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PREFACE

With every second-order elliptic differential operator L, one can
associate a family of probability measures in the space of continuous
functions on the half-line. This family of measures forms the Markov
process corresponding to the operator L. If one knows some properties
of the operator L, it is possible to draw conclusions about properties of
the Markov process. And conversely, studying the Markov process one
can obtain new information concerning the differential operator.

This book considers problems arising in the theory of differential
equations. Markov processes (or the corresponding families of measures
in the space of continuous functions) are here only a tool for examining
differential equations. As a rule, the necessary results from the theory of
Markov processes are given without proof in this book. We restrict our-
selves to commentaries clarifying the meaning of these results. There are
already excellent books where these results are set forth in detail, and we
give references to these works.

The probabilistic approach makes many problems in the theory of differ-
ential equations very transparent; it enables one to carry out exact proofs
and discover new effects. It is the latter—the possibility of seeing new
effects—which seems to us the most significant merit of the probabilistic
approach.

This book is intended not only for mathematicians specializing in the
theory of differential equations or in probability theory but also for
specialists in asymptotic methods and functional analysis. The book may
also be of interest to physicists using functional integration in their

research.

viii



PREFACE ix

The two years I have spent writing this book were very hard, I would
even say desperate, for me and my family. And I am glad to be able to
thank my colleagues for their support. I have been happy to see convincing
evidence of the high moral standards of many colleagues. I especially
wish to express my gratitude to E. B. Dynkin for his constant attention
and concern about all our problems.

Finally, I must say that this book would never be brought into the
world without the enormous labor of my wife, Valeria Freidlin, in her
editing, translating and retyping the manuscript. I feel even awkward

about thanking her for this labor; in essence, she was my co-author.

MARK FREIDLIN
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INTRODUCTION

It was known long ago that there is a close relation between the theory
of second-order differential equations and Markov processes with continu-
ous trajectories. As far back as 1931, the parabolic equations for transi-
tion probabilities were written down in the article of Kolmogorov [1]. Still
earlier, these equations on the theory of Brownian motion appeared in
physics literature (Einstein [1]). It was also established that the mean
values of some functionals of the trajectories of diffusion processes (as
functions of an initial point) are the solutions of boundary value problems
for the corresponding elliptic differential equations.

For a long time the connection between Markov processes and differen-
tial equations was used mainly in one direction: from the properties of the
solutions of differential equations, some or other conclusions on Markov
processes were made. Meanwhile, probabilistic arguments in problems of
the theory of differential equations played at best the role of leading
reasoning. This may be explained by lack of direct probabilistic methods
for studying diffusion processes. Even the construction of such a process
with given characteristics was carried out with the help of the existence
theorems for the corresponding parabolic equations.

For the last quarter of a century the situation has changed in an
essential way. The rapid development of direct probabilistic methods for
examining Markov processes allowed one to construct and study them with-
out turning to partial differential equations. Conversely, the construction
and analysis of the trajectories of the corresponding diffusion process via
direct probabilistic methods, enabled the solutions of differential equations

to be constructed and the properties of these solutions to be examined.
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It is not for the first time that such a situation arises in the theory of
differential equations. For example, recall the mutual relations between
differential equations and the calculus of variations. Originally, the differ-
ential equations served as the means of seeking solutions of extremal
problems. With the development of the direct methods in the calculus of
variations, the possibility appeared of constructing and studying the
solutions of differential equations as the extremals of the corresponding
functionals. Similar mutual relations have now been established between
the theory of differential equations and that of diffusion processes.

Speaking somewhat inaccurately, one can say that, in the theory of
second-order parabolic and elliptic differential equations, the trajectories
of diffusion processes play the same part as characteristics do for first-
order equations. Just as the theory of characteristics makes first-order
equations geometrically descriptive, the probabilistic considerations make
transparent many problems arising in the theory of second-order elliptic
and parabolic equations.

Sometimes the probabilistic methods play the role of a tool for deriving
delicate analytical results. Sometimes they are a basis for the extension
of some analytical theory. However, in my view, the greatest value of
. such an approach consists in its visualization which turns this approach
into an especially helpful instrument for discovering new effects, for a
deeper qualitative understanding of the classical objects of mathematical
analysis.

