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Introduction

Children encounter mathematical ideas in everyday life from birth onwards. Babies
quickly learn to distinguish differences in numerical quantities and begin to explore
the shapes of the objects and spaces around them. As children develop, mathematics
increasingly provides skills, models and ways of thinking which can be used to
interpret and describe the contexts and objects they experience and to solve problems.
Developing a good understanding of early mathematical ideas provides a foundation
for success in everyday tasks and in increased employment and education prospects
when reaching adulthood.

To fully understand the mathematical teaching and learning for the 0-8 age group,
we need both a secure personal knowledge of the mathematics involved and an under-
standing of how children learn mathematics and of the range of teaching approaches
(pedagogy) which will best support their learning. This book is written to help you to
develop your understanding of teaching and learning of mathematics for the 0-8 age
group. As you read the book, you will also encounter a range of effective, interesting
and engaging approaches to promote mathematical learning for young children.
Fostering an enthusiasm for mathematics and mathematical confidence in young chil-
dren is a vital part of supporting their mathematical development.

The book is divided into two main parts. Part 1 addresses specific issues associated
with the learning and teaching of mathematics from birth to age 8. In Part 2 we
explore the progression in learning about different areas of mathematics encountered
by young children and discuss possible approaches to teaching and suggested activi-
ties to support learning. Throughout Parts 1 and 2 of the book we have discussed the
role of problem solving as a central aspect of mathematical learning.

Each chapter begins with an overview of the chapter material. Case studies provide
illustrations of particular aspects of learning or teaching which are then analysed in
order to offer insights about key principles for effective practice. Significant research
is highlighted in each chapter to help you apply the findings to your own professional
context and practice. In each chapter, prompts are provided to encourage you to
reflect about the practice you have experienced and to consider ways in which prac-
tice may be enhanced. Each chapter ends with a summary and suggestions for further
reading which you can explore to extend your understanding. You can find a glossary
of mathematical terms used in each chapter at the end of the book.
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How Children Learn
Mathematics and the

Implications for Teaching
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@ Chapter Overview

In this chapter you can read about:

Why and how young children learn mathematics
The importance of practical activities

Starting with children’s interests

Children solving problems

The progression of children’s mathematical ideas from birth to 8 years old.

The nature of mathematics and young children learning

What do you think mathematics is?

Is it appropriate and important for very young children?

At what age do you think children should start learning mathematical ideas?
How can adults help?
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Mathematics is defined as ‘the abstract science of number, quantity and space’ by 7The
Concise Oxford Dictionary (Allen, 1990: 732). It can be seen as a way of organising
ideas in order to develop concepts. Skemp (1971) identified that having a concept
involves more than knowing its name; it involves being able to use the understanding
developed from recognition of similarities between particular examples of the con-
cept. Freudenthal (1973) argued that children develop concepts as a result of experi-
ences and thinking about those experiences. This may seem remote from children
aged from birth to 8, however babies and young children are naturally curious and
explore their world from an early age. They do not compartmentalise their explora-
tions as mathematical or otherwise. However, they will encounter mathematical ideas
such as number, quantity and shape. Mathematics is an essential area of understand-
ing and knowledge in our everyday lives as adults and this is also true for children.
The National Curriculum (DfEE, 1999a: 60) states ‘Mathematics equips pupils with a
uniquely powerful set of tools to understand and change the world. These tools
include logical reasoning, problem solving skills and the ability to think in abstract
ways’. Lee (2006) states that mathematics empowers and enables us to take control
of various aspects of our lives. It is also a creative discipline, capable of being used
flexibly to communicate precisely. Mathematics can also be seen as a web of ideas
that are continually refined and developed. According to ACME (2008: 4) the ‘big
ideas’ of mathematics for young children include ‘place value and the number system,
conservation of number and measures, equivalence relations and dimensionality’ (see
chapters in Part 2).

Parents and carers will often intuitively draw young children’s attention to mathe-
matical ideas by pointing out and talking about numbers, quantities, shapes and sizes
as part of everyday life. This will be continued when they sing and recite rhymes to,
and with, their children and as they play with their children using a variety of toys
and objects (for example, wooden bricks and other construction toys, soft toys, small-
world toys and toy versions of real objects like tea sets). Mathematics features in the
routines of everyday life, such as getting dressed and putting on two socks or laying
the table and getting three plates out. Children begin to use vocabulary that reflects
understanding of mathematics such as when they ask for more chocolate, sweets or
chips. From these early mathematical experiences and ideas, children will gradually
extend their understanding to more formal mathematics.

