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PREFACE TO THE SECOND EDITION

The Handbook of Linear Partial Differential Equations for Engineers and Scien-
tists, a unique reference for scientists and engineers, contains nearly 4,000 linear partial
differential equations with solutions as well as analytical, symbolic, and numerical methods
for solving linear equations. First-, second-, third-, fourth-, and higher-order linear equa-
tions and systems of coupled equations are considered. Equations of parabolic, hyperbolic,
elliptic, mixed, and other types are discussed. A number of new linear equations, exact
solutions, transformations, and methods are described. Formulas for effective construction
of solutions are given. A number of specific examples where the methods described in
the book are used are considered. Boundary value problems and eigenvalue problems are
described. Symbolic and numerical methods for solving PDEs with Maple, Mathematica,
and MATLAB® are considered. All in all, the handbook contains many more linear partial
differential equations than any other book currently available.

In selecting the material, the authors have given highest priority to the following major
topics:

e Equations and problems that arise in various applications (heat and mass transfer theory,
wave theory, elasticity, hydrodynamics, aerodynamics, continuum mechanics, acous-
tics, electrostatics, electrodynamics, electrical engineering, diffraction theory, quantum
mechanics, chemical engineering sciences, control theory, etc.).

e Systems of coupled equations that arise in various fields of continuum mechanics and
physics.

e Analytical and symbolic methods for solving linear equations of mathematical
physics.

e Equations of general form that depend on arbitrary functions and equations that involve
many free parameters; exact solutions of such equations are of major importance for
testing numerical and approximate analytical methods.

The second edition has been substantially updated, revised, and expanded. More than
1,500 linear equations and systems with solutions, as well some methods and many exam-
ples, have been added, which amounts to over 700 pages of new material (including 250
new pages dealing with methods).

New to the second edition:

Some second-, third-, fourth-, and higher-order linear PDEs with solutions.
Systems of coupled partial differential equations with solutions.

First-order linear PDEs with solutions.

Some analytical methods including decomposition methods and their applications.
Symbolic and numerical methods with Maple, Mathematica, and MATLAB.
Some transformations, asymptotic formulas and solutions.

Many new examples and figures included for illustrative purposes.

Some long tables, including tables of various integral transforms.

Extensive table of contents and detailed index.

XXV
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Note that Chapters 1-12 of the book can be used as a database of test problems for
numerical, approximate analytical, and symbolic methods for solving linear partial differ-
ential equations and systems of coupled equations. To satisfy the needs of a broad au-
dience with diverse mathematical backgrounds, the authors have done their best to avoid
special terminology whenever possible. Therefore, some of the methods are outlined in
a schematic and somewhat simplified manner with necessary references made to books
where these methods are considered in more detail. Many sections are written so that they
can be read independently from each other. This allows the reader to get to the heart of the
matter quickly.

Separate sections of the book can serve as a basis for practical courses and lectures on
equations of mathematical physics and linear PDEs.

We would like to express our keen gratitude to Alexei Zhurov for fruitful discussions
and valuable remarks. We are very thankful to Inna Shingareva and Carlos Lizarraga-
Celaya, who wrote three chapters (22—24) of the book at our request.

The authors hope that the handbook will prove helpful for a wide audience of re-
searchers, university and college teachers, engineers, and students in various fields of ap-
plied mathematics, mechanics, physics, chemistry, economics, and engineering sciences.

Andrei D. Polyanin
Vladimir E. Nazaikinskii

PREFACE TO THE FIRST EDITION

Linear partial differential equations arise in various fields of science and numerous ap-
plications, e.g., heat and mass transfer theory, wave theory, hydrodynamics, aerodynamics,
elasticity, acoustics, electrostatics, electrodynamics, electrical engineering, diffraction the-
ory, quantum mechanics, control theory, chemical engineering sciences, and biomechanics.

This book presents brief statements and exact solutions of more than 2000 linear equa-
tions and problems of mathematical physics. Nonstationary and stationary equations with
constant and variable coefficients of parabolic, hyperbolic, and elliptic types are consid-
ered. A number of new solutions to linear equations and boundary value problems are
described. Special attention is paid to equations and problems of general form that depend
on arbitrary functions. Formulas for the effective construction of solutions to nonhomo-
geneous boundary value problems of various types are given. We consider second-order
and higher-order equations as well as the corresponding boundary value problems. All in
all, the handbook presents more equations and problems of mathematical physics than any
other book currently available.

For the reader’s convenience, the introduction outlines some definitions and basic equa-
tions, problems, and methods of mathematical physics. It also gives useful formulas that
enable one to express solutions to stationary and nonstationary boundary value problems
of general form in terms of the Green’s function.

Two supplements are given at the end of the book. Supplement A lists properties of
the most common special functions (the gamma function, Bessel functions, degenerate hy-
pergeometric functions, Mathieu functions, etc.). Supplement B describes the methods of
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generalized and functional separation of variables for nonlinear partial differential equa-
tions. We give specific examples and an overview application of these methods to construct
exact solutions for various classes of second-, third-, fourth-, and higher-order equations
(in total, about 150 nonlinear equations with solutions are described). Special attention is
paid to equations of heat and mass transfer theory, wave theory, and hydrodynamics as well
as to mathematical physics equations of general form that involve arbitrary functions.

The equations in all chapters are in ascending order of complexity. Many sections
can be read independently, which facilitates working with the material. An extended table
of contents will help the reader find the desired equations and boundary value problems.
We refer to specific equations using notation like “1.8.5.2,” which means “Equation 2 in
Subsection 1.8.5.”

To extend the range of potential readers with diverse mathematical backgrounds, the
author strove to avoid the use of special terminology wherever possible. For this reason,
some results are presented schematically, in a simplified manner (without details), which
is, however, quite sufficient in most applications.

Separate sections of the book can serve as a basis for practical courses and lectures on
equations of mathematical physics.

The author thanks Alexei Zhurov for useful remarks on the manuscript.

The author hopes that the handbook will be useful for a wide range of scientists, univer-
sity teachers, engineers, and students in various areas of mathematics, physics, mechanics,
control, and engineering sciences.

Andprei D. Polyanin

MATLAB® is a registered trademark of The MathWorks, Inc. For product information,
please contact:

The MathWorks, Inc. 3

Apple Hill Drive

Natick, MA 01760-2098 USA
Tel: 508 647 7000

Fax: 508-647-7001

E-mail: info@mathworks.com
Web: www.mathworks.com
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BASIC NOTATION AND REMARKS

Latin Characters

curlu curl of a vector u, sometimes also denoted by rot u

divu divergence of a vector u; divu = 8“1 + % 8“2 in the two-dimensional case

u = (uy,us)
&  fundamental solution of the Cauchy problem

&, fundamental solution corresponding to an operator (or fundamental so-

lution of an equation)

grada  gradient of a scalar a, also denoted by Va, where V is the nabla vector

differential operator

Im[A] imaginary part of a complex number A

G Green function
R™  n-dimensional Euclidean space, R" = {—0co < 2 < o0; k=1,...,n}

Re[A]  real part of a complex number A

cylindrical coordinates, r = \/x2 + y? with 2 = rcos p and y = rsin ¢

r, 0, ¢  spherical coordinates, r = \/x?+ y?+ 22 with x = rsinfcosp,

5nm

()

y = sinfsinp, and z = rcos
t time (t > 0)
w  unknown function (dependent variable)
space (Cartesian) coordinates

.., o, Cartesian coordinates in n-dimensional space

x  m-dimensional vector, x = {z1,...,%,}

x|  magnitude (length) of n-dimensional vector, |x| =/ p? a3+t

y n-dimensional vector, y = {y1,...,yn}
Greek Characters

Laplace operator
92 0%

two-dimensional Laplace operator, As = xQ + ay

three-dimensional Laplace operator, A3 = ax2 + ayQ + 822

n-dimensional Laplace operator, A,, = Z ax
k

biharmonic operator; AA = am4 + 255> aIQ ayQ + ay4 in the two-dimensional
case

a
Dirac delta function; f(W)o(z —y)dy = f(x), where f(x) is any con-

—a
tinuous function, ¢ > 0, and —a < x < @
1 if n=m,
Kronecker delta, d,,,,, = { 0 if netm
1if >0,

Heaviside unit step function, ¥(z) = { 0 i 5<0
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BASIC NOTATION AND REMARKS

Brief Notation for Derivatives

Partial derivatives:

ow ow 0w 0w
wx:axw:%, :3tw257 Wrr = xxw=W7 th:atxwzm,
0w Pw Pw
Wy = Opw = W, Waze = OpgaW = W7 Wapt = OpgtW = m’
Ordinary derivatives for f = f(z):
df A f a3 f d"f i
r "o " _
fm_av mm_Wv TXT @7 fggn)_dx—n with n > 4.
Special Functions
Ai(z) = L [;7 cos(3t3 + at) dt Airy function;

Ceonip(,q) = z AZ TP cosh|(2k+p)a]

o0
> A% cos 2kx
k=0

ceon(r,q) =

Ce2n+1($, Q)

Z Azzﬂ cos|(2k+1)z]
k=

erfx = % fow exp(—fz) d€
erfcx = % fxoo exp(—§2) d¢
Ho(z) = (-1)"e” i ()
2V (z) = J, (=

+iY, (x)
HY (z) = J,(z) — iV, ()

(abcaz)—1+2(a Jn 2"

n nl

)
)~

(z/2)+2n
n!T(v+n+1)

Liz) =Y

(ZB/2 u+2n

Jy(z) = XZIWTH)
x I_y(2) =1, ()
2

sin(7v)

K,(z) =

Ai(r) = & ()25 (32)

™
even modified Mathieu functions, where
P = 07 1, C62n+p(x7 Q) = 062n+p(iw7 q)

even m-periodic Mathieu functions; these
satisfy the equation y"+(a—2q cos 2z)y =
0, where a = as,(q) are eigenvalues

even 27-periodic Mathieu functions; these
satisfy the equation y" +(a—2q cos 2z)y =
0, where a = agy,+1(q) are eigenvalues

parabolic cylinder function; it satisfies the
equation 3" +(1/+——— )y—O

error function

complementary error function

Hermite polynomial

Hankel function of the first kind; i2 = —1

Hankel function of the second kind

hypergeometric function,
(a)p =ala+1)...(a+n—-1)

modified Bessel function of the first kind
Bessel function of the first kind

modified Bessel function of the second
kind
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L (z) = La—se® d‘in (2" F5e~") generalized Laguerre polynomial
Po(z) = b L5 (22 - 1)" Legendre polynomial
P (z) = (1 — a?)™/? d{; P, (x) associated Legendre functions

Seantp(z,q) = z ng:;’ sinh[(2k+p)x] odd modified Mathieu functions, where

h=0 p=0,1; Seanip(@, q) = —iseanp(iz, q)
o0
sean(z,q) = > B3sin2kx odd m-periodic Mathieu functions; these
k=0 satisfy the equation y”+(a—2q cos 2z )y =
0, where a = by, (q) are eigenvalues
o0
seon+1(x,q) = Y. B;,?Ill sin[(2k+1)z] odd 2m-periodic Mathieu functions; these
k=0

satisfy the equation y"+(a—2q cos 2z)y =
0, where a = bay,+1(q) are eigenvalues

Bessel function of the second kind

Y, (1’) _ Ju(z) cos(mv)—J_, (x)

sin(7v)
7((1 :L') = [y e s tde incomplete gamma function
f o0 e=Ega— 1d£ gamma function
O(a,b;x) =1+ z I n, degenerate hypergeometric function,

(a)p=ala+1)...(a+n—-1)

Miscellaneous Remarks

1. The previous handbooks by Polyanin (2002) and Polyanin, Zaitsev, and Moussiaux
(2002) were extensively used in compiling this book; references to these sources are
often omitted.

2. The conventional abbreviations ODE and PDE stand for “ordinary differential equa-
tion” and “partial differential equation,” respectively.

3. The conventional abbreviations 2D equation and 3D equation stand for “two-dimen-
sional equation” and “three-dimensional equation,” respectively.

4. Throughout the book, unless explicitly specified otherwise, all parameters occurring
in the equations considered are assumed to be real numbers.

5. The term “exact solution” with regard to linear PDEs and systems of PDEs is used
in the following cases:

e the solution is expressible in terms of elementary functions;

o the solution is expressible via special functions, in closed form via infinite func-
tion series, and/or via definite (indefinite) integrals; the solution may depend on
arbitrary functions, which may occur in the equation itself or in the initial and
boundary conditions.

6. If a formula or a solution contains derivatives of some functions, then the functions
are assumed to be differentiable.

7. If a formula or a solution contains finite or definite integrals, then the integrals are
supposed to be convergent.
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10.

11.

12.

f(=z)

. If a formula or a solution contains an expression like <=, then the assumption that

2
a # 2 is implied but often not stated explicitly.

. Equations are numbered separately within each subsection. In Chapters 1-12, when

referring to a particular equation, we use notation like 3.2.1.5, which denotes Eq. 5
in Section 3.2.1.

The symbol © indicates references to literature sources whenever

e at least one of the solutions was obtained in the cited source;
e the cited source provides further information on the equations in question and
their solutions.

The symbol » marks the beginning of a small section; such sections are referred to
as paragraphs.

The symbol = stands for uniform convergence.
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Chapter 1

First-Order Equations
with Two Independent Variables

1.1 Equations of the Form f(x, y)‘z—: + g(x, y)Z—Z =0

@ For brevity, often only a principal integral
E=E(z,9)
of an equation will be presented in Section 1.1. The general solution of the equation is

given by
w = (),

where ® = ®(E) is an arbitrary function.

1.1.1 Equations Containing Power-Law Functions

» Coefficients of equations are linear in  and y.
ow ow __
1. aa—m + ba_y —_ 0.

General solution: w = ®(bx — ay), where ® is an arbitrary function.

(® Literature: E. Kamke (1965).
ow ow __
2. as—+ (bx + C)% =0.
Principal integral: = = %be + cx — ay.
ow ow
3. %+(aw—|—by—|—c)a—y = 0.
Principal integral: Z = (abz + b’y + a + be)e .

3



4 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

ow ow

For a = b, this is a conoid equation. Principal integral: = = |z|°|y|~%.
(® Literature: E. Kamke (1965).

ow ow
5. ay— + ba:a—y =0.

—_
=)

Principal integral: = = bz? — ay?.

(® Literature: E. Kamke (1965).
ow ow
6. y%"‘(y‘Fa %—0-
Principal integral: Z=2 —y+aln|y + al.
7. (ay—l—bm—l—c)a—w— (by—l—km—l—s)a—w =0.
ox oy
Principal integral: = = ay® + kz? + 2(bxy + cy + sx).

8. (a1x+ by + cl)z—: + (a2 + bay + cz)g—j =0

The principal integral is determined by solutions of the following auxiliary system of alge-
braic equations for the parameters s, A, u, a, 5, and ~:

(a1 — 8)(by — s) = agby, (D
A + aspt = S, bi X+ bop = su, 2)
cra+ el — sy = c1A + cap, (3)
(a1 —s)a+asB=Xs, bia+ (bs —s)B = us. 4)

Case 1: (ay — by)? + 4agb; # 0. Equation (1) has two different roots s; and s5. To
these roots there correspond two sets of solutions, A1, 11 and Ao, ueo, of system (2).

1.1. If a1by — agby # 0, then s1 # 0 and so # 0. Hence the principal integral has the
form
_si(Mz + pay) + Arer + pic|*?

|s2(Aox + poy) + Agcr + poca|st

—
—
—

1.2. If a1bs — asby = 0, then s = s = ay + by and so = 0.
Principal integral for Aacq + paco # 0:

< Ao + pigy
A2c1 + paca

—_
— —
—_—

—In ‘81()\195 + 11y) + Aier + ,ulcg\.
Principal integral for Aocy + poco = 0:
2= Aox + poy.

Case 2: (a1 — by)? + 4asb; = 0. Equation (1) has the double root s = %(al + ba).
System (2) gives A and p not equal to zero simultaneously.
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2.1. If s # 0, then we find  from (3) and take nonzero « and [ that satisfy relations (4).
This leads to the principal integral

s(ax + By +7)
(A + py) + AN+ cop’

E=1In|s(Az 4+ py) + c1 A + cap| — .
2.2. If s = 0, then b, = —a;. We have
2 = agr? — 2a12y — biy? + 20 — 2c1y.
(® Literature: E. Kamke (1965).
» Coefficients of equations are quadratic in  and y.
ow 2 ow __
9. %—I—(am —i—bm—l—c)a—y = 0.
Principal integral: = = %ax?’ + %baz2 +cx —y.
ow 2 ow
10. %—F(a'y —|—by—|—c)%_0

1°. Principal integral for 4ac — b? > 0:

2°. Principal integral for 4ac — b? < 0:

2 o 2ay + b — Vb% — dac
Vb2 —dac | 2ay + b+ Vb2 — dac|

ow 2 ow __
11. %—I—(ay—l—bm —l—cm)a—y_O.

=
o= —

This is a special case of equation 1.1.7.1 with f(x) = a and g(x) = bx? + ca.
ow 2 ow

12. =— + (axy + bz* 4+ cx + ky + s)— = 0.
ox Oy

Principal integral: = = yexp(—%a:n2 — kz) — /(baz2 +cr+s) exp(—%a:z:2 — k) dz.

dw 2 2 2 ow _
13. %—I—(y a“x +3a)8y_0.
exp(ax?)

Principal integral: = =
rincipal integra oy —ar? £ 1)

d
+ /exp(a:n2)w—§.

dw 2 2.2 w __
14. %—F(y a“x —|—a)ay_0

This is a special case of equation 1.1.1.59 with n = 1.
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ow 2 ow
15. %—F(y —|—aa:y—|—a%_0.
This is a special case of equation 1.1.1.60 with n = 1.
ow 2 _ _p2\ 0w _
16. %—I—(y + axy — abx b)ay_O.
This is a special case of equation 1.1.1.61 with n = 1.
ow 20w __
17. %—I—k(am—l—by—l—c) M =0
This is a special case of equation 1.1.8.6 with f(2) = k22,

ow 2 2 ow
18. w%—k(ay + cx —|—y)8—y_0.

This is a special case of equation 1.1.1.75 with b = 1.
ow 2 2 ow
19. T—— + (ay” + bxy + cx —|—y)a—y = 0.
This is a special case of equation 1.1.1.76 with n = 1.
20. (ax + c)g—: + [a(ay + bx)® + B(ay + bx) — bx + 7] Z—Z =0.

Principal integral:

E=Inlax + | / a +b
E=Inlax +c| — v=a Z.
av? + Bu + v + befa’ 4
2 Ow 20w __
21. ax %—Fby %_O.
1
Principal integral: == — — —.
y  ax
2 ow .2 _ 2 _pl0w _
22. (ax +b)% [y 2zy + (1 — a)x b] o =0.

dx . 1
ar’+b y—ux’

Principal integral: = = — /

o o
23 (a12® + b1z + e1) 5o + (azy” + bay + e2) 5 = 0.

. — dx dy
Principal integral: = = 5 — 3 .
a1x® + bix + ¢ asy? + boy + ¢

24. (a:—a)(:c—b)aa—: - [y2-|-k(y+w—a)(y—|—w—b)]g—:’ =0.
1°. Principal integral for a # b:
k
y+k(y+ax—a) <x—a>
= , kE#0, k#-1
y+k(y+z—>b) \z—> 7 7
2°. Principal integral for a = b:
(x—a)+ [y+k(y+2z—a)

- ly+k(y+z—a)(l@—a) ’ kE#0, k#-1

[1]

[1]
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o o
25 (a1y” + by + e1) 5o + (a22” + bpw + e2) 57 = 0.

3

Principal integral: = = %alyg + %bly2 + 1y — %agw — %bng — Co.

ow 2 ow .
26. y(ax + b)% + (ay cx By = 0.
N —_ (az+1b)?
P 1 int . 2= ——"r.
rincipal integra 1 by

2 ow 2 w _
27. (ay” + bm)% (cx” + by) oy = 0.
Principal integral: = = %ay3 + %caz?’ + bxy.

2 2\ Ow ow
28. (ay” + bx )% + 2ba:8—y =0.

This is a special case of equation 1.1.8.2 with f(z) = ba? and g(y) = ay?.

29. (ay? + be)g—: + 2bmyz—:’ =0.

ba? — ay?
” .

Principal integral: =

2 2\ Qw 2 _ ow _
30. (ay“+ = )% + (bz® + ¢ — 2zy) oy — 0.
Principal integral: = = ay® — ba® + 3(2%y — cx).
31 (Ay®+ Ba? — a’B) 3% + (Cy® + 2Bwy)g_‘: —0.

Principal integral:

Edv oy
(Av?2 — Cv—B)’ r—a

E:(aj—a)E—l—QaB/
v

Av? + B) dv
where E = exp {/ v(1(4v2 — C’v)— B)]

2 2 ow ow __
32. (ay” +bx” + cy)g + 2ba:a—y = 0.
This is a special case of equation 1.1.8.2 with f(x) = bz? and g(y) = ay? + cy.

33. (Azy + Bx? + km)z—: + (Dy? + Exy + F2? + ky)% =0.

Principal integral:

V dv Y
=2V 4k y
e /(A—D)v2—|-(B—E)v—F’ .

B (AU—I—B)dU
where V_exp[/ (A—D)’UZ"‘(B_E)U_F ‘
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34, (Azy + Aky + Bx? + Bk:a:) —|— [Cy + Dxy + k(D — B)y] = 0.

Principal integral:

Edv Y
== k)E + kB =
(e +B)E+ /v[(C—A)erD—B]’ YT o w
where E:exp{/ (Av+ B)dv ]
v[(A-C)v+ B - D]
35. (Ay? + Bxy + Cx? + k:a:) —|— (Dy? + Exy + Fax? + k:y) =0.
Principal integral:
V dv Y
== k -7
$V+L/mﬁ+w—DWLHC—EM—F’ YT

where V = ex / (Av* + Bu + C) dv
TP AT B D)W+ (C_Ep_F|

36. (Ay? + Bxzy + sz)g_:; + (Dy? 4+ Exy + sz)z_’;’ =0.

Principal integral:

~_/ (Av? + Bv + C)dv e b Y
Av3+ (B—D)v?+(C —E)v—F ’ o
37. (Ay2—|—2Ba:y—|—Dw2—|—a)g—Z—(By2—|—2Dasy—Ea:2—b)‘?9—Z:O.

Principal integral: = = Ay® — Ex3 + 3(Bzy?® + D2y + ay — bx).
38. (y? — 2zxy + 2 —i—ay)——l—ay— =0.

Principal integral: == —— +In|y|.
r—y

39. ($f1—f2)g—:+(yf1—f3)‘z—Z=0, frn = an + bpz + cpy.

Hesse’s equation. The introduction of the homogeneous coordinates x = &2 /&1, y = £3/&;
leads to an equation with three independent variables for w = w(&1, €2, &3):

ow . ow n ow
T ¢, 06 92 ¢, 062 95 0e; 0&3

where g, = ap&1 + bnéo + cpés (n =1, 2,3). See 2.1.1.21 for the solution of this equation.

=0,

(® Literature: E. Kamke (1965).
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» Coefficients of equations contain integer powers of « and y.
40. v + (y? + bx®y — a® — abmz)a—w =0.
ox oy

This is a special case of equation 1.1.7.3 with f(z) = bx?.

ow 2 3 ow __

41. %—I—(aaz y + bx —i—c)%_o.

This is a special case of equation 1.1.7.1 with f(z) = az? and g(z) = bx>® + c.
ow 2 3\ 0w __

42. %—I—(aaz y + by )8_y =0.

This is a special case of equation 1.1.7.2 with k = 3, f(x) = az?, and g(z) = b.

ow 20w __
43. 22 T (axy + b)y By = 0.

Principal integral:

(1]

= / dv —In |x| v==
) v(aw? +bv+1) ’ -

ow 30w __
44. %—I—A(am—l—by—l—c) 8_y_0

This is a special case of equation 1.1.8.6 with f(z) = Az3.

dw 4,3 2 Ow _
45, T + [aa: y° + (bx )y + cm] oy — 0.
Principal integral:
_ / dv x2
E= ) —4—— — — v = TY.
avd +bv+c 2 4
46. wza—w + (aa:2y2 + bxy + c)a—w = 0.
ox 9y

Principal integral:

(1]

/ dv In 2|
= —In|x v=2xy.
av?+ (b+1v+c ’ Y
47. (ax?y + b)a—w — (azxy® + c)a—w =0.

ox oy
Principal integral: = = %aw2y2 + by + cz.
48. (ax + by?’)a—w — (cx® + ay)a—w =0.

ox oy

Principal integral: = = axy + %by4 + icx‘l.

@ See also equations 1.1.1.56—1.1.1.111 for integer values of exponents.
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» Coefficients of equations contain fractional powers.
ow ow
49. o + (avzy + b)% = 0.

Principal integral: = = yexp(—%aa:?’ﬂ) - b/exp(—%a$3/2) dx.

ow ow __

50. ——+ (a\/Ey—l—b\/ﬂ)% =0.

This is a special case of equation 1.1.7.2 with k = %, f(z) = a\/z, and g(z) = b.

51. 2Y 4 (avzy+bayy)2¥ =0

Az oy '

This is a special case of equation 1.1.7.2 with k = 1, f(z) = a/z, and g(z) = ba.
ow ow

52. %—FA aa:—|—by—|—c% =0

This is a special case of equation 1.1.8.6 with f(z) = Ay/z.

ow ow __
53. T—— + (ay—l— bvy? + cmz)a—y = 0.

1°. Principal integral for a # 1:

T—ln]w\—/ du
- (a—Du+dv/uZ+c’

] |<

2°. Principal integral for ¢ = 1:
E= 2"y + Vy? + ca?).
54. (az +byy)2Y — (evz + ay) 2 = 0.
ox oy
Principal integral: = = axy + %byg/ 2 4 %caz?’/ 2,
o 12} -
w w _ v
55. V@) 5o +VIW) 5 =0, f() = Zoavt .
v=

_[VI@ VT

Y

2
Principal integral: = ] —ay(z +y)* —az(z +y).
® Literature: E. Kamke (1965).

@ See also equations in 1.1.1.56—1.1.1.111 for fractional values of exponents.
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Y

» Coefficients of equations contain arbitrary powers of x and y.

56. —|— (ay + bmk) ow _ .

Principal integral: = = —b / xe ¥ dx.
ow k ny Ow

57. %—F(aw y + bx )a—y = 0.

Principal integral: = = yexp(—%ﬂﬁ“) —b/x" exp(— - j_ . wkH) de.

58. —|— (ay? + ba:“)— =0.

The pr1n01pa1 integral =(x, y) can be found as the general solution =(x, y) = C of the spe-
cial Riccati equation y/, = ay? + bx™, which is considered in the handbooks by G. M. Mur-
phy (1960), E. Kamke (1977), and A. D. Polyanin and V. F. Zaitsev (2003).

ow 2 n—1 _ 2’n _
59. %—F(y + anx )ay_O

1°. Principal integral for n # —1:

E 2
=—+ /Edm, E= exp(—ax"H).
y—azxr” n+1

(1]

2°. Principal integral for n = —1 and a # —%
- wyta+l L0+
T (2a+1)(zy —a) ’
3°. Principal integral forn = —1 and a = —%:
2
Z2=—-+41 .
e

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

ow 2 n n—1 ow
60. %—F(y + azx"y + ax )8__
1°. Principal integral for n # —1:

E 9 a
= — “Ed E = — "),
m($y+1)+/$ 3:, exp<n+1x >

2°. Principal integral forn = —1 and a # 1:

(11

- _ Ty +a x“_l
T (a—1)(zy +1)
3°. Principal integral forn = —1 and a = 1:
== + In |x|.

zy +1
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Jw 2 n,, _ n __ 28_"-’1_
61. %—F(y + ax™y — abx b ay_O.

1°. Principal integral for n # —1:

1
p €XP <2b:L' + nLHmnH) + /eXp <2b:L' + nL—l—l‘rnH) dx.

(1]
I

2°. Principal integral for n = —1:

:L,ae2bx
= 2 +/x“e2bz dx.
y_

[1]

Jw n, 2 —n—2\0w _
62. %—I—(aaz y“ + bx )%_O.