Among the tools of the direct probabilistic research of diffusion pro-
cesses, one should, first of all, mention stochastic differential equations.
The theory of such equations, originating in the works of Berstein, was
basically founded by Ito and (independently) by Gihman, and then has
been developed by a number of mathematicians. The stochastic integral
introduced by Ito, Ito’s formula, and the generalizations of these notions
play the central part in the whole theory. The present state of the theory
of stochastic differential equations is described in the monograph of
Ikeda and Watanabe [2]; references to the original works can be found

there too.
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As another important factor permitting the direct study of diffusion
processes, one should mention the convenient general concept of Markov
process and Markov family introduced by Dynkin [1], [3] as well as the
detailed analysis of the strong Markov property. The wide use of the
theory of one-parameter semi-groups due to Feller is also worthwhile
noting.

The theory of martingales serves as a highly suitable instrument for
examining Markov processes (see Doob [1], Delacherie and Meyer [1]).

The transformations of Markov processes, in particular, those involving
an absolutely continuous change of measure in the space of trajectories,
are also very useful tools which enable one, in a transparent and explicit
fashion, to understand the effects of potential terms and first order terms.
This leads to an understanding of the affects of these terms on the
behavior of the solution of the differential equation.

The last ten to fifteen years have seen a development of limit theorems
for random processes—central limit theorem type results as well as
theorems on the asymptotics of probabilities of large deviations. In
particular, the counterpart of the asymptotic Laplace method for functional
integrals pertains to the results of that kind. These results proved to be
highly useful in a great number of problems in differential equations which
have waited long to be solved.

The application of the probabilistic methods for examining differential
equations is usually based on the representation of the solution of these
equations as the mean value of some functional of the trajectories of a
proper diffusion process. The mean value of a functional of the trajectories
of a random process may be written down as the integral of the correspond-
ing functional on the space of functions with respect to the measure in
this space induced by the random process. This is why such representa-
tions of solutions are sometimes called the representations in the form of
functional integrals.

The construction of the diffusion process corresponding to the

differential operator
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1 j 92 S iy 0
L=x Jx) C— f'(x) = 1
2 Za(x)axlaj+2 Xaxl ()

i,j=1 X =1

with the non-negative definite matrix (aij(x)) , is carried out with the
help of stochastic differential equations. The Wiener process W, the
simplest of the non-trivial Markov processes serves as a starting point.

By a Wiener process (one-dimensional), we mean a random process
W, = Wt(a)), t > 0, having independent increments and continuous trajec-
tories (with probability 1), and for which EW, = 0, EW? =t (E being
the mathematical expectation sign).

It is established that such a process does exist and its finite-
dimensional distributions are Gaussian. In particular, for every t >0,

2
the random variable Wt(co) has the density function (277t)"1/2exp =—)52-¥} ,

—o00 < x < oo. This process is connected, in the closest way, with the
2

operator %— Q—E and with the simplest heat conduction equation. For
dx

instance, the solution of the Cauchy problem

2
E . ;}gx% u(0,%) = g(x) | @)

may be represented in the form

u(t,x) = —\751? fg(x+y)e 2tdy =Egx+Wp) .

This assertion is checked by direct substitution into equation (2). Just
as any random process, the Wiener process induces a measure in the
space of functions. In the present case, it is a measure in the space of
continuous functions on the half-line t > 0 with the values in R!. This
measure is refetred to as the Wiener measure. It plays the principal role
in all the questions to be considered in this book. The first construction
of this measure was published by Wiener in 1923 [1]. Later on the Wiener

process and the Wiener measure have been studied in detail.
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An ordered collection of r independent Wiener processes
wl, -, W{) =W, is termed an r-dimensional Wiener process. Such a
process is connected with the Laplace operator in R'. What process
cortesponds to the operator L in (1)? Let us assume for a moment that
the coefficients of the operator are constant: aij(x) = ali , bi(x) ~bi,
Denote by o = (o)%) a matrix such that oo™ = (aij) and consider the

family of random processes
X¥ = oW+ bt +x, xR, b = (b!,+,b),t > 0. 3)

It is not difficult to find the distribution function of the Gaussian process
Xi‘ and then to check that u(t,x) =E g(Xi() is the solution of the Cauchy
problem 3

&u = Lu(t,x), u(0,x) =gx), @)
for any continuous bounded function g(x). Therefore, the random process
(3) is associated with the operator L with constant coefficients.

It is natural to expect that, in the vicinity of every point x ¢ R', the
process corresponding to the operator L with variable (sufficiently
smooth) coefficients, must behave just as the process corresponding to the
operator with the constant coefficients frozen at this point x. On the
basis of this reasoning, for the family of the processes Xi( corresponding
to the operator L with variable coefficients, we obtain the differential

equation
dXF = o (XHdW, + bX)dt, XT =x , 5)

where the matrix o(x) is such that o(x)o*(x) = (aij(x)) ,
b(x) = (b1(x), -+, bC0).

