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While many financial engineering books are available, the statistical 
aspects behind the implementation of stochastic models used in 
the field are often overlooked or restricted to a few well-known 
cases. Statistical Methods for Financial Engineering guides 
current and future practitioners on implementing the most useful 
stochastic models used in financial engineering. 

After introducing properties of univariate and multivariate models 
for asset dynamics as well as estimation techniques, the book 
discusses limits of the Black-Scholes model, statistical tests to 
verify some of its assumptions, and the challenges of dynamic 
hedging in discrete time. It then covers the estimation of risk 
and performance measures, the foundations of spot interest rate 
modeling, Lévy processes and their financial applications, the 
properties and parameter estimation of GARCH models, and the 
importance of dependence models in hedge fund replication and 
other applications. It concludes with the topic of filtering and its 
financial applications.

This self-contained book offers a basic presentation of stochastic 
models and addresses issues related to their implementation in the 
financial industry. Each chapter introduces powerful and practical 
statistical tools necessary to implement the models. The author 
not only shows how to estimate parameters efficiently, but he also 
demonstrates, whenever possible, how to test the validity of the 
proposed models. Throughout the text, examples using MATLAB® 
illustrate the application of the techniques to solve real-world 
financial problems. MATLAB and R programs are available on the 
author’s website.
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6.6.1.2 Lévy Process vs Brownian Motion . . . . . . 204

6.6.2 Estimation Based on the Cumulants . . . . . . . . . . 205



xii Contents

6.6.2.1 Estimation of the Cumulants . . . . . . . . . 206
6.6.2.2 Application . . . . . . . . . . . . . . . . . . . 207
6.6.2.3 Discussion . . . . . . . . . . . . . . . . . . . 209

6.6.3 Estimation Based on the Maximum Likelihood Method 209
6.7 Suggested Reading . . . . . . . . . . . . . . . . . . . . . . . . 215
6.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
6.9 Assignment Questions . . . . . . . . . . . . . . . . . . . . . . 216
6.A Modified Bessel Functions of the Second Kind . . . . . . . . 217
6.B Asymptotic Behavior of the Cumulants . . . . . . . . . . . . 218
6.C Proofs of the Results . . . . . . . . . . . . . . . . . . . . . . 219

6.C.1 Proof of Lemma 6.5.1 . . . . . . . . . . . . . . . . . . 219
6.C.2 Proof of Corollary 6.5.2 . . . . . . . . . . . . . . . . . 219
6.C.3 Proof of Proposition 6.6.1 . . . . . . . . . . . . . . . . 220
6.C.4 Proof of Proposition 6.4.1 . . . . . . . . . . . . . . . . 220

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

7 Stochastic Volatility Models 223
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223
7.1 GARCH Models . . . . . . . . . . . . . . . . . . . . . . . . . 223

7.1.1 GARCH(1,1) . . . . . . . . . . . . . . . . . . . . . . . 224
7.1.2 GARCH(p,q) . . . . . . . . . . . . . . . . . . . . . . . 226
7.1.3 EGARCH . . . . . . . . . . . . . . . . . . . . . . . . . 226
7.1.4 NGARCH . . . . . . . . . . . . . . . . . . . . . . . . . 227
7.1.5 GJR-GARCH . . . . . . . . . . . . . . . . . . . . . . . 227
7.1.6 Augmented GARCH . . . . . . . . . . . . . . . . . . . 227

7.2 Estimation of Parameters . . . . . . . . . . . . . . . . . . . . 228
7.2.1 Application for GARCH(p,q) Models . . . . . . . . . . 229
7.2.2 Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230
7.2.3 Goodness-of-Fit and Pseudo-Observations . . . . . . . 230
7.2.4 Estimation and Goodness-of-Fit When the Innovations

Are Not Gaussian . . . . . . . . . . . . . . . . . . . . 232
7.3 Duan Methodology of Option Pricing . . . . . . . . . . . . . 235

7.3.1 LRNVR Criterion . . . . . . . . . . . . . . . . . . . . 235
7.3.2 Continuous Time Limit . . . . . . . . . . . . . . . . . 237

7.3.2.1 A New Parametrization . . . . . . . . . . . . 238
7.4 Stochastic Volatility Model of Hull-White . . . . . . . . . . . 239

7.4.1 Market Price of Volatility Risk . . . . . . . . . . . . . 239
7.4.2 Expectations vs Partial Differential Equations . . . . . 240
7.4.3 Option Price as an Expectation . . . . . . . . . . . . . 240
7.4.4 Approximation of Expectations . . . . . . . . . . . . . 242

7.4.4.1 Monte Carlo Methods . . . . . . . . . . . . . 242
7.4.4.2 Taylor Series Expansion . . . . . . . . . . . . 242
7.4.4.3 Edgeworth and Gram-Charlier Expansions . 243
7.4.4.4 Approximate Distribution . . . . . . . . . . . 245

7.5 Stochastic Volatility Model of Heston . . . . . . . . . . . . . 246



Contents xiii

7.6 Suggested Reading . . . . . . . . . . . . . . . . . . . . . . . . 247
7.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247
7.8 Assignment Questions . . . . . . . . . . . . . . . . . . . . . . 249
7.A Khmaladze Transform . . . . . . . . . . . . . . . . . . . . . . 250

7.A.1 Implementation Issues . . . . . . . . . . . . . . . . . . 250
7.B Proofs of the Results . . . . . . . . . . . . . . . . . . . . . . 251

7.B.1 Proof of Proposition 7.1.1 . . . . . . . . . . . . . . . . 251
7.B.2 Proof of Proposition 7.4.1 . . . . . . . . . . . . . . . . 253
7.B.3 Proof of Proposition 7.4.2 . . . . . . . . . . . . . . . . 254

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254

8 Copulas and Applications 257
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257
8.1 Weak Replication of Hedge Funds . . . . . . . . . . . . . . . 257

8.1.1 Computation of g . . . . . . . . . . . . . . . . . . . . . 258
8.2 Default Risk . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

8.2.1 n-th to Default Swap . . . . . . . . . . . . . . . . . . . 259
8.2.2 Simple Model for Default Time . . . . . . . . . . . . . 260
8.2.3 Joint Dynamics of Xi and Yi . . . . . . . . . . . . . . 261
8.2.4 Simultaneous Evolution of Several Markov Chains . . 262

8.2.4.1 CreditMetrics . . . . . . . . . . . . . . . . . 262
8.2.5 Continuous Time Model . . . . . . . . . . . . . . . . . 264

8.2.5.1 Modeling the Default Time of a Firm . . . . 266
8.2.6 Modeling Dependence Between Several Default Times 266

8.3 Modeling Dependence . . . . . . . . . . . . . . . . . . . . . . 266
8.3.1 An Image is Worth a Thousand Words . . . . . . . . . 267
8.3.2 Joint Distribution, Margins and Copulas . . . . . . . . 269
8.3.3 Visualizing Dependence . . . . . . . . . . . . . . . . . 269

8.4 Bivariate Copulas . . . . . . . . . . . . . . . . . . . . . . . . 271
8.4.1 Examples of Copulas . . . . . . . . . . . . . . . . . . . 271
8.4.2 Sklar Theorem in the Bivariate Case . . . . . . . . . . 272
8.4.3 Applications for Simulation . . . . . . . . . . . . . . . 274
8.4.4 Simulation of (U1, U2) ∼ C . . . . . . . . . . . . . . . 274
8.4.5 Modeling Dependence with Copulas . . . . . . . . . . 275
8.4.6 Positive Quadrant Dependence (PQD) Order . . . . . 276

8.5 Measures of Dependence . . . . . . . . . . . . . . . . . . . . 276
8.5.1 Estimation of a Bivariate Copula . . . . . . . . . . . . 278