Principal integral:

dv
==1 — — n+1 )
ule /av2+(n+1)v+b’ v=ry
5. 2% 4 (aamy? 4 bmaml - abtemtim) 2 g

1°. Principal integral for n + m # —1:

= L +a/w"Edw, E =exp Lx’”mﬂ .
y — bx™ n+m+1

[1]

2°. Principal integral for n +m = —1 and m # 2ab:

w2ab a

= — 2ab—m.
Ty —bam * 2ab —m
3°. Principal integral for n +m = —1 and m = 2ab:
m
2= +alnx
y — bx™

® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

w n,2 _ __ntmitl m]Ow _
64. 5 [(n+1)z"y ax Y+ azx ]By =0.

Principal integral:

z "R —n—9 a n+m+2

[1]
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65.

1°.

2°.

3°.

66.

1°.

2°.

3°.

67.
1°.

2°.

(1]

3°.

[1]

dw + (aar:"y2 + bx™y + bex™ — aczw")a—w = 0.
ox 9y

Principal integral for m,n # —1:
b 2
E= + a/:EnE dx, E =exp e
y+c m+1 n+1
Principal integral for n = —1:
—2ac b b
== 24‘ . exp<m—+1:nm+1> + a/:n_2ac_1 exp(m—_i_l:EmH) dx.
Principal integral for m = —1:
b
== % exp —ﬁwnﬂ + a/w"+b exp —ﬁxnﬂ dz.
y+c n+1 n+1
ow n,2 n m m—1 B_w _
g—l—[aaz y az™(bx™ 4 ¢)y + bmx ]By = 0.
Principal integral for n # —1 and m +n # —1:
E n abg" ML gegntt
== Ed E= .
y—bxm—c—i_a/:E © eXp<n+m—|—1+ n+1
Principal integral for n = —1 and m # 0:
ac b b
5= % exp<a—xm> + a/anac_1 exp(a—wm> dx.
y—bx™ —c m m
Principal integral forn # —1 and m = —1 — n:
== z exp ac :L,n+1 +a / $ab+n exp &znn-i-l dr
y—br—nl—¢ n+1 n+1 ’
ow _ anz" 'y? — cz™(az™ + b) + cz™| dw _
ox 9y
Principal integral for m # —1 and m +n # —1:
_ E / " E J
== —an | —— = dxz,
(az™ + b)[(az™ + b)y — 1] (az™ + b)?
acxm+n+1 bcxm+1
E =exp + .
m+n+1 m+1
Principal integral for m = —1 and n # 0:
xbc ((IC n) / ((IC n) l,bc-i—n—l
= exp| —z" | —an [ exp( —z" | ————5 dx.
(az™ +b)[(az™ + b)y — 1] n n (az™ + b)
Principal integral forn # —1 and m = —1 — n:

z% . < bcx_"> an/ gactn=l . < bcw_n> dr
= xp| —— - ———exp| —— :
(az"+b) [(az™+b)y—1] P (ax™+b)? P\™ %
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68. Z—Z + (aar:"y2 + bx™y + ckx* 1 — bex™tk — ac2w"+2k)g—z = 0.
1°. Principal integral for m % —1l and n + k # —1:
E n 2ac b
= Ed E = o ese o ntk+1 v m4l )
y_cwk—l-a/:n x, exp<n+k+1:p +m—|—1$

2°. Principal integral form = —1landn+ k # —1:

b
i £ +a/xb+"de, E =exp Az’”’““ .
n+k+1

3°. Principal integral for m # —landn + k = —1:

— e exp b l,m—i—l ta /x2ac+n exp L:Em—i-l dr
y — cxk m+1 m+1 )

4°. Principal integral for m = —1,n + k = —1, and 2ac + b # k:

(11

ay + ((IC + b— k):nk w2ac+b—k
(2ac+ b — k) (y — czk) '

[1]

5°. Principal integral form = —1,n + k = —1, and 2ac + b = k:

k

z
= 7k+alnx.
Yy —cx

[1]

dw 2n+1, 3 —n—2y 0w _
69. P + (ax y° + bx )By =0.

Principal integral:

dv
2= —1 =2ty
/av3+(n+1)v+b nlel, vee

70. g—w + (awny3 + 3abxz™t™y? — bma™ ! — 2ab3a:”+3m)g—w =0
T Yy

1°. Principal integral for n + 2m # —1:

E 6ab”
= ———=+ 2a/:an dz, E =exp <—a7:n"+2m+1>.

(1]

(y + bx™) n+2m+1

2°. Principal integral for n = —2m — 1:

—6ab? a

== + x—2(3ab2+m)‘
(y+bx™)2  3ab®>+m
3°. Principal integral for n = —2m — 1 and m = —3ab*:
2m
== w72 + 2aln|z|.

(y + bx™)
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71. g—w + (az™y® + 3abxz™T™y? 4 caty
X

— 2ab3z" 3™ 4 pep™tEk — bmazm_l)g—w =0
Y
1°. Principal integral for k # —1 and n + 2m # —1:
E 2c 6ab
== 9 ngd E = k+1 _ n+2m+1 )
(y+bxm)2+ a/az x, exp<k+1az n+2m+1m

2°. Principal integral for k = —1 and n + 2m # —1:

[1]

22 E,y 6ab?
— 2 n+2cE d B, — _ n+2m+1 )
(y+bxm)2+ a/w 2 dr, D) exp< n+2m+1w

3°. Principal integral for k # —1 and n + 2m = —1:

—6ab?
x E1 —6ab? 2c k41
= 42 L P B = ——Les
)2 a/‘r LA ! eXp</~c+1m

4°. Principal integral for k = n + 2m = —1 and ¢ # 3ab?® + m:

(1]

2(c—3ab?)

£ a 2(c—3ab®—m)
(y—i—bacm)z+c—3ab2—mgj '

(1]

5°. Principal integral for k = n 4 2m = —1 and ¢ = 3ab® + m:

22m
== [EDE + 2aln|z|.
n
72. g—: + (ay"—l—bml—")g—l: = 0.
Principal integral:
E:/av"—i—gv—kb_lnuh v:ywﬁ.

Ow m—n—mn, n my Ow _
73. %—F(aw y" + bx )8—y_0.

Principal integral:

dv
Ezl - bl v = ‘T_m_l'
n‘OU’ /av”—(m—l—l)v—l—b Yy

ow

74. B

(a4 b2 o

This is a special case of equation 1.1.7.2 with f(x) = bax™ and g(z) = az™.
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ow 2 26\ Ow
75. wg—k(ay + by + cx )a—y_O.

1°. Principal integral for ac > 0:
=_ 0 a__p b
2= ——=arctan| 4/ —x -z

Vac ¢ty

2°. Principal integral for ac < 0O:
b In ax~by — /—ac b
C2y/—ac  ax~by+/—ac '

[1]

(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

76. x—
1°. Principal integral for n # 0:

ow 2 n 2n] 0w __
P —|—[ay + (n+bx™)y + cx ]8—y_0.

dv 1, n
_/av2+bv+c e v=Ey

[1]

2°. Principal integral for n = 0:

d
E:/ziy—lnm.
ay® + by + ¢

(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

ow n. 2 —ny Ow
77. wg—k(awy + by + cx )a—y_

Principal integral:

_ / dv 1 n
== —Inx, v=2x"y.
av? + (b+n)v+c Y

78. 2@ + (ax™y® + my — abzm"+2m)8—w =0.
ox oy

1°. Principal integral for m + n # 0:

mE 2ab
== 22 + a/wm+n_1E dx, E = exp( a4 wm+">.
y — bx™ m-+n
2°. Principal integral for m = —n:
_ :L,2ab(y + b:L'm)
T 2b(y — bam)
79. z2% 4 [*"y? + (m — n)y + °™] ow _
ox oy
n+m

. . —_ — x
Principal integral: = = arctan(z"™ ™y) — .
n+m

(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).
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80. a:— + [aw2"y2 + (bx™ — n)y + ] oy = 0.

Principal integral:

[1]

dv n n
[ e v
ow 2n+m 2 n+m m] 0w _
81. T—— + [aa: + (bx —n)y + cx ]—ay = 0.

1°. Principal integral for n + m # 0:

:_/ dv Tt I
T ) a2+bv+ec n+m’ Y.

2°. Principal integral for n +m = 0:

/ dv | n
= ——— —Inx v=z"y.
av? +bv+c ’ y

[1]

82. ma—w + (ay3 4+ 3abar:"y2 — bnz"™ — 2ab3a:3")a—w =0.
ox ay
Principal integral:

E
= - +2 -E E = -
W+ ba")? + a/:p dx, exp( -

n —_n 8
83. a:——|—[aw2 T1y3 4+ (b — n)y + ca? ]a—Z:O.

(1]

Principal integral:
_ / dv n
== —4/—— —=x, v=2z"y.
avd +bv+c¢ Y

84. a:— + [awn+2 34 (bx™ — 1)y + cx™

Principal integral:
5= / v iw" v=1x
) ad+bwte n’ -
8b5. a:——l—(y—l—am"’ My™ + bx™ " k k)

1°. Principal integral for n # 1:

_ / dv ! Y
== — v= 2.
av™ + bk n—1’ x

2°. Principal integral for n = 1:

B dv In | Y
) av™ + ok T xz

(1]

S
|

b2
3a 22
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86. yg—: + {z" (1 + 2n)z + anly — nz**(z + a)}g—w =
Principal integral:

dv

— v=a(@ rart )T

2= (" 4 aa” —y)" V" +/

a7. yg—: + {la(2n + k)z® + blz" "ty — (a*nxz?* + abx® — c)x2"~ 1} oy

Principal integral:

FE dv
== kE—ak:/ 5 v=a""y — az
nv? —bv — ¢’

d
where E:exp<—k/2v7”>.
nv? —bv —c

88. z(2axy + b)g—: — [a(m + 3)xy? + b(m + 2)y — cx™] Z—Z =0.

Principal integral: = = ca”?[ca™ — 2(m + 1)y(azy + b)].

89. z?(2axy + b)a—w — (4az?y® 4 3bxy — cx® — k)a—w =0.
oz Oy

Principal integral: = = (ca? + k)? — dex’y(azy + b).

90. awmaw—|— n 9w =0.

By
1°. Principal integral for m # 1 and n # 1:
E=bn— Dz —a(m — 1)y,

2°. Principal integral for m = 1 and n # 1:

E=bln|x|+ Lyl_”.
n—1
3°. Principal integral for m # 1 and n = 1:
b
== 1 =m g ln|y|

4°. Principal integral for m =n = 1:

(® Literature: E. Kamke (1965).
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91. aw" ow —+ (by + cwm) =0.

1°. Principal integral for n # 1:
= —F —F, m—n b 1-n
==e " y—— ez dx, F=—— .

a

2°. Principal integral for n = 1 and am # b:

_ _ c am=b
E=gtly - — 2" a
am —b

3°. Principal integral for n = 1 and am = b:

— —b/a

y—Eln\xl.
a

92. awkg—: + (y" + bwmy)g—j =0, n # 1.

1°. Principal integral for m # k — 1:

(1]

a alm+k—1)

2°. Principal integral form = k — 1 and (n — 1)b # ma:
(n—1)b L n—1 (n—1)b—ma
—7
(n—1)b—ma

3°. Principal integral form = k — 1 and (n — 1)b = ma:

(n—1)b n —
= a yl_n +

(1]

In |z|.

93. z(axzk —I—b)

+ [aazny2 + (B — anz®)y + v "’] ?9—1: 0.

Principal integral:

Edv

—_ —k n

- =X E+ka/ s vV =2x s
av? 4+ (B+bn)v+ Y

dv
h FE = kb .
where exp{ / av? + (B +bn)v+ ’y]

9. (y+ Az™ +a a—w

— (nAz" ly 4 kx™ —|—b) =0.

Principal integral: = =y~ + T:pmﬂ + 2(Az"y + ay + bx).
m

— Pyl n—1 /e—Fx—k da, F— (1—n)b gkl



20 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

95. (y+ ax™t! + ba:") —+ (anz™ 4+ cx™~ 1)y =0.

Principal integral:

Edv
E=2"'E - / S
r “ nv? — (bn + ¢)v + be’ e
vdv
here E = exp |— '
where exp[ /m,z_(bn+c)v—|-bc}
96. w(zamny+b)g—:—[a(3n+m)m"y2+b(2n+m)y—A-’L’m—C$_n]Z_Z:O'

Principal integral: = = (Az"T™ + C)% — 2A(n + m)z* "y (ax"y + b).

97. (ax™ + bx? + a:y)a—w + (cx™ + bxy + y2)a—w = 0.
ox oy
Principal integral:

1
n—2

(1]

(ay — cx)" 2 + /(v +b)(av — )" 3 dv, v =

SHES

98. (ay™ + bx? + cwy)g—: + (ky™ + bxy + cyZ)Z—:’ = 0.

Principal integral:

1 k—av)"3
_ . (hx — ay)"2 — / (k — av)" (b + cv) o, v Y

n — pn x

(1]

9. (az” +ba™ + C)— + (cy? —ba™ly + a:c"_z)a_Z =0

Principal integral:

/ Edzx zFE / (bx™ + 2¢) dx
=c + , E=exp|— .
ar™ +bx™m+c  wy+1 z(az™ + ba™ + c)

100. (az™ 4+ bx™ + )——|—(aa:" 22 bty + ¢ By v — .

(1]

Principal integral:

/ 2" 2B dx E / (2az™ + bx™) dz
=aq + ) E =exp .
ax™ +bxm+c  y—=x z(az™ 4+ bx™ + ¢)

(1]

101. (az™ 4+ bx™ + c)g—: + (axFy? + Bx’y — arZzk + ﬁAws)g—Z =0.

Principal integral:

zFE dx E Bz — 2azk
=« + , E =exp —dx |.
ax™ +bx™m+c  y+ A azx™ 4 bx™ + ¢

[1]
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dw _

— VA kd
Principal integral: = = M exp <23\/X / L)
y+ v ax™ + bz™ + ¢

103. (ax™ 4+ bx™ + ¢ dw
ox
ow

oy =0.

+ [(az™ + bz™ + c)y? —an(n —1)z" 2 —bm(m — 1)a:m_2]

Principal integral:

(1]

1 dz
(az™+bz™+c) [(az™ +bz™ + c)y + ana™ '+ bma™ 1| / (az™+bx™+c)?

104. (az™ + by" + @) G2 + (aa®y™* + fa™y" T 4 y) L = 0.

Principal integral:

(1]

1 . / Edv Y
= —X _— s _
n—1 av=k 4 Bun—m — pyrtl — qu x

(bv™ + a) dv
av=k 4 Byun—m — pyntl — qu |

where E = exp {(1 - n)/

105. (az™ 4 by™ 4+ Ax? + Bwy)g—:
+ (ax®y™ F + By ™ 4+ Axy + ByZ)Z—Z =0.
Principal integral:

1 2 / (Bv+ A)E dv Y
n—2 o=k 4 gyn—m — pyn+l — gy’ x

[1]

(bv™ + a) dv
avk 4 Bun—m — pyntl — qu |

where E = exp {(2 —n) /

106. (ay™ 4+ bx™ + s)g—w — (az® + bnz" 1y + ﬂ)g_w =0.
T Yy
Principal integral:
= =ap(y) + a(x) + bx"y + sy + Pz,
where

m+1 k+1

if 1,
ply) = m+1 "7 d(a) =4 k+1
Inly| if m=-1, In|z| if k=—-1.

if k#—1,
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107, (aa"y™ + ) 22 + (bayt ) 2 =0,

Principal integral:

(1]

= ;x’”’”_lE - a/ E dv v="
n+m-—1 v (bvnkF — av)’ x

where £ = exp[a(l —n—m)/lwn_iiv_w}

n, m Jw n, m a_w —
108. x(ax"y —I—a)% y(bx"y™ + B) oy = 0.
Principal integral:

_ (A (yeaB)B mf — na mb — na
== h A=—— B=———.
A * B where afl —ba’ a3 — ba

109, w(anaty™H + )8 — y(bmamHy* 4 5) g =0

Principal integral: = = aky" + bkz™ — s(xy) ",

110. (ax™y™ + Ax? + Ba:y)g—w + (bazky"t™F 4 Axy + Byz)g—w = 0.
T Yy
Principal integral:

1
_ x"+m—2E—a/ (Bv+A)Edv’ oY
n+m-—2 v (bv"F — av) x

(1]

9

where E:exp[a@—n—m)/lw_iiv_m}].

111. (az™y™ + bmyk)g—: + (ay® + B)Z_z =0.

Principal integral:

I y"E y* dy
N Y DB N e E=explbn—1) | 2|
T a/ay“rﬁ v eXp[(n )/Oéy“rﬂ

[1]

1.1.2 Equations Containing Exponential Functions
» Coefficients of equations contain exponential functions.

a_w _|_ a[eAma_w

ox oy

Principal integral: = = \y — ae?.
ow Az ow

2 B + (ae + b) By 0
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ow A ow
3. %—F(aey—kb)a—y_o.

Principal integral: = = A(bx — y) + ln|b + ae™V

dw Ay+Bz 4 p)Ow _
P —I—(ae —|—b) oy = 0.

A
Principal integral: = = A" 1 ﬁe(ﬁ +oA)z

dw My+Bz | peye) dw _
5. am—|—(ae + be )ay_O.

b\
Principal integral: = = e " E + a\ / e’ E dx, where F = exp(—e'yx>.
Y

)\m Bw By Ow ow
6. —|— be By 0.
Principal integral: = = Le_ﬁ y— Le"\x
b Aa '

Bz 4
Principal integral: = =y — / ce_td dx.

8. (aeAgc + b)z—: + (ceﬁy 4+ d)— =

Principal integral: = = \3(dz — by) — df ln|ae>‘x + b| + bA ln|ceﬁy +d|.

9. (aeAy + b) —|— (ceﬁ”c + d) oy =0.

Principal integral: = = SA(dz — by) + cheP® — aBe.

10. (ae)‘m + be'By) + (1)\6}‘”c =0.

b
Principal integral: = = ae** ™Y — By

11. (aeA‘”‘wy 4+ cu)g—: — (be"""“‘y + CA)?)_Z =0.

T b
Principal integral: = = 4 eB-my + —— (VT _ Ay,
B—n A
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» Coefficients of equations contain exponential and power-law functions.

Ow 2 Az _ 2 22z 0w __
12. %—I—(y + ale a‘e )8y—0

Principal integral:

(1]

E 2a A
:m"F/Edl’, E:eXp<7€ :c>

ow 2 AT _ 2 22z 0w _
13. %—I—[y 4+ by + a(A—b)e a‘e ]8y_0.

Principal integral:

— E 2a A
::y_ae/\x+/Ed:E, E:eXp<TeI+baz>.
14, 9w + (y2 + ae’®y — abe’® bz)a—w = 0.
ox oy

E
E:——I—/Edm, E:exp<2b3:+ge>‘x>.
Y

—b A
15, 2w _ (y? — axey + aeAw)a—w =
ox
Principal integral:
- E E a A
== =1 5 dz, E:exp[ﬁ(/\x—l)e x]

dw Az, 2 —Azy Ow __
16. %—I—(ae y“ + be )B_y_
Principal integral:

e dv Az
u_/avz—l-)\v—l-b_‘r’ v=ety

Ow Az, 2 pe 12 (A2p)z] Ow _
17. 5% —+ [ae y“ + bue ab‘e ]By = 0.

Principal integral:

(1]

K Az _ 2ab_ (ip)e
_7y—beﬂx+a/e Edzx, E—exp[)\_i_lue .

dw

oy =0.

18. g—: + (ae)‘my2 + by + ce_)‘“’)

Principal integral:

[1]

—/ dv —x v =M
) a+ b+ Nv+e v
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19. 2w 4 [ae>‘”“y2 + py — abze()“””)m] dw _ o,
oz Oy

Principal integral:

(1]

E 2ab
:W—I—a/emEd:& E:eX |:A—T— ()\+u)m+ﬂ$:|.

20. —|— [e)‘”cy2 + aet®y + ale(H— A)"’] = 0.
9y
Principal integral:

e E Az a
(e Ed E = —eM — 2\ .
ek /e z, exp( e 3:)

Ow Az, 2 pa (B=N)z —
21. 9% [)\e y° — ae’Py 4+ ae ]By = 0.

Principal integral:

E
2= 7)\—)\/emEdw, E:exp<ge“$—2)\x>.
y—e 1%
22 ow + [ae)‘”c 2 4+ abe(M‘M)f’3 bue”w] ow _
" Oz 9y

Principal integral:
- F Az _ ab )z
H—W—i—a/e FEdzx, E—exp[ ﬁ .

23, ?9_:; + [ae(2A+u)w 2 + (be(A-Ht)w /\)y + ceﬂw]a_w = 0.

Principal integral:

E:/ dv 1 RV N
av’4+bv+c  p+A

24. aw —+ [e)‘w(y bel*)? 4 b,ue’“’]a—w =

9y
1 1
Principal int . E=— 4 M
rincipal integra —— + /\
25. dw + (ae)‘”c 2 4 bnx" ab2e>‘ww2")a—w = 0.
oz 9y

Principal integral:

E
+a / M E dx, E =exp <2ab/w"em dw).
y — ba™

[1]
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dw _

ow Az, 2 n n_—Azx
26. %—F(e y° + ax™y + alx"e )ay
Principal integral:

B )
oy 4 e

(1]

+/€>\xEdZL', E:eXp< ¢ pnt —2)\:E>.
n+1

‘9_“’:0.

27. 2w + (Ae*®y? + ax"e My — ax"e??)
ox Oy

Principal integral:

eZAxE N N
= = +/\/e *E dx, Ezexp<a/3:”e‘ md:n).
y—e

(1]

28, 2w + (ae*®y? — abz"e ™y + bnm“_l)a—w =0
ox oy

E
+ a/e)‘xE dx, E =exp <ab/m"em dm).
y — bx™

dw n, 2 Az _ o p2.n 22z 0w __
29. %—F(awy—kb/\e ab’x™e )ay_O.

Principal integral:

[1]

Principal integral:

E
E= —— —|—a/3:”Ed:E, Ezexp<2ab/:n"e>‘x d:z:>.
y — berT
dw n, 2 2. n_2\z\ 0w __
30. — + (az"y* + Ay — ab“x"e***)— = 0.
oz oy

Principal integral:

E
= m + a/w"E dx, E =exp <)\x + 2ab/w"e)‘z dw).

[1]

Jw n,2 n _ Ax Ax a_w_
31 %—F(awy abx™ ey + ble )ay_O.

Principal integral:

E
= m + a/m"E dzx, E =exp (ab/a:"em dm).

ow n,2 n Az Az 0w __
32. %—I—[aazy azx™(be™® 4+ ¢)y + bAe ]8_y_0'

(1]

Principal integral:
E

:era/x"de,
exp [ —2E_ g+l b ne if -1
p "+ ab | 2" dx if n#£-—1,
n+1

where E = e
% exp <ab — dw) if n=-1.
x

(1]
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Jw n 2z 2 n Ar __ n a_w —
33. 2= T [az™e + (bx™e Ay + cx ]ay =0.

dv n_Ax A
— - - d’ — SC'
/av2+bv+c /:Ee . veey

Principal integral:

(1]

34. aw — + [ae*(y — ba™ — ¢)? + bnz"™ '] ‘?9—w =0
Yy
Principal integral: = = ; + a —e,
P gt == y—br"—c A
35. ow + (y2 + 2a xe™®” — aZeZAm2)a—w 0.
ox 9y

Principal integral:

E
E:m+/Ed:ﬁ, E:eXp<2a/e)‘x2dx>.

dw —Az2, 2 2\ 0w __
36. %—I—(ae ] —I—)\a:y—i—ab)a—y_o.
1
Principal integral: = = arctan [gy exp(—%/\mz)] —ab / exp(—%/\xz) dz.

ow n. 2 ZnAm Ow __
37. %—I—(amy—l—)\my—l—ab )ay—O

—_

Principal integral: = = arctan [% exp(——)\:n } —ab / x" exp(%/\mz) dz.

38. g—: + (aez)‘m 34 be)‘m 24 cy+ de_)‘“’) w _ 0

Principal integral:

[1]

—/ dv —x v=e\
) avd+ bl 4 (c+Nv+d v

39. g—: + (ae>‘”c 3 4 3abe>‘”“y2 +cy — 2ab3e? + bc)g—z = 0.

Principal integral:

[1]

(y + b)? A

40. a:— + (ae)‘”c 2 4 ky + abzwzke}‘w)

bk

Principal integral: = = arctan LA / e d.
x

ZCxE 2
=—Q+ 2a/ (2902 B g, E =exp <— Gab eM>.
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2n Am 2 n_ Az dw
41. a:— + [ax + (bz™e?® — n)y + ce*| 22 By 0.

Principal integral:

dv n—1_MAx
E= | —————— | 2" e dx, v=z"y.
/av2+bv—|—c / y

42. y —|— e [(2aXz + a + b)y — e (a?Ax? + abx — c)] Z—w

Pr1n01pal 1ntegral:
vE dv e

c=zF+ | ———, v=-e" —az,
M2 —bv—c 4

dv
where Ezexp<a/m>

43. ae g-kby a—y—O.

1 1
1°. Principal integral form # 1: Z = myl_m + Ee‘”.
S - 1 1
2°. Principal integral form =1: == —Iny+ —e
b Aa
44. (aeY + bw)— —|— — =0.
1°. Principal integral for b # 1: = = ze™% @ 1-b)

2°. Principal integral forb = 1: = =ze ¥ — ay.
45. (ax™e™ 4 bxy )8——|—e — =0.
X

Principal integral:

1
== - I=np /eo‘ WY B dy E:exp[b(n—l)/y e “ydy}
n.m ow kOw
46. (az™y™ + bxer )8m—|—y 8_y_0'

Principal integral:

1
n—1

" 'E+a / v FE dy, E =exp [b(n -1) / y ke dy] .

g m kyOw | aydw _
47. (ax™y —|—bmy)aw—|—e 8y_O.

Principal integral:

1
=— gI"E — a/yme_)‘yE dy, E =exp {b(n -1) /yke_Ay dy} .

1—n

[1]
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1.1.3 Equations Containing Hyperbolic Functions
» Coefficients of equations contain hyperbolic sine.

ow . ow
1. 2= T asmh(/\x)% =0.

Principal integral: = = Ay — acosh(\x).

ow . ow __
2. 2= T aSInh(uy)a—y =0.
Principal integral: = = aux — ln‘tanh(% uy)!

dw
ox

Principal integral:

+ [y — a® + aAsinh(Az) — a?sinh?(Az)] Z_Z —0.

E

2a
- Ed E = — sinh(Az) |.
y — acosh(Aa) +/ x, exp{ 3 Sin ( x)]

[1]

ow : 2 k3 w __
4. — + A[sinh(Az)y? — sinh®(Az)] 5y = 0.
Principal integral:

B exp[ cosh(2>\:1:)] sinh(Oz) exp [ cos T
~ y—cosh(\x) +)\/ h(>) p[ (@) do

[1]

dw 2 . 2 o2 _ 0w
5. %—I—{[asmh (Ax) — Ay asinh“(Az) + A —a 8y—0

Principal integral:

(1]

= exp [— cosh(2\x) }

6. sinh(Ax)g—;" smh(uy)— =0.

Principal integral: = = au ln‘tanh 5)@)! —A ln|tanh(% ,uy)‘.
7. smh(,uy)% + asmh(Ax)a—y =0.

—_

Principal integral: = = Acosh(uy) — ap cosh(Azx).
» Coefficients of equations contain hyperbolic cosine.

8. —|— acosh(/\x)— =0.

Pr1n01pa1 integral: = = asinh(A\z) — \y.

~ sinh(A [Smh(i) “eosh(pa)] T / [“‘ m}E dz,
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ow ow
9. 2= T acosh(/\y)a—y =0.
Principal integral: = = a\z — 2arctan(eV).
ow 2 2 2 ow
10. 2= T {lacosh?*(Az) — A]y? — acosh?(Az) + X + a}a—y =0.

Principal integral:

 —
cosh(Az) [cosh(Az)y — sinh(Az)] cosh?(\x)

[1]

]Edm,

E = exp [% cosh(2)\x)] .

ow 9 ow
11. 2=+ {la — A+ acosh(Az)]y* + a + X — acosh()\a;)}a_y — 0.
Principal integral:

FE 1
= 4 - A h(\z)| E d
y—tanh(%)\x) + 2 /[a + acosh( a:)] v

(1]

where
2(a—X\)

E = [cosh($Az)] X exp [a/cosh()\w) tanh (3 ) dx}

12.  (ax™ 4 bx cosh y)a—m—l—y By =

Principal integral:
E=z'""E+ (n— l)a/y_kE dy, E =exp [b(n — 1)/y_k cosh™ ydy} .