If the trajectories of the Wiener process were differentiable functions
or at least had bounded variation, then equation (5) could be treated within
the framework of the usual theory of ordinary differential equations. But,
with probability 1, the trajectories of the Wiener process have infinite

variation on every non-zero time interval. Therefore, equation (5) should
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be given a meaning. Ito’s construction is most convenient for this. This
construction is given in the beginning of Chapter I.

One can demonstrate that, under mild assumptions on the coefficients,
equation (5) has a unique solution X)t( . The random functions X,z( , x€RY,
together with the corresponding probability measure, form a Markov family
connected with the operator L. A solution of Cauchy’s problem (4) may
be written in the form u(t,x) = Eg(Xi‘).

A solution of Dirichlet’s problem for the operator L. may also be
represented in the form of the mathematical expectation of some functional
of the process Xi( For example, if D is a bounded domain in R' with
a smooth boundary dD and the operator L does not degenerate for

x ¢ DUJD, then the solution of the Dirichlet problem

Lu(x) = 0,x D ; uG)|gp =), ®)
where (x) is a continuous function on dD, may be written as follows

u(x) = Ew(XfX). 7

Here r* = infit:X{¥ ¢ D} is the first exit time of the process X? from
the domain D.

If the term with a potential v is added to the operator L, then the
solutions of various problems for the operator L +v may also be repre-
sented in terms of the trajectories of the process X. For example, the

solution of the Cauchy problem
f%%ﬁ = Lu(t,x) + v(x) u(t,x), u(0,x) = g(x) (8)

is given by the Feynman-Kac formula
t

u(t,x) = Eg(X,’é)exp V(X)S()ds . 9)
0

Notice that equation (5) may be looked upon as the mapping of the

space CO o (RY) of continuous functions on the half-line with values in
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RY, into itself: 1:W_ > X*. This mapping is defined a.e. with respect
to the Wiener measure in CO,M(Rt). The value of X? at time t is
defined as a functional of the Wiener trajectory in the interval [0,t]

which depends on x as a parameter: X? =¥ W, 0<s <t)(t). This
mapping allows formulae (7) and (9) to be rewritten in the form of integrals
with respect to the Wiener measure.

Chapter I describes the construction and properties of the Wiener
process. The necessary information on stochastic integrals, stochastic
differential equations, and Markov processes and their transformations is
given here. Some limit theorems for random processes are included as
well. In particular, we provide the definition and properties of the action
functional related to the Laplace type asymptotics for functional integrals.
In short, Chapter I introduces those notions and methods which are
necessary for the direct probabilistic analysis of processes (measures in
the space of functions) connected with differential operators.

Today there are a number of monographs presenting these results in
detail. Also, in this book, random processes are a tool rather than an
object of research themselves. For this reason the results of Chapter I
are, as a rule, cited without proof. We restrict ourselves to short com-
ments and references.

In Chapter II, the formulas representing the solutions of differential
equations in the form of functional integrals (in the form of the mean
values of the functionals of the trajectories of the corresponding pro-
cesses) are studied. Besides formulas (7) and (9), this chapter gives
representations for the solutions of the second boundary value problem
as well as some other problems. The behavior of random processes as
t » o is a traditional subject of probability theory. This is closely
related to problems concerning the stabilization, as t - oo, of the solu-
tions of Cauchy’s problem as well as of mixed problems. It is also
related to the statement of boundary valued problems in unbounded
domains. These questions are also considered in Chapter II. Speaking

somewhat inaccurately, one can say that a solution of the first boundary
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value problem is unique if and only if the trajectories of the corresponding
diffusion process leave the domain D with probability 1. Hence the
question of the correct statement of the problem in an unbounded domain
is closely related to the behavior of the trajectories as t - . If, with
positive probability, the trajectories go to infinity without hitting the
boundary of the domain, then supplementary conditions at infinity are
required to single out the unique solution. For example, the Wiener
process in R? does not run to infinity, and so the solution of the exterior
Dirichlet problem for the Laplace operator in R? is unique in the class
of bounded functions. Meanwhile, the Weiner process in RY, for r >3,
goes to infinity with positive probability, and hence, when considering the
exterior Dirichlet problem for the Laplace equation in these spaces, one
must in addition define the value of the limit of the solution at infinity.