8.5.1.1 Precision of the Estimation of the Empirical
Copula . . . . . . . . . . . . . . . . . . . . . 278

8.5.1.2 Tests of Independence Based on the Empirical
Copula . . . . . . . . . . . . . . . . . . . . . 278

8.5.2 Kendall Function . . . . . . . . . . . . . . . . . . . . . 280
8.5.2.1 Estimation of Kendall Function . . . . . . . 281
8.5.2.2 Precision of the Estimation of the Kendall

Function . . . . . . . . . . . . . . . . . . . . 282



xiv Contents

8.5.2.3 Tests of Independence Based on the Empirical
Kendall Function . . . . . . . . . . . . . . . 282

8.5.3 Kendall Tau . . . . . . . . . . . . . . . . . . . . . . . . 286
8.5.3.1 Estimation of Kendall Tau . . . . . . . . . . 286
8.5.3.2 Precision of the Estimation of Kendall Tau . 287

8.5.4 Spearman Rho . . . . . . . . . . . . . . . . . . . . . . 287
8.5.4.1 Estimation of Spearman Rho . . . . . . . . . 288
8.5.4.2 Precision of the Estimation of Spearman Rho 288

8.5.5 van der Waerden Rho . . . . . . . . . . . . . . . . . . 289
8.5.5.1 Estimation of van der Waerden Rho . . . . . 290
8.5.5.2 Precision of the Estimation of van der Waer-

den Rho . . . . . . . . . . . . . . . . . . . . 290
8.5.6 Other Measures of Dependence . . . . . . . . . . . . . 291

8.5.6.1 Estimation of ρ(J) . . . . . . . . . . . . . . . 291
8.5.6.2 Precision of the Estimation of ρ(J) . . . . . . 292

8.5.7 Serial Dependence . . . . . . . . . . . . . . . . . . . . 292
8.6 Multivariate Copulas . . . . . . . . . . . . . . . . . . . . . . 293

8.6.1 Kendall Function . . . . . . . . . . . . . . . . . . . . . 294
8.6.2 Conditional Distributions . . . . . . . . . . . . . . . . 294

8.6.2.1 Applications of Theorem 8.6.2 . . . . . . . . 294
8.6.3 Stochastic Orders for Dependence . . . . . . . . . . . 295

8.6.3.1 Fréchet-Hoeffding Bounds . . . . . . . . . . . 295
8.6.3.2 Application . . . . . . . . . . . . . . . . . . . 296
8.6.3.3 Supermodular Order . . . . . . . . . . . . . . 296

8.7 Families of Copulas . . . . . . . . . . . . . . . . . . . . . . . 297
8.7.1 Independence Copula . . . . . . . . . . . . . . . . . . 297
8.7.2 Elliptical Copulas . . . . . . . . . . . . . . . . . . . . 297

8.7.2.1 Estimation of ρ . . . . . . . . . . . . . . . . . 298
8.7.3 Gaussian Copula . . . . . . . . . . . . . . . . . . . . . 298

8.7.3.1 Simulation of Observations from a Gaussian
Copula . . . . . . . . . . . . . . . . . . . . . 299

8.7.4 Student Copula . . . . . . . . . . . . . . . . . . . . . . 299
8.7.4.1 Simulation of Observations from a Student

Copula . . . . . . . . . . . . . . . . . . . . . 300
8.7.5 Other Elliptical Copulas . . . . . . . . . . . . . . . . . 300
8.7.6 Archimedean Copulas . . . . . . . . . . . . . . . . . . 301

8.7.6.1 Financial Modeling . . . . . . . . . . . . . . 301
8.7.6.2 Recursive Formulas . . . . . . . . . . . . . . 301
8.7.6.3 Conjecture . . . . . . . . . . . . . . . . . . . 303
8.7.6.4 Kendall Tau for Archimedean Copulas . . . . 303
8.7.6.5 Simulation of Observations from an Archimedean

Copula . . . . . . . . . . . . . . . . . . . . . 304
8.7.7 Clayton Family . . . . . . . . . . . . . . . . . . . . . . 304

8.7.7.1 Simulation of Observations from a Clayton
Copula . . . . . . . . . . . . . . . . . . . . . 305



Contents xv

8.7.8 Gumbel Family . . . . . . . . . . . . . . . . . . . . . . 305
8.7.8.1 Simulation of Observations from a Gumbel

Copula . . . . . . . . . . . . . . . . . . . . . 306
8.7.9 Frank Family . . . . . . . . . . . . . . . . . . . . . . . 306

8.7.9.1 Simulation of Observations from a Frank Cop-
ula . . . . . . . . . . . . . . . . . . . . . . . . 307

8.7.10 Ali-Mikhail-Haq Family . . . . . . . . . . . . . . . . . 308
8.7.10.1 Simulation of Observations from an Ali-

Mikhail-Haq Copula . . . . . . . . . . . . . . 308
8.7.11 PQD Order for Archimedean Copula Families . . . . . 309
8.7.12 Farlie-Gumbel-Morgenstern Family . . . . . . . . . . . 309
8.7.13 Plackett Family . . . . . . . . . . . . . . . . . . . . . . 310
8.7.14 Other Copula Families . . . . . . . . . . . . . . . . . . 310

8.8 Estimation of the Parameters of Copula Models . . . . . . . 311
8.8.1 Considering Serial Dependence . . . . . . . . . . . . . 311
8.8.2 Estimation of Parameters: The Parametric Approach . 312

8.8.2.1 Advantages and Disadvantages . . . . . . . . 312
8.8.3 Estimation of Parameters: The Semiparametric Ap-

proach . . . . . . . . . . . . . . . . . . . . . . . . . . . 312
8.8.3.1 Advantages and Disadvantages . . . . . . . . 313

8.8.4 Estimation of ρ for the Gaussian Copula . . . . . . . . 313
8.8.5 Estimation of ρ and ν for the Student Copula . . . . . 313
8.8.6 Estimation for an Archimedean Copula Family . . . . 314
8.8.7 Nonparametric Estimation of a Copula . . . . . . . . . 314
8.8.8 Nonparametric Estimation of Kendall Function . . . . 315

8.9 Tests of Independence . . . . . . . . . . . . . . . . . . . . . . 315
8.9.1 Test of Independence Based on the Copula . . . . . . 316

8.10 Tests of Goodness-of-Fit . . . . . . . . . . . . . . . . . . . . 316
8.10.1 Computation of P -Values . . . . . . . . . . . . . . . . 317
8.10.2 Using the Rosenblatt Transform for Goodness-of-Fit

Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . 318
8.10.2.1 Computation of P -Values . . . . . . . . . . . 318

8.11 Example of Implementation of a Copula Model . . . . . . . . 319
8.11.1 Change Point Tests . . . . . . . . . . . . . . . . . . . . 320
8.11.2 Serial Independence . . . . . . . . . . . . . . . . . . . 320
8.11.3 Modeling Serial Dependence . . . . . . . . . . . . . . . 320

8.11.3.1 Change Point Tests for the Residuals . . . . 320
8.11.3.2 Goodness-of-Fit for the Distribution of Inno-

vations . . . . . . . . . . . . . . . . . . . . . 320
8.11.4 Modeling Dependence Between Innovations . . . . . . 321

8.11.4.1 Test of Independence for the Innovations . . 321
8.11.4.2 Goodness-of-Fit for the Copula of the Innova-

tions . . . . . . . . . . . . . . . . . . . . . . . 323
8.12 Suggested Reading . . . . . . . . . . . . . . . . . . . . . . . . 325
8.13 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326



xvi Contents

8.14 Assignment Questions . . . . . . . . . . . . . . . . . . . . . . 330
8.A Continuous Time Markov Chains . . . . . . . . . . . . . . . 331
8.B Tests of Independence . . . . . . . . . . . . . . . . . . . . . . 332
8.C Polynomials Related to the Gumbel Copula . . . . . . . . . . 333
8.D Polynomials Related to the Frank Copula . . . . . . . . . . . 334
8.E Change Point Tests . . . . . . . . . . . . . . . . . . . . . . . 334