13. (ax™ + bx cosh™ y)g—: + Coshk()\y)g—j =0.

Principal integral:

E h'
S Bt (n-)a [ LW E:exp[bm_l)/mkiydy]
cosh”(\y) cosh”(\y)

14. (az"y™ + bm)‘:;—:; + COShk()‘y)g_Z =0.

Principal integral:

_ _ "E dy dy
[ TE [ ]
v (n=1)a cosh®(\y) e |bin = 1) cosh®(\y)

ow ow __
15. Cosh(uy)% + acosh()\az)% =0.

Principal integral: = = pasinh(Ax) — Asinh(py).
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» Coefficients of equations contain hyperbolic tangent.
ow ow __
16. 2= T atanh()\a:)a—y =0.
Principal integral: = = Ay — aln[cosh(A\z)].
ow ow __
17. 22 T atanh()\y)% =0.
Principal integral: = = alx — ln‘sinh()\yﬂ.
ow 2 2 ow
18. 2= T [y? + aX — a(a + A) tanh?(Az)] B = 0.

[cosh(Az)] 2a/

Principal integral: = = "y — atanh(\z)

—i—/[cosh()\x)]%/)‘ dzx.

ow 2 22 _ 2 ow _
19. o + [y? 4+ 3aX — A? — a(a + ) tanh*(Az)] oy — 0.

Principal integral:

2a/\ 2a/\

- [cosh(Az)] / [cosh(Az)]
~ sinh?(\z) [y — atanh(Az) + Acoth(\z)] sinh?(\z)

[1]

20. (az™ + bz tanh™ y)g—: + ykz_z =0.

Principal integral:

E=z'""FE+(n— 1)a/y_kE dy, E =exp [b(n -1) /y_k tanh™ ydy] .
= 0.

n m ow k ow
21. (az™ 4+ bx tanh y)%—ktanh ()\y)%

Principal integral:

E tanh™
E=2"""E+ (n—1)a i), E:exp[b(n—l)/w}

tanh” (\y tanh”* (\y)

n,m dw k ow __
22. (ax"y™ + bm)% + tanh (Ay)% =0.

Principal integral:

E:wl_”E—F(n—l)a/ykﬂ, E:exp{b(n—l)/#].
tanh”(\y) tanh”(\y)

k Ow

23. (ax™tanh™y + bm)g—: +y oy

= 0.
1°. Principal integral for k& # 1:

b(n—1
E=z'""E+(n—-1a / y~FE tanh™ y dy, E =exp [M l_k} .

1% 7
2°. Principal integral for k = 1:

== (a:y_b)l_” +(n— l)a/y(”_l)b_1 tanh™ y dy.
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» Coefficients of equations contain hyperbolic cotangent.
ow ow __
24. 22 T aCOth(Am)a—y =0.
Principal integral: == \y —a ln!sinh()\x) ‘
ow ow __
25. 2= T acoth()\y)% =0.
Principal integral: = = alx — In [cosh()\y)].
ow 2 _ 2 ow _
26. 2= T [y? + aX — a(a + X) coth? (Az)] oy = 0.
2a/\

[sinh(Az)]

Principal integral: == +———~/
rincipal integra y — acoth(\z)

—I—/[sinh(/\x)}za/)‘ da.

ow 2 22 _ 2 ow _
27. B + [y? 4+ 3aX — A? — a(a + ) coth?’(Az)] oy — 0.
Principal integral:

_ [sinh(Az)] 2a/2 [sinh(Az)] 2a/A
~ cosh?(\x) [y — acoth(Az) 4+ Atanh(Az)] / cosh?(\xz)

(1]

dx.

» Coefficients of equations contain different hyperbolic functions.
28, 2w + asinh(Ax) Cosh(uy)a—w =0

Az oy '
Principal integral: = = 2\ arctan (") — apcosh(Az).
29. 2w + acosh(/\w)sinh(uy)a_w =0

" Oz 8y '
Principal integral: = = A\ln |tanh(% ,uy)| — ap sinh(\x).

ow 2 _ 59)2 2 _9)\2 2 ow _

30. o=+ [y? — 2A% tanh?(Az) — 2% coth? (Ax)] 5y = 0.
Principal integral:

B sinh?(\z) cosh?(\x)
~ y — Atanh(\z) — A coth(

(1]

L2 2
) —|—/s1nh (Ax) cosh*(\x) dz.

B )
—b(b+ A) cothz()\w)]Z—Z =0.

Principal integral:

2b 2a
sinh(Az)] A [cosh(A\z)| 2b 2
= y[_ a(tanlz}()\m)[ — bioth)(])\x) —l—/[sinh()\m)] h) [cosh()\x)] A dax.

[1]
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. ow ow
32. smh(/\y)% + acosh(ﬁx)a—y =0.
Principal integral: = = [ cosh(Ay) — aAsinh(Sx).
n m dw sonk ow __
33. [az™cosh™(Ay) + bx] B + sinh (By)a—y = 0.

Principal integral:

- 1-n B cosh™(\y)E dy B [ B dy }
E=2"E+(n 1)a/—sinhk(ﬁy) , E =exp|b(n 1)/7sinhk(5y) .

1.1.4 Equations Containing Logarithmic Functions

» Coefficients of equations contain logarithmic functions.
ow k ow __

1. B + [aIn*(Ax) + b]a—y =0.

Principal integral: ==y —bx —a / In*(\z) d.

ow k ow
2. %4— [aln (/\y)—l—b]a—y = 0.

_
aln®(\y) + b

Principal integral: = = x — /

ow k n ow
3. o 4+ aln”(Az) In (,uy)a—y =0

dy
Principal integral: = = a / In*(\z) da — / —.
() In"(py)
ow k ow
4, o + aln (az—l—)\y)% = 0.
Principal integral:
= / e + A
E=r— | ——M—, z=ux .
1+aXIn® 2 Y

» Coefficients of equations contain logarithmic and power-law functions.

ow ni1 k ow
25, Tz In ()\y)%_o.

d
Principal integral: = = @ gntl / ky .
In®(Ay)

ow ni k ow __
2. T Y In ()\az)%_o.

1
1—n

Principal integral: = = Ta— / In*(\z) da.
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Bw 2 2 aw _
7. B% + [y + aln(Bx)y — abln(Bx) — b ]a_y -0

Principal integral:
e (2b—a)z g

= ﬁ + / e(=0)7 B gy E =exp [aw ln(ﬂx)].

[1]

ow

8. 5

+ [y? + azIn™(bz)y + aIn™(bz)] Z—ZJ = 0.
Principal integral:

= ﬁ + /3:_2E dz, E =exp [a/wlnm(baz) dw].

(1]

9. ow + (aac"’y2 —abz"lylnz + blnx + b)a—w = 0.
ox oy
Principal integral:

E ab 1
= — "E E = —— 2" Inx — .
y—bmlnm—i_a/x dx, exp{n+2w <n3: n—|—2>]

Ow n,2 _ _ ntl m m] 0w __
10. . [(n+1)z"y az" " (Inx)™y + a(lnx) ]ay =0.

(1]

Principal integral:

-2(n+1) p
_r - e (n+1) /g:_"_zE dz, E =exp {a/xnﬂ(ln x)" dm} .

Y — l,—n—l

(1]

dw n, 2 m—1 _ 12 2m n] 0w _
11. 2= T [a(Inz)"y? 4+ bma ab“z"™ (Inx) ]By =0.

Principal integral:

E
E=—7—+ a/(ln z)"Edz, E =exp [2ab/wm(ln x)" dm} .
y — bx™
ow n,2 n+1 ow _
12. 2= T [a(Inz)"y? — abz(Inz)" 'y + blnz + b] oy = 0.
Principal integral:
== _EF + a/(lnx)"E dx E =exp ab/az(lnaj)"Jr1 dx
y—bxrlnx ’ '

dw k _ n _ .\2 n—1]o0w __
13. o + [a(Inz)*(y — bz c)” + bnx ]8y =0.

1

Principal integral: = = ———
y— bz —c

+ a/(ln z)F da.
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dw
ox
Principal integral:

== +a / (n2)"Edr, = eXp{ / b(ln )™ — 2ac(in 2)"] dw}.

dw _

14. + [a(Inz)"y? + b(Inz)™y + be(lnz)™ — ac*(Inz)"] 3y

ow 20w __
15. m%—l—(ay—l—blnm) a—y_O.

Principal integral:

:lnx—/%, v=ay+blnz.

ow 2 2 2 ow
16. r—— + [zy* — A%z In (,833)—|—A]8—y =0.

[1]

Principal integral:

(1]

e—2AmE A
v — ATn(Bx) +/e dz, exp[2Az In(Bz)]

Ow 2 2 2k k—1 ow
17. T—— + [wy — A%z In“*(Bx) + kAln (Bw)]a—y =0.

Principal integral:

(1]

_ E _ b
= A () +/Edaj, E = exp [2A/ln (Bx) da:]

ow n_ 2 _ 2. n 2 a_’l.U —
18. T—— + (ax™y* + b — ab“x™ In“ x) oy — 0.
Principal integral:

E .
:m—F/aﬂj 1Ede’, E:exp[ 2 (nlnm—l)]

(1]

w m 2 2 2kq1.m dw __
19. :1:% + [a In™(Ax)y® + ky + ab“x“" In (Am)]a—y =0.

Principal integral: = = arctan <bik> —ab / 2 In™ (\x) da.
x

a’l.U n 2_ a_’l.U P
20. w%—k [aw (y+blnx) b] 3y = 0.

1 n a
— + —x
y+blnzx n

Principal integral: = = "

Ow 2n 2 n _ Bw _
21. T + [az®**(Inz)y? + (ba" Inz — n)y + clnz] o =0.

Principal integral:

(1]

dv 1
:/m—/xn hlxdx, U:ZEny.
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22. wkaw+(ay In™ x + by In® a:) = 0.

Principal integral:
E=y'""E+(n- l)a/x_kE In"™ z dx, E =exp [b(n - 1)/:L'_k In® xdaz} .

23, (alna:—|—b) =+ [y* + c(In@)™y — A? + Ac(Inz)" ] g~

Principal integral:

- F n Edx Eee /c(lnw)”—2)\ s
Tyt alnz +b’ - P alnz +b '
24. (alnm—l—b) —+ [(1n:1c)"y2—i—cy—)\z(lnm)"—l—c)\] —O.

Principal integral:

- E (Inz)"E dx B c—2X\Inz)"
H—y+)\+/ alnz+0b ’ E—exp{/ alnz +b dz| .

2 ow 1.2 2 ow _
25. = ln(am)a—m [z?y? In(ax) + 1] oy — 0.

Principal integral: = = a: — / dz
P gl == In(ax) [zy In(az) — 1] In?(ax)
26. lnk()\a:) —+ (ay™ + by In™ a:) =0.
Principal 1ntegral.
E dx In" x dx
= 1-n
== E+n—1a | —(/——, F =ex bn—l/i].
Y ( ) In®(\x) p[ ( ) In®(\x)
27. lnk()\a:) —+ (ay™ In™ x + by) =0.

Principal 1ntegral.

Eln™ zdx dx
R £ N P )
Y (n=1)a In*(\z) exp|b(n —1) In®(\x)

1.1.5 Equations Containing Trigonometric Functions

» Coefficients of equations contain sine.
ow .k ow
1. o + [asm (Ax) +b]8_y = 0.

Principal integral: ==y —bx —a / sink()\w) dx.
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2. ow + [a sink()\y) + b] ow _ 0.

ox oy
oL - dy
Principal integral: E=z - [ ——(———.
asin®(Ay) +b

ow .k e n ow
3. 5, 1T asin (Ax) sin (uy)% =0.

d
Principal integral: = = a / sin®(\z) dx — / niy
sin" (py)
ow .k ow __
4. 5, Tasin (x —I—)\y)a—y =0.
Principal integral:
dz
E=r— | ——M—, z=x+ \y.
/ 1+ a)sin® 2 Y
ow 2 2 . 2 s 2 Ow __
5. 2= T [y? — a® + aAsin(Az) + a” sin®(Az)] 3y 0.
Principal integral:
E 2a
== Y 4 [Bde, E=exp|-2sin(i)|.
y + acos(A\x) +/ © exp[ A sin :E)}
ow 2 . . 72 a_w .
6. 2= T [y? + asin(Bz)y + absin(Bz) — b?| 3y = 0.
Principal integral:
= E+/Ed E [Qb a (5)]
E=— x, = exp|—2bx — — cos(fBz)]|.
y+0b P B

dw
oz
Principal integral:

+ [y2 + ax sin™(bx)y + asin™ (bx)] Z—Z =0.

E

= 2@y 1) + /x_2E dz, E =exp {a/wsinm(bx) dw].

[1]

ow . 2 .. 3 ow __
8. B + [Asin(Az)y? 4+ Asin (Am)]a—y =0.

Principal integral:

[1]

E
= U T cosOhr) +A / Esin(\x) dz, E = exp|1 cos(2)7)].

ow _ . 2 o . Ow _
9. 2+ {IA+a—asin(Az)]y’ + X —a asm()\a:)}ay =0.
Principal integral:
E

1
- > [ M+ a—asin(Ax)| Ed
Y — tan(LAz + 17) t5 /[ + a — asin(\z)| E dz,

(1]

1 a
E = Tn(/\x) exXp |:X Sln()\w):| .
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dw . 2 2 . s 2 Ow __
10. %—F{[A—Fasm (Ax)]y* 4+ A — a + asin (/\a:)}ay =0.
Principal integral:

_ E
Yy + cot(Ar)

1
+ /[)\ + asin®(\z)| E dz, E = 20 exp [% cos(ZAw)} .

[1]

ow k,2 o ktlios o\m R
11. 5 [(k+ 1)z*y az*t(sinz)™y + a(sinz)™] oy — 0.

Principal integral:

- E Edx s e
== 2RI (Rt Ty — 1) (k+1) PUETE E = exp [a/w (sinz)™dx|.
) : - 5
12. a—:-i-[GJSlnk’()\m—F[j,)(’y—bmn_C)Z+y_bmn+bnmn 1_0]8_1;120
T
Principal integral: = = _° 4a / % sin®(\z + p) d.
y— bz —c

ow . m 2 2 2k :.m ow __
13. T—— + [asin™(Az)y? 4+ ky + ab’z*" sin (Am)]% = 0.

Principal integral: = = arctan <bi’f> —ab / 2*Lsin™(\z) da.
x

14. [asin(Az) + b] g—: + [y2 + csin(px)y — k2 + ck sin(px)] Z—Z = 0.

Principal integral:

E +/ E dx E:exp{/ csin(px) — 2k I

[1]

T Ytk asin(A\x) +b’ asin(Az) + b '
» Coefficients of equations contain cosine.

ow k ow __
15. 22 T [a cos®(Ax) + b]% =0.

Principal integral: ==y —bxr —a / cos®(\x) dz.

ow k ow __
16. 22 T [a cos®(Ay) + b]a—y =0.

d
Principal integral: = =z — / P T VAR (iy) e
17. 2w a cos®(Ax) cos"(,uy)a—w =0.
oz 9y

dy

Principal integral: = =a / cos®(\z) dx — / —.
cos™ (py)
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ow k ow
18. 2, Tacos (a:—|—)\y)a—y =0.

Principal integral:

[1]

/ dz Y
=zr—- [ —= 2=z )
14 aXcosk 2’ y

Ow 2 2 2 2 ow _
19. 2= T [y? — a? + aXcos(Az) + a? cos (/\w)]a—y =0.

Principal integral:

(1]

E 2a
= asin0n) + /Ed:n, E =exp [_T cos()\:n)}

ow 2 3 ow
20. 2= T [Acos(Az)y? 4+ A cos ()\a:)]a—y =0.

Principal integral:

B
= y—sin(a) + )\/Ecos()\w) dz, E = exp[—1 cos(2)7)].

[1]

ow 9 ow
21. 2%+{[A+a+acos()\a})]y —|—)\—a—|—acos()\x)}8_y = 0.
Principal integral:

B 1
= y—T(%)\x)+ 5/[>\+a—|—acos()\:n)]Ed:n,

(1]

1 a
FE=—— ——cos(Az)|.
1 + cos(Ax) exp[ A cos( x)]

dw 2 2 2 ow
22. ——+ {[x + acos®*(Az)]y* + XA —a + acos ()\a;)}a_y =0.
Principal integral:

E ) 1 a
=— E Fe— 1t exp|- |
y — tan(Az) " / [A+acos’(ha)] E da, cos?(Az) exp[ 2\ cos{ /\3:)]

(1]

23. (az"y™ + bw)g—z + cosk()\y)g—Z = 0.

Principal integral:

"E d d
E:xl_"E—ka(n—l)/u, E:exp[b(n—l)/iy}

cosk(\y) cosk(\y)
24. (az™ 4 bx cos™ y)a—w + yka—w =0.
ox oy

Principal integral:

cos™ y dy }

E=a2'""E+a(n-1) /y‘k E dy, E =exp {b(n -1) / ;
Y
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25. (az™ 4 bx cos™ y)g—: + cosk()\y)g—Z =0.

Principal integral:

_ Edy cos™ y dy
— 2l g -1 / _ E = -1 / —_— .
x +a(n—1) o (0g)’ exp|b(n — 1) o ()

(1]

26. (ax"cos™y + bm)g—: + cosk()\y)g—Z = 0.

Principal integral:

— 1—n cos™y Edy / dy
== FE -1 _— FE = bn—1 — .
! tam—1) / cos®(Ay) eXp[ (=1) cos*(Ay)

» Coefficients of equations contain tangent.
ow k ow
27. 2= T [atan®(Az) + b]a—y =0.

Principal integral: ==y —bx —a / tank()\w) dx.

ow k ow __
28. o + [atan®(Ay) + b]a—y = 0.

d
Principal integral: = = x — / Wiy)—l—b'
29, 2w + atan®(A\x) tan"’(uy)a—w =0.
ox oy

Principal integral: = = a / tan®(\z) dz — / cot” (uy) dy.

ow 2 2 ow
30. 2= T [y? + aX + a(X — a) tan ()\a:)]a—y =0.

—2a/\

[cos()\ac)] ) —i—/[cos()\w)] —2a/A dx.

Principal integral: = =
Yy — atan

ow 2 2 2 ow
31 o + [y 4+ A° 4+ 3aX 4+ a(A — a) tan ()\as)] B = 0.
Principal integral:

—2a/\ —2a/\

_ [cos(Az)] [cos(Az)]
 sin?(\x) [y — atan(Az) + Acot(Az)] / sin?(\x) da.

(1]

Ow 2 k k ow __
32. o + [y? 4+ ax tan®(bx)y + a tan®(bx)] By 0.
Principal integral:
E

= @y 1) + /x_zE dz, E =exp {a/wtank(bx) dw].

[1]
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ow k,2 _ __k+1 m m] 0w _
33. P [(k + 1)z*y® — az*T' (tanz)™y + a(tanx) ]ay =0.

Principal integral:

E FEdx

- GF (g ly — 1) (k+1) hE2 E =exp {a/xkﬂ(tan x)" dm}

(1]

34. ‘Z—:; + [atan™(Az)y? — ab? tan™?(Az) + bA tan®(Azx) + bA] Z—ZJ =0.

Principal integral:

E
== m + a/Etan"()\x) dw, FE = exXp |:2ab/tann+1()\w) dx:| .
Ow k Bl )2 N O ) n—1_ 0w _
35. o + [atan®*(Az + p) (y — bz c)®+y—bx" 4+ bnx c| oy — 0.

e.ﬁE

Principal integral: = = +a / e® tan®(\x 4 p) d.
c

y — bx" —

ow m 2 2 .2k m Ow __
36. r—— + [atan™(Az)y? + ky + ab’z?* tan (/\w)]a—y =0.

1
Principal integral: = = arctan <Ew_ky> —ab / 2L tan™(\z) de.

37. [atan(Az) + b] 2—1: + [y2 + ctan(px)y — k2 + ck tan(px)] ?9—1: = 0.

Principal integral:

E +/ Edx E:exp{/cmn(ﬂw)_zkdw].

[1]

T y+k atan(Az) +b’ atan(Az) + b
n,m Jw k ow __
38. (ax"y™ + bm)% + tan (Ay)a—y = 0.
Principal integral:
=_ l-n y"Edy / dy }
== E —1 , E = b(n—1 .
“E+ (=2 | S i) [ ity

k Ow

oy = 0.

39. (az™ + bx tan™ y)g—:; +y

Principal integral:
E=z'""E+(n—1a / yFE dy, E =exp [b(n -1) /y_k tan™ ydy} .

n m ow k ow
40. (ax™ + bx tan y)a—m + tan ()\y)% =0.

Principal integral:

_ _ Edy tan" y dy
E=qg!""F -1 R b= b(n—1 / —.
v +(n=1a tan®(\y)’ exp|b(n = 1) tan®(\y)
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n m ow k ow
41. (ax™tan™y + bw)% + tan ()\y)% = 0.
Principal integral:

- _ tan™ yE dy dy
E= B4 (n— 1 /7 E= [b _1/7.
’ +(n=1a tan®(\y) exp|bn — 1) tan®(\y)

» Coefficients of equations contain cotangent.
ow k ow __

42. B + [a cot®(Azx) + b]a—y =0.

Principal integral: ==y —bxr —a / cot®(\z) dz.
ow k ow __

43. o + [acot®(Ay) + b]a—y = 0.

S dy
Principal integral: = =2 — | ————.
P & / acotF(\y) +b

ow k ow
44. %—Facot (a:—|—)\y)%_0.

Principal integral:

[1]

/ dz Y
=r— | —, z2=2z .
1+ a)cotk z y

ow 2 2 ow __
45. B + [y* 4+ aX + a(X — a) cot (Am)]a—y =0.

[sin(Az)] —2a/A

Principal integral: = = J T acot(na)

—i—/[sin()\w)] —2/ e,

ow 2 2 2 ow
46. o + [y 4+ A* 4+ 3aX 4+ a(A — a) cot ()\a:)]a—y = 0.

Principal integral:

_ [sin(Az)] ~2a/A N / [sin(Az)] ~2a/X J
== — - acx.
cos?(Az) [y — Atan(Az) + acot(Az)] cos?(Ax)
47. 9% 4 [y? — 2a cot(azx)y + b — az]a—w =0
" 8z oy '
=2
Principal integral: = = sin”" (bz) . cot(bx).

y — acot(ax) + beot(bx) b
48 cot()\az)a—w + acot(uy)a—w =0
' ox oy '

Principal integral: = = agpln|cos(Az)| — Aln|cos(uy)|.
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ow ow
49. cot(uy)% + acot(/\w)% =0.

Principal integral: = = agpln|sin(Az)| — An|sin(uy)|.

ow 2 ow
50. cot(uy)% + a cot (/\w)% =0.

Principal integral: = = \ ln‘sin(uy)! + apcot(Ax) + alux.

ow ow __
51. cot(y + a)% + ccot(x + b)a—y =0.
Principal integral: = = cln|sin(z + b)| — In|sin(y + a)|.

52. cot(Ax) cot(uy)g—z + ag—zj =0.

—_
(=)

Principal integral: = = )\ln‘sin(uyﬂ +ap ln|cos()\w)‘.

ow ow __
53. cot(Ax) cot(,uy)% + acot(uw)% =0

cot(vx)
cot(A\x)

Principal integral: = = ap / dx — ln|sin(,uy)‘.

» Coefficients of equations contain different trigonometric functions.

ow .k n ow __
54. o + a sin®(Ax) cos (uy)a—y =0

Principal integral: Z==a / sin® (A\x) dx — / —
cos™ (py)
and n = —1 we have = = pcos(Az) + Asin(uy).

ow 2 2 ow
55. %—F[y —ytanx + a(l — a) cot w]a—y

1°. Principal integral for a # %:

= (sinz)" ¢ cosx n 1 (sin )12,
y+acotzx 1—2a
2°. Principal integral for a = %:
- coS T .
H=— T + In [sin z|.
ysinx + 5 cosx
Ow 2 2 2m .\ Ow
56. — 4+ (y* — mytanx + b°cos*™ x)— =
ox 9y

1
Principal integral: = = arctan <3y cos™ ™ x> —b / cos™ x dx.

. Inthe specialcasea =1,k =1,
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57. dw + (y2 + my cot x + b2 sin™ a:)a—w = 0.
ox Oy
1
Principal integral: = = arctan <gy sin™"™ a:> —-b / sin”™ z dx.

dw 2 5y2 2 o2 g2 Ow _
58. 22 T [y 22% tan?(Az) — 2A% cot?’(Ax)| oy = 0.
Principal integral:

sin?(\z) cos?(Ax) 1 1 .
= = Acot() + A tan(aa) + FRAryY sin(Ax) cos(Az) cos(2Az).

[1]

9. Z—Z-F [y2+/\(a—|-b)—|—2ab—|—a()\—a) tan?(Ax)+b(A—b) cot2()\a:)] g—:’ =0.

Principal integral:

2a 2b

E

=y —atan() 1 beot(hr) /Edw’ E = [cos(Ax)] X [sin(Az)] X

[1]

ow . 2 n _ n—1 ow __
60. B + [Asin(Az)y? 4+ a cos™(Ax)y — a cos ()\az)]% =0.

Principal integral:

[1]

B Esin(\
)\/ w dx, E = exp {a/cos"()\x) dw].
cos(Az) [y cos(Az) — 1] cos?(A\z)
ow . 2 . ow
61. 2= T [Asin(Az)y? 4+ asin(Az)y — atan(Az)] By = 0.
Principal integral:
E Esin(\z)

N cos(Az) [y cos(Az) — 1] +A cos?(\z) dz, E = exp [_X COS()\x)} )

[1]

dw . 2 n _apn] 2w _
62. 2= T [Asin(Az)y? 4+ azx™ cos(Az)y — ax ]ay =0.
Principal integral:

E Esin(\x)

- et =T T ey e B [a / " cos(\z) daz]

(1]

3_’w Az 7% . Az 3_’w _
63. 5 T [Ae?* cos(ay) + Be!” sin(ay) + Ae™”] oy = 0.

B B
Principal integral: = = tan a2_y exp <—a—e’“> —aA / exp <)\w _ a_eux> da.
u iz

dw

s n+1 B_w 2 1,20 2n —
64. sin"""(2x) 5 + (ay”®sin“"™ x 4 bcos“" x) o 0.

Principal integral:

(1]

dv
= / PR s vy 27" Mn tan z, v =ytan" x.
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1.1.6 Equations Containing Inverse Trigonometric Functions

» Coefficients of equations contain arcsine.

ow .k ow __
1. 2= T [a arcsin®(Az) + b] By = 0.

Principal integral: ==y — bz —a / arcsin®(\z) dz.

ow
oy

ow + [a arcsink(/\y) + b]

ox =0.

dy
aarcsin®(\y) +b

Principal integral: = = x — /

3. ow + k arcsin”(ax + by + ¢ Ow _ 0.
ox 9y

Principal integral:

(1]

/ i + by +
— -, V= ar c.
a + bk arcsin™ v Y

ow sk s n ow __
5, T aarcsin (Azx) arcsin (uy)a—y =0

dy

Principal integral: = =a / arcsin®(\z) dz — / — .
arcsin” (uy)

ow

ox

w

+ [y2 + A(arcsin )™y — a® + aX(arcsin z)"] g— =0.
Yy
Principal integral:

e—2a:v

(1]

Tt a + /6_2“$E dx, E =exp [/\/(arcsinx)” da:}

ow 2 . n . ndw
6. v + [y + Az (arcsin )"y + A(arcsin x) ]% —0.

Principal integral:

E
== e + /a:_zE dx, E = exp [)\/a:(arcsin x)" da:}
ow k,2 . n(k+1, ow _
7. o [(k+1)z"y A(arcsinz)™(z* Ty — 1)] oy = 0.

Principal integral:

E

—_
—
—

- 2R (kT 1) —(k+1) /w_k_2E dx, E =exp [A/wkﬂ(arcsin x)" dx}



46 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

g + [A(arcsin z)"y? + ay + ab — b*\(arcsin z)"] Z—Z = 0.

8.