In the case of equations of a more general form, ‘‘the boundary at infinity”’
may have a more complicated structure. Everything depends on the final
(i.e. as t > =) behavior of the trajectories of the corresponding diffusion
process.

Probabilistic methods have proved to be greatly effective in examining
degenerate elliptic and parabolic equations. Chapter III is devoted to
these questions. If the coefficients are Lipschitz continuous, then
existence and uniqueness theorems are valid for equation (5) regardless
of any degeneration of the diffusion matrix (aij(x)). This enables one to
examine the peculiarities of the statement of boundary value problems for
degenerate equations. In particular, the behavior of the corresponding
process near the boundary points is in exact agreement with where and
how the boundary conditions will be taken. After the process corre-
sponding to the operator has been constructed, it is not difficult to
prove the existence theorem and to clarify uniqueness conditions. The
generalized solution is described in the form of functional integral (7).
This allows one to examine its local properties. Under broad assumptions,
the generalized solution turns out to be Hélder continuous. In order to

ensure Lipschitz continuity or smoothness, one should make some special



INTRODUCTION 11

assumptions. Chapter III clarifies the conditions under which the general-
ized solution is smooth and gives an example illustrating the importance
of these conditions. Roughly speaking, the smoothness of the generalized
solution is due to the relation between the rate of scattering of the trajec-
tories of system (5) starting from close points and the first eigenvalue
(generalized) of the boundary value problem. The rate of scattering of

the trajectories is defined by a number which is expressed in terms of the
Lipschitz constant of the coefficients of equation (5).

The results of Chapter III, besides being interesting on their own,
serve as a basis for Chapter IV where elliptic equations with small parameter
in higher derivatives are dealt with. The analysis of how the solutions of
boundary value problems depend on these parameters reduces to the follow-
ing two questions: first, to analyzing the dependence of the trajectories
of ““ordinary’’ equation (5) on these parameters, and then to examining the
dependence of the functional integral on the parameters contained in the
integrand. Here the dependence on the parameters may be understood in a
rather broad sense. This may be the dependence on the initial point—in
this way Chapter III studies the modulus of continuity and the smoothness
of the generalized solutions. This may also be the dependence on various
parameters involved in the operator L + v(x). Here, for example, belongs
the problem on the behavior of the solutions of the equations with fast
oscillating coefficients and various versions of the averaging principle.

The fact that equations (5) are not sensitive to degenerations makes the
probabilistic approach especially suitable in problems with small parameter

in higher derivatives. Consider the Dirichlet problem in a bounded domain D:

Lfuf(x) = (Ly+eL ) u'(x) = 2 AIJ(X) 6 “u* 2 Bl(x)
i,j=1 .
+ “ 2 IJ(X) c? ut =0, x eD; u¥®)|yp =¥ &),

i, j=1
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where (x) is a continuous function on dD. We admit that the small
parameter may precede not all the second-order derivatives and thus the
operator L also may, generally speaking, involve terms with second-
order derivatives.

The random process corresponding to the operator L® may be con-

structed with the help of the stochastic differential equations

dXp* = o(XPF)dW, + BXPH)dt +
(€89
+VETXER) AW, XEX = x ¢RY, >0,

where o(x) o¥(x) :(Aij(x)), F(x) T ) :(aij(x)), and W, and Wt are
independent Wiener processes. For ¢ =0, equation (11) defines the
random functions Xto’X , x ¢RY, t>0, corresponding to the operator L,.

From equation (11), one can easily deduce that

lim P{ sup |XEX X[ >581=0 (12)
e 0 o<<T

forany T >0, &>0.

Denote by 5% = infit: X%’X £ D}, £>0, the first exit time of the
process XE’X from the domain. The behavior of 78* as €10 is an
important characteristic of problem (10). If one supposes that, with
probability 1, the trajectories of the degenerate process Xto’X ,xeD,
leave the domain D in a finite time and, moreover, behave in a rather
regular way near the boundary, then it is not difficult to conclude from

(12) that %% has a finite limit as 10, limu® (x) = ug(x) exists, does
€40
not depend on the perturbating operator L, and is a unique solution of

the equation Ljuy(x) = 0, x ¢ D, with the corresponding boundary condi-
tions. This is the simplest case. If there are no second-order derivatives

in the operator L, then we have the known result due to Levinson [1].