8.E.1 Change Point Test for the Copula . . . . . . . . . . . 335
8.F Auxiliary Results . . . . . . . . . . . . . . . . . . . . . . . . 336
8.G Proofs of the Results . . . . . . . . . . . . . . . . . . . . . . 336

8.G.1 Proof of Proposition 8.4.1 . . . . . . . . . . . . . . . . 336
8.G.2 Proof of Proposition 8.4.2 . . . . . . . . . . . . . . . . 337
8.G.3 Proof of Proposition 8.5.1 . . . . . . . . . . . . . . . . 338
8.G.4 Proof of Theorem 8.7.1 . . . . . . . . . . . . . . . . . 338

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

9 Filtering 345
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 345
9.1 Description of the Filtering Problem . . . . . . . . . . . . . . 345
9.2 Kalman Filter . . . . . . . . . . . . . . . . . . . . . . . . . . 346

9.2.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 346
9.2.2 Filter Initialization . . . . . . . . . . . . . . . . . . . . 347
9.2.3 Estimation of Parameters . . . . . . . . . . . . . . . . 348
9.2.4 Implementation of the Kalman Filter . . . . . . . . . . 348

9.2.4.1 Solution . . . . . . . . . . . . . . . . . . . . . 348
9.2.5 The Kalman Filter for General Linear Models . . . . . 353

9.3 IMM Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . 354
9.3.1 IMM Algorithm . . . . . . . . . . . . . . . . . . . . . 354
9.3.2 Implementation of the IMM Filter . . . . . . . . . . . 356

9.4 General Filtering Problem . . . . . . . . . . . . . . . . . . . 356
9.4.1 Kallianpur-Striebel Formula . . . . . . . . . . . . . . . 356
9.4.2 Recursivity . . . . . . . . . . . . . . . . . . . . . . . . 357
9.4.3 Implementing the Recursive Zakai Equation . . . . . . 358
9.4.4 Solving the Filtering Problem . . . . . . . . . . . . . . 358

9.5 Computation of the Conditional Densities . . . . . . . . . . . 358
9.5.1 Convolution Method . . . . . . . . . . . . . . . . . . . 359
9.5.2 Kolmogorov Equation . . . . . . . . . . . . . . . . . . 360

9.6 Particle Filters . . . . . . . . . . . . . . . . . . . . . . . . . . 360
9.6.1 Implementation of a Particle Filter . . . . . . . . . . . 360
9.6.2 Implementation of an Auxiliary Sampling/Importance

Resampling (ASIR) Particle Filter . . . . . . . . . . . 361
9.6.2.1 ASIR0 . . . . . . . . . . . . . . . . . . . . . . 363
9.6.2.2 ASIR1 . . . . . . . . . . . . . . . . . . . . . . 363
9.6.2.3 ASIR2 . . . . . . . . . . . . . . . . . . . . . . 364

9.6.3 Estimation of Parameters . . . . . . . . . . . . . . . . 365
9.6.3.1 Smoothed Likelihood . . . . . . . . . . . . . 365



Contents xvii

9.7 Suggested Reading . . . . . . . . . . . . . . . . . . . . . . . . 366
9.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367

9.9 Assignment Questions . . . . . . . . . . . . . . . . . . . . . . 368
9.A Schwartz Model . . . . . . . . . . . . . . . . . . . . . . . . . 369

9.B Auxiliary Results . . . . . . . . . . . . . . . . . . . . . . . . 370
9.C Fourier Transform . . . . . . . . . . . . . . . . . . . . . . . . 371

9.D Proofs of the Results . . . . . . . . . . . . . . . . . . . . . . 371
9.D.1 Proof of Proposition 9.2.1 . . . . . . . . . . . . . . . . 371

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 372

10 Applications of Filtering 375

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 375
10.1 Estimation of ARMA Models . . . . . . . . . . . . . . . . . . 375

10.1.1 AR(p) Processes . . . . . . . . . . . . . . . . . . . . . 375
10.1.1.1 MA(q) Processes . . . . . . . . . . . . . . . . 376

10.1.2 MA Representation . . . . . . . . . . . . . . . . . . . . 376

10.1.3 ARMA Processes and Filtering . . . . . . . . . . . . . 377
10.1.3.1 Implementation of the Kalman Filter in the

Gaussian Case . . . . . . . . . . . . . . . . . 378
10.1.4 Estimation of Parameters of ARMA Models . . . . . . 379

10.2 Regime-Switching Markov Models . . . . . . . . . . . . . . . 380
10.2.1 Serial Dependence . . . . . . . . . . . . . . . . . . . . 380
10.2.2 Prediction of the Regimes . . . . . . . . . . . . . . . . 381

10.2.3 Conditional Densities and Predictions . . . . . . . . . 382
10.2.4 Estimation of the Parameters . . . . . . . . . . . . . . 383

10.2.4.1 Implementation of the E-step . . . . . . . . . 383
10.2.5 M-step in the Gaussian Case . . . . . . . . . . . . . . 384

10.2.6 Tests of Goodness-of-Fit . . . . . . . . . . . . . . . . . 385
10.2.7 Continuous Time Regime-Switching Markov Processes 388

10.3 Replication of Hedge Funds . . . . . . . . . . . . . . . . . . . 389

10.3.0.1 Measurement of Errors . . . . . . . . . . . . 390
10.3.1 Replication by Regression . . . . . . . . . . . . . . . . 391

10.3.2 Replication by Kalman Filter . . . . . . . . . . . . . . 391
10.3.3 Example of Application . . . . . . . . . . . . . . . . . 391

10.4 Suggested Reading . . . . . . . . . . . . . . . . . . . . . . . . 395

10.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 396
10.6 Assignment Questions . . . . . . . . . . . . . . . . . . . . . . 397

10.A EM Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 398
10.B Sampling Moments vs Theoretical Moments . . . . . . . . . 401
10.C Rosenblatt Transform for the Regime-Switching Model . . . 401

10.D Proofs of the Results . . . . . . . . . . . . . . . . . . . . . . 403
10.D.1 Proof of Proposition 10.1.1 . . . . . . . . . . . . . . . 403

10.D.2 Proof of Proposition 10.1.2 . . . . . . . . . . . . . . . 404
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 404



xviii Contents

A Probability Distributions 407
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 407
A.2 Discrete Distributions and Densities . . . . . . . . . . . . . . 408

A.2.1 Expected Value and Moments of Discrete Distributions 408
A.3 Absolutely Continuous Distributions and Densities . . . . . . 410

A.3.1 Expected Value and Moments of Absolutely Continuous
Distributions . . . . . . . . . . . . . . . . . . . . . . . 410

A.4 Characteristic Functions . . . . . . . . . . . . . . . . . . . . 412
A.4.1 Inversion Formula . . . . . . . . . . . . . . . . . . . . 413

A.5 Moments Generating Functions and Laplace Transform . . . 413
A.5.1 Cumulants . . . . . . . . . . . . . . . . . . . . . . . . 414

A.5.1.1 Extension . . . . . . . . . . . . . . . . . . . . 415
A.6 Families of Distributions . . . . . . . . . . . . . . . . . . . . 415