Principal integral:

(IZ'E
== Z+ 2 + )\/e“z(arcsin x)"Edz, E =exp [—Qb)\/(arcsin x)" dw].
9. 9w [A(arcsin z)"y? — bAz™ (arcsin )"y + bmaz™ ] ‘Z—:’ =

Principal integral:

__F + )\/(arcsin x)"Edz, E =exp [b/\/mm(arcsin x)" da:}

y — bx™

(1]

Ow . n, 2 m—1 _ yp2.2m . n] dw
10. 2= T [A(arcsin z)"y* + bma Ab?z?™ (arcsin )" | 3y
Principal integral:

B
== = + /\/(arcsin z)"Edz, E =exp [2b/\/azm(arcsin x)" dw].
ow . n(,, m __ p\2 m—110w _
11. 22 T [A(arcsinz)"(y — ax b)* + amx ] oy = 0.
1
Principal integral: = = o b +A / (arcsin z)" dz.

12. a:— + [A(arcsin z)"y? + ky + Ab’z 2k (arcsin )™ ] oy 0

Principal integral: = = arctan <bik> —Ab / 2%~ (arcsin z)" dz.
x

» Coefficients of equations contain arccosine.

13. —|— [a arccosk()\a:) + ] = 0.
Principal integral: ==y —bx —a / arccos” dx.
14, Bw —|— [a arccosk()\y) + ] = 0.

dy
aarccos®(\y) + b’

Principal integral: = =z — /

Bw n 8’11) _
15. B + k arccos” (ax + by + C)B_ =

Principal integral:

= / dv +by +
== -, v =azr c.
a + bk arccos™ v Y
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ow k n ow
16. 2, T aarccos (Ax) arccos (,uy)a—y =0.
o —_ k dy
Principal integral: = =a [ arccos”(A\z)dx — | ——.
arccos™(uy)

dw 2 n, 2 n] 0w _
17. 22 T [y? + A(arccos )"y — a® + aX(arccos )" oy = 0.
Principal integral:

e—2a:cE
y+a

[1]

4 / o202 [ dz, E =exp {)\ /(arccos x)" dw] .

ow 2 n n] 0w __
18. 2= T [y? + Az (arccos z)™y + A(arccos x) ]B_y =0.
Principal integral:
E

= 2@y + 1) + /w_zE dx, E =exp [A/w(arccos x)" dw].

[1]

ow ko2 _ n(p k1, 1)19w _
19. 5 [(k+ 1)z*y A(arccos )™ (z* 1y — 1)] oy — 0.
Principal integral:

E
= T (F Ty = 1) (k+1) /x_k_2E dx, E =exp [/\/:Ekﬂ(arccos x)" dm} .

(1]

ow n, 2 2 n a_w —
20. 22 T [A(arccos z)"y? + ay + ab — b*X(arccos x) ]By =0.

Principal integral:

a:L‘E
==2 I + )\/e“m(arccos x)"Edz, E =exp [—2b)\/(arccos x)" dw].
Yy
Ow n,2 m n m—1 a_w —

21. 2= T [X(arccos z)"™y bAx™ (arccos )"y + bmx ] oy = 0.
Principal integral:

_ E

== y — b ™ )\/(arccos x)"Edz, E =exp {b)\/wm(arccos x)" dm}

dw
9y

22. ‘Z—:; + [X(arccos z)"y? + bmaz™ ! — Ab?z*™ (arccos z)"|
Principal integral:

== y—% +A /(arccos x)"Edz, E =exp [21)/\ / x™ (arccos )" dw].

dw

9y

23. g_:; + [A(arccos z)"(y — azx™ — b)? + amazm_l]

1

Principal integral: = = —————
P & y—azx™—b

+A /(arccos x)" dx.
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w n, 2 2 .2k n]Ow _
24. r—— + [A(arccos z)"y? + ky + Ab*z**(arccos x) ]a—y =0.

Principal integral: = = arctan <bik> —Ab / 2%~ (arccos z)" dz.
x
» Coefficients of equations contain arctangent.
25 Ow [aarctan®(Az) + b] ow _ ),
ox Oy
Principal integral: ==y —bxr —a / arctan® (\z) dz.

ow k ow
26. 2~ + [aarctan®(Ay) + b] oy = O

dy
aarctan®(\y) + b’

Principal integral: = =z — /

ow n ow
27. 2= T karctan™(ax + by + c)% =0.

Principal integral:

:—/ dv —x v=ar+by+c
~ ] a+bkarctan™v ’ B yTe
28. 2% | garctan®(Az) arctan™(uy)2Y = 0
ox oy
T — k dy
Principal integral: = = a [ arctan”(A\z)dxr — [ —————.
arctan™ (uy)

dw 2 n, _ 2 n) 0w __
29. o + [y? 4+ A(arctan )™y — a® + aX(arctan z)"] oy — 0.
Principal integral:

e—2a:c

[1]

T + /6_2“$E dx, E =exp {)\ /(arctan x)" dx} .
y+a

8'w 2 n " aw _
30. 5, + [¥* + Az(arctan @)y + A(arctan z)"] 7 = 0.
Principal integral:

E

- 2(zy + 1) + /x_zE dz, E =exp [A/w(arctan x)" dx} )

[1]

dw k,2 ng k+1, Ow _
3L e [(k+ 1)z"y A(arctan )" (z* 11y — 1)] oy = 0.
Principal integral:

- E g .
== 2R (kT 1) _(k+1)/x LR da, E =exp {A/mk“(arctanx) dx}
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dw

oy = 0.

2. 92 4 [A(arctan 2)"y? + ay + ab — b*A(arctan x)"|

Principal integral:

== Z " +A / e (arctan )" E dx, E =exp [—2[))\ /(arctan x)" daj} .
ow n,2 m n m—1 B_w
33. 5.+ [A(arctan z)"y? — bAz™ (arctan z)"y + bmax ] By

Principal integral:

= v bam _bem + /\/(arctan x)"Edz, E =exp [b/\/xm(arctan x)" dm].

(1]

Ow n, 2 m—1 _ y\p2,.2m n) 0w _
3. ——+ [A(arctan z)"y? 4+ bmax Ab?z?™ (arctan x) ]ay =0.

Principal integral:

E
== v b + )\/(arctan z)"Edz, E =exp [2b/\/azm(arctan x)" da:}
ow n(,, m __ p\2 m—1] 0w __
35. 2= T [A(arctan )™ (y — ax b)* + amx ]—ay =0.
1
Principal integral: == ———— + A\ / (arctan z)" dx.
y—azx™—b

36. wg—: + [A(arctan z)™y* + ky + Ab*z**(arctan z)" ‘?9_’;’ =0
Principal integral: = = arctan <bik> —Ab / 2%~ (arctan z)" dz.
X
» Coefficients of equations contain arccotangent.
37. 2wy [a arccot®(Azx) + b] dw _
" Az oy '

Principal integral: ==y —bx —a / arccot” (A\x) dx.

ow k ow
38. S~ + [aarccot”(Ay) + b] o = ©

dy
aarccoth(\y) + b’

Principal integral: = =z — /

Bw n 8’11) _
39. B + karccot™(ax + by + c)% =0

Principal integral:

= / dv + by +
== —z v=azx c.
a + bk arccot™ v ’ y
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ow k n ow
40. 5, T aarccot (Ax) arccot (uy)% =0.
. - k dy
Principal integral: = =a [ arccot”(\x)dxr — [ ————.
arccot™ (uy)

dw 2 n, _ 2 n] 0w _
AL =+ [y? + A(arccot )™y — a® + aX(arccot ) ]ay =0.
Principal integral:

e—2a:cE
y+a

[1]

+ [ e E du, E =exp {)\ /(arccot x)" dx} .
o

Ouw 2 n n] 0w __
42. 22 4 [y* + Az(arccot 2)™y + A(arccot z) ]8_y —0.
Principal integral:

E

- 2(zy + 1) + /x_2E dz, E =exp [A/w(arccot x)" dx} )

[1]

ow k,2 _ n(k+1l, _ 1190w _
43. 5 [(k+ 1)z*y A(arccot z)" (zF Ty — 1)] oy — 0.
Principal integral:

E
= Ty 1) —(k:—l—l)/a:_k_zE dx, E =exp [A/azkﬂ(arccot x)" da:}

(1]

Sw n. 2 32 n)dw _
4. =+ [A(arccot )"y 4 ay + ab — b A(arccot )"] oy 0.

Principal integral:

axE
==2 I +A / e (arccotz)" E dzx, E =exp [—26)\ /(arccot x)" dx} .
Yy
dw n,2 m n m—1] 9w _
45, 5+ [X(arccot £)"y? — bAz™ (arccot )"y + bma ]By = 0.
Principal integral:
_ E
= y— bx™ T )\/(arccot x)"Edz, E =exp {b)\/wm(arccot x)" dw].
w n, 2 m—1 2_2m n]Ow __
46. 5. [A(arccot )"y? 4+ bma — Ab*x?™ (arccot x) ]B_y =0
Principal integral:
_ E
2= + A /(arccota:)"E dz, E =exp [25/\ / z™ (arccot )" dﬂ?} :
dw ne,omo )2 m—110w __
a1, ——+ [A(arccot )™ (y — ax b)? + ama™ 1| oy 0

1

Principal integral: = = —————
P & y—azx™—b

+ )\/(arccot x)" dx.
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S n 2 2,2k n) 0w _
48. x—= + [A(arccot z)"y* + ky + Ab*x>" (arccot x) ]a_y =0

Principal integral: = = arccot <bi’f> — b / 2L (arccot )" du.
x

1.1.7 Equations Containing Arbitrary Functions of =

@ Notation: f = f(x), g = g(x), and h = h(x) are arbitrary functions, and a, b, k, n,
and \ are arbitrary parameters.

» Equations contain arbitrary and power-law functions.

L 22+ [f@)y +9(x)] z—z = 0.

Principal integral:

(1]

— Py / e Fo(x)dn, F= / () da.

ow ow
2. 55 T U@y +9@)y*] 5 =0.

Principal integral:

[1]

e Fyl=k (1 - k)/e_Fg(x) dx, F=(1- k)/f(x) dx.

(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

ow 2 2 ow __
e TW +fy—a® —af)7m =0

Principal integral:

+ [ *"E dx, E =exp (/ fdac).

(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

ow 2 ow __
4 ==+ +mfy+f)8—y—0-

___E -2 — ex
_a:(:ny+1)+/w Fdzx, E=e p(/xfdx).

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

Principal integral:

[1]
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ow k, 2 _ _k+1 Ow __
5. o [(k + 1)z*y ="t fy + f] 3y =0.

Principal integral:

E p— —
- L (h Ty 1) (k‘+1)/3«" "2E da, Ezexp</x'“+1fda:>.

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

(1]

ow 2 200w
%‘F(fy +ay—ab—-»b f)a—y—o-

c El;—i-/e“xfEdw, E:exp<2b/fdw>.
y_

dw _

9y

E
=7n+/fEdm, Ezexp(a/m"fdm).
Yy — ax

O Literature: A.D. Polyanin and V. F. Zaitsev (1996).

Principal integral:

[1]

Z—: + (fy* — az" fy + anz™ ')

Principal integral:

(1]

Sw 2 n—1_ .2 2np 0w _
8. %—F(fy + anx a‘x f)ay_O

E
:7n+/fEd:L', Ezexp<2a/a:”fdm>.
Yy —ax

® Literature: V.F. Zaitsev and A. D. Polyanin (1996).

Principal integral:

(1]

ow 2 _ 2 ow _
o T (V" +gy —a’f —ag)5- = 0.
Principal integral:

E
y—a

—_
=)
—

—i—/fde, E:exp/(2af—i—g)dx.

10. g—w + (fy®> + gy + anz™ ' — ax"g — a2a:2"f)a_w =0.
T oy
Principal integral:

Zy_%—k/fEdw, E:exp{/(2aw"f+g)dx],

[1]
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ow 2 n n—1 2. 2n.  _ 0w _
11. %4— [fy ax™gy + anx + a’z*"(g — f)] oy = 0.

Principal integral:

:L+/fEdaj, E:exp[a/x”@f—g)daz]

Yy —ax™

(1]

ow 2 2n py OW
12. w%—k(fy + ny + ax f)a—y_O.

1°. Principal integral for a > 0:

== arctan(\/gwn> - \/E/x"_lfdw.

2°. Principal integral for a < 0:

E= arctanh<\/|7L|> ++/]al /x"_lf dx.
alx™

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

13. azg—z + [#*" fy® + (az"f — n)y + bf]g—l: =0.

Principal integral:

dU n—1
== — — d = z"y.
/1)2+a1)+b /w Jde, V=Y

» Equations contain arbitrary and exponential functions.
14, g—w + (cze>‘”“'y2 + ae™fy + )\f)a_w =0.
T 9y

Principal integral:

e—2AmE \ \
:m+/€_ :(:de’ Ezexp(a/exfdx)

[1]

® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

dw 2 Az Azy Ow __
15. %—F(fy ae™™ fy + ale )ay_O.

Principal integral:

:L+/fde, E:exp<a/e“fdx>.

y — ae’®

(1]

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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Ow 2 Az _ 2 22z g\ Ow __
16. %—F(fy + aXe a‘e f)ay_O.

Principal integral:

:y_i]ie/\x+/fEd:p, E:exp<2a/e)‘xfdaj>.

ow 2 22z py QW __
17. %—F(fy + Ay + ae f)a—y_O

(1]

1°. Principal integral for a > 0:

= = arctan ey - \/5/ M f dx
= 7 )

2°. Principal integral for a < 0:

-z

_ € Y Az
E= arctanh<—> ++/|al /e fdx.
Vlal

O Literature: A.D. Polyanin and V. F. Zaitsev (1996).

dw 2 Az Az] Ow
18. %—F[fy (ae™® + b)fy + aXe ]8_y_0'
Principal integral:

E
y—ae —b

(1]

+/fEd;p, Ezexp[/(ae”%—b)fdm].

dw Ax 2 —Ax ow __
19. ==+ [e*fy* + (af — M)y + be f]a_y =0.

Principal integral:

(1]

. d'l) Y
- ey [iwa o=y

20. ‘Z—w + (fy? + gy + are™® — ae?®g — aze”“”f)a_w =0.
T oy
Principal integral:

:L—k/fEd:p, E:exp{/(Qaer+g)daz]

(1]

y — ae’®

21. ‘z_’w + [fy2 _ aeAwgy+ aAe)\w + a2e2)\w(g _ f)]a_’w —0.
Principal integral:

:L—i—/fEdm, E:exp[a/e)‘m@f—g)dw].

y — ae’®

[1]
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ow

22 9w + (fy2 + 2adzer™ — a2f62)‘m2)— =0.
ox oy
Principal integral:
E
527)\:02+/fEd:1:, E:exp<2a/e)‘m2fdaj>.

Yy — ae

28 %Y 4 (fy? + 2xay + afe) 20 =
" oz 9y

1°. Principal integral for a > 0:

e—Am

\/C_;y> —\/E/e)‘“’CQfdaz.

== arctan(

2°. Principal integral for a < 0:

—)\m2y a2
il )—l-\/W/e fdx.

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

(&

== arctanh(

24. ‘Z—:; + [f(m)eAy + g(m)]a—;j =0

Principal integral:

Z=eNE+ )\/f(ac)E dx, E =exp [A/g(m) dw] .

® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

» Equations contain arbitrary and hyperbolic functions.
dw 2 2 ; 2 cinh2 Sw _
25. o + [fy? — a®f + aAsinh(Az) — a® f sinh? (Az)] oy — 0.

Principal integral:

B
y — acosh(\x)

[1]

ow 2 2 ow __
26. 22 T [fy? — a(af + X) tanh®(Az) + a)\]a—y =0.
Principal integral:

b +
y — atanh(\x)

(1]

ow 2 _ 2 ow _
27. 2= T [fy? — a(af + A) coth?(Az) + a] 3y 0.
Principal integral:

b +
y — acoth(Ax)

[1]

/fEdm, E =exp [2a/fcosh()\x) dw].

/fE dzx, E =exp [2& / ftanh(\x) dm] .

/fEdm, E =exp [2a/fcoth()\x) dw].
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» Equations contain arbitrary and logarithmic functions.

dw
ox

Principal integral:

28. —[ayZInm—amy(lnm—l)f—l—f]Z—Z:0

B E _/ Elnxdx
~ z(lnz — ary(lnz — 1) — 1] 22(Inz —1)2’

E:exp{a/xf(lnx— 1)dm].

[1]

ow 2 ow
29. %—F[fy —aa:(lna:)fy+alna:—|—a]a—y_0

Principal integral:

:y_a%+/fEd$, E:exp<a/$flnﬂjdﬂj>.

ow 2 2 2 ow
30. 2=+ [fy*+a—a’(Inz) f]a_y_o.

(1]

Principal integral:

__ B + /x_led;L", E = eXp<2a/ﬂ?_1f1D$d$>-

y—alnx

(1]

ow 2 ow
31 w%—k [(y—|—a1na:) f—a]a—y = 0.

1
Principal integral: = = + / /() dx.
y+alnzx x

» Equations contain arbitrary and trigonometric functions.

ow . 2 ow __
32. 2= T [Asin(Az)y? + f cos(Az)y — f]a—y =0.

Principal integral:

(1]

E o / sin(\z)

—— O Pdn. B=ex [ / feos(Az) dw] .

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).
ow 2 2 . 2 . 2 ow
33. 2= T [fy? — a®f + aAsin(Az) + a® f sin?(Ax)] 5y = 0.

Principal integral:

~ y+acos(\r)

(1]

/fE dz, E =exp [—2& / f cos(Ax) dw] .

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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34. aw —+ [fy® — a®f + aXcos(Az) + a®f cosz()\a:)]g—;j =0.

Prin01pal integral:

= y—%in()\x) +/fEdm, E =exp [2a/fsin()\w) dx]

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

[1]

ow 2 2 ow __
35. 22 T [fy? — a(af — ) tan*(Ax) —I—a)\]a—y = 0.

Principal integral:

(1]

y — atan(Ax)

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

ow 2 2 ow __
36. o + [fy? — a(af — X) cot?(Ax) —I—a)\]a—y =0.

Principal integral:

E= L—l—/fEdm, E:exp[—2a/fcot(/\3:)d:n].

y + acot(Ax)
» Equations contain arbitrary functions and their derivatives.

w 2 ryOw __
8. 5y Ty —foy+gr)5 =0

Principal integral:

E:%+/fEdaj, Ezexp(/fgdm).

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

ow ;7 2 ow
38 - —(f2y" —f9y+9)5- =

Principal integral:

=___ b foB _
_—m— 12 dx, E—exp</fgdx>.

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

39. 224 [g(y—f)2+fé]a—w =0

Principal integral: == —— + / gdzx.

- B —|—/fEda:, E =exp [2a/ftan()\:£) dm]
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40, +(ff° f)‘;;’;’ _

Principal integral:

1 N fldx
f(fy+g9) f2q

—_
— —
—

4. 2O 4 [fry? — gy — N] 32 =

Principal integral:
’E , gdx
— + fZ‘E dx s E = exp| — 7 .

2. 20y (y? f;'{w)ay —o.

—_
— —
—

ol @
f(fy+f1) f

—_

Principal integral: = =

9 9
3. g5+ [afey® + (bfg® + g,)y + cfg’] 5 = 0.

Principal integral:

dv 2 Y
== ) —4/——m—— — d ==z,
/av3+bv+c /fg w, v g

4. 2+ [F9° + 3Fhy® + (g + 3Fh*)y + fh® + gh — h] 52 = 0,

Principal integral:

== (y—l—h +2/fEdw E:exp<2/gdx>.

ow g' fm 7 | Bw _
. Got gy’ + Fy a5 =0

Principal integral:

[1]

I A I 9o ~ flag+b)’

dw _ _ _aftbg Y=9er L y—F 110w _
. 24 [w-Ny-9)(y— L)+ 1ty 4+ LLg )00 o,

Principal integral:

_af+bg —ab
a+b

—_
=)
—

, E:exp{—% (f—g)2hdw].
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dw 24 g 29y 0w _
47. aw—|—(fy +g.y+afe )ay = 0.

1°. Principal integral for a > 0:

- e
o = arctan| ——

\/ay> —ﬁ/fegdx.

2°. Principal integral for a < 0:

== arctanh(

\/_> +\/|?/fe9dx

(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
182U 4 (f14° + ac* fy + a2 = ¢
Az T oy '

Principal integral:

_ E f, _ Az >
_f(fy+1)+ 12 dx, E—exp<a/e fdx).

(1]

1.1.8 Equations Containing Arbitrary Functions of Different
Arguments

» Equations contain arbitrary functions of  and arbitrary functions of y.

L (-’L‘) +()

. dx dy
Principal integral: = = / .
f(z) 9(y)

(® Literature: E. Kamke (1965).
2. [f(w)+g(y)] — + fo(x )

Principal integral: = = f(x)e ¥ — /e—yg(y) dy.

3. [="f(y) + mg(y)] =+ h(y)— =0.

Principal integral:

E:xl_"E—I—(n—l)/f}S:(y;;Edy, E:exp[(n—l)/#dy].

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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— [g(z) + anz™ y™]| = dw _ .

ow
152 By

4, [f(y) + ama”y™ 1

Principal integral: = = / fly)dy + / g(x)dz + ax"y™.
(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

5. [eamf(y) + cﬁ] ?9 [ Yg(x) + ca] ‘31: =0.

Principal integral: = = /e‘ﬁyf(y) dy + / e Cg(x)dr — ce P,

(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

» Equations contain one arbitrary function of complicated argument.

ow ow
6. %+f(aa:+by+c)8—y_0, b # 0.

Principal integral:

:—/L—w v=oar+by+c
=T ) avbfl) " - yre

ow

7. _+f( ) =0

9y
:—/L—lnm v=Y
— ) flw)—v ’ 2

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

Principal integral:

Bw ow
8. + [f(y + az™ + b) — anz™" ]8_y:O'
Principal integral:
== [ —x v=y+az"+b
- flw) '
9. m— + yf(m“ym)— = 0.

Principal integral:

dv
2= | ——— —In|z|, v=ax"y™.
/v[mf(v)—i—n] 2 Y
(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).
10. y™~ 18w + 2" f(ax™ + bym) =0.

Principal integral.
- dv 1
==/ —— — —2", v=ax" + by™
an+bmf(v) n
® Literature: V.F. Zaitsev and A. D. Polyanin (1996).
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ow —Ax Az ow __
11. 2, T ¢ f(e y)a—y_O.

Principal integral:

:—/7(12} - v =M
) flu)+ ’ v

O Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

Ow | M p(erug) W
12. oy T € f(e w)ay_O.

Principal integral:

(1]

Mvf(v) +1]

ow ar.. m ow _
13. %—Fyf(e Y )a—y_O.
Principal integral:

—_

_,_/ dv _ _ oz, m
- v[a+mf(v)] © vme v

® Literature: V.F. Zaitsev and A. D. Polyanin (1996).

dw neay) 9w _
14. a:am—l—f(a:e )8y_0'

Principal integral:

d
E:/—U—ln|x|, v=2z"e".

v[n—i—af(v)]

(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

dw | _z—By Az By Ow _
15. 5y T € f(ae™® + be )ay =0.

Principal integral:

d 1
== / L —eM, v = ae™ + beY.

aX+b8f(v) A

® Literature: V.F. Zaitsev and A. D. Polyanin (1996).

ow Az _ Azl Ow
16. %—F[f(y—kae + b) — aXe ]8_y_0'
Principal integral:
d
E= —v—x, v =1y + ae® +b.

fv)

d
:/—U—ln|x|, v=eNg.
vl
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17. aa:y— + [af(z"e™) — ]‘Z—Z =0.

Principal integral:

1 d
E:yE——/v_lEdv, v=2a"e", FE=-exp l/ vl
a a? | vf(v)

a n,,mm a
18. mw(lny)a—:+[yf(a: y )—nylny]a—:’:O.

Principal integral:

1
E:Elny——/v_lEdv, v=a"y™, FE =-exp ﬁ/ dv .
m m ) vf(v)

Ow _ 2 10w _
19. %4— [f(y—|—atana:) atan w] oy = 0.

Principal integral:

= / dv +at
E= | ——— —1, v = atan .
a+ f(v) Y

20. M ‘9“’ Y+ fOa+ lny)

Principal 1ntegra1.

d
== T €+U)\ev_x’ v= Az +Iny.

w4 Ny ow _
21. 5 + e f(Ay + Inx) o =0
Principal integral:

dv
== | ————— -1 =\ Inz.
//\e“f(v)—l—l nz, v y+inx

» Equations contain several arbitrary functions.

22. me—— — [ny — zy" f(z)g(="y )]B_y =0.

Principal integral:

1—k—m du / n(1—k)
E=fv m —— =[x m x)dx, v=a"y™.
[ f(@) y

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

23 y"’aw [az™ +g(w)f(y"+1+aw"+1)] a5y =

Principal integral:

== f(ﬁv) (n+ 1)/9(95) dz, v=y" 4 az"tt

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).
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o [1(2) + (@) 2) + (] -0

Principal integral:

S h(v)E dv Y
SRR o i

25. [f(az+by) +bxg(ax+by)] ?9_:; + [h(az + by) — azg(az + by)] ?9_1: =0.
Principal integral:

v)E dv
E=goF — =
/af DA (v v = ax + by,

where E—exp{ b/af—%}

O Literature: V.F. Zaitsev and A. D. Polyanin (1996).

26. [f(az+by)+byg(ax + by)] 22 [h(ax+by) —ayg(ax + by)] ow _ .

Principal integral:

— (v)E dv
==yk — = b
/af(v)+bh v=azt+ oy,
where E—exp{ / of(w +bh }
27. z[f(z™y™) + maPg(z” ym)] — +y[h(z"y™) — nzx g(w"ym)] =0.
Principal integral:
E=ux kE—Fk‘m/ 9B dv ) v=az"y",
[nf(v) + mh(v)]

B flv)dv
where E = exp{k:/ v[nf(v) n mh(v)] }
28. z[f(z"y™) + my*g(z"y™)] g—: + y[h(z"y™) — nyFg(="y™)] a—“’ =0.
Principal integral:
- kg g(v)E dv B
==vE kn/v[n (v) +mh(v)]’ vErY

where E = exp{k:/ v[nf(};()vj—dnih(v)] }




64 FIRST-ORDER EQUATIONS WITH TWO INDEPENDENT VARIABLES

2. z[sf(a"y™) —mg(aty)] G2 + y[ng(aty®) — kf @"y™)] G = 0.

Principal integral:
dv / dz L s " om
= — , v=2zx"y® z=ax"y™.
/ vg(v) 2f(2)

o o
30. fya_’: - fwa—’;’ =0

Here f, and f, are the partial derivatives of the function f = f(z,y) with respect to x
and y.
General solution: w = ®(f(z,y)), where & = ®(¢) is an arbitrary function.

[1]

(® Literature: E. Kamke (1965).

o9f _ Og

o o
3L f(=, y)a—: —g(z, y)% =0, where =% = et

:/yf(:po, t)dt—l—/xg(t, y) dt,

Yo o

Principal integral:

(1]

where x( and yq are arbitrary constants.

32. :1:— + [z f(x)g(z™e¥) — ]ZZ =0.

E:/%—/f(m)daz, v = ame.

O Literature: A.D. Polyanin and V. F. Zaitsev (1996).

Principal integral:

33. m— + [mykf(m)g(eaw my — ]B_w =0.

Principal integral:

1km 1—](3
E:/v dv /f exp[ ) }dm, v = ey,

(® Literature: A.D. Polyanin and V. F. Zaitsev (1996).

34. [f(az+by)+be*g(as+by)] g—:+ [h(az+by)—ae g(az+by)] Z_Z —o.
Principal integral:

g Edv
af(v) + bh(v)

E=eNME - \a v = azx + by,
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35. [f(az+by)+be**g(az+by)] (?9_:"' [h(az+by)—ae®**g(ax+by)] Z—Z =0.
Principal integral:

-~  —ox g(v)E dv
== FE b | ————— = b
e + o /af(v)—l—bh(v)’ v = axr + by,

where E —exp{ /%]

36. z[f(z"e*) + ayg(z"e™)] g—: + [h(z"€e™Y) — nyg(z"e™Y)] ?9—1: =0.

Principal integral:

= h(v)E dv o 2"
==y /v[nf(v)+ah( )] '
where E = expin 9(v) dv
here 5= o | onf(v) + ah(v)] i
37. [f(eo‘"’ ™) + mag(e**y m)] —|— y[h(eo‘"’ ™) — axg(e*®y m)] =0.