0)
If 7&% grows like ¢ ! or faster (as ¢40), then the limit behavior

of u®(x) already depends, generally speaking, on perturbations. For
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example, §4.3 considers the case when the operator L,, ina sense,
does not help, but does not hinder the trajectories Xi’x from hitting oD
either. Here, under some extra conditions, hitting the boundary, and

thereby lim u®(x) are controlled by a certain operator which is obtained
€40

from L, by means of averaging with respect to a measure specified by

the operator L. If this averaged operator vanishes, then lim uf (%) is
£l 0

defined by the subsequent approximation which is of the central limit
theorem nature.
Next, Chapter IV discusses the case when the operator L, in a sense,

hinders the process XE’X from leaving D. In these problems, &%

‘15. The case

grows very fast as &1 0, approximately like expiconst. ¢
is typical when there are no second-order derivatives in L and the field
B(x) = (Bl(x), ..., B( %)) is such that its integral curves everywhere cross
the boundary JdD of the domain D from the outside toward the interior.
Here the exit from the domain is defined by the large deviations of the
process Xg’x from Xto’X , and the result is formulated and established

via the action functional.

In the last section of Chapter IV, a problem is treated where the small
parameter precedes the terms of first order, but due to the presence of
degenerations, these terms become the main ones. This section sets forth
results of the averaging principle type and of large deviations type.

The last three chapters are devoted to the analysis of quasi-linear
equations. Chapter V goes into the question of the existence ‘“in the
large’ (that is for all t > 0) of a continuous solution of Cauchy’s problem
and of some mixed problems. The results of this chapter are based on
transformations of Markov processes leading to an absolutely continuous
change of measure. The last section of ChapterV is devoted to the
analysis, as t » o, of the solutions of one class of quasi-linear systems
admitting a simple probabilistic interpretation.

Chapters VI and VII consider various generalizations of the Kolmogorov-

Petrovskii-Piskunov equation [1]
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ou(t,x)

2
ot :IZQQA+ f(u), u(0,x) = bx<O

13
x> 0,x>0. 3

As the function f(u), one can, for example, take u(l-u) or u(u—p)(1-u).
It is known that, for large t, the solution of problem (13) behaves as a
wave with some profile V(£), — o < & < =, travelling with some velocity
c® from left to right: u(t,x) ~ V(x—c*), t > . A small parameter may
be introduced in the problem so that the wave (considered in a rough pre-
liminary approximation) may become a step travelling with the velocity c*
Such a consideration enables one to generalize the problem widely and
examine a number of new effects, such as the appearance of ‘‘new sources”
in space non-homogeneous media, the wave propagation at the expense of
boundary conditions, and some others. This chapter also discusses the
question of going over from the description of the wave propagation via
equations of type (13) to the axiomatic theory of excitable media. The
last section considers the problem of wave propagation in some systems
of differential equations. As the basic apparatus in this and in the next
chapters, we use asymptotic bounds of the Laplace type for functional
integrals.

Chapter VII, the last one, examines the behavior, as t - o, of the
solution of equation (13) type in which the non-linear term has the form
f =f(x,u). As f(x,u), we take either a function periodic in x, or a
random field homogeneous in x. In either case the notion of wave propa-
gation velocity is introduced (strictly speaking, the wave itself does not
exist, though). This velocity is expressed in terms of some spectral
characteristics of the operators.

Today a number of reviews and monographs are available where there
are some applications of function integration and probabilistic methods in
analysis, differential equations, and physics (e.g. Kac [1], [2], Feynman
and Hibbs [1], Freidlin [7], Dynkin and Yushkevich [1], McKean [1],
Friedman [2], Wentzell and Freidlin [2], Simon [1]). The overlap of this

book with the above monographs is not large. However, to make this book
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self-contained we had to include some results which are contained in the
foregoing works.

We note that in this book there are no results on potential theory.
Special monographs are already available on this subject (Blumenthal and
Getoor [1], Meyer [1]). The problems connected with analyzing the
spectra for second-order operators are also barely mentioned in this book.
The materials on these questions may be found in the works of Kac [2, 3],
Simon [1], Wentzell and Freidlin [2].

In conclusion we will explain how formulas and theorems are numbered.
For example, Theorem 3.2.1 is the first theorem in the second section in
Chapter III. Inside Chapter III, it is written as Theorem 2.1 only. Formulas
are numbered in a similar fashion. Figures are numbered consecutively

within each chapter.