A.6.1 Bernoulli Distribution . . . . . . . . . . . . . . . . . . 415
A.6.2 Binomial Distribution . . . . . . . . . . . . . . . . . . 416
A.6.3 Poisson Distribution . . . . . . . . . . . . . . . . . . . 416
A.6.4 Geometric Distribution . . . . . . . . . . . . . . . . . 417
A.6.5 Negative Binomial Distribution . . . . . . . . . . . . . 417
A.6.6 Uniform Distribution . . . . . . . . . . . . . . . . . . . 417
A.6.7 Gaussian Distribution . . . . . . . . . . . . . . . . . . 418
A.6.8 Log-Normal Distribution . . . . . . . . . . . . . . . . . 418
A.6.9 Exponential Distribution . . . . . . . . . . . . . . . . 419
A.6.10 Gamma Distribution . . . . . . . . . . . . . . . . . . . 420

A.6.10.1 Properties of the Gamma Function . . . . . . 420
A.6.11 Chi-Square Distribution . . . . . . . . . . . . . . . . . 421
A.6.12 Non-Central Chi-Square Distribution . . . . . . . . . . 421

A.6.12.1 Simulation of Non-Central Chi-Square Vari-
ables . . . . . . . . . . . . . . . . . . . . . . 421

A.6.13 Student Distribution . . . . . . . . . . . . . . . . . . . 422
A.6.14 Johnson SU Type Distributions . . . . . . . . . . . . . 423
A.6.15 Beta Distribution . . . . . . . . . . . . . . . . . . . . . 423
A.6.16 Cauchy Distribution . . . . . . . . . . . . . . . . . . . 424
A.6.17 Generalized Error Distribution . . . . . . . . . . . . . 424
A.6.18 Multivariate Gaussian Distribution . . . . . . . . . . . 425

A.6.18.1 Representation of a Random Gaussian Vector 425
A.6.19 Multivariate Student Distribution . . . . . . . . . . . 426
A.6.20 Elliptical Distributions . . . . . . . . . . . . . . . . . . 426
A.6.21 Simulation of an Elliptic Distribution . . . . . . . . . 429

A.7 Conditional Densities and Joint Distributions . . . . . . . . . 429
A.7.1 Multiplication Formula . . . . . . . . . . . . . . . . . 429
A.7.2 Conditional Distribution in the Markovian Case . . . 430
A.7.3 Rosenblatt Transform . . . . . . . . . . . . . . . . . . 430

A.8 Functions of Random Vectors . . . . . . . . . . . . . . . . . . 430
A.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 433



Contents xix

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 434

B Estimation of Parameters 435
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 435
B.1 Maximum Likelihood Principle . . . . . . . . . . . . . . . . . 435
B.2 Precision of Estimators . . . . . . . . . . . . . . . . . . . . . 437

B.2.1 Confidence Intervals and Confidence Regions . . . . . 437
B.2.2 Nonparametric Prediction Interval . . . . . . . . . . . 437

B.3 Properties of Estimators . . . . . . . . . . . . . . . . . . . . 438
B.3.1 Almost Sure Convergence . . . . . . . . . . . . . . . . 438
B.3.2 Convergence in Probability . . . . . . . . . . . . . . . 438
B.3.3 Convergence in Mean Square . . . . . . . . . . . . . . 438
B.3.4 Convergence in Law . . . . . . . . . . . . . . . . . . . 439

B.3.4.1 Delta Method . . . . . . . . . . . . . . . . . 440
B.3.5 Bias and Consistency . . . . . . . . . . . . . . . . . . 441

B.4 Central Limit Theorem for Independent Observations . . . . 441
B.4.1 Consistency of the Empirical Mean . . . . . . . . . . . 442
B.4.2 Consistency of the Empirical Coefficients of Skewness

and Kurtosis . . . . . . . . . . . . . . . . . . . . . . . 442
B.4.3 Confidence Intervals I . . . . . . . . . . . . . . . . . . 445
B.4.4 Confidence Ellipsoids . . . . . . . . . . . . . . . . . . . 445
B.4.5 Confidence Intervals II . . . . . . . . . . . . . . . . . . 445

B.5 Precision of Maximum Likelihood Estimator for Serially Inde-
pendent Observations . . . . . . . . . . . . . . . . . . . . . . 446
B.5.1 Estimation of Fisher Information Matrix . . . . . . . . 446

B.6 Convergence in Probability and the Central Limit Theorem for
Serially Dependent Observations . . . . . . . . . . . . . . . . 448

B.7 Precision of Maximum Likelihood Estimator for Serially De-
pendent Observations . . . . . . . . . . . . . . . . . . . . . . 448

B.8 Method of Moments . . . . . . . . . . . . . . . . . . . . . . . 450
B.9 Combining the Maximum Likelihood Method and the Method

of Moments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 452
B.10 M-estimators . . . . . . . . . . . . . . . . . . . . . . . . . . . 453
B.11 Suggested Reading . . . . . . . . . . . . . . . . . . . . . . . . 454
B.12 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 454
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 454

Index 455





Preface

The aim of this book is to guide existing and future practitioners through
the implementation of the most useful stochastic models used in financial
engineering. There is a plethora of books on financial engineering but the sta-
tistical aspect of the implementation of these models, where lie many of the
challenges, is often overlooked or restricted to a few well-known cases like the
Black-Scholes and GARCH models. So in addition to a basic presentation of
the models, my objective in writing this book was also to include the relevant
questions related to their implementation. For example, the chapter on the
modeling of interest rates includes the estimation of the parameters of the
proposed models, which is essential from an implementation point-of-view,
but is usually ignored. Other such important topics, including the effect of
estimation errors on the value of options, hedging in discrete time, depen-
dence modeling through copulas and hedge fund replication, are also covered.
Overall, I believe this book fills an important gap in the financial engineering
literature since I faced many of these implementation issues in my own work
as a part-time consultant in the financial industry. Another aspect covered
here that is largely ignored in most textbooks pertains to the validation of
the models. Throughout the chapters, in addition to showing how to estimate
parameters efficiently, I also demonstrate, whenever possible, how one can test
the validity of the proposed models. Many techniques I used in this book ap-
peared in research papers (many I have authored myself), and while powerful,
are too rarely applied in practice. A companion website also offers MATLAB R©

and R programs that are likely to help practitioners with the implementation
of these tools in the context of real-life financial problems.

The content of this book has been developed in the last ten years for a
graduate course on statistical methods for students in finance and financial en-
gineering. Since the course can be taken by first-year graduate students, I try
to avoid as much as possible any reference to stochastic calculus. The book
is also self-contained in the sense that no financial background is required,
although it would definitely help. Rigor is shown by proving most results.
However, for the sake of readability, the proofs are presented in a series of
appendices, together with more advanced topics, including two appendices
on probability distributions and parameter estimation, which both provide
theoretical support for the results presented in the book. In every chapter, I
try to introduce the statistical tools required to implement the models taken
from the cornerstone articles in financial engineering. The use of each tool is

xxi



xxii Preface

facilitated by examples of application using MATLAB programs that are avail-
able on my website at www.brunoremillard.com.

Starting with the pioneering contribution of Black & Scholes, properties of
univariate and multivariate models for asset dynamics are studied in Chapters
1 and 2, together with estimation techniques which are valid for independent
observations. The effect of parameter estimation on the value of options is also
covered. Furthermore, using techniques developed by Broadie-Glasserman, I
show how Monte Carlo simulations can be used to estimate option prices and
sensitivity parameters known as “greeks.”

In Chapter 3, the limits of the Black-Scholes model are discussed, statistical
tests are introduced to verify some of its assumptions, and a section discusses
the challenges of dynamic hedging in discrete time.

Next, in Chapter 4, the estimation of risk and performance measures is cov-
ered, starting with a discussion on the axioms for coherent risk measures. The
main tools used in this chapter are Monte Carlo methods, and other statistical
tools such as nonparametric estimation of distribution and quantile functions,
Edgeworth and Cornish-Fisher expansions, saddlepoint approximations, and
the inversion of characteristic functions.