Principal integral:

(1]

— 2FE — f(’U)EdU v = eXTym
=k /v[ (v) + mh(v)]’ v

where E = exp{—m / o7 (i()vld;}m ol }

38. :1:— + [a:yf(a:)g(m Iny) — ny lny] =0.

Principal integral:

E:/gc(lz) —/x"f(w)dm, v=2za"Iny.

39. z[f(z"y™)+mg(z"y™)In y] 5o ty[h(z"y™)—ng(z"y™) In y] =0.
Principal integral:

= Bloy— h(v)E dv
==FElny /v[nf(v)—i—mh(v)]’

where E = eXp{n / E; (i()”jrd:m ol }
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40. z[f(z"y™)+mg(z"y )lnw]a—:+y[h(a: y"™)—ng(z"y )lnx]a—Z:O.

Principal integral:

= no— f(U)EdU v = 2"y™
==FEl /v[n (v) + mh(v)]’ v

where £ = eXp{‘m/ v[nfé()vld:m(v)} }

41, cosyg—w + [f(m)g(sina:siny) — cotmsiny]%—w =0
(Y Y

Principal integral:

d
E:/—v—/f(w)sinxdx, v =sinzsiny.
9(v)

42. sin2x g—;} + [sin 2z cos® y f(x)g(tanz tany) — sin 2y| ?9_1: = 0.

Principal integral:

E:/ﬂ—/f(x)tanmdaz, v = tanz tany.
9(v)

Ow 2 2n o ow _
43, m%—l— [a:cos yf(x)g(z“" tany) nsm2y] o =0.

Principal integral:

= dv / 2 2
2= | — — [ 2" f(x) dx, v=z"tany.
/g(’v) )

Ow 2 2z — si dw _
44. == + [cos® yf(z)g(e* tany) — sin 2y] 7~ = 0.

Principal integral:

= dv / 2 2
== — [ e f(x)dz, v=e"tany.
| f(@) y

1.2 Equations of the Form
ow ow
f (=, y)% + g(w,y)a—y = h(z,y)

@ The solutions given below contain an arbitrary function ® = ®(z).
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1.2.1 Equations Containing Power-Law Functions
» Coefficients of equations are linear in  and y.

ow
— — C.

9y

The equation of a cylindrical surface. Two forms of the general solution:

ow
1. aa—m +b

w = gw—kq)(bx—ay), w = %y—k@(bx—ay).

(® Literature: E. Kamke (1965).

2. ag—w+ba—w:aw—|—,8y+'y.
x oy

General solution: w = — 2% + Lg + %92
a

% + &(bx — ay).

ow ow
3. aa:a—m+ba—y_aw+,8y+'y.

General solution: w = 2 + L 1In |lz| + 2—by2 + ®(ay — bln|z|).
a a

ow ow
4, aa:a—m + bwa—y = c.

General solution: w = < In |z| + ®(bz — ay).
a

ow ow __
5. (aaz—i—b)a—m—l—(cy—l—d)a—y =ax+ By + 7.
General solution:

—b d
w = %x+(wai2aln|aa:—l—b| + éy— C—fln|cy—|—d| + @ (|az + b|°|cy + d|%).

ow ow
6. ay%"‘ba—y—aa:"‘ﬁy‘F’Y-

B ar + 7y a4

General solution: w = — - P (202 — ay?).

eneral solution: w ax+ 2 Y 3b2y+ ( T ay)
ow ow __

7 aya——i—bma—_c

General solution: w = ——— ln‘\/%x + ay| + <I>(ay2 — bwz).

Vab
8. aya—w + AL + ky.
ox oy

bkx + acy

p + @(ay2 — bx2).

General solution: w =
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» Coefficients of equations are quadratic in  and y.

9. aa—w—|—ba—w :cw2—|—dy2—|—k:wy—|—n.
ox oy
General solution:

1
w = 57D [b(2ac — bk)x?’ + 2a2dy® + 3abx(kxy + 2n)] + ®(bx — ay).

10. aa:a—w + bya—w = cx? + dy2 + kxy + n.
ox oy

General solution:

1
Y @(bcw2 —|—ady2)1+ %ln|x| + a+bxy+<1>(|x|_b/“y) if a+b#0,
%(cw2 —dy?) + E(k:a:y +n)ln x| + ®(zy) if a+b=0.
11 ayg—w + b:c‘;—w =cxry+d

c d
General solution: w = — % + —— In|Vabz + ay| + ®(ay?® — bz?).
o N |V y| + ®(ay )

12. aazzg—: —+ by2g—1: = cx? + dy2 + kxy + nx + my + s.

General solution:

dy? k —b
P R S +Eln\xl+ﬁln]y\+¢ @,
a ar ar—by axr—by a b Ty
2 Ow ow __ 2
13. = am—l—amyay_by.
General solution:
bV a(al ) i asd
w=1{2a—1x 27
2

b% In|a| + ®(|lz["%y) if a = L.

20w —i—ba:za—w = cac2+d.

14. ay v oy

This is a special case of equation 1.2.7.14 with k = 2, f(x) = a, g(x) = bx?, and h(x) =
2
cx® +d.

15. ayzg—z + bwyz—j = cx? + dy>.

General solution:

2 _ 2
w ac;bdm _ % warctanGm/ ﬁ) + ®(ay? — ba?).
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» Coefficients of equations contain other power-law functions.

16. wa—w + yz—zj = av/xz2 + y2.

ox

General solution: w = a\/x2 + y2 + ® <£>
x

17. az2¥® + bya—w = cxy? + dz?y + k.
ox oy

cxy? . dz?y

a+2b 2a+0

k
General solution: w = + —1In|z| + q>(|x|—b/ay).
a

18. ayg—: + bmg—j = cx?y + d.

c d
General solution: w = — 2% + —— In|Vabx + ay| + ®(ay® — bx?).
2 T |V y| + ®(ay )

19. (ax + b)?)_z + (cy + d)z—j = ka3 + nyd.

General solution:

k(14 b , b b
w:E<§w ~ 5% +¥w—gln]aw+b\
n d? d3

1 3 d 2 c —a
+E<§y 5V —i-?y—c—?)ln\cy—l—d])—i-@(\ax—l—bl ey +d|%).

20. ng—: + a:yf;—l: = y?(ax + by).

b 2
General solution: w = M + & <2>

2 x
3 Ow 30w __
21. ax B b M = cx + d.
2 d 2 _ by?
General solution: w = — cr + + a y .
2022 x2y)2

» Coefficients of equations contain arbitrary powers of x and y.
ow ow _ n m
22. a%—kba—y_ca: + dy™.

d
General solution: w = ®(bx — ay) + mxnﬂ ST y™ L
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dw _ cx™y.

ow
23. a— +0b oy

General solution:

cla(n + 2)y — bzt

P(bx — if —1.—-92:

Pt )mry T R0roa) el -2
w = —gw(l—ln|$|)—|—§yln|$|+<1>(b:n—ay) if n=-1;
a_§(1+ln’w‘)_%+@(bw—ay) ifn=—92

ow ow __ 2 2\k
24. T—— —I—ya—y_a(m + y°)~.

General solution: w = i(:E2 +yHk+ o 7).
2k x

n, m

ow ow
25. ar—— + bya—y =cx"y
General solution:

w =

gx"ym In|z| + ®(|y[*=[™®)  if an+bm =0.

26. axd® + bya—w = cx"™ + dy™.
ox oy

d
General solution: w = ——z" + —y"+ @(yax_b).
an bm

ow ow n m\k
27. mw%—knya—y_(aw + by™)".

General solution: w = (az™ + by™)* + <I>(ym:n_").

mnk

28. awnz—: + bymg—l; = cz® + dy®.

This is a special case of equation 1.2.7.20. General solution:

— c k—n+1 d s—m~+1 )

R D e A O
_ 1 1-n 1 1-m

u_a(l—n)w b(l—m)y

29. am"g—: + bmmy‘Z—Z’ = cz®y® + d.

This is a special case of equation 1.2.7.34 with f(x) = az™, g(x) = bz™, and h(z,y) =
cxFys + d.
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n dw m kyOw _ _ p.q
30. ax aw—|—(ba: y—|—ca:)ay_sa:y + d.

This is a special case of equation 1.2.7.35 with f(z) = az™, g1(z) = ba™, go(z) = ca¥,

and h(z,y) = szPy? + d.

31. am"g—w + (bz™y* + cmly)a_w = sxPy? + d.
x dy

m

This is a special case of equation 1.2.7.36 with f(x) = az™, g1(2) = ca!, go(x) = ba™,
and h(z,y) = szPy? + d.

32. ayka—w + ba:"a—w =czx™ 4+ d.
ox oy
This is a special case of equation 1.2.7.14 with f(x) = a, g(z) = bz, and h(x) = cx™ +d.

1.2.2 Equations Containing Exponential Functions

» Coefficients of equations contain exponential functions.
1. aa—w + ba—w = ce™ + deMV,
ox oy

d
General solution: w = — e + LM | O (bxr — ay).
ax bu

2. aa—w + ba—w = ce®T By,
ox oy

General solution:

_ ¢ az+By P(br — if b 0
Y %a—kbﬁe + ®(bx —ay) if aa+ b8 #£0,
—2e®™ Y 1 (b — ay) if ac+ b6 =0.

a

3. ae)‘ma—w + beﬂya—w =c
ox oy

General solution: w = —%e‘m + ®(u), where u = bBe ™ —ale PV,
a

Ay dw pz 0w _
4, ae 8m—|—be oy c

c(Br — \y)

+ ®(u), where u = afe?y — breP?.
u

General solution: w =

5. aeawa—w 4+ beﬁya—w = ceV* By,
ox o

) 1 1
Introduce the notation u = —e¥ — — ¢

6b aa

oaxr
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General solution:

( —Qax
¢ (y—a)z| ,—By bBe '
a(fy—a)e [e + (7 —20) + ®(u) if v # «, 2a,
w=1{5% [we‘ﬁy — b—ﬁz(omc + 1)e | + ®(u) if v=a,
a ac
- [eax_ﬁy + %(aw - 1)] + O (u) if v=2a.
ac ac

6. aeamg—w + be’@yg—w = ce"® 2Py,
xr

1

. 1
Introduce the notation u = 5_65 Y —e¢

ar
b aa

1°. General solution for v # «, v # 2«, and v # 3«

C e_zﬁy + 2bﬁ e_am_ﬁy + 2b2ﬁ2
a(y—2a) a?(y—2a)(y—3a)

2°. General solution for v =

w=

— 6_2%} =% L B (qy).
a(y—a) ()

2 32
. & —28 2bﬁ —az—f b ﬁ 3 —9
w= E[me y—w(a$+1)e ae=PY 4 2o az+ 5 Je W+ D(u).

3°. General solution for v = 2a:

2b
w= - [eo‘x_ﬁy + —ﬁ(omc — 1)] e P+ D(u).
aq aq

4°. General solution for v = 3a:

232
w=-— lez(o‘gﬁ_ﬁy) + %eo‘m_ﬁy + bp ax — 3 + O (u).
aa | 2 a a?a?

7. ae"‘mg—w + beﬁyg—w = ce’® + seMV.
x y

This is a special case of equation 1.2.7.20 with f(z) = ae™®, g(y) = beP, hi(z) = ce?®,
and hy(y) = set.

8. aeﬁmg—z + (beWc + ceAy)g—Z = se® + ke’ + p.

This is a special case of equation 1.2.7.37 with f(x) = aeb®, g (x) =be?™, go(x) = ¢, and
h(z,y) = sel® + ked¥ 4 p.
9. aeﬁma—w 4+ (beWC + ceAy)a—w = seM®toy | [

ox oy
This is a special case of equation 1.2.7.37 with f(x) = ae’®, g, (x) = be?®, go(x) = ¢, and
h(z,y) = set*+oy 4 k.
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10. aef* 2L 4 permtiw I - cenatdy 4y,
€ Yy

This is a special case of equation 1.2.7.37 with f(z) = ae’®, g1 (x) =0, go(z) = be?®, and
h(x,y) = cel oY 4 k.

11. aeAya—w 4+ beﬁma—w =ce’ + d.
ox oy

This is a special case of equation 1.2.7.16 with f(x) = a, g(z) = be’*, and h(z) = ce?* 4-d.

» Coefficients of equations contain exponential and power-law functions.

12. aa—w 4+ ba—w = cye>‘”c 4+ kxetY.
ox oy

k
General solution: w = %em <y - %) + we“y <w — %) + ¢ (bx — ay).

13. dw + aa—w = axkeM.

ox oy

This is a special case of equation 1.2.7.5 with f(z) = az*.

dw AwyOw B

14. P + (ay + be )8y = cel”.

This is a special case of equation 1.2.7.6 with f(z) = be’ and g(x) = ce’?.
w Az Bz, k\OW __  ux

15. am—l—(ae y + be y)ay_ce .

This is a special case of equation 1.2.7.12 with f(z) = 1, g1(2) = ae’®, go(x) = beP®, and
h(z) = ce!*.

8w k nAyyow _ B
16. aw—k(aw + bx"e )ay_ce .

This is a special case of equation 1.2.7.13 with f(z) = 1, g1 (x) = az*, go(x) = ba™, and
h(z) = ceP*.

17. 22w + ya—w = axe’*tHY,
ox oy
General solution: w = $e>‘””+“y + P <£>
AT+ py x

18. 22w + ya—w = aye™® + bxeMV.
ox oy
) b
General solution: w = 2@ + 22 oy + ® <£> .
Az Wy x

19. aazka—w 4+ beAya—w =cx" + s.
ox oy

This is a special case of equation 1.2.7.13 with f(z) = az*, g1(z) = 0, g2(x) = b, and
h(z) = cz™ + s.
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20. ayka—w + be)‘ma—w = ceM® + s.
ox oy

This is a special case of equation 1.2.7.14 with f(z) = a, g(x) = be*?, and h(z) = ce'® +s.

ow k Ow

21. ae)‘m% + by By =cx" + s.

This is a special case of equation 1.2.7.12 with f(z) = ae?®, g1(z) = 0, g2(z) = b, and
h(z) = ca™ + s.

22. aeAya—w + bwka—w = ce”® + s.
ox oy

This is a special case of equation 1.2.7.16 with f(x) = a, g(z) = bz*, and h(z) = ce'® + s.

1.2.3 Equations Containing Hyperbolic Functions
» Coefficients of equations contain hyperbolic sine.

ow ow . .
1. as— + ba—y = csinh(Az) + ksinh(py).

k
General solution: w = i}\ cosh(Azx) + ™ cosh(uy) + ®(bx — ay).
a 7

ow ow _ .
2. as— + ba—y = csinh(Az + py).

General solution:

cosh(Ax + py) + @(bx — ay) if aX+ bu # 0,
a\ +bu

w =
gaz sinh(Az + py) + @ (bx — ay) if aX+bu=0.

ow ow __ .
3. T + Ygy — O sinh(Az + py).

General solution: w = —— cosh(A\z + py) + @ <£>
AT+ py x

ow sen ow __ fonm hk
4, ag—+ bsinh (Aa:)a—y = csinh™(ux) + ssinh®(By).

This is a special case of equation 1.2.7.35 with f(z) = a, g1(x) =0, go(x) = bsinh™(A\z),
and h(z,y) = csinh™(ux) + s sinh®(By).

5. as + bsinh ()\y)% = c¢sinh™(ux) + ssinh®(By).

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = bsinh™(\y), hi(z) =
csinh™(pa), and ho(y) = s sinh®(By).
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» Coefficients of equations contain hyperbolic cosine.

ow ow __
6. as—+ ba—y = ccosh(Az) + kcosh(py).

General solution: w = i/\ sinh(Az) + bﬁ sinh(uy) + ®(bz — ay).
a 7

ow ow __
7. a—+ ba—y = ccosh(Azx + py).

General solution:

c
g)\ + b
P cosh(Az + py) + ®(bz — ay) if aX+bu=0.

sinh(Az + py) + ®(bz — ay) if aX +bu #0,
w =

ow ow
8. T + Yoy = % cosh(Azx + py).

General solution: w = —© sinh(Az + py) + @ <£>
AT+ py x

aw n a’UJ _ m k
9. a—+ b cosh (Aa:)a—y = ccosh™(ux) + scosh®(By).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(z) =0, go(z) = bcosh™(A\z),
and h(zx,y) = ccosh™(ux) + s cosh®(By).

10. ag—: + bcosh"(/\y)g_‘;’ = ccosh™(ux) + s cosh®(3y).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = bcosh™(\y), hy(x) =
ccosh™ (pux), and ho(y) = s cosh®(By).

» Coefficients of equations contain hyperbolic tangent.

ow ow __
11. a-—+ ba—y = ctanh(Az) + ktanh(py).

General solution: w = % In[cosh(Az)] + % In[cosh(py)] + @(bz — ay).

ow ow __
12. a—-— + ba—y = ctanh(Az + py).

General solution:
c
W — %)\ + bu
gwtanh()\x + py) + @(bx — ay) if aA+bu=0.

In[cosh(Az + py)] + ®(bx — ay) if aX+ by # 0,

ow ow
13. T—— + Yoy = OF tanh(Az + py).

General solution: w = ﬁwuy In [cosh()\x + ,uy)] + P <%>
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14. ag—:; + btanh"()\w)g—;’ = ctanh™(ux) + s tanh*(By).

This is a special case of equation 1.2.7.35 with f(z) = a, g1(z) =0, go(x) = btanh™(\x),
and h(z,y) = ctanh™ (uz) + s tanh*(By).

15. az—: + btanhn()\y)g—j = ctanh™ (px) + stanh®(3y).

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = btanh™(\y), hi(z) =
ctanh™ (px), and ho(y) = s tanh*(By).

» Coefficients of equations contain hyperbolic cotangent.
16. a2 4+ b2¥ — cooth(Az) + k coth(py)
' ox oy '

General solution: w = i/\ In|sinh(Az)| + bﬁ In|sinh(uy)| + ®(bz — ay).
a 7

ow ow
17. a-—+ ba—y = ccoth(Az + py).

General solution:

c
g)\ + b
—z coth(Az + py) + @(bx — ay) if a\+bu=0.

In|sinh(Az + py)| + ®(bx — ay) if aX+bu #0,

ow ow
18. T—— + Yoy = OF coth(Axz + py).

General solution: w = ——& ln‘sinh()\x + uy)| +o <£>
AT+ py x

19. ag—:; + bCOth"()\a:)g—l: = ccoth™(ux) + s coth®(By).

This is a special case of equation 1.2.7.35 with f(z) = a, g1(z) =0, go(x) = beoth™(\x),
and h(z,y) = ccoth™ (ux) + s coth®(By).

20. az—: + bCOthn()\y)g—Z = ccoth™(pux) + scoth®(By).

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = beoth™(\y), hi(z) =
ccoth™ (pux), and hy(y) = s coth®(By).

» Coefficients of equations contain different hyperbolic functions.
21, a2¥ 4 b2% — csinh(Az) + k cosh(uy)
' dx 8y '

k
General solution: w = i/\ cosh(Az) + ™ sinh(py) + ®(bz — ay).
a 7
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ow ow
22. a-—+ ba—y = tanh(Ax) + k coth(uy).

1
General solution: w = Y ln‘cosh()\:n)‘ + bﬁ 1n|sinh(,uy)‘ + &(bx — ay).
a 1

ow ow .
23. a-—+ ba_y = sinh(Ax) + ktanh(py).

1
General solution: w = Y cosh(Azx) + bﬁ ln|cosh(,uy)| + &(bx — ay).
a 1

ow ow .
24. a-—+ bcosh(uy)a—y = sinh(Ax).

1
General solution: w = Y cosh(Az) + ®(u), where u = bux — 2a arctan <tanh %)
a

ow . ow
25. ao—+ bsmh(uy)a—y = cosh(Ax).

1
General solution: w = = sinh(Az) + ®(u), where u = buzx — aln‘tanh ,u_; ‘
a

1.2.4 Equations Containing Logarithmic Functions

» Coefficients of equations contain logarithmic functions.

ow ow __
1. as— + ba—y = cln(Az + By).

General solution:

A
Y C(aj\vi:bﬁﬁy) [ln(/\a: + By) — 1] + ®(bx — ay) if a\ # —bs,
g:nln()\;n + By) + ®(bx — ay) if a\ = —bp.

ow ow __
2. as— + ba—y = cln(Az) + k1In(By).

General solution: w = gx [In(Az) — 1] + %y[ln(ﬂy) — 1] + @(bx — ay).

ow ow __
3. as— + bln(Ax) ln(ﬁy)a—y = cln(vyx).
General solution:

dy
In(By)

w = gm[ln(vx) —1] + ®(u), where  u = bz [In(Az) — 1] — a/

ow n ow __ m k
4 a2 L p(Aa) 2 = el (ua) + 5 In* (By)

This is a special case of equation 1.2.7.35 with f(z) = a, g1(z) = 0, go(x) = bln"(\x),
and h(x,y) = cIn™(uz) + s In*(By).
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aw n a’UJ _ m k
5. CE% + bln (Ay)a_y =cln (/J/w) + sln (IBy)

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = bIn"(\y), hi(z) =
cIn™(pux), and ho(y) = s In®(By).

n ow k ow __ m
6. aln ()\az)a—m + bln (,By)% =cIn™(vyx).
General solution:
¢ [ In"(yx) / dx / dy
=— | ————d ) h =bb | ——— — —_—.
w=g / Wwiag) P where w=b Faaney ) Wy
» Coefficients of equations contain logarithmic and power-law functions.

ow ow _ n k
7. a%—l—ba—y = cz" + sIn”(Ay).

General solution: w = mxnﬂ + % /lnk()\y) dy + ®(bx — ay).
Ow | 9w _ by? + cx™y + sIn*(\x)
ox oy '

This is a special case of equation 1.2.7.3 with f(z) = b, g(z) = cz”, and h(z) = s In*(\z).

9. 2% 1 49% _ pInk(Az) In"(By).
ox oy

This is a special case of equation 1.2.7.18 with f(z) = bIn*(\z) and g(y) = In"(By).
ow ny 0w __ k

10. 2= T (ay + bx )a—y = cIn”(Ax).

This is a special case of equation 1.2.7.6 with f(z) = bz™ and g(x) = cIn*(\z).

11. az2® + bya—w =zF(nlnz + miny)

' ox oy '

This is a special case of equation 1.2.7.28 with f(u) = Inu.

k Ow now __ m l
12. ax 2= T by By = cIln™(Azx) + sIn’(By).
General solution:
b
wzg/x_klnm()\x) da:—l—g/y_"lnl(ﬁy) dy+P(u), u:ﬂxl_k—linyl_"

1.2.5 Equations Containing Trigonometric Functions

» Coefficients of equations contain sine.

ow ow _ . .
1. as— + ba—y = csin(Ax) + ksin(py).

k
General solution: w = —% cos(A\x) — m cos(uy) + ®(bx — ay).
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Ow ow __ .
2. a—+ ba—y = csin(Ax + py).

General solution:

cos(Ax + py) + @(bxr — ay) if aX + bu # 0,

W — ;a)\—i-b,u

— sin(Az + py) + @(bx — ay) if aA+bu=0.
ow ow .
3. T —— + Yoy = % sin(Ax + py).

General solution: w = — % cos(A\x + py) + @ <£>
Ar + py x

ow en ow com .k
4. a-— + bsin (/\w)% = csin™(px) + ssin®(By).

This is a special case of equation 1.2.7.35 with f(z) = a, g1(z) = 0, go(z) = bsin"(\z),
and h(z,y) = csin™ (ux) + ssin®(By).

ow e n ow cm sk
5. as— + bsin (/\y)a—y = csin"(ux) + ssin”(By).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = bsin™(\y), hi(z) =
csin™ (ux), and ha(y) = ssin®(By).

» Coefficients of equations contain cosine.

ow ow __
6. as— + ba—y = ccos(Ax) + k cos(py).

k
General solution: w = % sin(Ax) + b sin(py) + @ (bz — ay).

ow ow
7. a—+ ba—y = ccos(Ax + py).

General solution:

i o — if
P sin(Az + py) + ®(bx — ay) if aX +bu #0,

gx cos(Az + py) + @(bx — ay) if a\+bu=0.
ow ow
8. T + Yoy = OF cos(Az + py).

General solution: w = ——& sin(Az + py) + @ <£>
AT+ py x

ow n ow m k
9. a2 4 beos™ (Ax) 22 = ccos™ () + s cos' (3y).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(z) =0, go(x) = bcos™(\x),
and h(z,y) = ccos™(ux) + s cos®(By).

10. az—: + bcos"’()\y)g—j = ccos™(ux) + s cos®(By).

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = bcos™(\y), hi(x) =
ccos™(px), and hy(y) = s cos®(By).
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» Coefficients of equations contain tangent.

ow ow __
11. as—+ ba—y = ctan(Az) + k tan(py).

k
General solution: w = —% In|cos(Az)| — m In|cos(uy)| + ®(bx — ay).

ow ow
12. ao—+ ba—y = ctan(Az + py).

General solution:

. ;a)\ j_ ” In|cos(Az + py)| + ®(bx — ay) if aX+bu # 0,
—ztan(Ax + py) + ®(bx — ay) if aA+bp=0.
a
13, 22w + ya—w = az tan(Ax + py)
' dx 8y '
General solution: w = ——© In|cos(Az + py)| + @ <£>
Az + py x

a’UJ n Bw _ m k
14. a-—+ btan (/\w)% = ctan™ (pux) + stan®(By).

This is a special case of equation 1.2.7.35 with f(x) = a, g1(z) =0, go(x) = btan™(A\z),
and h(z,y) = ctan™ (uzr) + stan®(By).

15. ag—: + btan"’(/\y)g—;j = ctan™(pxz) + s tan®(By).

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = btan™(\y), hi(z) =
ctan™(uzx), and ha(y) = stan®(By).

» Coefficients of equations contain cotangent.

ow ow __
16. a-—+ ba—y = ccot(Ax) + k cot(py).
. c . k .
General solution: w = = In|sin(Az)| + b In|sin(py)| + ®(bz — ay).

ow ow __
17. a—-— + ba—y = ccot(Ax + py).

General solution:

w={ a\ gy SO )|+ R0 —ay) i ad -+ b0,
—z cot(Az + py) + ®(bx — ay) if a\+bu = 0.
o

w ow
18. T—— + Yoy = OF cot(Ax + py).

General solution: w = —— ln‘sin()\x + uy)| +o <£>
AT+ py x
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a’UJ n Bw _ m k
19. a-—+ b cot (/\w)% = ccot™(px) + s cot”(By).

This is a special case of equation 1.2.7.35 with f(z) = a, g1(z) =0, go(x) = bcot™(Az),
and h(z,y) = ccot™ (ux) + s cot®(By).

20. ag—: + bcot"(/\y)g—;j = ccot™(pxz) + s cot®(By).

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = bcot™(\y), hi(z) =
ccot™(ux), and ha(y) = s cot®(By).

» Coefficients of equations contain different trigonometric functions.
21. o9% + b3 — sin(Ax) + ccos(py) + k
' ox oy '

k 1
General solution: w = T cos(Ax) + i sin(uy) + ®(bx — ay).

ow ow __ .
22. a—-— + ba—y = tan(Az) + csin(py) + k.

k 1
General solution: w = P A In|cos(Az)| — i cos(py) + ®(bx — ay).

ow ow .
23. a-—+ ba—y = sin(Ax) cos(py) + c.
General solution:

c cos(Ax — py)  cos(Ax + py)

Co— - O(ba — it o)+
e 2(ar — ) 2(ar+ bp) + ®(bz — ay) if a\+bu #0,
) T n[P e — ay)] - SSRE 1Y) Cay) if ar— by
W= + 50 sm[a (bz ay)} 20ax + bp) + ®(bxr —ay) if a\—bu=0,
c T TR cos(Ar — py) _
Co— L sin|Epr —ay)| - LRV g (p — £ —0.
ST~ 5 sin [ - (bx ay)} 3(ar —bp) + ®(bx —ay) if a\+bu=0

24. ag—:; + bsin(uy)g—Z = cos(Azx) + c.
General solution: w = gaj + % sin(Az) + ®(u), where u = bux — aln|tan(%,uy) .
25. a2@ + btan(uy)a—w = sin(Azx) + c.
oz By
General solution: w = gx - % cos(Az) + ®(u), where u = bux — aln|sin(uy)|.

ow ow __
26. a5— + btan(uy)a—y = cot(Ax) + c.

1
General solution: w = —z — Y In|sin(Az)| + ®(u), where u = bux — aln|sin(uy)|.
a a
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1.2.6 Equations Containing Inverse Trigonometric Functions

» Coefficients of equations contain arcsine.