Chapter I

STOCHASTIC DIFFERENTIAL EQUATIONS
AND RELATED TOPICS

81.1 Preliminaries

As is customary in mathematical probability theory, we start with a
probability space (Q,F,P). Here Q is an arbitrary set which is inter-
preted as the space of elementary events. The second component ¥ is
a o-field of subsets of the space {1, i.e. the system of subsets of the
space {} containing £} itself and being closed with respect to unions
and intersections in finite or countable numbers, as well as with respect
to the operation of taking the complement. The elements of the o-field F
are called events. The third component of the probability space, P, is a
probability measure on the o-field F, i.e. it is a non-negative, countably
additive function defined on ¥ and such that P(Q) =1.

A function &(w) on  with real values, for which {w:&(w) <x} e
for any x ¢ (-oo, ), is called a random variable.

Given a set X with some o-field B of its subsets (a measurable
space (X,%B)), one can define a random variable &(w) with values in X.
Indeed, it is required that the function &(w) be (F,B)-measurable:
{w: € (w) ¢ B} ¢ for any B eR.

A probability measure (D) = P{{(w) ¢D}, D ¢ B is termed the dis-
tribution of the random variable &(w).

If a space X is equipped with a topology, then the minimal o-field
containing all open sets, is called a Borel o-field of the topological space
X. The Borel o-field in the Euclidean space R' is denoted by $';

(F, BY)-measurable (or briefly, S -measurable) functions on  with values

in R', are termed r-dimensional random variables. The mathematical

16
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expectation of a random variable &(w) will be denoted by E& :
E¢ - ff(w)P(dw)-
Q

To every r-dimensional random variable ¢, there is a corresponding
characteristic function ff()t): ff()&) = E expli(A, )1, A eRE.

If a characteristic function ff(/\) has the form
£,.(\) = exp{“l— (Q(A-m) A_m)} A eR!
é: 2 ’ ’ ’

for some m ¢R’ and Q = (qke), k,=1,2,---,r, then the random variable
¢ is called Gaussian. Here m = (ml, --.,m") is the mathematical expecta-
tion of & = (fl, €D, and (qu) =Q 1is the matrix of covariances:
qkz = E( k—mk) (rfg~m2) , mK - E&K. Here and henceforth we denote by
(., .) the Euclidean scalar product. We remind that qu =0 if and only
if the components fk and fﬂ of a Gaussian random variable are inde-
pendent. The class of Gaussian random variables is closed with respect
to linear transformations and with respect to limit passage.

Suppose that in the space §), there is a o-subfield Y of the under-
lying o-field F:Y CF. By a conditional expectation E(£|Y) of a one-
dimensional random variable &, we mean a Y-measurable function on

for which the equality

f E¢ |Y) Pdw) = f o) P(dw)
A A

holds for any A ¢ Y. These conditions define the conditional expectation
in a unique way up to a set of zero measure. The equalities between con-
ditional expectations are all fulfilled almost surely (P-a.s. or P-a.e.).

We shall list some basic properties of conditional expectations:
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1. E¢|Y >0, if £€>0.

2. E¢ Y = EEY) +E@Y)
if the summands on the right-hand side exist.

3. E¢n|Y) =EEMY) if EEp and E7 are defined and ¢ is
Y-measurable.

4. Let (3;‘1 and ?Jz be two o-fields such that ‘Bl C ?:’2 CF. Then
E¢|Y) = EEEY)IY).

5. Suppose that a random variable ¢ does not depend on a o-field Y,
that is P{(£¢D)N{A} = P{€eDIP(@) for any Borel set D ¢R! and @Y.
Then E(£|Y) =E¢ provided E¢ exists.

Let X@(w) be the indicator of a set { ¢¥, i.e. x@(w) =1 for
o e® and X@((u) =0 for @ ¢ Q\{. Then the random variable
E(x@(m)](y) is said to be the conditional probability of the event @ with
respect to the o-field Y and is denoted by P(X|Y).

A family of r-dimensional random variables ft(m) depending on a real
parameter t ¢ T C(—o0, 00) is called a random process. Thus, for every

fixed t = to

we obtain a random variable ft (®). Fora fixed o =o,
0

we obtain a function of t which is called a trajectory or a sample func-

tion of the process ft((u).