How do young children learn mathematics?

A number of theorists have proposed ideas about how children learn generally, and
these ideas can be related to the learning of mathematics. Piaget (in Donaldson, 1978)
believed that children construct their own knowledge and understanding through their
interactions with their environment. This is called a constructivist theory.
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Vygotsky (in Atherton, 2011) is often referred to as a social constructivist. He
emphasised the need for a child to have guidance from a ‘more knowledgeable other’
and to have opportunities to interact socially with peers as a means of learning. He
also proposed the idea of the ‘Zone of Proximal Development’, which is that a child
can work with someone else to achieve something that they could not achieve on their
own, thereby learning through this process so that eventually they are able to perform
the task by themselves. This is sometimes called scaffolding (Bruner, 1966; Wood,
1998). Similarly, Gifford (2008) refers to cumulative learning, meaning that learning
needs to build on previously learnt ideas and that presenting children with something
too advanced will not be effective.

Mathematical learning is associated with the development of mathematical
understanding. Barmby et al. (2009) see this as a continuum where children add
to and refine previous understandings. This builds on the work of Bruner (1966)
who identified the idea of the spiral curriculum, where children meet an idea at
one level and then later meet the idea again but are able to study it at a deeper
level and achieve a better understanding of it. His influence can be seen in many
mathematics curricula documents and in the practice of teaching mathematics.
Bruner also suggested that children go through three phases when learning. The
enactive phase is when children engage with something concrete in order to
explore and manipulate ideas; this could be related to kinaesthetic learning.
The second phase, iconic, is when children begin representing the ideas in a
more abstract way. This can be supported in mathematics by using models and
images so that eventually children can visualise some of them internally to assist
their thinking. Finally, children come to the symbolic phase where they can use
abstract ideas and ways of representing the mathematics.

Liebeck’s (1984) ELPS approach is related to Bruner’s enactive, iconic, symbolic
phases in some ways. The E stands for Experience — children need practical experi-
ence of the ideas to start with. L is for language, and this is where Liebeck’s approach
differs from Bruner’s; Liebeck emphasises the need for children to learn the language
of mathematics, highlighting the need for adults and children to talk about the ideas.
She then recommends that children go on to represent mathematical ideas through
pictures (P) or diagrams before moving on to formal recording of mathematics
through the use of symbols (S). Similarly, Gifford (2008) emphasises the importance
of multisensory experiences for learning. Froebel (in Beckley, 2011) also emphasised
the importance of practical activity for children’s learning, including gardening and
use of building blocks. This influence can be clearly seen currently in many nursery
settings in the UK.

Skemp (1971) described two ways of understanding mathematical ideas that he
called ‘instrumental’ and ‘relational understanding’. Instrumental understanding is a
shallower form of understanding. For example, we might develop an instrumental
understanding of how to add, subtract, multiply and divide using a set procedure or
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algorithm by memorising the steps required. However, we might not understand how
the procedure worked or why the various steps in the procedure are needed. One of the
difficulties with this level of understanding is that if our memory of the procedure
failed, we would be unable to continue. In contrast, a relational understanding of
these procedures would mean that we understand how and why the procedures work.

The importance of practical activities

The work of Piaget, Bruner and Liebeck all emphasises practical activity as a starting
point for learning with young children and Gifford (2008) reports neuroscientific sup-
port for this approach, too. Children are naturally curious and explore the world
around them. They love to play. Adults working with young children can build on this
in order to support mathematical development. One way to do this is to ensure that
appropriate toys and other resources are available for children to play with and for
the adults to recognise the mathematical potential of these toys and resources. Adults
can then observe children interacting with the resources and provide additional
resources or play alongside children using appropriate vocabulary and asking appro-
priate questions to maximise this potential.

o What sort of toys and resources will be helpful in supporting children’s
mathematical development?

e Do they have to be especially produced for mathematics?

o Which everyday toys that young children play with might also help to develop
mathematical ideas?

