂w

∂x
+ b sinm(µx)

∂w

∂y
= c sink(νx)w + p sins(βy).

This is a special case of equation 1.4.7.22 with f(x) = a sinn(λx), g1(x) ≡ 0, g0(x) =
b sinm(µx), h(x, y) = c sink(νx), and F (x, y) = p sins(βy).

7. a sinn(λx)
∂w

∂x
+ b sinm(µx)

∂w

∂y
= c sink(νy)w + p sins(βx).

This is a special case of equation 1.4.7.22 with f(x) = a sinn(λx), g1(x) ≡ 0, g0(x) =
b sinm(µx), h(x, y) = c sink(νy), and F (x, y) = p sins(βx).

◮ Coefficients of equations contain cosine.

8. a
∂w

∂x
+ b

∂w

∂y
= cw + k cos(λx+ µy).

General solution:

w = ecx/aΦ(bx− ay) + k

c2 + (aλ+ bµ)2
[
(aλ+ bµ) sin(λx+ µy)− c cos(λx+ µy)

]
.

9. a
∂w

∂x
+ b

∂w

∂y
= w + c1 cos

k(λx) + c2 cos
n(βy).

This is a special case of equation 1.4.7.16 with f(x) = 0, g(y) = 1, p(x) = c1 cos
k(λx),

and q(y) = c2 cos
n(βy).