The totality of distributions ¢ of random variables
ety
¢ ...& ) forvarious n=1,2,3,--- and t;,---,t €T, is termed the
1’ 7 ™

family of finite-dimensional distributions of the process ft(co). In this
book, we shall, as a rule, consider random processes having parameter t
which varies over the half-line [0, ~) or over the interval [0, T1J and
having trajectories which are continuous with probability 1. Such processes
are, in fact, defined in a unique way by their finite-dimensional distributions.
If the finite-dimensional distributions of a process ft(a)) , tel0, o),
are all Gaussian ones, then the process is called a Gaussian random
process. The finite-dimensional distributions of such a process are all
defined in a unique way by two functions—by the mathematical expectation
m(t) = Eft and by the correlation function R(s,t) = E(rfs —m(s)) (rft —-m(t)).
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If rft = (rftl, .-, ftr) is an r-dimensional random process, then

m(t) = @€, EED; R0 = RUG,0), R0 =EEL-miE)E-ni@).
With every random process ft(co) , t €T, one can associate an
increasing system of o-fields ?<t = ffgt = a(rfs,s <t) where o(fs, s <t)

is the minimal o-field with respect to which the random variables &_ are

s
all measurable for s <t, s ¢T. Sometimes we shall also consider the
o-fields ?>t = Cfgt = a(fs,s >t). We shall use the notation E(7|&.,s €S)

for the conditional expectation of the random variable 7 with respect to

the o-field generated by the random variables &_. for s ¢S (i.e. the

s
minimal o-field with respect to which the random variables rfs are all
measurable for s €S).

All the objects introduced here and their properties, as well as other
elementary information from probability theory, which is assumed to be
known to the reader, are considered in detail in many courses in the theory
of stochastic processes (see, e.g. Doob [1], Gihman and Skorohod [1],

Wentzell [1]).

§1.2 The Wiener measure

In this section, the Wiener measure in the space of continuous func-
tions will be constructed. This measure is connected with the Laplace
operator and with the simplest heat operator. Solutions of some problems
for such operators admit a representation in the form of integrals of
appropriate functionals with respect to this measure. In many respects,
the measures connected with general second-order elliptic operators are
similar to the Wiener measure, and it is convenient to construct such
measures proceeding from the Wiener measure.

Because the Wiener measure is so important, we will describe a few
constructions for it and list its basic properties. As a rule, we shall drop
proofs restricting ourselves to brief comments on what needs to be proved.
The detailed proofs of these properties are available in many manuals and

monographs, so the reader is referred to the corresponding literature.
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Let Cy .. =C, T(Rl) be the space of continuous functions on
[0,T], T < o, with values on the real line Rl; Co o= CO oQ(Rl) being
the space of continuous functions on [0,). We put Cng ={¢ €C0,T :
¢y =0}, 0<T < eo. The spaces Cg, and CgT will be thought of as
equipped with the uniform convergence topology (uniform convergence on

every finite interval whenever T = ).

0
0, T’

that is the minimal o-field containing all open sets

As the o-field in the spaces C 0 <T < co, one can take the

Borel o-field B .,
of the space C(O),T'
Suppose we are given a measurable space (X, %), i.e. there is a set
X, with a o-field of subsets $ being defined in it. How can one put a
measure on this space? There are several ways of assigning a measure.
Presumably, it is the easiest way to define a measure with the aid of a
density function with respect to some standard measure defined on the
same o-field B. For example, let X = R! be the real line equipped
with the o-field of Borel sets. Then, as the standard measure, it is some-
times natural to take the Lebesgue measure; that is, a measure on the
line, unique up to scale factor and invariant with respect to translations.
For instance, Gaussian measure on the line is specified by the density

function

p(0) - exp|~§2‘—1@f}

with respect to the Lebesgue measure, where a and o are real
parameters.

So far we have had no measure in the space Cg,T' It should be noted
that it is not easy to define some non-trivial measure in this space, and
there is no measure which is invariant with respect to translations on
Cg,T' Therefore, this way does not fit as a starting point, but we shall
bear it in mind for later constructions.

Another way of defining a measure consists of prescribing it with the
help of some mapping. Let a measurable space (Y, By and a probability

measure P’(A), A ¢ B be already available. Suppose we are given a



1.2 THE WIENER MEASURE 21

measurable mapping f: (Y,B) > X, ®); that is, a mapping for which
£71(B) ¢ B for B ¢B. Then this mapping induces the probability
measure P(B) = P’(f '_I(B)) on the o-field B in X. And this way is
already suitable for constructing the Wiener measure in Cg,T . We shall
provide this construction later on in this section.

The third way of defining a measure is with the help of passage to the
limit. Namely, it is possible to construct a sequence of measures Py in
Cg’T being described in a comparatively simple manner, and then to con-
sider the limit of p, as n - . For example, limit in the sense of weak
convergence of measures is convenient. Recall that a sequence of

measures (i, in CgT converges weakly to a measwe p if

f f(x) py(dx) > f fx)pdx), n > o,

Cg,'r o 1

for any continuous bounded functional f(x) on the space ngT.