CASE STUDY

Farm set

Oliver, aged 5, and Daniel, aged 3, both had identical new farm sets. They played
together creating fields of different sizes and shapes with the eight fence sections.
They created various shapes and sizes and arranged animals in the fields talking
about how many animals would fit and whether they wanted big or small animals in
the various fields. In each set there was a tree and the boys sometimes included the
trees as field boundaries to increase the different shapes they could produce. At one
point they used a section of fence to create a common boundary between two fields,
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leaving two fence sections out. Oliver announced that they had a ‘square field and a
triangle field. He went on to talk about the triangle field being smaller than the
square field. Then he said that ‘triangles are always smaller than squares'. | asked him
if this was always true and said | thought | could draw a really big triangle. He rushed
off to find pen and paper and drew the largest triangle he could on a sheet of
A4 paper, then he cut this out. He then gradually cut into the triangle creating
smaller and smaller triangles. He also drew three rectangles, which he called squares
on another piece of paper and wrote ‘small to [middle] size to big" and told me that
he could draw squares in lots of sizes. Taking another piece of paper, he drew a series
of five triangles, each one slightly larger than the one before, a similar set of six circles
and finally four squares (see Figure 1.1). This demonstrates that he has a good under-
standing of ordering sizes and that a shape can come in any size, contradicting his
previous statement that ‘triangles are always smaller than squares'. Daniel, at 3 years
old, did not choose to draw anything but was content to talk about the sizes of the
animals describing them as big and little and counting a set of four big horses accu-
rately. | attempted to develop his vocabulary by talking to him about ‘middle-sized’
animals; he appeared to listen but did not use this vocabulary himself.

r—————’—\
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Figure 1.1 Oliver’s drawings of shapes of different sizes

Resources, models and images

The case study is an example of the use of toys that are not made specifically for
mathematics. However, various resources have been designed specifically for this
purpose. Many of these are designed as models which, together with mathematical
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Figure 1.2 Bead string, Cuisenaire rods and interlocking cubes

talk, can support children in building up mental images of mathematical ideas. This
type of resource includes objects such as interlocking cubes, Cuisenaire rods and bead
strings (see Figure 1.2). Some paper-based resources are also published to support
children in building up their own images and mathematical understanding. These
include number lines and hundred squares. Delaney (2010) recommends that resources
should be used in two different ways. One of these is by a teacher or adult for dem-
onstration of an idea along with explanation. He also recommends that children should
engage with resources, directly playing with them, handling them and talking about
them so that they can build up their own conceptions of the mathematical ideas.

Higgins (2008) recommends that ICT can be helpful for children in learning about
mathematical ideas, if it is carefully selected and accompanied by appropriate talk.
Some computer programs can help children in counting and developing early calcula-
tion and ideas about shape. Calculators can also be judiciously used to support the
development of mathematics, as can interactive whiteboards.

CASE STUDY

Hundred square

Children in a Reception Class aged 4 and 5, had been introduced to the hundred
square (see Figure 1.3) by their teacher. Later in the week during a child-initiated
session, a group of children chose to draw and make marks on mini whiteboards.
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Figure 1.3 Hundred square

Harry (aged just 5) had chosen a whiteboard with a 10 x 10 grid marked on it. He
fetched a copy of the hundred square that the children had been using previously.
He started to write numbers on the whiteboard grid, trying to copy from the hun-
dred square. He wrote 1 and 2 successfully then wrote 3 the wrong way round. He
missed out some numbers and wrote some of the teens numbers in the top row. In
the square under the number 1, he wrote 100, although he found it difficult to fit
the three digits into the small square. | asked him to explain what he was doing.
He did not appear to realise that he had missed writing some numbers but he
appeared to have a good understanding of how the hundred square worked and
how the numbers are traditionally arranged in it. Josh, aged 4 years and 11
months, came over to join in the conversation. He pointed out that the 100 should
be in the bottom right-hand square and added 'because that is the end number'.
He went on to say, however, that when we're counting ‘We can go past one
hundred [and] we can go on counting forever because it never stops'. Harry rubbed
100 out from the second row and wrote it in the bottom right-hand square.
This demonstrated both children had been supported in their mathematical
understanding through the use of the hundred square and that both had a good under-
standing for their age of the number system and how it works.