In Chapter 5, I present the foundations of the spot interest rate modeling
literature using the article of Vasicek, and I show especially how to estimate
parameters of the so-called Vasicek and Cox-Ingersoll-Ross models, including
the market price of risk parameters. To do so, maximum likelihood techniques
for dependent observations are used, along with a method proposed by Duan
for dealing with the unobservable nature of the spot rates.

The article of Merton on jump-diffusion processes and option pricing is
covered in Chapter 6 and is used as a pretext for the introduction of Lévy
processes and their financial applications, including path properties, change
of measure, option pricing, and parameter estimation.

Using the famous article of Duan on GARCH models and option pricing,
the properties and parameter estimation of GARCH models are presented in
Chapter 7. The chapter also covers the goodness-of-fit tests, using the Khmal-
adze transform and parametric bootstrap. I show that as a limiting case, one
obtains stochastic volatility models, in particular the model studied by Hull
& White. The well-known Heston model is also discussed.

In Chapter 8, weak replication of hedge funds and simple credit risk mod-
els are used to illustrate the tremendous importance of dependence models.
This issue is discussed at great length with the use of copulas. All aspects
pertaining to these models are covered: properties, simulation, dependence
measures, estimation, and goodness-of-fit. Because of the inherent serial de-
pendence observed in financial time series, I also show how to deal with resid-
uals of stochastic volatility models.

Finally, in Chapters 9 and 10, I cover the topic of filtering and its financial
applications, when unobservable factors have to be predicted. Following the
insights of Schwartz on filtering in a commodities context, the famous Kalman
filter is introduced. Two other methods, the IMM and particle filters are then
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studied. The latter is a class of Monte Carlo methods for solving the general
filtering problem. Estimation of the parameters of the underlying models is
also discussed. Then, filtering is applied in three contexts, namely estimation
of ARMA models, estimation and prediction of Hidden Markov models using
the powerful EM algorithm, and hedge funds replication.

This book, written over such a long period of time, has benefited from
the valuable help and feedback of many people. I first wish to thank Matt
Davidson, professor at University of Western Ontario, and Hugues Langlois,
a Ph.D. student at McGill University, for their helpful comments and sugges-
tions on an earlier version of this book. I would also like to thank my colleague
at HEC Jean-François Plante, for his detailed and valuable comments on the
chapter on copulas, and HEC Montréal for their financial support. Finally,
I would like to thank the students in the Financial Engineering program at
HEC Montréal, especially Frédéric Godin, for their comments and suggestions
along with their understanding throughout the years when they often found
themselves in the position to be the first to test all the new material. Finally,
a special thanks to Alexis Constantineau for his help in the preparation of
exercises and to David-Shaun Guay for converting my MATLAB programs
into R programs.

Bruno Rémillard
Montréal, October 3rd, 2012.

MATLAB and Simulink are registered trademark of The MathWorks, Inc. For
product information, please contact:

The Mathworks, Inc.
3 Apple Hill Drive
Natick, MA 01760-2098 USA
Tel: 5086477000
Fax: 508-647-7001
E-mail: info@mathworks.com
Web: www.mathworks.com
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Chapter 1

Black-Scholes Model

In this chapter, we introduce a first model for the dynamical behavior of an asset, the

so-called Black-Scholes model. One will learn how to estimate its parameters and how to

compute the estimation errors. Then we will state the famous Black-Scholes formula for

the price of a European call option, together with the general Black-Scholes equation for

the value of a European option, and its representation as an expectation. The concept of

implied volatility is then introduced. Finally, we conclude this chapter by estimating the

sensitivity parameters of the option value, called “Greeks,” using Monte Carlo methods.

One interesting application of greeks is to measure the impact of estimation errors on the

value of options.

1.1 The Black-Scholes Model

In Black and Scholes [1973], the authors introduced their famous model for
the price of a stock, together with a partial differential equation for the value
of a European option. To do so, they assumed the following “ideal conditions”
on the market:

• The short-term interest rate, also called risk-free rate, is known and
constant until the maturity of the option.

• The log-returns of the stock follows a Brownian motion with drift.

• The option is European, i.e., it can only be exercised at maturity.

• There are no transaction costs, nor penalties for short selling.

• It is possible to buy or borrow any fraction of the security.

To make things simpler, we assume that the market is liquid and friction-
less, that trading can be done in continuous time, and that the risk-free rate is
constant during the life of the option. The latter hypothesis will be weakened
in Chapter 3.
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1.2 Dynamic Model for an Asset

Before discussing the model proposed by Black and Scholes [1973] for the
distribution of an asset, we examine first some properties of financial data.

1.2.1 Stock Exchange Data

What do we do when there are dividends or stock splits? In each case, there
is a predictable but abnormal jump in the prices. In order to make historical
data comparable, it is necessary to take these jumps into account.

For example, in the case of Apple, there were two 2:1 stock splits (June
21st, 2000, and February 28th, 2005), while the last dividend was reported on
November 21st, 1995.

In many textbooks on Financial Engineering, e.g., Hull [2006] and Wilmott
[2006], it is suggested to replace the stock price Si at the ex-dividend period
i by Si + Di, where Di is the dividend. In fact, it is often more convenient
to do just the opposite1, by subtracting the dividend from the pre-dividend
price, i.e., the adjusted price for period i− 1 is Si−1 −Di = Si−1fi, with fi =
1−Di/Si−1. In fact, all pre-dividend values Sj , j < i, are then multiplied by
the same factor fi. For splits, one proceeds in a similar way. For example, in the
case of a 2:1 stock split, all pre-split prices are multiplied by 0.5. The returns
are then calculated from these adjusted closing prices. This is in accordance
to the standards of the Center for Research in Security Prices (CRSP). The
same method is applied to the adjusted prices available on Yahoo!finance
website.

Close vs Adjusted Close

It is important to distinguish between the observed value (closing
price) and the real value of the asset (adjusted closing price).

1.2.2 Continuous Time Models

Let S(t) be the (adjusted) value of an asset at time t. Before defining the
Black-Scholes model, one needs to define what is a Brownian motion.

Definition 1.2.1 A stochastic process W is a Brownian motion2 if it is a

1This way, the most recent prices are not adjusted. Otherwise, the most recent prices
will be adjusted and could be quite different from the observed closing prices.

2It is also called a Wiener process after Norbert Wiener who was the first to give a
rigorous definition of the process.
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continuous Gaussian process starting at 0, with zero expectation and covari-
ance function

Cov{W (s),W (t)} = min(s, t), s, t ≥ 0.

In particular, if 0 = t0 ≤ t1 ≤ · · · ≤ tn, then the increments W (ti) −
W (ti−1) are independent, have a Gaussian distribution with mean 0 and vari-
ance ti − ti−1, i ∈ {1, . . . , n}.

Definition 1.2.2 (Black-Scholes Model) In the Black-Scholes model, one
assumes that the value S of the underlying asset is modeled by a geometric
Brownian motion, i.e.,

S(t) = se

(
μ− σ2

2

)
t+σW (t)

, t ≥ 0, (1.1)

where W is a Brownian motion.
Note that S is often defined as the solution to the following stochastic

differential equation:

dS(t) = μS(t)dt+ σS(t)dW (t), S(0) = s.

Remark 1.2.1 The Black-Scholes model depends on two unknown parame-
ters: μ and σ. Therefore they must be estimated. In practice, data are collected
at regular time intervals of given length h. For example, observations can be
collected every 5 seconds, daily, weekly, monthly, etc.