Yy

1. Ow dw _ carcsin % + k arcsin 5

— +b
a ox + oy
General solution:

_ ¢ in = 22\ k n Y 2,2 _
w—a(xarcsm)\—k A x>+b(yarcsmﬁ+ B y)—i—@(bw ay).

Ow ow __ .
2. a-— + ba—y = carcsin(Ax + By).
1°. General solution for aA + b8 # 0:

w (Ax + By) arcsin(A\x + By) + /1 — (A\z + 53/)2] + &(bx — ay).

B c
al+bp
2°. General solution for a\ + b8 = 0:

w = gx arcsin(Az + fy) + ®(bxr — ay).

Ow ow __ .
3. T —— + y% = ax arcsin(Az + By).

1—(A 2
General solution: w = ax |arcsin(A\z + Sy) + o + By) I IEAN
Az + By x

4. ag—w + barcsin"(/\w)g—w = carcsin™(ux) + s arcsin®(By).
x y

This is a special case of equation 1.2.7.35 with f(z) =a, g1(x) =0, go(z) = barcsin™(A\z),
and h(z,y) = carcsin™(ux) + s arcsin®(By).

5. az—w + barcsin"()\y)‘:;—w = carcsin™(ux) + s arcsin®(By).
x y

This is a special case of equation 1.2.7.20 with f(x) = a, g(y) = barcsin™(\y), hy(z) =
carcsin™(pa), and ho(y) = s arcsin®(By).

» Coefficients of equations contain arccosine.

ow ow T Y
6. a— + b— = carccos = + k arccos =.
ox + oy A + B

General solution:

w = E(a:arccos% - \//\2—a:2> —I-%(yarccos%— \/52—112) + ®(bx — ay).

a
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ow ow
7. a—+ ba—y = carccos(Az + By).

1°. General solution for aA + b8 # 0:
c
- ° /1o 2| 4+ ®(bx — ay).
W= b (Az + By) arccos(Ax + By) (Ax + By) ] + & (bx — ay)
2°. General solution for a\ + b8 = 0:

w= <z arccos(Az + fBy) + (bx — ay).
a

ow ow __
8. T —— + y% = ax arccos(Ax + [By).

- 2
General solution: w = ax |arccos(Ax + fy) — )\i féﬂy) ] +@ <%>

9. az—: + barccosn()\a:)z—z = carccos™ (px) + sarccos®(3y).

This is a special case of equation 1.2.7.35 with f(z) =a, g1(z) =0, go(z) = barccos™ (\z),
and h(z,y) = carccos™(uxz) + s arccos®(By).

10. az—: + barccosn()\y)g—j = carccos™(px) + s arccos®(By).

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = barccos™(\y), h1(z) =
carccos™ (ux), and ho(y) = s arccos®(By).
» Coefficients of equations contain arctangent.

ow ow x Yy
11. — 4+ b— = carctan = + karctan =.
Aoz T05, =¢ x T 3

General solution:

_c T A2 9 k y B2 2
w=— {xarctan N In(A\° + 2z )] +7 [yarctan 52 In(8* +y°)| + ®(bx — ay).

ow ow __
12. a-—+ ba—y = carctan(Az + By).

1°. General solution for aA + b8 # 0:

W= i % {(Aﬂf + By) arctan(A\z + By) — %111[1 + (A\z + By)?] } + ®(bx — ay).

2°. General solution for aX + b3 = 0:

w= arctan(Az + By) + ®(bz — ay).
a
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ow ow
13. T—— + ya—y = az arctan(Ax + By).

General solution:

2
w = asfaretan(a + fy) - gt tnlo? o+ s e (4),

14. ag—w + barctan"(Aa:)g—w = carctan™ (px) + s arctan®(3y).

x y
This is a special case of equation 1.2.7.35 with f(z) =a, g1(x) =0, go(x) = barctan™ (\z),
and h(z,y) = carctan™ (ux) + s arctan® (By).

15. ag—w + barctan"(Ay)g—w = carctan™ (px) + s arctan®(3y).

x y
This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = barctan™(\y), hy(z) =
carctan™ (pux), and ha(y) = s arctan®(By).

» Coefficients of equations contain arccotangent.

ow ow x Y
16. a% + ba_y = carccot X + k arccot 3

General solution:

_c r A 9 9 k y B 9 9
w=— [marccot 3 + 5 In(A* + )] + 2 [yarccot 5 + 5 In(B* +y°)| + ®(bx — ay).

ow ow __
17. a-—+ ba—y = carccot(Ax + By).
1°. General solution for a\ + b3 # 0:

c
aX+bg
2°. General solution for a\ + b3 = 0:

{(Ax + By) arccot(Az + By) + % In[1+ (Az + By)?] } + O (bx — ay).

w= 23: arccot(A\zr + Sy) + ®(bx — ay).

ow ow
18. T—— + ya—y = ax arccot(Ax + By).

General solution:

— 1 2 a? Y
w = (l[L'{arCCOt(AZI + ﬁy) + mln xr° + W} } + @(;)

19. ag—: + barccot"()\a;)g_‘: = carccot™ (px) + s arccot®(By).

This is a special case of equation 1.2.7.35 with f(z) = a, g1 (x) =0, go(x) = barccot” (\z),
and h(z,y) = carccot™ (ux) + s arccot® (By).
20. ag—w + barccot"()\y)g—w = carccot™ (pux) + s arccot®(By).

&4 Y

This is a special case of equation 1.2.7.20 with f(z) = a, g(y) = barccot™(\y), hy(z) =
carccot™ (pux), and ha(y) = s arccot®(By).
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1.2.7 Equations Containing Arbitrary Functions

» Coefficients of equations contain arbitrary functions of x.

ow ow
1. as— +b8_y = f(x).

1

General solution: w = — / f(z)dz + ®(bx — ay).
a

(® Literature: E. Kamke (1965).

dw | G0w

e + aa_y = f(m)y

xT
General solution: w = / (y —ax + at) f(t) dt + ®(y — ax), where xo may be taken as
€T

0
arbitrary.

ow ow
2z T a5, = f@y" +9(@)y + h(z).

General solution:

w = p(@)y® + @)y + x(z) + ®(y — az),

where
o) = [ f@yds. o) = [[o6e) - 20p@)] do. (@) = [[bla) - av(a)] da.
® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
ow ow k
4, o —|—aa—y = f(x)y"~.

€T
General solution: w = / (y — azx + at)¥ f(t) dt + ®(y — ax), where zo may be taken as
€T

0
arbitrary.

dw
9y

= f(x)e.

ow
oz 1@
General solution: w = ¢*¥~9%) /f(:z:)e“m dr + ®(y — ax).

6. 3z +lay + F(@) 5 = (@)

General solution: w = /g(:n) dx + ®(u), where u = e "y — /f(x)e—a:c de.

ow ow
7z + v+ f@)] 5 = 9@)y".

This is a special case of equation 1.2.7.19 with h(y) = y*.
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ow

8 flo) g +v* 5 = ().

General solution:

y'F if kA1,
:/@dﬂﬂ-i-@(u), where u = _1 /f
fle yexp[ f( ) if k=1.
9. f(m) +(y+a)——by+c
General solution: w =by+ (c—ab)In |y+a|+®(u), where u=(y+a)exp [_ %]
0. F@)22 4 (y+az) 2 = g(a)

General solutlon.
[ g(=) . —% B dx
_/f(x)dﬂj‘+(1)<€ y—a f( )d$> where 2z = m
11 f(2) G + [01(@)y + go(@)] 3 = ha(@)y® + ha(@)y + ho().

General solution:

w = o(z)y* +Y(x)y + x(z) + ®(u), u=eCy— /e—G@ d,

f
where "
p(x) = €_2G/62G72 dz, G=G()= g—fl dz,
_ —a [ gl — 2900 [ ho—go¥
Y(x)=e /e —F dzr, x(z) —/7]C dx

(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
ow
12. f(x) 5= + [91(2)y + g2(x)y ]—y = h(z).

x)
General solution: w = / —— dz + ®(u), where
f()

LGk (] —c92@) o 1 g1(®) o
u= Yy (1 k)/ f(a:)d’ G=(1 k)/f(:n)d

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

13, £(@) 22 + [91(@) + g2(2)e™] 32 = h(a).

General solution: w = / % dx + ®(u), where
x

u=eME(x)+ A f((:E)) E(z)dz, E(z) = exp [)\/ “(;1((;)) dw].

(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
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14, f(2)y* 5o +9(2) G = h().
General solution: w = ®(u) + /1‘ % [u+ E(t)] _’fiﬂ dt, where

u =yt — E(z), E(z)=(k+1) / % dr, o may be taken as arbitrary.

15, f(w)y =+ [g1(2)y* " + g0 (w)]
= h2($)y3k+2 + h1(z)y* T + ho(z)y*.

The substitution z = y**! leads to an equation of the form 1.2.7.11:
ow ow 9
f( )%‘i‘(k-l-l)[ ( )Z—i-g()(l')]g :hg(l')z +h1(1‘)2’+h0(1‘).

Ay Ow w _
16, F@)e 2 4 g(@) 22 = h(z).
General solution:

T p(t)dt
w0 ) [u+ E®)]

where x( may be taken as arbitrary.

w=®(u) +

» Equations contain arbitrary functions of  and arbitrary functions of y.
ow ow __
17. as— + ba—y = f(x) + 9(y).

1 1
General solution: w = - / f(z)dx + 3 /g(y) dy + ®(bx — ay).

18. + = = f(z)g(y).

General solution: w = / f(t)g(y — ax + at) dt + ®(y — ax), where x( may be taken

as arbitrary.

19. ‘2—;’ + [ay + f(m)]‘Z—;” = g(z)h(y).

General solution:
o= [sn(eures [ st )arrat, umery [ reaa

In the integration, w is considered a parameter.
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2. f(z) gz +9w) 5 = hi(@) +ha(y).

General solution:
o= [ g 5 o)

21, fl(w)g—j + [f2(@)y + f3(z)y"] Z—Z = g(@)h(y).

The transformation & = / ?EZE; dz, n=y"~" leads to an equation of the form 1.2.7.19:
1\x
ow ow
e + (1= k)n+ F(6)] o G(§)H (n),

where F(§) = (1 —k) j:zg;’ G¢) = ng((a;)) and H(n) = h(y).

2. fi(@)91(y) o + fa(@)g2(y) G = ha(@)ha(y).

The transformation & = /
1.2.7.18:

ow  ow
o€ on

(@) dx, n= / 91(y) dy leads to an equation of the form
fi(@) 92(y)

= F(6)G(n), where F(§) =

8. [1(@)91(y) g + F2(2)g2(y) G = ha(®) + ha(y).

This is a special case of equation 1.2.7.38 with h(x,y) = hi(x) + ha(y).

» Equations contain arbitrary functions of complicated arguments.

ow ow __
24, a-— + ba—y = f(ax + By).

General solution:

m/f(z)d”q’(bx—ay) if ao+ b8 # 0,

w =
1
gxf(omc + By) + @ (bx — ay) if ac+ b8 =0,

where z = az + SBy.

25, wg—: + yg—;’j = wf(%) + yg(

8|e

)

General solution: w = xf<y> +yg<y> +¢(£>.
x

x T
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ow ow 2 2
26. w%—kya—y_f(a: + y*).

1 d
General solution: w = @(%) + 3 / f(ﬁ)g, where & = 2% + 2.

® Literature: V.F. Zaitsev and A. D. Polyanin (1996).

ow ow Yy 2 2
27 @S +yS = af(L) + 9@ +47).
Y 1

d
General solution: w = @(E) + xf(%) + 5 /g({)?§ where & = 22 + 92,

(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

ow ow __ k n, m
28. aw%—kbya—y_a: f(x™y™).

General solution:

1 an+bm m
—/mk_lf(:n a ua>d3:+<1>(u) if an # —bm,

a
1
w = —kwkf(ac"ym) + O (u) if an = —bm, k # 0,
—f(z"y™) In |z| + P (u) if an = —bm, k =0,
a

where u = y®=~°. In the integration, u is considered a parameter.
(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

ow ow n m
29. me—— + Yo, = f(az™ 4+ by™).

1 d
General solution: w = ®(y™2™") + — / f(§)§, where £ = az™ + by™.

2 Ow ow _ L
30. = %‘mea_y =y~ f(az + By).

y"* y
General solution: w = W /Zk_zf(z) dz + <I><E>, where z = ax + By.

f(x) ow 9(y) dw .
3L. f'(x) Bz + g’ (y) a_y - h(f(m) + g(y))'

General solution:

where u = M §=flz)+9(y).

a€
’ fz)’

w:q>(u)+/h(§) ¢

» Equations contain arbitrary functions of two variables.

ow ow
32. o —|—a% = f(xz,vy).

xT
General solution: w = / f(t,y — ax + at) dt + ®(y — ax), where xo may be taken as
o

arbitrary.
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General solution:

1 1
w= = / —f(;p, ul/a;pb/“) dx + ®(u), where wu = y“a:_b.
a ] =z

In the integration, u is considered a parameter.

3. f@) gz +o@)uG = hizy).

General solution:

wz@(u)+/wd:ﬂ, where u:%, Gzexp(/%d:n).

In the integration, u is considered a parameter.
(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

o o
3B f@) 5, + [91@)y + 90@)] 5 = k(. y).
General solution:

w:q)(u)—l—/wmc, U:%a

d
where G = exp < / g_; dm) and Q =G / g; Gw' In the integration, u is considered a

parameter.
® Literature: V.F. Zaitsev and A. D. Polyanin (1996).

36. f(:c)g—z + [g1(=)y + go(z)y"] ‘Z—Z’ = h(z,y).

For k = 1, see equation 1.2.7.34. For k # 1, the substitution £ = y' =¥ leads to an equation

of the form 1.2.7.35:
F@) G2+ (1= B o126 + golo)]

(® Literature: V. F. Zaitsev and A. D. Polyanin (1996).

ow L

a—fzh(m, 7).

o 13)
3. f(2)5, + [91(2) + go(@)e™] 5~ = h(z, ).
The substitution z = e~ leads to an equation of the form 1.2.7.35:

f(:n)g—: — Ag1(z)z —1—90(3:)]86—1: = h(:n, —ilnz)

8. f1(2)91(1) 52 + fa(2)g:(1) 52 = h(=, ).

The transformation & = / f2(@) de, n = / 91(9) dy leads to an equation of the form
fi(z) 92(y)
1.2.7.32: 5 5 hz.y)
w w x,y
— + —=F(&n), where F({,n) = ————
T 1) = @
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1.3 Equations of the Form
ow ow
f(z, y)% + g(w,y)a—y = h(z,y)w

@ The solutions given below contain an arbitrary function ® = ®(z).

1.3.1 Equations Containing Power-Law Functions

» Coefficients of equations are linear in  and y.

dw

ow _
1. a%—l—bay = cw.
Two forms of the representation of the general solution:
w= exp(gaz)fb(bx —ay), w= exp(%y)@(baz — ay).
a
ow ow __
2 aa—m —+ ya— = bw

General solution: w = |y|*®(|y|% ™).
(® Literature: E. Kamke (1965).

ow ow
3. r— — = aw.
ox Ty oy

Differential equation for homogeneous functions of order a with two independent variables.
General solution: w = z°®(y/x).

(® Literature: E. Kamke (1965).

ow ow) __
4, m(a% — ba—y) = cyw.

General solution: w = exp{i2 [(bz + ay) Inz — bz }q)(bx + ay).
a
ow __
5. T + y% = axw.

General solution: w = e**® (2)
x

ow ow
6. (w—a)%—k(y—b)a—y_w.
Differential equation of a conic surface with the vertex at the point (a, b, 0).

—b
General solution: w = (z — a)<I>< y )
T —a

7. (y+ aw)g—: + (y — aw)g—z = bw.

General solution:

{5 ).

2+ (a—1

where & =y + (a — 1)zy + az® and v = y/z.
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» Coefficients of equations are quadratic in  and y.

ow Ow _ 2 2
8. aa—m—l—ba—y_(a: Yy ) w

1
General solution: w = exp [3 2 (ba® — ay )] O (bx — ay).
9. 229 + aa:y— = by?w.
oz 9y

General solution:

bV N paey) i a s
o oxp| 5 z~ %) if a # 3,

x
exp<b—ln3:><1> —U2yyif a= 3.

10. az?2¥ 4 py2 3w

oy = (x + cy)w.

b
General solution: w = z/%y/*® <— — g).
T Yy

11. wza—w + ayZB—Z = (bx? + cxy + dy®)w.

dy?® + abry — bx? cxy
ay — T ay — x

X

Y

In

General solution: w = exp(

Jo(*5)

28w

12. yzaw + ax = (bx? + cy®)w

b
General solution: w = exp (c:n + —y> d (a:p?’ — yg).
a

w

13. a:y— + y2 dw _ = (bx 4+ cy + d)w.

General solution:

1—a)d—ab :
wcexp{%]@(x_ay) if a#1,

w= bx d Y .
exp|( — +c¢|Infz|——|®(=) if a=1
Y Y T

14. xz(ay + b)g—: + (ay? — bw)g—:’ = ayw.

r+y
- .

15. w(ky—w+a)——y(kw—y+a —y_b(y—a:)w

(x +i/y— a)¥ >

—-b
General solution: w = (z + y)® < @ +aln
Tty

General solution: w = (x +y — a)bq)(
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» Coefficients of equations contain other power-law functions.

ow ow 3 3
16. a-— + ba—y = (cx” + dy°)w.

bex* + ady*
General solution: w = exp <C:E4+%> O (bx — ay).
a

17. mg—w —I—yg—w =avz? + y?2 w.
s Y

General solution: w = exp <a\/ x? +y? > o (2)
x

2 Ow ow _ 2
18. = B + Y5y = Y (ax + by)w.
b 2
General solution: w = exp [(aw;jy)y] d <£>
T T

2 Ow

19. = Yoo + amyzg—zj = (bxy + cx 4+ dy + k)w.

General solution:

k
lexp|——— — d_c <I>(a:_“y) if a# —1,
w — (a+1lzy = ay
exp[<£+b hr1|a:|+£—g O (zy) if a=-1.
ry y oy
20 2 Ow 2 Ow __ 2 2
. azy”—— bx ya—y = (any*® 4+ bmz*)w.

General solution: w = 2"y ®(ay? — bx?).

21. w3g—: + ay3?9—1: = wz(bw + cy)w.

General solution:
\/ w2y2 |
w=exp|c\/ —=—"=1n
p 22 — ay?

» Coefficients of equations contain arbitrary powers of x and y.

ow ow __ n m
22. ao—+ ba—y = (cz" 4+ dy™)w.

d
n+1 + m+1

General solution: w = ®(bx — ay) exp pEE) b £ 1)

2 2 2

T T T4 — ay

——a+= +bx>@<7>.
\/y2 y‘ x2y?
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ow ow n
23. a— + ba—y = cx"yw.

General solution:

cla(n + 2)y — bx]z"t! . )
exp{ 2t DT 2) }@(bw —ay) if n#-1,-2;

w = { exp —gm(l—lnaj)—i—gylnaj O(br —ay) if n=—1;
a a

b
keXP a_g(l +Inx) — %} O (br — ay) if n=-2.

ow ow __ 2 2\k
24. T—— —I—ya—y =a(z® + y°)"w.
General solution: w = exp [i(wz + y2)k} @(2).
2k T

25. axd® + bya—w = cx"y"w.
ox oy

General solution:

C

S R YT —-b if b 0
. exp an—l—bmmy > (y:n ) if an +bm # 0,
exp Ex"ym lna:)@(yaaj_b) if an 4+ bm = 0.
a
ow ow __ n m
26 aa:a——l— ya—y_(cm + ky™)w

k
General solution: w = exp <iw" + —ym> @(yax_b).
an bm

ow ow n m\k
27. mx—— + Yo, = (az™ + by™)"w.

1
General solution: w = exp [ (az™ + bym)k] O(y"z").
mnk

n Ow mOow __ k s
28. ax %—I—by a—y_(ca: + dy®)w.

This is a special case of equation 1.3.7.19. General solution:
k—n+1 d s—m+1
cx Yy } B (u), ye & Y

alk —n+1) +b(s—m+1)

w:exp[

naw m Bw_ k, s
29. ax %—I—bm ya—y_(ca: Yy —I—d)'w.

This is a special case of equation 1.3.7.32 with f(x) = az™, g(x) = bz™, and h(z,y) =
cxFys + d.
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ow ky Ow
30. aw"% + (ba:my + cx )a—y = (swpyq + d)'w.
This is a special case of equation 1.3.7.33 with f(z) = az™, g1(x) = bz™, go(x) = cx”,
and h(z,y) = szPy? + d.

w

n Ow m, kO
3l. ax %—I—bm Yy e

= (cmpyq + s)w.

This is a special case of equation 1.3.7.34 with f(z) = az™, g1(z) = 0, go(x) = bz™, and
h(z,y) = cxPy? + s.
L Ow now m
32. ay B + bx By (cw —|—s)w.
This is a special case of equation 1.3.7.14 with f(x) = a, g(x) = bx", and h(z) = cz™ + s.
ow Ow
33 z[z" + (2n — 1)y"] 2= T yly™ + (2n — 1)z By = kn(z" + y™)w.
(xn o yn)2 >

General solution: w = (z" — y")F®
Y

34. z[(n—2)y" — 22" g—: +y[2y" — (n — 2)z"] ‘Z—:’
= {[la(n — 2) + 2b]y"™ — [2a + b(n — 2)]z" }w.

General solution: w = x“yb¢><

1.3.2 Equations Containing Exponential Functions

» Coefficients of equations contain exponential functions.

1. aa—w + ba—w = ce®® 1Py,
ox oy

General solution:

o exp m&ﬁﬁy> O (bx — ay) if aa+bp #0,
exp Eweaﬁﬁy) O (bx — ay) if aa+05 =0.
a

Ow | 0w _ (pe)n 1y
2. aaw—l—bay_(ce + ke )w.

k
General solution: w = exp e O (bx — ay).
ax bu

3. ae)‘ma—w + beﬂyZ—w = cw.

ox y

General solution: w = exp <—%e_>‘x> @(bﬁe_)‘m — a)\e_ﬁy).
a
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4, ae)‘ya—w + beﬁma—w = cw.
ox o

Y
General solution: w = exp[ c(fr = \y)
a

A p
W]@(aﬁe v b/\eﬁ )

5. aeA‘”g—w + beﬁwg—w = ce"Yw.
(4 Yy

This is a special case of equation 1.3.7.33 with f(z) = ae*?, g1(z) = 0, go(x) = be’®, and
h(z,y) = ceV.

)\ma_’w ,@ya_’w _ Yy oy
6. ae 5% + be oy — (ce + se )w.
This is a special case of equation 1.3.7.19 with f(z) = ae**, g(y) = be®, hy(z) = ce?®,
and ho(y) = se®.

This is a special case of equation 1.3.7.35 with f(z) = ae’®, g1 (x) = be?®, go(x) = ¢, and
h(z,y) = sel® + ke®¥ + p.

8. aeﬂmg—: + (be"/”c + ceAy)g—Z = (se““’+5y + k:)w.

This is a special case of equation 1.3.7.35 with f(z) = ae’®, g1 (x) = be?®, go(x) = ¢, and
h(z,y) = set*+oy 4 k.

9. aeﬁwg—: + be”“')‘yg—:’ = (ce“‘”+5y + k:)'w.

This is a special case of equation 1.3.7.35 with f(z) = ae®®, g1(x) =0, go(z) = be®, and
h(z,y) = cet* Y 4 k.

Ay Ow Bz Ow _ (.onw
10. ae 5% + be oy (ce —+ k)'w.
This is a special case of equation 1.3.7.15 with f(z) = a, g(z) = be’*, and h(z) = ce"® + k.

» Coefficients of equations contain exponential and power-law functions.

11. a—am +b_8y = (cye + kxe )w.
General solution: w = exp | —e (y — b + ﬁe“y - L O (bx — ay)
C T ORI L bu bu v
12. 29w + ya—w = aze™ Ty,
ox oy

General solution: w = exp <$e>‘””+“y> P <£>
AT+ py x
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w , Ow _ Az ny
13. waw —|—yay = (aye + bxe )w.

b
General solution: w = exp <ﬂem + —we“y> ) <£>
Az Wy x

14. ax %—l—be a—y_(ca: +s)w.

This is a special case of equation 1.3.7.13 with f(z) = az*, g1(z) = 0, g2(x) = b, and
h(z) = cz™ + s.

15. aykg—w + be)‘m(:;—l: = (ce‘”c + s)'w.

T

This is a special case of equation 1.3.7.14 with f(z) = a, g(x) = be**, and h(z) = cel® +s.

16. ae %—I—by a—y_(cac —|—s)w.

This is a special case of equation 1.3.7.12 with f(x) = ae’®, g1(z) = 0, go(z) = b, and
h(z) = cz™ + s.

Ay Bw kOw _ (omw
17. ae 8m—|—bw oy _(ce —|—s)w.

This is a special case of equation 1.3.7.15 with f(x) = a, g(z) = bx*, and h(z) = ce'® + s.

1.3.3 Equations Containing Hyperbolic Functions

» Coefficients of equations contain hyperbolic sine.

ow ow __ . .
1. as— + ba—y = [esinh(Az) + Esinh(py)|w.

General solution: w = exp % cosh(Ax) + bﬁ cosh(,uy)] O (br — ay).
a T

ow ow .
2. a-— + ba—y = csinh(Az + py)w.

General solution:

exp cosh(A\z + ,uy)] O(bx —ay) if a\+bu #0,

c
al+bu

w =
exp gzn sinh( Az + ,uy)] O (bx — ay) if aX+bu =0.

ow ow .
3. T—— + Yoy = OF sinh(Az + py)w.

General solution: w = exp [$ cosh(Azx + uy)] P <£> .
Ar + py x
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d - d o .
4. a% + bsinh (Ax)a—‘: = [esinh™(pzx) + s sinh*(By)]w.

This is a special case of equation 1.3.7.33 with f(z) = a, g1(z) =0, go(x) = bsinh™(A\z),
and h(zx,y) = csinh™ (uzx) + s sinh®(By).

ow s ow __ F oM ik
5. as— + bsinh (Ay)% = [esinh™ (ux) + ssinh*(By)]w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = bsinh™(\y), hi(z) =
csinh™(pa), and ho(y) = s sinh®(By).

» Coefficients of equations contain hyperbolic cosine.

5] o
6. a% + ba—z = [ccosh(Az) + kcosh(py)|w.

k
General solution: w = exp % sinh(Ax) + ™ sinh(,uy)] O (br — ay).
a 1

ow ow
7. a—+ ba—y = ccosh(Azx + py)w.

General solution:

exp sinh(A\z + ,uy)] O (bx — ay) if a\+bu #0,

w— ai+bu

exp gx cosh(Azx + ,uy)} O (bx — ay) if aX+bu = 0.

ow ow
8. T—— + Yoy = OF cosh(Az + py)w.
General solution: w = exp [$ sinh(Ax + ,uy)} ) <£> .
Az + py x

) 8
9. aa_: + bcosh“()\a;)a_’;’ = [ccosh™ (px) + s cosh*(By)]w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) =0, go(x) = becosh™(\x),
and h(z,y) = ccosh™ (ux) + s cosh*(By).

a’UJ n a’UJ _ m k
10. a-—+ b cosh (Ay)a—y = [ecosh™(ux) + scosh®(By)|w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = bcosh™(\y), hy(x) =
ccosh™ (pux), and ho(y) = s cosh®(By).

» Coefficients of equations contain hyperbolic tangent.
ow ow
11. ao—+ ba—y = [ctanh(Az) + k tanh(py)|w.

k
General solution: w = exp % In cosh(Az) + b Incosh(py) | ®(bz — ay).
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dw
9y

General solution:

12. ag—:; + b— = ctanh(Az + py)w.

In cosh(Az + ,uy)} O(bxr —ay) if a\+bu #0,

w — P (é)\ + b
exp gxtanh(/\m + ,uy)] O (bx — ay) if aX+bu=0.
13, 22w + ya—w = aztanh(Az + py)w
' ox oy '

ax Yy
—1 h(A ol = .
Nt n cosh( ac+,uy)} <w>

General solution: w = exp[
a’UJ n a’UJ _ m k
14. a-—+ btanh (Am)a—y = [ctanh™(px) + stanh®(By)]w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) =0, go(z) = btanh™(A\z),
and h(x,y) = ctanh™ (uz) + s tanh*(By).

ow n ow __ m k
15. a5— + btanh (Ay)a—y = [ctanh™ (px) + s tanh*(By)|w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = btanh™(\y), hi(z) =
ctanh™(pzx), and ho(y) = s tanh*(By).