Starting with children’s interests

It is important that children develop positive attitudes to mathematics in the early years;
therefore they need to be interested and to enjoy mathematical activities and experiences.
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Much of the documentation produced by the National Numeracy Strategy (DfEE, 1999b)
and the Primary National Strategy (DfES, 2006) in England has recommended that children
should be given opportunities to solve ‘real-life’ problems in mathematics. However, it
could be questioned whether a problem within a classroom or early years setting is in
fact ‘real-life’. It may be preferable to use the term ‘meaningful contexts’ for problem
solving as this can also include fantasy or imaginary contexts, such as stories that are
meaningful for children but fictional. In the case study described earlier in this chapter,
Oliver and Daniel were engaged in mathematics in a context that was meaningful for
them on that particular day as they had just received new farm sets as presents. You will
be able to identify other play situations and toys where there is potential for mathemat-
ics arising from the children’s play. Play and mathematics is the subject of Chapter 3.
Giving children a degree of choice can help them to build up their independence;
this in turn will help them to develop persistence and resilience, which are necessary
in the learning of mathematics and in problem solving within mathematics, the wider
curriculum and beyond. Children need a self-image as a successful learner (Gifford,
2008) and the affective aspect of learning mathematics is extremely important. Adults
need to build children’s confidence in mathematics as well as their competence.

Schemas arising from children’s interests

Carruthers and Worthington (2006) built on Athey's (1990) work on schemas. These
are repeated behaviours during play that demonstrate children's exploration of
particular ideas and concepts. Schemas include enclosing things, connecting and
transporting. Their research involved asking parents to keep diaries of children's
schemas. Adults working with children in various early years settings also took note
of children’s schemas. Carruthers and Worthington recommend that adults working
with young children should work with and extend children's schemas. They give an
example of where a child was in a spiral schema, extending this by encouraging her
to examine snail shells carefully and to stir fruit into plain yoghurt. They also identi-
fied that children may represent ideas associated with their present schema, leading
to further exploration of the idea and therefore to deeper learning. They contrast
children exploring shapes through their play when they are interested, with a
teacher holding up a shape and telling the children that it is a triangle.

e Think of a child in the age range of 0-8 years that you know well. What are their
current interests?
e What would be a meaningful context for them?
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Routines of the day can also provide meaningful contexts for mathematical
development. These could include:

getting dressed
laying the table
tidying up
preparing a snack.

Often, just by listening and talking to children at these times, mathematical lan-
guage and vocabulary can be developed. For example, we might talk with children
about the sizes of different objects. Sometimes, the situations could be developed
into problems for children to solve. Examples of questions we might ask children
when laying a table are:

e ‘How many plates do we have?'
e 'How many plates do we need?'
e 'How many more plates do we need?'

The first of these is a simple counting question. The second could be more chal-
lenging if the people needing the plates are not all present and the child has to
count from their imagination. The third question could combine the first two and
involve some addition or ‘counting on'. Adults can assist children to answer these
questions through modelling by thinking aloud.

Stories, songs, poetry and rhymes can also provide meaningful starting points for math-
ematics. Beyond counting books, some stories have been written especially for the
purpose of developing children’s mathematical understanding. However, mathematics
can also ensue from reading a story that is not directly written with mathematics in
mind. An example is Mr Magnolia (Blake, 2010). Although it is not obviously a count-
ing book, it works in that way. Mr Magnolia starts the story with one boot, he has two
sisters, three creatures in his pond, and so on. There is also scope for discussion of
sizes when looking at the pictures. The opportunity to discuss items that come in pairs
could also lead to work on odd and even numbers or counting in twos. Giant stories
can also lead to discussions of size (see Chapter 13) and perhaps to children solving
problems by working out how tall the giant is from a foot or hand print.

Many children will enjoy joining in with songs and rhymes and these can provide
a meaningful context from which to explore some mathematical ideas. ‘When Goldi-
locks went to the house of the bears’ supports counting to three and talking about
different sizes. Very early adding and subtracting can be supported by singing ‘Two
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Little Dickie Birds’. You can find books (sometimes with a CD) of songs especially
written for supporting mathematical development in young children.

Out of doors and further afield

Young children learn all the time and in different environments. They will be used
to this before they join a more formal learning setting such as a nursery, pre-school
or school situation. Many children love to play outdoors and much mathematical
learning can take place outside, taking advantage of the spaces in the natural and
built environment. This could be in an outdoor area adjoining the setting or further
away, necessitating a journey. Locations for outdoor learning can be familiar or
unfamiliar. Similarly, there are interesting opportunities for learning in different
indoor locations. Different locations will appeal to children’s interests and can be use-
ful in motivating children to think in different mathematical ways. More consideration
will be given to these ideas in Chapter 5.