It is also important to characterize the parameters. For example, is μ an
expectation? If so, it is the expectation of which variable? One can ask the
same question for the parameter σ.

In what follows, we will see that μ and σ can be interpreted in terms of the
log-returns

Xi = Xi(h) = ln {S(ih)} − ln [S {(i− 1)h}] , i ∈ {1, . . . , n}.

First, we need to find the joint law of these returns. In addition to being
important for the estimation of the unknown parameters, the distribution of
the returns is needed in order to find expressions for option prices or when
using Monte Carlo methods for pricing complex options, measuring risk or
performance, etc.

Counting Time

In applications, the time scale is usually in years, while the data are
often collected daily. Here, we follow the advice in Hull [2006] and choose
trading days instead of calendar days. According to Hull [2006], many
studies show that the trading days account for most of the volatility.
Therefore, for daily data, the convention is to use h = 1/252 instead of
h = 1/365 or even h = 1/360, as it is the case for interest rates in UK
and USA.



4 Statistical Methods for Financial Engineering

1.2.3 Joint Distribution of Returns

Proposition 1.2.1 Under the Black-Scholes model, for h > 0 given, the re-
turns Xi = ln {S(ih)} − ln [S {(i− 1)h}], i ∈ {1, . . . , n}, are independent and

Xi ∼ N
(
μh− σ2

2 h, σ
2h
)
, i.e., Xi has a Gaussian distribution with mean

(
μ− σ2

2

)
h and variance σ2h.

PROOF. For i ∈ {1, . . . , n}, one has

S(ih)
/
S{(i− 1)h} =

seμih−
ihσ2

2 +σW (ih)

seμ(i−1)h− (i−1)hσ2

2 +σW{(i−1)h}

= eμh−
hσ2

2 +σ{W (ih)−W{(i−1)h}},

so

Xi = ln
[
S(ih)

/
S{(i− 1)h}

]

= μh− σ2

2
h+ σ {W (ih)−W{(i− 1)h}}

∼ N

(
μh− σ2

2
h, σ2h

)
.

The increments W (ih) −W{(i − 1)h}, i ∈ {1 . . . n}, being independent, by
definition of Brownian motion, it follows that the returns Xi, i ∈ {1 . . . n},
are also independent.

Remark 1.2.2 Since σ appears to be a measure of variability, it is also called
volatility in financial applications and it is often reported in percentage. For
example, a volatility of 20% per annum means that σ = 0.2, on an annual
time scale.

1.2.4 Simulation of a Geometric Brownian Motion

The following algorithm is a direct application of Proposition 1.2.1.

Algorithm 1.2.1 To generate S(h), . . . , S(nh), one proceeds the following
way:

• Generate independent Gaussian variables Z1, . . . , Zn, with mean 0 and
variance 1.

• For i ∈ {1 . . . n}, set Xi = μh− σ2

2 h+ σ
√
hZi.

• For i ∈ {1 . . . n}, set S(ih) = se
∑i

j=1Xj .

This algorithm is implemented in the MATLAB function SimBS1d.
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1.2.5 Joint Law of Prices

One of the most efficient method for estimating parameters is the maxi-
mum likelihood principle, described in Appendix B.1. As shown in Remark
B.1.2, the maximum likelihood principle can be used with prices or returns.
Since the returns are independent and identically distributed in the Black-
Scholes model, we will estimate the parameters using the returns instead of
the prices.

However, for sake of completeness, we also give the conditional law of the
prices, together with their joint law.

Proposition 1.2.2 The conditional distribution of S{(i+1)h}, given S(0) =
s, . . . , S(ih) = si, depends only on S(ih), and its density is

fS{(i+1)h}|S(ih)(x|si) =
e−

1
2σ2h

{ln(x/si)−(μ−σ2/2)h}2

xσ
√
2πh

I(x > 0), x ∈ R.

PROOF. It follows from Proposition 1.2.1 that for all i ≥ 0, S{(i+ 1)h} =
S(ih)eXi+1 , and S(ih) = seX1+···+Xi is independent of eXi+1 . Therefore, the
conditional distribution of S{(i + 1)h} given S(0) = s0, . . ., S(ih) = si, is
a log-normal distribution (see A.6.8), being the exponential of a Gaussian
variate with mean ln(si) +

(
μ− σ2/2

)
h and variance σ2h.

Remark 1.2.3 As a by-product of Proposition 1.2.2 and the multiplication
formula (A.19), the joint law of S(h), . . . , S(nh), given S(0) = s, is

fS(h),...,S(nh)|S(0)(s1, . . . , sn|s) =

n∏

i=1

fS((ih)|S(0),...,S((i−1)h)(si|s, . . . , si−1)

=

n∏

i=1

fS(ih)|S((i−1)h)(si|si−1)

=

n∏

i=1

e−
(ln(si)−ln(si−1)−(μ−σ2/2)h)2

2σ2h

si
√
2πσ2h

. (1.2)

1.3 Estimation of Parameters

The maximum likelihood principle described in Appendix B.1 will now be
used to estimate parameters μ and σ, using the returns as the observations.
Usually this method of estimation is more precise than any other one. Since the
data are Gaussian, the method of moments, described in Appendix B.8, could
also be used. However these two methods yield different results in general.
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Recall that the original data set are the prices S(0) = s0, S(h) =
s1, . . . , S(nh) = sn, from which we compute the returns xi = ln(si)− ln(si−1),
i ∈ {1, . . . , n}.

Proposition 1.3.1 The estimations of μ and σ, obtained by the maximum
likelihood principle, are given by

μ̂n =
x̄

h
+
s2x
2h
,

σ̂n =
sx√
h
,

where x̄ =
1

n

n∑

i=1

xi and s
2
x =

1

n

n∑

i=1

(xi − x̄)2.

The proof is given in Appendix 1.C.1.

Remark 1.3.1 In practice, σ2 is estimated by

1

(n− 1)h

n∑

i=1

(xi − x̄)2,

the reason being that this estimator is unbiased, while being also quite close to
s2x
h . For example, with MATLAB, the function std(x) returns

√√
√√ 1

n− 1

n∑

i=1

(xi − x̄)2

instead of √√
√
√ 1

n

n∑

i=1

(xi − x̄)2.

Remark 1.3.2 When parameters are estimated using the maximum likelihood
principle and the observations are not Gaussian, one rarely finds explicit ex-
pressions for the estimators. Therefore, one has to use numerical algorithms
to maximize the likelihood. In this case, domain constraints on the parameters
must be taken into account. For example, in the Black-Scholes model, σ > 0.
One can easily replace this sign constraint by setting σ = eα, with α ∈ R.

1.4 Estimation Errors

Once the maximum likelihood estimations have been computed, we should
concern ourselves with the properties of the estimation errors, i.e., find the
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asymptotic behavior of
√
n (μ̂n − μ) and

√
n (σ̂n − σ). In general, the limit-

ing distribution will be a multivariate Gaussian distribution (see Appendix
A.6.18).

The next proposition follows from the results of Appendix B.5.1. To denote
“convergence in law,” we use the symbol �, as defined in Appendix B.

Proposition 1.4.1 As n tends to ∞,

( √
n (μ̂n − μ)√
n (σ̂n − σ)

)
converges in law to

a centered bivariate Gaussian distribution with covariance matrix V , denoted
( √

n (μ̂n − μ)√
n (σ̂n − σ)

)
� N2(0, V ),

where V = σ2

2

(
2
h + σ2 σ
σ 1

)
. A consistent estimator of V is given by

V̂ =
σ̂2
n

2

(
2
h + σ̂2

n σ̂n
σ̂n 1

)
. (1.3)

In particular, we obtain that
√
n (μ̂n − μ)/

√
V̂11 � N(0, 1) and

√
n (σ̂n −

σ)/
√
V̂22 � N(0, 1).