» Coefficients of equations contain hyperbolic cotangent.

o o
16. aa—z + ba—z = [ccoth(Az) + k coth(py)]|w.

General solution: w = exp(i/\ In|sinh(Az)| + bﬁ ln‘sinh(uyﬂ) O (bx — ay).
a 7

ow ow __
17. a-—+ ba—y = ccoth(Ax + py)w.

General solution:

ai+bu

exp< ¢ ln‘sinh()\w + uy)|> O(bx — ay) if a\+bu #0,
w =
exp {Ex coth(Az + uy)] O (bx — ay) if a\+bu=0.
a

ow ow __
18. T—— + Ypy = 0% coth(Axz + py)w.

General solution: w = exp (#ﬂj#y ln‘sinh(/\x + py) ‘> P (%)
ow n ow __ m k
19. a—-— + bcoth (Am)a—y = [ccoth™(px) 4 s coth®(By)|w.

This is a special case of equation 1.3.7.33 with f(z) = a, g1(z) =0, go(x) = bcoth™(\x),
and h(z,y) = ccoth™ (uz) + s coth®(By).
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a’UJ n Bw _ m k
20. a-—+ b coth ()\y)% = [ccoth™(pux) + s coth®(By)]|w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = bcoth™(\y), hy(z) =
ccoth™ (puz), and ha(y) = s coth® (By).

» Coefficients of equations contain different hyperbolic functions.

o o .
21. aa—z + ba—z = [esinh(Az) + k cosh(py)|w.

k
General solution: w = exp % cosh(Ax) + ™ sinh(uy) | ©(bx — ay).
a 1t

ow ow
22. ao—+ ba—y = [tanh(Az) + k coth(py)]|w.
General solution: w = cosh'/ ™ (\z) sinh®/* (uy)® bz — ay).

ow . ow __
23. B + asmh(uy)% = bcosh(Azx)w.

b
General solution: w = exp [X sinh()\w)} ¢ (aum — ln‘tanh % D

ow . ow __
24. 2= T asmh(uy)% = btanh(Ax)w.

General solution: w = cosh?* (\z)® (a,ux - ln‘tanh % D

25. aSinh()\a:)g—: + bCOSh(,uy)g—Z = w.

A b A
General solution: w = tanh/®* <7$> d <2a arctan (tanh %) + 7'“ ln‘coth ; D .

26. atanh(/\a:)g—: + bCOth(,uy)g—Z =w

General solution: w = sinh"/ “)‘()\w)q)(cosha)‘(uy) sinh =% (Az)).

1.3.4 Equations Containing Logarithmic Functions

» Coefficients of equations contain logarithmic functions.

ow ow
1. as— + ba—y = cln(Az + By)w.
General solution:

exp C(;\;i:f;)(ln()\w + By) — 1)} O(br —ay) if a\ # —bp,
exp Ex In(Az + By)] O (bx — ay) if aX = —bp.

w =
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5] o
2. a% + ba—z = [cIn(Az) + kIn(By)]w.

k
General solution: w = exp gx(ln()\x) -1)+ zy(ln(ﬁy) —1) | ®(bz — ay).

ow n ow m k
3. a —+ bln (/\w)% = [eIn™(pzx) + s In*(By)]w.

This is a special case of equation 1.3.7.33 with f(z) = a, g1(x) = 0, go(z) = bIn"(A\z),
and h(z,y) = cIn™(uz) + sIn*(By).

ow n ow __ m k

4. as— + bln (Ay)a—y = [eIn™(px) + sIn®(By)|w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = bIn"(\y), h1(z) =
cIn™ (pzx), and ho(y) = sIn*(By).

ow ow __
5. ln(ﬁy)% + aln()\a:)% = bw In(By).
General solution: w = e ®(u), where u = ax [1—In(Az)] +y[In(By) —1].

6. aln"(/\w)g—: + blnk(,@y)g—Z =cIn™(yx)w.

General solution:
¢ [ In"(vyx) / dx / dy
w (u) exp[a/ ) dm], where u =b o ) a o (Gy)

» Coefficients of equations contain logarithmic and power-law functions.

ow ow n k
7. a-— +b8_y = [ca: + sln (/\y)]w.

General solution: w = ®(bx — ay) exp [ﬁw”ﬂ + % /lnk()\y) dy} .

ow ow 2 n k
B + aa—y = [by +cx"y + sln (/\w)]w.
This is a special case of equation 1.3.7.3 with f(z) = b, g(z) = cz”, and h(z) = s In*(\z).
Sw _ bIn®(Az) In"(By)w.
oy
This is a special case of equation 1.3.7.17 with f(z) = bIn*(\z) and g(y) = In"(By).

ow
9. %—I—a

ow ny 0w __ k
10. 22 T (ay + bx )a—y = cIn”(Az)w.
This is a special case of equation 1.3.7.6 with f(z) = bz" and g(x) = cIn*(\z).

ow ow _ _k
11. aw%—kbya—y =z"(nlnz + mlny)w.

This is a special case of equation 1.3.7.26 with f(u) = Inu.
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L Ow now m 1
12. ax B + by By [cIn™(Az) + s In'(By)]w.

General solution:
w = ®(u) exp {2 /x_klnm()\x) dr + % /y_" In'(By) dy} ,

b 1—k a 1-n
1—k" 1-n?

1.3.5 Equations Containing Trigonometric Functions
» Coefficients of equations contain sine.

ow ow .
1. as— + ba—y = csin(Az + py)w.

General solution:

exp cos(Ax + uy)] O(bx —ay) if aX+bu #0,

_a)\—l-b,u

w =
exp “ sin(Az + uy)] O (bx — ay) if aX+bu=0.
a

ow ow __ . .
2. ao—+ ba—y = [esin(Azx) + ksin(py)|w.

k
General solution: w = exp S cos(Azx) — — cos(,uy)} O (bx — ay).
| aA b
3. 22w + ya—w = azxsin(Az 4+ py)w.
ox oy
General solution: w = exp | ———— cos(Az + uy)] o <£>
| Az 4 py x

4. az—: + bsin”()\az)g—j = [esin™(ux) + ssink(ﬁy)]w.

This is a special case of equation 1.3.7.33 with f(z) = a, g1(z) = 0, go(z) = bsin"(\z),
and h(z,y) = csin™ (uz) + ssin®(By).

ow en ow __ m sk
5. a—— + bsin ()\y)a—y = [esin™(px) + ssin®(By)|w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = bsin™(\y), hi(z) =
csin™ (px), and hy(y) = ssin®(By).

» Coefficients of equations contain cosine.
ow ow
6. as— + ba—y = ccos(Ax + py)w.

General solution:

exp sin(Az + uy)] O (bx —ay) if a\+bu #0,

c
aX+bu

w =
exp S cos(Axr + uy)] O (bx — ay) if a\+bu=0.
a



1.3. Equations of the Form f(z,y) %% + g(m,y)%—Z’ = h(x,y)w 103

ow ow
7. a—+ ba—y = [ccos(Az) + k cos(py)]w.

k
General solution: w = exp [% sin(Azx) + m sin(,uy)] O (br — ay).

ow ow
8. T —— + Yoy = % cos(Az + py)w.
General solution: w = exp [$ sin(Az + ,uy)} o <£>
Az + py x

5] n o m
9. a% + bcos ()\a:)a—l: = [ccos™(ux) + scosk(,@y)]w.

This is a special case of equation 1.3.7.33 with f(z) = a, g1(z) = 0, go(x) = bcos™(Ax),
and h(z,y) = ccos™ (ux) + s cos®(By).

a’UJ n Bw _ m k
10. a-—+ b cos ()\y)% = [ccos™(ux) + s cos®(By)|w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = bcos™(\y), hi(z) =
ccos™(ux), and ha(y) = s cosk(By).

» Coefficients of equations contain tangent.
11. a2¥ 4 p2w = ctan(Ax + py)w.
ox oy

General solution:

o exp<—ﬁ In|cos(Az + ,uy)‘) O(bx — ay) if a\ # —bu,

exp [gm tan(Ax + ,uy)} O (br — ay) if aXA = —bpu.
12. o9% + b — [ctan(Az) + k tan(py)|w
' ox oy '

. c k
General solution: w = exp (—a In|cos(Az)| — m In|cos(py) ‘) O (bx — ay).

ow ow __
13. T + Yo, = 0T tan(Az + py)w.

ax y
N In|cos(Az + M?J)‘) ‘I><;>

General solution: w = exp (—
ow n ow __ m k
14. a5— + btan (Am)% = [ctan™(ux) + s tan®(By)]w.

This is a special case of equation 1.3.7.33 with f(z) = a, g1(x) =0, go(z) = btan™(\z),
and h(z,y) = ctan™(px) + stan®(By).

17) n 9 m
15. aa—: + btan (Ay)a—;’ = [ctan™(ux) + stank(ﬁy)]'w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = btan™(\y), hi(x) =
ctan™(pzx), and ha(y) = stan®(By).
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» Coefficients of equations contain cotangent.

ow ow
16. a-—+ ba—y = ccot(Az + py)w.

General solution:

exp( ¢ ln‘sin(/\m + ,uy)‘) O(bxr — ay) if aX # —bu,

w — al+bu
exp [gx cot(Ax + ,uy)} O (br — ay) if a\ = —bpu.
17. a2¥ 4 p2w = [ccot(Ax) + k cot(py)]|w
' ox Oy '

General solution: w = exp(i/\ In|sin(Az)| + bﬁ ln‘sin(uyﬂ) O (bx — ay).
a 7

ow ow __
18. T—— + Ypy = 0% cot(Ax + py)w.
General solution: w = exp <$ In|sin(Az + ,uy)|> o (2)
AT+ py x

ow n ow __ m k
19. ao—+ b cot (/\w)% = [ccot™(uzx) + s cot®(By)]w.

This is a special case of equation 1.3.7.33 with f(x) = a, g1(x) =0, go(z) = bcot™(\x),
and h(z,y) = ccot™(ux) + s cot®(By).

20. ag—:; + bcot"(/\y)g—l: = [ccot™(uzx) + s cot®(By)]w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = bcot™(\y), hi(z) =
ccot™ (ux), and ha(y) = s cot®(By).

» Coefficients of equations contain different trigonometric functions.

21, 2w ag—Z = [bsin(Az) + k cos(py)|w.

ox
. k. b
General solution: w = exp ” sin(py) — Y cos(A\z) | ®(ax — y).
22. 2w + ad® — [bsin(Az) + k tan(py)|w
" O oy '
b
General solution: w = exp [_X cos(/\az)] cos® M (py)® (az — y).

ow . ow
23. 2= T asm(uy)a—y = bw tan(Ax).

General solution: w = cos_b/)‘()\x)q) <a,uw — ln‘tan % D
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ow ow __ .
24. 2= T atan(uy)% = bw sin(Ax).
: b .
General solution: w = exp DY cos(Ax)| P (aum — In|sin(uy) ‘)

25. sin()\m)g—: + ag—z = bw cos(py).

General solution: w = exp [i sin(,uy)} ) </\y + bln‘cot %r D .
ap
26. cot()\az)a—w + ad% — bw tan(py).
ox oy
General solution: w = cos™%“*(1uy)® ()\y + bln‘cos()\x)D.
1.3.6 Equations Containing Inverse Trigonometric Functions
» Coefficients of equations contain arcsine.

ow ow T . 2)
1. aam +b8y = (carcsm X + k arcsin 3 w.

General solution:

_ < in L 2.k in 2 2 2 _
w = exp[a <:L"arcsm 3 + VA -z ) + 2 <yarcsm 5 +vV32 -y )]@(bx ay).
2. a2¥ 1 p2v — carcsin(Azx + By)w
' dx 8y '
1°. General solution for aA + b3 # 0:
cAz+By) 1— (Az + py)?
= _ o — .
w exp[ N bp arcsin(\x + By) + AT 08 (bx — ay)

2°. General solution for a\ + b8 = 0:

w = exp [gw arcsin(Az + ﬁy)} O (bx — ay).

3. z=— + yg—Z = ax arcsin(Az + By)w.

1—(A 2
General solution: w = exp |az arcsin(Az + fy) + ax (Az + fy) oY),
Ax + By x

4. az—: + barcsin"()\az)g—j = [carcsin™ (px) + sarcsink(,@y)]w.

This is a special case of equation 1.3.7.33 with f(x) =a, g1(x) =0, go(x) = barcsin” (\z),
and h(z,y) = carcsin™ (ux) + s arcsin®(By).

5. az—: + barcsin"()\y)g_z = [carcsin™ (ux) + s arcsink(ﬁy)]w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = barcsin™(\y), hy(z) =
carcsin™(pa), and ho(y) = s arcsin®(By).
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» Coefficients of equations contain arccosine.

6. az—: —+ bg—;j = (carccos§ + k arccos %)w

General solution:

w = exp [g <:L"arccos % — VA2 - :L'2) + %(yarccos% — /32— y2)]<1>(b:£ — ay).

ow ow __
7. as— + ba—y = carccos(Az + By)w.
1°. General solution for a\ + b3 # 0:

c(A\x + By)
aX+ bg

1— (\z + By)?
a +bB

w = exp[ arccos(Az + fy) — } O (bxr — ay).
2°. General solution for aA + b3 = 0:

w = exp {gm arccos(Azx + 5@/)] O (bxr — ay).

8. xx—+ yg—Z = ax arccos(Az + By)w.

1—(A 2
General solution: w = exp |ax arccos(Az + fy) — ax (Az + fy) oY),
Ax + By x

aw n a’UJ _ m k
9. a—+ b arccos ()\a:)a—y = [carccos™ (px) + s arccos®(By)|w.

This is a special case of equation 1.3.7.33 with f(x) =a, g1(z) =0, go(x) = barccos™(A\z),
and h(z,y) = carccos™ (ux) + s arccos® (By).

10. ag—: + barccosn()\y)g—Z = [carccos™ (px) + sarccosk(,@y)]w.

This is a special case of equation 1.3.7.19 with f(x) = a, g(y) = barccos™(\y), hi(z) =
carccos™ (ux), and ho(y) = s arccos”®(By).

» Coefficients of equations contain arctangent.

ow ow T Y
11. a% + ba_y = (c arctan X + k arctan ﬁ)w'

General solution:

w :exp{g [w arctan % — % ln()\2+x2)] —i—% [y arctan % — g ln(52+y2)] }@(bw—ay).
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ow ow
12. a-—+ ba—y = carctan(Az + By)w.
1°. General solution for aA + b8 # 0:

"= ex {c(Ax—Fﬂy)
R PPN

In[l + (A\z + By)?]
2(aX 4+ bpB)

arctan(A\z + fy) — }@(baz —ay).

2°. General solution for a\ 4+ b8 = 0:

w=exp|a arctan( Az + ﬁy)] O (bx — ay).
a

13. 2% 4+ 42 — grarctan(Az + By)w.
ox oy
General solution:

2
w = exp{aw arctan(Az + fy) — m In [wQ n (}\xf_w} }q)<%>

14. ag_w + barctan”(Am)‘z_w = [carctan™(pz) + sarctan®(By)]w.
T Yy
This is a special case of equation 1.3.7.33 with f(z) =a, g1 (x) =0, go(x) = barctan™ (\z),
and h(z,y) = carctan™ (ux) + s arctan®(By).
15. ag_w + barctan”(Ay)g_w = [carctan™ (uz) + s arctan®(By)]w.
T Yy
This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = barctan™(\y), hy(z) =
carctan™ (pux), and ha(y) = s arctan®(By).

» Coefficients of equations contain arccotangent.

ow | pow _ z 2)
16. aaw + bay = (carccot X + k arccot 3 w.
General solution:

w :exp{g [w arccot ;—F% ln()\2+x2)] —i—% {y arccot %+§ ln(52+y2)] }@(bw—ay).

ow ow
17. a —+ ba—y = carccot(Ax + By)w.
1°. General solution for aA + b8 # 0:

" — eXp{c()\x + By) In[1 + (Az + By)?]

2(aX 4+ bpB)

arccot(A\zr + Sy) +

T bB }@(baz—ay).

2°. General solution for a\ + b8 = 0:

w=exp|a arccot(Ax + ﬁy)] O (bx — ay).
a
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ow ow
18. T—— + ya—y = ax arccot(Ax + By)w.

General solution:

ar 2 z? Y
w = expy az arccot(Ax + [y) + m In|z” + W P p
19. az—‘: + barccot“(Am)Z_’: = [carccot™ (ux) + s arccot®(By) | w.

This is a special case of equation 1.3.7.33 with f(x) =a, g1(x) =0, go(x) = barccot™(A\z),
and h(z,y) = carccot™ (ux) + s arccot® (By).

20. az—‘: + barccot“(Ay)g_’;’ = [carccot™ (uz) + s arccot”(By)|w.

This is a special case of equation 1.3.7.19 with f(z) = a, g(y) = barccot”(\y), h1(z) =
carccot™ (ux), and ho(y) = sarccot®(By).

1.3.7 Equations Containing Arbitrary Functions

» Coefficients of equations contain arbitrary functions of .

ow ow
1. a—+ ba—y = f(z)w.

1
General solution: w = exp [g / f(z) dw] O (br — ay).

ow ow __
Bm + aB_y = f(z)yw.

xT

General solution: w = exp {/ (y—azx+at)f(t) dt} ®(y —ax), where x( may be chosen
€T

arbitrarily. ’

3. o tage = [F@* +9(@)y + h(@)]w.
General solution:
w = exp[p(z)y” + Y(x)y + x(z)] ®(y — ax),
where
o) = [ f@)dz, dl@) = [ lgta) - 20p(@)] do. x(@) = [ [h(o) - avi@)]
® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

ow ow __ k
%‘Faa—y—f(m)y w.

xT

General solution: w = exp [/ (y—ax+at)* f(t) dt} ®(y—ax), where xg can be chosen
x

arbitrarily. ’
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dw | 40w _ Ay
5. o T @ oy = f(x)eMw.
General solution: w = exp [e/\(y_ax) /f(a:)ea)‘x daz} O(y — ax).

ow ow
General solution: w = exp [/ g(x) d:n] ®(u), where v =e “y — /f(a:)e_‘” dx.

ow ow __ k
7. B + [ay + ‘f(m)]a_y = g(m)y w.
This is a special case of equation 1.3.7.18 with h(y) = y.

ow kOw
8. f(w)% +y By g(r)w.
General solution:
1 dr .
— + | —— if k#1,
[ o) et wm TR
w=exp| [ T dx|P(u), where u = d
f(@) Y exXp [— v if £k=1.
f(z)
9. F@)22 4 (y+a) 22 = (by + cw.
; c—ab b dx
General solution: w = (y + a)” e ®(u), where u = (y + a)exp |— @]
x

10. f(-'r) —+(y+ am)— = g(z)w.

General solution:

= ex 9(z) T e *y—a e T where 2z = dx
v= p[ f(w)d]q)< y /f(x)d>’ " @)
1L f(@) 55 + (0@ +00@)] G = [ha(@)y® + ha(@)y + ho(@)]w

General solution:

w = exp[p(z)y® + Y()y + x(z)] 2 (u), u=e%y— /e—G@ da,

f
where b
o(z) = 6_2G/ 26 f2 dx, G=G(x) = g—fl dx,
_ —c [ ah—2g90 _ [ ho—g0¥
P(x)=e /e 7 dr, x(z) /7]C dx

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
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12, f@) G2 + [1(@)y + g2()y"] 52 = h(@)w.
ion: w = ex Mz) x| ®(u), where
General solution: w = p[ ) d }I)( ), wh
— o Gylk _ (1 _ e—G92(9€) " —(1_ 91 () "
U= y (1 k)/ f(x)d’ G=(1 k)/f(ac)d

(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

13, £@) 22 + [91(2) + 92(0)e*] 32 = h(a)w.

General solution: w = exp[ (z) dx} ®(u), where

h

f(z)
92(x)
f(z)

® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

uw=e ME(x)+ A

E(x)dzx, E(x) =exp [)\/ gfl((;)) dw].

ox

14 f@)y* G +9(x) 5 = h(z)w.

T h __k_
General solution: w = ®(u) exp{ % [u+ E(t)] *1 dt}, where
Zo

w=y"* —E), E@) =(k+1) / % dx, where z( may be chosen arbitrarily.

15. f(:c)e)‘yg—: + g(w)g—Z = h(z)w.

General solution:

= d(u)ex xM uw=e — E(x T) = 9() T
v=ver{ | e | P, e =2 [ g

where x( may be chosen arbitrarily.

» Equations contain arbitrary functions of  and arbitrary functions of y.
16. a2% 4+ b2% = [f(z) + g(y)]w

' ox oy '

. 1 1
General solution: w = exp [— / f(z)dz + 7 /g(y) dy} O (bx — ay).
a
ow ow __

17. B + a% = f(z)g(y)w.

x
General solution: w = exp {/ f(t)g(y —ax+at) dt} ®(y —ax), where zo may be taken
o

as arbitrary.
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ow ow
The substitutions w = £e" lead to an equation of the form 1.2.7.19:

ou ou

o+ lay + f(w)]a—y = g(z)h(y).

19. f(z)2L + g(y)Z—Z = [h1(2) + ha(y)]w.

General solution:
o=eolf Gt [ e s e o)

20. f1(2) 32 + [f2(2)y + Fo(@)y*] 52 = g(@)h(y)w.

The transformation & = / ?Ews dxz, n=y'" leads to an equation of the form 1.3.7.18:
1\x
ow ow
D + [ =k + F©)] o G(§H (nw,

where F(€) = (1 — k) ;zég G(&) = é((?), and H(n) = h(y).

2L f1(@)91(y) g + F2(@)g2(y) G = ha(@)ha()w.

The transformation & = / }ngi; de, n = / zl Ez; dy leads to an equation of the form
1.3.7.17: 1 i
ow  Oow _ hai(z) _ ha(y)

2. fu@)g(y) 5o + F2(2)92(0) G = [h(@) + ha(y)]w.

This is a special case of equation 1.3.7.36 with h(x,y) = hy(x) + ha(y).

» Equations contain arbitrary functions of complicated arguments.

ow ow
2. agotbas = f(ax + By)w.

General solution:

o exp aa—ll—bﬁ /f(u)du]@(b:n—ay) if aa+ b8 #0,
exp %xf(om: + ﬁy)} O (bx — ay) if aa+ b5 =0,

where u = az + Sy.
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24, wg—z + ya—w = wf(%)w.

oy
S Y Y
General solution: w = exp [wf (—)} ) (—)
x x
ow ow 2 2
25. T—— —|—ya—y = f(z* 4+ y*)w.

1 d
General solution: w = @(2) exp [5 /f(g)?g], where & = 22 + ¢2.
X
(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).
ow ow _ k n, m
26. az—— + bya—y =z f(z"y™)w.

General solution:

M1 antbm m
exp | — /wk_1f<$ a ua ) dw] ®(u) if an # —bm;
1
w = ¢ exp Exkf(x"ym) D (u) if an = —bm, k # 0;
1
exp gf(x”ym) Inz|®(u) if an = —bm, k=0,
(L

where u = y®2". In the integration, v is considered a parameter.

ow ow __ n m
27. me—— + nya—y = f(az™ + by™)w.

1 d
General solution: w = q)(ymm_") exp [% /f({)?g] where £ = az” + by™.

8. 2?32 +wyp =y f(aw + By)w.

General solution:
k

w = exp [W /Zk—2f(z) dz] P <%>, where 2z = ax + By.

f(z) ow g(y) dw

General solution:

w=<1><u>exp[ / h(g)—], where u=Y £ 1)+ gly).

» Equations contain arbitrary functions of two variables.

ow ow __
30. 2= T Gy = f(z,y)w.

xT
General solution: w = exp [ / flt,y —ax + at) dt] ®(y — ax), where xy may be taken
o

as arbitrary.
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ow ow
31. az—— + bya—y = f(z,y)w.

General solution:
1 1
w = exp [— / —f (=, ul/“mb/a) dw] O (u), where u = y®2 .
a) x
In the integration, w is considered a parameter.

2. f(@)5e +9@)yge = h(zy)w.

General solution:

w:Q(u)exp[/%dw], where u:%, Gzexp</%dm>.

In the integration, w is considered a parameter.

8. f(2) 52 + [(@)y + 90(@)] G = h(z, y)w.

General solution:

w:q)(u)exp{/wmn} U= yéQ,

d
where G = exp < / g—fl dm) and Q = G / g; Gw' In the integration, u is considered a

parameter.
(® Literature: A.D. Polyanin, V. F. Zaitsev, and A. Moussiaux (2002).

o o

4. f(x) 5o + [91(2)y + g0(2)y*] 5 = h(z,y)w.
Yy
For k = 1, see equation 1.3.7.32. For k # 1, the substitution ¢ = y'~* leads to an equation
of the form 1.3.7.33:
1
F@) G+ (= W) + gnle)) G = b €7F Ju

o 13)
3. f(2)5e + l91(x) + g0 (2)e™] T2 = h(z, y)w.
The substitution z = e~ leads to an equation of the form 1.3.7.33:

f(x)g—z = Ag1(2)z + go(2)] Z;_Z = h(:L', —ilnz)w.

36. f1(@)91(y) 3o + F2(2)92(4) G = h(@,y)w.

The transformation & = / f2(@) de, n = / 91(9) dy leads to an equation of the form
fi(z) 92(y)
1.3.7.30: 5 5 hz.y)
w w x,y
— 4+ — = F(&,n)w, where F(&,n) = ————
o "oy ~ T 1= R
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1.4 Equations of the Form
ow ow
f(wa y)% + g(a:, y)a_y = hl(wa y)w + ho(CI}, y)

@ The solutions given below contain an arbitrary function ® = ®(z).

1.4.1 Equations Containing Power-Law Functions

» Coefficients of equations are linear in  and y.
ow ow
1. aa—m—|—b8—y = cw + d.
. d cx/a
General solution: w = —— + e“/*®(bx — ay).
&

2. (m—a)g—:—i—(y—b)g—l::w—c.

Differential equation of a conic surface with the vertex at the point (a, b, ¢).

—b
General solution: w = ¢+ (x — a)q)( i )
r—a

(® Literature: E. Kamke (1965).
3 (aac—i—b)a—w—l—(cac—l—d)a—w:aw—l—,@
' ox oy '

General solution:

_£ + (ax + b)o‘/“@(a(cx —ay) + (ad — be)In|az + b]) if a #0,
w =

— + e“x/bq)(m(cm + 2d) — 2by) if a=0.

4. (aac—i—b)g—:—l—(cy—l—d)g—zj = aw + S.

General solution:

w =

+ (az + b)a/“q)((aa: + b)Y ey + d)) if a #0,
_l’_

™Y@ ((cy + d)e™ /) if a=0.

oL |

ow ow __
5 (ax+ b)a—m + (cy + d)a—y = aw + By + vyx.
1°. General solution for a # 0, a # «, and ¢ # «:

w = /L((CZU_‘Fab)) - ﬁof?of/j—cd)) + (CLI’+b)a/a@((afﬂ+b)_c/a(cy—|—d)).

2°. General solution for a # 0, a = «, and ¢ # «:

w= bt Otnjor ] Slayd) oy gy ((ar + )Py + )
a ala —c) |
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3°. General solution fora # 0and a = ¢ = o

w— by + dB[y(ax + b) + S(ay + d)]In |az + D] + (az+ b)® ay+d '
a? ar +b
4°. General solution for a = 0 and ¢ # «a:
o _fY(aw + b) _ B(ay + d) az/b —cx/b

w = = o= o) +e*°® ((cy + d)e ).

5°. General solution for ¢ = 0 and ¢ = «:
dpg —b b
w — 9B ZC)2(C:L"+ ) _|_%xy_‘_ecgc/b@((cy_i_d)e—cgc/b)'

6. (azxz+ b)g—:’ + (cx + dy)g—:’ = aw + B.

1°. General solution for a # 0 and a # d:
w = —g + (ax + b)o‘/a@([c(dx +b) + d(d — a)y] (az + b)_d/“).

2°. General solution for a # 0 and a = d:

g

w=——
«o

be — 2
+ (ax +b)a/“<1><:wc7fby —i—cln]aw—i—b]).