Linking mathematical and other learning

Linking mathematical activities within a setting with home and other experiences a
child has outside of the setting encourages meaningful learning. This involves getting
to know the children well as individuals including their current preferences and inter-
ests. Therefore, it is also useful to build productive relationships with the children’s
parents or carers. Good communication is then far more likely and parents and prac-
titioners working within settings can help children to continue their interests and can
talk to the children about them and therefore make learning deeper and more effec-
tive (see Chapter 8). Communication between adults within a setting is also very
important, especially if a child will come into contact with a number of different adults
within a week. Feedback from all adults is also vital if one adult has the key respon-
sibility for the planning of mathematical learning, resources and experiences.

Links between mathematical ideas

Research into effective teachers of numeracy (Askew et al.,1997) has shown that the
most effective teachers of primary mathematics are those who believe that it is
important to help children to see the links and connections between different math-
ematical ideas, different representations of mathematics and children’'s existing
methods and understandings. Teaching is based on dialogue between the teacher
and the child and between children to ensure that these connections are highlighted.




How Children Learn Mathematics

Barmby et al. (2009) believe that children develop mathematical understanding through
adding mental connections between ideas by representing the mathematics and reason-
ing. Adults working with young children will often intuitively assist them in making
connections, such as helping children to add numbers together by counting. However,
if adults are aware of the importance of this, they can capitalise on the opportunities
to assist mathematical development. Chapter 10 highlights links between the four
operations and it is essential for children to become aware of these.

Links between setting-based and outside experiences can also involve topical
themes to be explored in a mathematical context. Young children will not see learning
as separated into subject categories and one activity may help their development in
several different areas. We have mentioned the development of children’s mathemati-
cal vocabulary and language several times, because it is bound up with thinking and
therefore learning, but this also means that through assisting a child with developing
this vocabulary they will be developing their language more generally. Gifford (2008)
also highlights this aspect and the way that adults can model mathematical thinking
and talk through thinking aloud and helping children to articulate in ‘sustained shared
thinking’ (Siraj-Blatchford et al., 2002).

Figure 1.4 lists some topical themes and related mathematical activities together
with the mathematical vocabulary that could be highlighted.

Theme Possible mathematics activity Possible mathematical vocabulary
Autumn Collecting, sorting and grouping Sort, group, the same as, different
leaves
Christmas Exploring and creating symmetry in Symmetrical, match, shape
decorating Christmas trees
The Olympic | Comparing numbers of medals for More, fewer, the same as, lots, none
Games different countries
Holidays Exploring and counting sand castles Big, small, size
India or Exploring and creating Rangoli type Pattern, shape, curve, straight
Hinduism patterns
National Using a story as a starting point for Page numbers, order, ordinal num-
Book Day mathematical ideas bers, e.g. first, second
Bonfire Making and describing a firework Over, high, up, down, close, far
Night picture, counting and describing
position and direction

Figure 1.4 Themes and mathematical activities
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CASE STUDY

Rock pool activity

One summer term | was teaching a class of 4-5 year olds and had chosen the theme
of summer holidays to base activities around. | wanted to give the children opportu-
nities to develop positional vocabulary, so | decided to set up the sand or water tray
to resemble a rock pool. Stones, pebbles and shells were collected from a beach and
washed thoroughly. A large shallow dish of water was placed at one end of the sand
tray; this was surrounded by the rocks and pebbles. Sand was then distributed to
make a more natural appearance. Children had a collection of sea shells and plastic
sea creatures, including crabs and other shellfish, a seahorse and starfish. Groups of
children then arranged the sea creatures and shells as they wished in the tray. As they
did this an adult talked to the children and discussed where they were placing them.
Clipboards and paper were also provided and many of the children drew representa-
tions of the rock pool and the creatures, again practising the positional language as
they drew and described their pictures. They used phrases such as:

‘The crab's under water'
‘The starfish is coming out from under the rock’
‘I've put the shell on the top of the sandcastle’

| encouraged children to use the phrase 'in between' by modelling sentences for
the children, The seahorse is in between two rocks'. Some of the children were also
later heard using this phrase.

Children solving problems

Problem solving is important in all areas of learning, but perhaps particularly in math-
ematics where it provides opportunities for children to develop mathematical thinking
skills and to apply their understanding in a meaningful way. It encourages children to
draw upon their previous experiences when considering possible ways of solving a
particular problem and deciding a course of action. Problem solving features in many
of the other chapters in this book, with a particular focus on problem solving within
children’s play in Chapter 3.

e What constitutes problem solving in mathematics for very young children?