The proof is given in Appendix 1.C.2.

1.4.1 Estimation of Parameters for Apple

For an example of application of the previous results, consider the MAT-
LAB file ApplePrices 3 containing the adjusted values of Apple stock on Nas-
daq (aapl), from January 13th, 2009, to January 14th, 2011.

The results of the estimation of parameters μ and σ on an annual time
scale, are given in Table 1.1. They have been obtained with the MATLAB func-
tion EstBS1dExp, using the results in Propositions 1.3.1 and 1.4.1. According
to our comments on time scale and trading days at the end of Section 1.2.2,
we have taken h = 1/252.

Remark 1.4.1 When using a transformation like σ = exp(α) to work with
unconstrained parameters, we obtain an estimation V0 of the limiting covari-
ance matrix for the estimation error on the parameter θ = (μ, α). It follows
from the delta method (Theorem B.3.4.1) that the estimation V̂ of the limiting
covariance matrix for the estimation error on the parameter (μ, σ) is

V̂ = ĴV0Ĵ ,

where Ĵ = diag(1, σ̂n), i.e., Ĵ =

(
1 0
0 σ̂n

)
. This is because (μ, σ) =

3For example, these prices can be obtained at the Yahoo!finance website.
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TABLE 1.1: 95% confidence intervals for the average return per annum (μ)
and the volatility per annum (σ). The estimation of the covariance V is also
given.

Parameter Last Year (n = 254) Last Two Years (n = 506)
μ 0.5347± 0.5185 0.7314± 0.4120
σ 0.2656± 0.0231 0.2978± 0.0183

V

(
17.7747 0.0094
0.0094 0.0353

) (
22.3568 0.0132
0.0132 0.0444

)

H(μ, α) = (μ, eα), so the Jacobian matrix of H is J =

(
1 0
0 σ

)
, which

is estimated by Ĵ .

This approach is implemented in the MATLAB function EstBS1dNum.
For more details on the transformation of parameters and the corresponding
limiting covariance matrix, see Remark B.3.3.

Measurement Scale

Note that since σ is a measure of scale, we should take that into
account when choosing the starting point of the minimization algorithm,
otherwise the algorithm might not converge, even for simple models.
Here, we chose μ = 0 and α = ln(σ) = ln(1).

Using properties of the Gaussian distribution, we can define the follow-
ing unbiased and consistent estimator for σ, often used in statistical quality
control applications:

σ̂n =

√
π

4h
× 1

n− 1

n∑

i=2

|Xi −Xi−1|.

In this case, we obtain that
√
n (σ̂n − σ) � N

(
0, 0.8264σ2

)
. See Exercise 1.9

for details. This estimator is not used in practice even if its estimation error
is just a little bit larger than the estimation error of the maximum likelihood
estimator.

In the next section we will present the famous Black-Scholes formula for
the value of a European call option4 under the Black-Scholes model.

4A call option gives its owner the right of buying an asset for a fixed price, called the
strike price.
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1.5 Black-Scholes Formula

After presenting the Black-Scholes formula, we will see that in general,
the value of a European option can be expressed as the solution to a partial
differential equation. It can also be expressed as an expectation, implying the
possibility of using Monte Carlo simulations for valuing the option.

1.5.1 European Call Option

Suppose that the price S of the underlying asset is modeled by a geometric
Brownian motion (1.1), and that r is the risk-free rate, assumed to be constant
on the period [0, T ]. One also assumes that there is no dividend on that period.
It can be shown [Black and Scholes, 1973] that the value at time t, of a
European call option of strike priceK and maturity T , depends only on S(t) =
s and on the volatility σ, and is given by

C(t, s) = sN (d1)−Ke−r(T−t)N (d2), (1.4)

where N 5 is the distribution function of a standard Gaussian variable, and

d1 =
ln(s/K) + rτ + σ2τ/2

σ
√
τ

,

d2 = d1 − σ
√
τ =

ln(s/K) + rτ − σ2τ/2

σ
√
τ

,

where τ = T − t is the time to maturity. Note that as t → T , τ → 0, and
one can check that limt→T C(t, s) = max(s−K, 0). Furthermore, as expected,
C(t, s)/s→ 0, as s→ 0, and C(t, s)/s→ 1, as s→ ∞.

Risk-Free Rate

For short-term maturities, the risk-free rate r is often deduced from
the Libor rate (%) with the closest maturity. Since the Libor is not a
compounded rate, the relationship between r and Libor is

r = ln

(
1 +

Libor

100

)
. (1.5)

When the maturity is expressed in (trading) days, then τ = maturity
252 on

an annual scale. This is the convention that we adopt throughout the
book.

5In MATLAB, the function corresponding to N is normcdf.
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Remark 1.5.1 It is remarkable that the value of the option does not depend
on the average return μ, only on the volatility σ. It does not mean however
that μ is not important. For example, if one wants to characterize the behavior
(mean, variance, VaR, etc.) of the future value at time t of a portfolio con-
taining call options based on asset S, one needs to consider C{t, S(t)}, which
in turn depends on both parameters μ and σ.

1.5.1.1 Put-Call Parity

For a European put6 option on an asset paying no dividends (during the
pricing period), its value C̃ must satisfy

C(t, s)− C̃(t, s) = s−Ke−r(T−t). (1.6)

By a non-arbitrage argument, it is easy to check that the value at time t
of an option with payoff Φ(s) = s − K is simply S(t) − Ke−r(T−t), since a
portfolio consisting, at time t, of 1 share of the asset and Ke−r(T−t) borrowed
at (continuous) rate r will have value S(T )−K at maturity T .

Now, a portfolio consisting of a long position in 1 call option and a short
position in 1 put option has value C(t, s) − C̃(t, s) at time t, while its value
at maturity is

max{S(T )−K, 0} −max{K − S(T ), 0} = S(T )−K.

As a result, one must have C(t, s)− C̃(t, s) = s−Ke−r(T−t).

1.5.1.2 Early Exercise of an American Call Option

When there are no dividends, it is never optimal to exercise an American
call option before maturity and its value will be the same as a European call
option. To see why, note that an American call option is a European call
option with the additional feature that it can be exercised before maturity.
Therefore, it must be as valuable as a European call option, i.e.,

CAmerican(t, s) ≥ CEuropean(t, s),

where CAmerican(t, s) and CEuropean(t, s) are respectively American and Eu-
ropean call options on the same underlying asset with the same strike price
and maturity. Now, we can rewrite the put-call parity relationship (1.6) as

CEuropean(t, s) = s−Ke−r(T−t) + C̃European(t, s)

= s−K +K
{
1− e−r(T−t)

}
+ C̃European(t, s) > s−K.

Putting these two observations together and remarking that C(t, s) > 0, one
obtains that

CAmerican(t, s) ≥ CEuropean(t, s) > max(s−K, 0).

6A put option gives its owner the right of selling an asset for a fixed price.
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Therefore, the value of an American call option prior to maturity is always
higher than its immediate exercise value.

A similar reasoning shows that this is not true for put options. In this case,
if the underlying price falls enough and the call option’s value is low enough,
then it might become optimal to exercise a put option prior to maturity.

1.5.2 Partial Differential Equation for Option Values

In Black and Scholes [1973] and Merton [1974], it is shown that the value
C of a European call option with maturity T satisfies the following partial
differential equation:

∂C

∂t
+ rs

∂C

∂s
+ σ2 s

2

2

∂2C

∂s2
= rC, (1.7)

with boundary condition C(T, s) = max(s − K, 0), for all s ≥ 0 and for all
t ∈ (0, T ). It can also be shown that the equation also holds for a general
payoff Φ.