3°. General solution for a = 0:

w= —g + e/ ® ([be + d(cx + dy)]e~ /Y.

7. (a1w+ao)2—:+(bzy+b1w+bo)g—z = (cay+ciz+co)w+kay+kix+ko.

This is a special case of equation 1.4.7.22 with f(z) = a1z + ag, g1(x) = be, go(x) =
bix + by, h(z,y) = coy + c12 + ¢, and F(x,y) = koy + k12 + ko.

8. ayg—: + (brz + bo)g—z = (c1x + co)w + s1T + So.

This is a special case of equation 1.4.7.11 with k = 1, fi(z) = a, fa(z) = bix + by,
g(:E) = 1 + ¢g, and h(;p) = 512 + Sg.

» Coefficients of equations are quadratic in  and y.

9. aa—w—|—ba—w = cw + Bxy + .
ox oy

General solution: w = —% — cﬁ?’ [(cx + a)(cy + b) + ab] + e® (ba — ay).
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ow ow
10. a_— + ba—y = cw + z(Bzx + vy) + 0.

General solution:

W= Cig [B(cz + a)* + y(cz + a)(cy + b) + a(aB + by)] + e“/°® (b — ay).

11. ma—w —I—ya—w :w—i—aazz—l—byz—l—c.
ox oy

General solution: w = ax? + by? — ¢ + 2®(y/x).

ow ow __
12. az— + bya—y = cw + x(Bx + vy) + 4.
1°. General solution for ¢ # 2a and ¢ # a + b:
0
w=——+ b e a— xy + 2P (y|x| 7).

¢ 2a—c a+b—c

2°. General solution for ¢ = 2a and a # b:

0 B 5

w=——+ —zIn|z| — 7
c  a

bazy + :E2<I>(y|:n|_b/“).

3°. General solution for ¢ = a + b and a # b:

0 g

w:_g+a—b

4°. General solution for ¢ = 2q¢ and a = b:

x4 %:Ey In|z| + :E<I>(y|:n|_b/“).

6 1 y
=2 4= 1 o).
w C—l—aw(ﬁx—k’yy)n\xl—i— (3:)

13, ayg—’;; + (b2x® + by + bo)z—’;’ = (caa® + 12 + co)w + s22? + s12 + so.
This is a special case of equation 1.4.7.11 with k = 1, fi(x) = a, fao(z) = byz® + b1z + by,
g(x) = c22® + 12 + o, and h(x) = 5922 + sy + sq.
14. ayZ(Z—w + (b1z? + bo)g—w = (c12? + co)w + s122 + 5.
T Y

This is a special case of equation 1.4.7.11 with k = 2, f1(x) = a, fo(x) = biz? + by,
g(x) = c12% + co, and h(x) = 5122 + s0.
15. (a1m2 + ao)g—: + (y + box? + bix + bO)Z_Z

= (c2y + 1z + co)w + ka2y® + k12zy + k112 + ko.
This is a special case of equation 1.4.7.22 with f(z) = a12? + ag, g1(x) = 1, go(v) =
bo? + by + by, h(z,y) = coy + c1x + co, and F(z,y) = kooy? + kioxy + kinz? + ko.

o o
16. (a1z? + ao)a—: + (bay? + blmy)a—z
= (coy® + c1Z®)w + 5229% + s122y + s112% + s0.

This is a special case of equation 1.4.7.23 with k = 2, f(z) = a12? + ag, g1(z) = bz,
90(x) = bz, h(x,y) = coy® + c12?, and F(z,y) = s22y° + s127y + s112% + s0.
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» Coefficients of equations contain square roots.

ow ow
17. ar—— + bya—y = aw + By/xy + 7.
1°. General solution for 2a # a + b:

283 —
a+b—2a my_E

2°. General solution for 2ae = a + b:
B 2y —b
= — | - P /ay,
w a\/ajy n |z P + /Ty (y|3:| )

3°. General solution for @« = a = —b:

w=L(@yFT+7) + 20 ().

+3:°‘/“<I>(y|x|_b/“).

ow ow
18. ar—— + bya—y = A\zyw + Bxy + .

1°. General solution for b # —a:

B Bla+b) 2X “b/a
w = X Yy o2 + exp a—l—b‘/wy <I>(ac y).
2°. General solution for b = —a:

w = —§@+ exp(%\/@ In |3:|><I>(3:y)

19. ayg—: —I—bm‘;—z =aw + BvVx + 7.

This is a special case of equation 1.4.7.11 with k = 1, fi(x) = a, fo(z) = bz, g(x) = a,
and h(z) = B/ + 7.

20. ay?® 4 b/z2% = qw + BVT + .

ox oy
This is a special case of equation 1.4.7.11 with k = 1, f1(z) = a, fo(z) = b/, g(z) = «,
and h(z) = Bz + 7.

21. aﬁz—:—l—b\/ﬂg—j = oaw + Bx + vy + 9.
General solution:

oo VTG Brtay+d a25+b2’y+exp<%@\/§>@<bﬁ_a\/§)_

o? « 203

22. aﬁg—: +b¢§?9—’;’ — aw + BVT + .

2
General solution: w = — bvety _ af + exp (%ﬁ) o} (bﬁ - a\/g).

«a 202

23, a\/ﬂg—: +b\/5‘:’9—’: — aw + BVT + .

This is a special case of equation 1.4.7.11 with k =1/2, fi(z) =a, fo(x) =b\/z, g(z) = «,
and h(z) = Bz + 7.
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» Coefficients of equations contain arbitrary powers of x and y.
24, aa—w 4+ ba—w = cw + kx"y™.

ox oy
Two forms of the representation of the general solution:

w = exp(%az) [<I>(b:1: —ay) + am—kﬂ /:L""(bx —u)™ exp(—fm) d:n],

a

c k c
w= exp<gy> [(I)(bw —ay) + G /ym(ay +u)"” exp(—gy> dy] ,
where u = bx — ay. In the integration, « is considered a parameter.
ow ow n, m
25. a%—kya—y = bw + cx"y™.
General solution:
w =1’ [q)(y“e_x) + c/ym_b_l(a Iny — Inu)” dy} ,  where u=y%".

In the integration, w is considered a parameter.

ow ow n, m
26. w%—kya—y_aww—kba: y' .

General solution: w = %" {@(g) + bx_mym/mer”_le_m dx} .
x

=avx? + y?2w + bx"y™.

dw

ow
27. w% +y oy

General solution:
wzexp(&w /;p2+y2> [<I> <£) +bx My / gmn-l exp(—aaz\/ 1+u2) d:n] , u=
T
In the integration, w is considered a parameter.
ow ow _ n, . m k, s
28. aw%—kbya—y = cx"y"w + px"y°.

1°. General solution for an + bm # 0:
— c n, m [(I) a, . —b ]
w eXp<7an+bmw y > (y*x™) +(z,y)|,

_bs bs+ak—a Is m  antbm
Y(z,y) =pr @ ys/w “ exp| —————uaex a dx,
an + bm

where u = y®2 . In the integration, v is considered a parameter.

2°. General solution for an + bm = 0:

w = exp<§:p"ym In :L'> [CD (y“:n_b) +(x, Z/)} )

9 ak—bs R _E _bm m _ .
pk~“x  a y’exp x ay" | (klnx—1) if k#0,
a

Y(z,y) =

bm

bs
ipz aySexp <—£w_7ym> (Inz)? if k=0.
a

SHES
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29. awg—w + bya_w = (cz™ + py™)w + qx*y°.
x oy
General solution:

w = exp<ﬂ + M) [‘I) (y“x_b)

an bm
_bs ak—a+bs cx™ m  bm
+qx ays/x a exp<———iuaxa>d4,

where u = y®2 . In the integration, v is considered a parameter.

2 Ow ow 2 n, m
30. z°— 4+ axy— = by“w + cx"y™.

ox oy

1°. General solution for a # 1/2:

b y2 —a —am, m am+n—2 b 2, 2a—1
w—exp<2a_1;> {q)(ac y)+cx” My /w exXp| —5—u'w dz|,

where u = ™ %y. In the integration, u is considered a parameter.

2°. General solution for a = 1/2:

2 n,,m
B y —1/2 2cay
= Z1 0} .
w = exp <b . n:n> (x y) + (m T on— 25—

2 Ow
3. = o

General solution:

2 2.2
w:eXp[(aaz+by)y :|{(I)<%> +C:L,—mym/$m+n—2exp|:_ (a+bu)u x :|d33‘},

2z 2

+ myg—j = y?(ax + by)w + cxy™.

where u = y/x. In the integration, u is considered a parameter.
32. ax"— 4+ bx"y— = cxPyw + sx"y° + d.
ox oy
This is a special case of equation 1.4.7.21 with f(z) = az", g(x) = bx™, h(z,y) = cxPy,
and F(z,y) = sz7y® + d.
33. am"a—w + (bmmy 4+ cmk) ow _ sxPydw + d.
oz 9y
This is a special case of equation 1.4.7.22 with f(z) = az™, g1(z) = bz™, go(z) = ca¥,
h(z,y) = saPy?, and F(z,y) = d.
34, az"2® + bwmyka—w = cw + sxPy? + d.
ox oy
This is a special case of equation 1.4.7.23 with f(z) = az”, g1(z) = 0, go(x) = bx™,
h(z,y) = ¢, and F(z,y) = szPy? + d.

k Ow ba™ ow
—_— m —_—
ox + oy

This is a special case of equation 1.4.7.11 with fi(z) = a, fa(z) = bz™, g(z) = ¢, and
h(z) = sx™.

35. ay = cw + sz™.
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1.4.2 Equations Containing Exponential Functions
» Coefficients of equations contain exponential functions.
1. aa—w + ba—w = (ce>‘”c + se“y)'w + ke¥".

ox oy
General solution:

k pbr—pu

w= exp(%em + %e“y) [<I>(b:1: —ay) + o /exp(u:n — %e)‘x - %e a ) dm} ,
where u = bx — ay. In the integration, w is considered a parameter.

2. ag—w + bZ—w = ce®®TBYy + keT®.
T Yy

1°. General solution for ac + b3 # 0:

_ c az+By P - E/ B c (tla—l-bi)m—ﬁu
w eXp<7aa—|—bﬁe >{ (bx ay)+a eXP | Y= e | dx},

where u = bx — ay. In the integration, u is considered a parameter.
2°. General solution for ac + b3 = 0:

ke

C
w = exp<gxeal‘+ﬁy> O (bx — ay) + m.

3. ae)‘ma—w + beﬁma—w = ceWw + selT oy,
ox oy

This is a special case of equation 1.4.7.22 with f(z) = ae)\x’ gi(@) = 0, golz) = beﬁx,
h(z,y) = ce’,and F(z,y) = geHT+oY

4. aef*lv + (be?® 4+ ce"y)a_“’ = sw + ket toY,
ox dy

This is a special case of equation 1.4.7.24 with f(z) = ae’®, gi(z) = be?*, go(z) = ¢,
h(z,y) = s,and F(z,y) = ket*,
5. aeﬂma—w + (be"/”c + ceAy)a—w = seM® Uy 1 k.

ox oy
This is a special case of equation 1.4.7.24 with f(z) = ae’®, gi(z) = be?*, go(z) = c,
h(z,y) = se"*+% and F(z,y) = k.

6. aeﬁwg—w 4+ be7w+>‘yg_w = ceVw + keltTTY 4 4.
18 Y

This is a special case of equation 1.4.7.24 with f(x) = ae’®, g\ (x) = 0, go(z) = be?®,
h(z,y) = ce®?, and F(x,y) = ket* Y 1 d.
7. ae2% 4 paP 0% — oy 4 se1®,

This is a special case of equation 1.4.7.12 with fi(z) = a, fo(z) = bzP?, g(z) = ¢, and
h(z) = se™.
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8. ae)‘ya—w + b$gm8_w = ce"w + s.
ox oy

This is a special case of equation 1.4.7.12 with f;(z) = a, fa(x) = bz*, g(z) = ce?®, and
h(z) = s.

» Coefficients of equations contain exponential and power-law functions.

ow Az nyow _ e
9. 8m—|—(ae y—l—baz)ay_cw—l—ke )

n

This is a special case of equation 1.4.7.7 with f(z) = 1, gi(x) = ae’®, go(z) = bz,
hi(x) = ¢, and ho(x) = ke?™.

8w Az pzyOw _ v
10. aw—|—(ae y + be )ay_cw—|—k:e .

This is a special case of equation 1.4.7.7 with f(z) = 1, g1(z) = ae’*, go(z) = be?,
hi(x) = ¢, and ho(x) = ke?™.

11. ow + (aeAwy 4+ beﬁw)a—w = cw + kz™.
ox oy

This is a special case of equation 1.4.7.7 with f(z) = 1, g1(x) = ae™*, go(z) = bel?,
hi(x) = ¢, and ho(x) = ka™.

dw Ay kyow _ Ve
12. aw—l—(ae —l—ba:)ay_cw—l—ke )

This is a special case of equation 1.4.7.10 with f () =1, g (x) = bz, go(z) = a, ha(z) =c,
hi(x) =0, and ho(z) = ke™*.

Ow | 0w _ et tuy va
13. w8m+yay_awe w + be”".

General solution:

_ azr Aztpy ) ) @ Yy / _ a (Atpu)z d_m
w exp<7/\m+#ye >{ <$> +b | exp|vx )\—I—,uue o

where v = y/x. In the integration, u is considered a parameter.

14, x=— +y— = (ayeA”c + ba:e”y)'w + ce"",
x Yy

General solution:

Az Wy x A 70 x

where u = y/x. In the integration, u is considered a parameter.

15. aykg—: + beAmg—Z = w + ceP®.

This is a special case of equation 1.4.7.11 with fi(z) = a, fo(x) = be?®, g(x) = 1, and
h(z) = ceP”.
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16. ae)‘ma—w + bya—w = w + ce™®,
ox oy

This is a special case of equation 1.4.7.7 with f(z) = ae®, g1 (z) =b, go(x) =0, hy(z) =1,
and ho(z) = ce’?.

17. aeAya—w 4+ bazka—w = w + ceP”.
ox oy

This is a special case of equation 1.4.7.12 with fi(z) = a, fo(z) = bz¥, g(z) = 1, and
h(z) = ceP”.
18. ae)‘ya—w + beﬁma—w = w + cx*.

ox oy

This is a special case of equation 1.4.7.12 with fi(z) = a, fa(x) = be*, g(x) = 1, and
h(z) = cat.

1.4.3 Equations Containing Hyperbolic Functions
» Coefficients of equations contain hyperbolic sine.
ow ow sk R}
1. a—+ ba_y = cw + sinh®(Ax) sinh™(By).
This is a special case of equation 1.4.7.13 with f(x) = sinh*(\z) and g(y) = sinh™(Sy).
ow ow s hk inh™
2. a—+ ba—y = csinh®(Az)w + ssinh™(Bx).
This is a special case of equation 1.4.7.1 with f(z) = sinh*(\z) and g(y) = sinh”(Sz).
ow ow - .
3. as— + ba—y = [eq 5inh™ (A1) 4 ¢z sinh™2 (Azy) |w
+ s1 Sinhkl (61&3) + so Sinhk2 (ﬁzy)
This is a special case of equation 1.4.7.16 with f(x)=c; sinh™(\1z), g(y) =c2 sinh™?(A9y),
p(z) = s1sinh® (B1z), and ¢(y) = so sinh*2(Byy).
4. asinh"(Am)g—: + bsinhm(um)g—‘: = csinh®(va)w + psinh®(By).
This is a special case of equation 1.4.7.22 with f(z) = asinh™(\x), g1(z) =0, go(z) =
bsinh™(ux), h(z,y) = csinh®(vx), and F(z,y) = psinh®(By).
5, asinh"(Am)‘Z—’: + bsinhm(um)‘;—’;’ = csinh®(vy)w + psinh®(Bz).
This is a special case of equation 1.4.7.22 with f(x) = asinh™(\z), g1(z) =0, go(x) =
bsinh™(ux), h(z,y) = csinh®(vy), and F(z,y) = psinh®(Bx).
» Coefficients of equations contain hyperbolic cosine.

ow ow __ k n
6. ao— + ba—y = cw + cosh”(Ax) cosh™(By).

This is a special case of equation 1.4.7.13 with f(z) = cosh*(\z) and g(y) = cosh™(By).
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ow ow k n
7. a—+ ba—y = ccosh®(Axz)w + scosh™(Bx).
This is a special case of equation 1.4.7.1 with f(z) = cosh*(\z) and g(y) = cosh”(Sz).

o o n n
8. a% + ba—z = [ cosh™ (A1) 4 ¢ cosh™2 (Azy) |w

+ s1 cosh®1 (By2) + s cosh®2(Bay).
This is a special case of equation 1.4.7.16 in which f(x) = ¢y cosh™ (A1), g(y) =
cp cosh™ (\gy), p(z) = s1 cosh¥ (B1), and q(y) = s2 cosh*2(Byy).
9. wz—: + y?‘i_Z) = ax cosh(Azx + py)w + bceosh(vx).

General solution:

w=exp| sinh(Az + p1y) oY +b/00sh(vm) exp _asinh[(A + pu)a] | dz
AT+ py r A+ pu x|

where v = y/x. In the integration, u is considered a parameter.

10. a COSh"(M)z—j + bcoshm(um)z—;’ = ccosh®(va)w + pcosh®(By).

This is a special case of equation 1.4.7.22 with f(z) = acosh”(Ax), g1(z) = 0, go(x) =
bcosh™ (uzx), h(z,y) = ccosh®(vx), and F(z,7) = pcosh®(By).

11. a COSh"(M)g—: + bCOShm(Hm)Z—z = ccosh®(vy)w + pcosh®(Bx).

This is a special case of equation 1.4.7.22 with f(z) = acosh”(Ax), g1(z) = 0, go(x) =
beosh™ (uzx), h(z,y) = ccosh®(vy), and F(x,y) = pcosh®(Bz).

» Coefficients of equations contain hyperbolic tangent.
ow ow __ k n

12. a-—+ ba—y = cw + tanh®(Az) tanh™(By).

This is a special case of equation 1.4.7.13 with f(x) = tanh*(\z) and g(y) = tanh™(By).
ow ow __ k n

13. a—-— + ba—y = ctanh®(Az)w + stanh™(Bx).

This is a special case of equation 1.4.7.1 with f(z) = tanh*(\z) and g(y) = tanh"(Sz).
o o n n

14. aa—z + ba—z = [e1 tanh™ (A1) + o tanh™ (A2y)|w

4+ s1 tanh’“ (,Bla:) =+ s9 tanhkz (Bz’y)

This is a special case of equation 1.4.7.16 in which f(x) = ¢ tanh™ (A1), g(y) =
cp tanh™2 (\yy), p(z) = 51 tanh*' (1), and q(y) = so tanh*2 (Byy).

15. atanh"()\m)g—i + btanhm(um)g—:’ = ctanh®(vz)w + ptanh®(By).

This is a special case of equation 1.4.7.22 with f(x) = atanh™(A\z), g1(z) = 0, go(z) =
btanh™ (uz), h(z,y) = ctanh®(vz), and F(z,y) = ptanh®(Sy).
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16. atanh"(Ax)‘Z—: + btanhm(pm)‘z_‘: = ctanh®(vy)w + ptanh®(Bx).

This is a special case of equation 1.4.7.22 with f(x) = atanh™(A\z), g1(z) = 0, go(z) =
btanh™ (uz), h(z,y) = ctanh®(vy), and F(x,y) = ptanh®(Bz).

» Coefficients of equations contain hyperbolic cotangent.
ow ow __ k n

17. a-—+ ba—y = cw + coth®(Ax) coth™(By).

This is a special case of equation 1.4.7.13 with f(x) = coth*(\z) and g(y) = coth™(By).
ow ow __ k n

18. a—-— + ba—y = ccoth®(Az)w + s coth™(Bx).

This is a special case of equation 1.4.7.1 with f(z) = coth®(\z) and g(y) = coth”(Sz).

o o n n
19. aa—z + ba—z = [e1 coth™ (A1) + ez coth™ (Agy)|w

4+ s1 CO'thk:1 (,81:10) =+ s9 CO'thk2 (Bz’y)

This is a special case of equation 1.4.7.16 in which f(x) = ¢ coth™ (A\1x), g(y) =
co coth™ (\py), p(z) = 51 coth®' (1), and q(y) = so coth*2(Byy).

20. acoth"()\m)g—z + bCOthm(um)Z—Z = ccoth®(vz)w + p coth®(By).

This is a special case of equation 1.4.7.22 with f(x) = acoth™(Az), g1(z) = 0, go(x) =
beoth™(pux), h(z,y) = ccoth®(vx), and F(z,y) = pcoth®(By).

2. a Coth"()\m)g—i + bCOthm(um)z—Z’ = ccoth®(vy)w + pcoth®(Bx).

This is a special case of equation 1.4.7.22 with f(x) = acoth™(Az), g1(z) = 0, go(x) =
beoth™ (pux), h(z,y) = ccoth®(vy), and F(x,y) = pcoth®(Bz).

» Coefficients of equations contain different hyperbolic functions.

d d -
22. ag + ba—:’ = w + ¢ sinh*(Az) + ¢z cosh™(By).

This is a special case of equation 1.4.7.16 with f(z) = 0, g(y) = 1, p(x) = ¢1 sinh*(\z),
and g(y) = c3 cosh™ (By).

ow ow __ sk n

23. a5— + ba—y = cw + sinh®(Ax) cosh™(By).

This is a special case of equation 1.4.7.13 with f(z) = sinh*(\z) and g(y) = cosh”(By).
ow ow

24. ao—+ ba—y = cw + ktanh(Az) + scoth(uy).

General solution:

w = ecm/“{i)(bx —ay) — ! / [s coth<b—'u(ac —t) — ,uy) - ktanh()\t)] e~ct/a dt}.
0

a a
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ow . ow
25. a-—+ bSInh()\a:)a—y = cw + kcosh(uy).

General solution:

w= ecw/“{/ cosh [uy—i— b—'l; <cosh()\t) —cosh()\x)ﬂ e~ct/a dt+® (aAy—bcosh(Az)) }
0 a

26. asinh"(/\w)z—’: + bcoshm(uw)z_’;’ = ccosh®(va)w + psinh®(By).

This is a special case of equation 1.4.7.22 with f(x) = asinh™(\z), g1(z) = 0, go(x) =
bcosh™(pux), h(z,y) = ccosh®(vx), and F(z,7) = psinh®(By).

27. atanh”(Ax)g—: + bcothm(uw)g_’;’ = ctanh®(vy)w + p coth®(Bzx).

This is a special case of equation 1.4.7.22 with f(x) = atanh™(A\z), g1(z) = 0, go(z) =
beoth™(ux), h(z,y) = ctanh®(vy), and F(z,y) = pcoth®(Bx).

1.4.4 Equations Containing Logarithmic Functions

» Coefficients of equations contain logarithmic functions.
ow ow k n

1. a—+ ba—y = cw + In"(Ax) In"(By).

This is a special case of equation 1.4.7.13 with f(z) = In*(\z) and g(y) = In"(By).
ow ow k n

2. a—+ ba—y = cIn®(Az)w + sIn"(Bx).

This is a special case of equation 1.4.7.1 with f(x) = In*(\z) and g(y) = In"(Bx).

3. ag—:—kbg—l: = [e1 In™ (A1) + ¢z In"2 (Agy) | w+s1 In*1(B12) + sz In*2(B2y).

This is a special case of equation 1.4.7.16 with f(z) = ¢; In"*(A\1z), g(y) = c2In"?(A2y),
p(x) = s1 10" (B12), and q(y) = s2 10" (Bay).

4. a ln()\:c)g—: + bln(uy)g—Z =cw + k.

General solution:

5. aln"(/\w)g—: + blnm(uw)g—Z = cln®*(va)w + pIn®(By) + q.

This is a special case of equation 1.4.7.22 with f(z) = aln"(\z), g1(x) = 0, go(x) =
bIn™ (uz), h(z,y) = cn*(va), and F(z,y) = pIn®(By) + q.
6. a ln"(/\w)g—:; + blnm(uw)g—Z = cln*(vy)w + pIn®(Bzx) + q.

This is a special case of equation 1.4.7.22 with f(z) = aln"(\z), g1(x) = 0, go(x) =
bIn™ (juz), h(z,y) = cln(vy), and P(z,y) = pln®(8z) + g
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» Coefficients of equations contain logarithmic and power-law functions.
7. aa—w + ba—w = w4+ c1z® + ¢y In"(By).
ox oy
This is a special case of equation 1.4.7.16 with f(z) = 0, g(y) = 1, p(z) = c12*, and

q(y) = ca " (By).
ow ow __ k1,.m
8. as— +b8_y = cw + " In"(By).
This is a special case of equation 1.4.7.13 with f(z) = z* and g(y) = In"(By).

9. ax %—l—baz a—y_cw—l—sln (Bx).

This is a special case of equation 1.4.7.7 with f(z) = az*, gi(z) = 0, go(x) = bz,
hi(z) = ¢, and ho(z) = sIn™(Bx).

n Ow kOw __ m
10. ax B by 8—y_cw+sln (Bx).

This is a special case of equation 1.4.7.23 with f(z) = ax™, g1(x) =0, go(x) =b, h(z,y) =
¢, and F(z,y) = sIn™(Sz).

11. az %—i—bln (Am)a—y_cw—l—sa: .

This is a special case of equation 1.4.7.7 with f(x) = az*, g1(z) = 0, go(x) = bIn"(\z),
hi(z) = ¢, and ho(z) = sz™.

12. aykg—: bazng—zj = cw + sIn™(Bx).

This is a special case of equation 1.4.7.11 with fi(z) = a, fa(z) = bz™, g(z) = ¢, and
h(z) = sIn™(Bx).

13. aykg—: + bln”(Am)g—Z = cw + sz™.

This is a special case of equation 1.4.7.11 with fi(z) = a, fo(z) = bIn"(\x), g(z) = ¢,
and h(z) = sz™.
1.4.5 Equations Containing Trigonometric Functions

» Coefficients of equations contain sine.

ow ow __ .
1. a-— + ba—y = cw + ksin(Azx 4+ py).
General solution:

k

— cx/a - -
w = e (br —ay) c? 4 (aX + bu)? [

(aX + bu) cos(A\z + py) + csin(Az + py)].
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O 0 . e )
2. a% + ba—:’ = w + ¢; sin®(Az) + ¢z sin™(By).

This is a special case of equation 1.4.7.16 with f(z) = 0, g(y) = 1, p(z) = ¢; sin*(\z),
and q(y) = csin™(By).

ow ow __ sk son
3. as— + ba—y = cw + sin”(Ax) sin"(By).

This is a special case of equation 1.4.7.13 with f(x) = sin®(A\z) and g(y) = sin"(By).

ow ow __ .
4, az-— + bya—y = cw + ksin(Az + py).
General solution:
w =z [E / ¢~ (ate)/a sin()\t + ,utb/aw_b/“y) dt + @(m‘b/“y) .
a Jo

ow ow . .
5. T——+ Yoy = % sin(Axz + py)w + bsin(vx).
General solution:

ax Y
i - @ i
w exp[ \ ” cos(Ax + ,uy)] { < >

+b / sin(vz) exp < )\ f
pu

where u = y/z. In the integration, u is considered a parameter.

cos[(A + ,w)xD dm},

6. asinn()\m)g—i;’ + bsinm(um)g—j = csin®(ve)w + psin®(By).

This is a special case of equation 1.4.7.22 with f(z) = asin™(\zx), g1(x) = 0, go(z) =
bsin™ (uz), h(z,y) = csin®(vx), and F(z,y) = psin®(By).

7. a sinn()\w)g—z + bsinm(uw)g—j = csin®(vy)w + psin®(Bx).
This is a special case of equation 1.4.7.22 with f(z) = asin™(\z), g1(z) = 0, go(x) =
bsin™ (uz), h(z,y) = csin®(vy), and F(x,y) = psin®(Sz).

» Coefficients of equations contain cosine.

ow ow __
8. as— + ba—y = cw + k cos(Ax + py).

General solution:
- [
? + (aX + bu)?

w = /"B (bx — ay) + (aX + bp) sin(Az + py) — ccos(Az + py)].

ow ow __ k n
9. aa—m + ba—y = w + C1 COS (Am) + C2 COS (IBy)

This is a special case of equation 1.4.7.16 with f(z) = 0, g(y) = 1, p(z) = ¢1 cos*(\z),
and q(y) = cz cos™(By).