A popular method for proving the validity of (1.7) is to construct a self-
financing portfolio Πt = ψt1St + ψt0e

rt, so that at maturity ΠT = Φ{S(T )},
where Φ{S(T )} is the payoff. In fact, ψt1 = ∂

∂sC(t, s)
∣
∣
s=St

. The justification

of (1.7) is given in Appendix 1.A.

In simple cases, numerical methods used for solving partial differential
equations can be used to solve (1.7); see, e.g., Wilmott [2006]. However, as we
will see in later chapters, derivatives can depend on several risk factors or even
depend on the path taken by the underlying asset. In such cases, numerical
solution to partial differential equation can become cumbersome. Therefore,
we now turn to a representation of the derivative’s price which is easier to
handle.

1.5.3 Option Value as an Expectation

Under the absence of arbitrage, there exists an equivalent probability mea-
sure under which the discounted value of an option is a martingale (see Ap-
pendix 1.B). Such a measure is called an equivalent martingale measure7

or risk-neutral measure, and one can show that it is unique for the Black-
Scholes model. In this case, the actual value of an option is simply the ex-
pected discounted value of the option at a later date, for example at maturity,
under the equivalent martingale measure Q. The value of the option at time
t is thus given by

C(t, s) = e−r(T−t)E
[
Φ{S̃(T )}

∣
∣
∣ S̃(t) = s

]
, (1.8)

7Under an equivalent martingale measure, the discounted value of any tradable security
is a martingale.
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where, under Q, W̃ is a Brownian motion and

S̃(u) = se

(
r− σ2

2

)
(u−t)+σ{W̃ (u)−W̃ (t)}, u ∈ [t, T ].

Equivalently, one has

dS̃(u) = rS̃(u)du+ σS̃(u)dW̃ (u), t ≤ u ≤ T,

with S̃(t) = s.

Note that the law of S̃ is not the same as the law of S, μ being
replaced by r. In practice, only the process S is observed, not S̃.

Using the Feynman-Kac formula in Proposition 7.4.1, one can show that
(1.8) is the solution of the partial differential equation (1.7).

Example 1.5.1 For example, for a European call option with strike price K,
we have Φ(s) = max(s−K, 0). One can then recover the Black-Scholes formula
(1.4) using Proposition A.6.3 and the expectation formula (1.8).

Remark 1.5.2 Formula (1.8) can be extended to path-dependent options like
Asian options, lookback options, etc. One has to estimate or evaluate the dis-
counted payoff of the option under the dynamics S̃. Monte Carlo methods are
then more than appropriate in this context since a Brownian motion is easy
to simulate.

1.5.3.1 Equivalent Martingale Measures and Pricing of Options

The important notion of non-arbitrage is related to the existence of an
equivalent martingale measure Q under which the discounted asset e−rtSt
is a martingale. This, in turns, is equivalent to the existence of a positive
martingaleM under the underlying probability measure P of the model (called
the objective measure), such that e−rtStMt is a martingale. The equivalent
martingale measure Q is then defined by its density M with respect to P . In
fact, for any security X , we can compute its expectation under law Q by the
formula

EQ(X) = EP (XM).

For pricing purposes, the value of any derivative is computed with respect to
Q, not under P . Under the new law Q, the distribution of the underlying asset
will change in general, as exemplified in the Black-Scholes model. Finally, note
that when there are (infinitely) many equivalent martingales measures, the
“right one” is the one determined by the market. It could be called the implied
distribution. See, e.g., Section 1.6.2. We will come back to these important
notions in the next chapters.
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1.5.4 Dividends

Suppose that during the period of validity of the option, dividends
D1, . . . , Dm are paid at periods t1, . . . , tm, with 0 = t0 < t1 < · · · < tm < T .
For simplicity, set tm+1 = T . By analogy with the Black-Scholes model, we
assume that during periods [tk−1, tk), k ∈ {1, . . . ,m+ 1}, we have

St = Stk−1
e

(
μ− σ2

2

)
(t−tk−1)+σ{W (t)−W (tk−1)}, t ∈ [tk−1, tk),

while there is a jump at the dividend period tk. More precisely,

Stk = Stk− −Dk, k ∈ {1, . . . ,m}.

To obtain the value on an option with payoff Φ at maturity, one can still
use the expectation formula (1.8), taking the jumps into account.

In fact, if t ∈ [tm, T ], then (1.8) yields

C(t, s) = e−r(T−t)E
[
Φ
{
S̃(T )

}∣∣
∣ S̃(t) = s

]
.

Next, if t ∈ [tm−1, tm), then using the properties of conditional expectations,
we have

C(t, s) = e−r(tm−t)E
[
C
{
tm, S̃(tm)

}∣∣
∣ S̃(t) = s

]

= e−r(tm−t)E
[
C
{
tm, S̃(tm−)−Dm

}
|S̃(t) = s

]
.

As a result, if t ∈ [tk−1, tk), k ∈ {1, . . . ,m}, then

C(t, s) = e−r(tk−t)E
[
C
{
tk, S̃(tk)

}∣∣
∣ S̃(t) = s

]

= e−r(tk−t)E
[
C
{
tk, S̃(tk−)−Dk

}∣∣∣ S̃(t) = s
]
.

1.5.4.1 Continuously Paid Dividends

If one assumes that the dividends are paid continuously at a constant rate
δ, then, under the equivalent martingale measure, we have

S̃(u) = S̃(t)e

(
r−δ−σ2

2

)
(u−t)+σ{W̃ (u)−W̃ (t)}

, u ∈ [t, T ].

As a result we obtain the following extension of the Black-Scholes formula:
The value of a European call option on a stock paying continuously dividends
at a rate δ is given by

Cδ(t, s) = se−δτN (d1)−Ke−r(T−t)N (d2), (1.9)

where

d1 =
ln(s/K) + (r − δ)τ + σ2τ/2

σ
√
τ

,

d2 = d1 − σ
√
τ =

ln(s/K) + (r − δ)τ − σ2τ/2

σ
√
τ

,
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and where τ = T − t is the time to maturity.
Note that the value of a call option with continuously paid dividends at rate

δ, can be expressed in terms of the value of a call option without dividends.
In fact, it is easy to check that

Cδ(t, s, r) = C0

(
t, se−δτ

)
= e−δτC0(t, s, r − δ). (1.10)

For the put-call parity, we have a similar result. In fact, if C̃δ is the value
of a European put with continuously paid dividends at rate δ, then

C̃δ(t, s) = Cδ(t, s)− se−δτ +Ke−rτ (1.11)

= C̃0

(
t, se−δτ

)
= e−δτ C̃0(t, s, r − δ). (1.12)

1.6 Greeks

It is often important to measure the sensitivity of the option value with
respect to the variables t, s, r, and σ. The so-called greeks are measures
of sensitivity based on partial derivatives with respect to those parameters.
Explicit formulas for greeks are known only in few cases, in particular the
European call option [Wilmott, 2006]. In general, since there is no explicit
expression for the option value, the greeks must be approximated. This will
be done in Section 1.7. Here are the main definitions and interpretations for
these useful parameters.

• The sensitivity of the option value with respect to the underlying asset
price, called delta, is defined by

Δ =
∂C

∂s
. (1.13)

The delta of an option is quite useful in hedging since it corresponds to
the number of shares needed to create a risk-free portfolio replicating
the value of the option at maturity; see Appendix 1.A.

• The sensitivity of the option value with respect to time, called theta, is
defined by

Θ =
∂C

∂t
. (1.14)

Note that −Θ, evaluated at τ = T − t, yields the sensitivity with respect
to the time to maturity τ .

• The sensitivity of the option value with respect to the interest rate r,
called rho, is defined by

ρ =
∂C

∂r
. (1.15)