In this way, the Wiener measure may be constructed in Cg,T as well.

Finally, we recall another approach widely used in probability theory—
Kolmogorov’s extension of measure. According to this method, a measure
for some collection of relatively simple sets must be defined, and then it
must be continued, by the countable additivity property, onto the smallest
o-field containing the original collection of sets. Of course, in doing so
one must demonstrate that such an extension will not face obstacles and
will give a measure, countably additive on this minimal o-field. If one
wants to get a measure on the o-field which has been set beforehand, then,
in addition, one should make certain that this o-field is contained in the
minimal o-field generated by the simple sets.

We begin by outlining the construction of the Wiener measure via the
last procedure.

So, first of all, a collection of ‘“simple’’ sets in the space of continu-

ous functions must be indicated. Let 0< ty <ty <<t where n is

n’
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any positive integer. Moreover, let 17,1, ---, I}, be intervals of the real

tyoeeaty

P o8

the follow-

line (not necessarily different). We will denote by II

ing set in the space Cg . (Fig. 1):

cet o
F ...,IIln :{gé Eco,m:¢tl (Fll"'y(]stn 61—‘1'1§ .

|
|
|
|
]
|
|
|
|
|

-+ —— = - - —

—+
—
-

Fig. 1

These sets belong to the class of so-called cylinder sets. By cylinder
sets in the space CO «» We mean the sets of the form {qﬁ € C0

(qSt AEED rﬁt where B belongs to the Borel o-field B in RO,
yeeust
In the case of the sets HFII, ,fln we choose B =17 ><F2 X e X Fn.

t,...,t
Now let us introduce a measure on the sets II,1 Irl .

17000ip

We designate
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_(X-‘Y)2
1 2t 1
t,x,y) = e ,X,y eR*, t>0, 2.1
and put
to,...t
17" n
ra ) =

f‘l, oIy

2.2)

:f d-‘/l"'f dy np(t1,0.yp) plty—tyy1yy)  Plgty 19 1o¥) -
I, I
n

Notice that if, for some i, Fi coincides with the whole space R1 ,

then
Htl,...,ti_l,ti,tliﬂ,...,tn ettt
Fl,...,Fi_l,R ,T‘i+1,...,Fn Fl""’ri~1’Fi+1""’Fn

In other words, the superscript t; and the corresponding interval Fi - R!
may be omitted. Hence, one and the same set in the space of functions
to,..t
may be written in the form Hl_} I‘l with different number of indices.
Leeily
Formula (2.2) for the measure of this set can also be written in various
ways. Thus, for our definition of the measure of ‘‘simple’’ sets to be

’

Lo tpenty tet]
correct, it is necessary that, if HF = Hl—« T then the corre-

T O el
sponding values of the measure defined by formula (2.2) coincide. This

property is referred to as the compatibility of a family of distributions. It
is possible to check that formula (2.2) does define a compatible family of
distributions. This compatibility comes from the Kolmogorov-Chapman

equation

p(s+t,x,y) = f p(s,x,z) p(t,z,y) dz (2.3)

which is fulfilled for function (2.1).
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It is easily seen that the function p(t,x,y) defined by (2.1) also has

the following properties:

P(txX,Y) = P(t,OyY'“X)yf Xap(h,O,X)dX = const x ha/2 ’ (2-4)

where a is an arbitrary positive number.

By using the compatibility of the distributions given by formula (2.2)
and properties (2.4), it is now possible to prove that the function defined
for simple sets by formula (2.2) may be extended to a measure on the

minimal o-field of subsets of the space Cg - Which contains all possible

ti,e..,t
Hrl 12 (see e.g. Ito and McKean [1], Wentzell [1]). This minimal
Lol y

o-field will be denoted by J1°, Nt will designate the o-subfield of the
y 0

oot

17" n

r r

170t

ofield J(° generated by the sets II
n and 0<ty <t, <. <t <t.
What kind of sets belong to the o-fields fﬂto and .‘H(‘)x’ ? Generally

for arbitrary natural numbers

speaking, the o-fields fﬂ% and )lg" are rather extensive. For example,

let us consider the set:

a - {¢5C8’w:fs<q5s <gg for s e [0t}

where fs » 8gs S € [0,t] are arbitrary continuous functions on the segment

[0,t], fg <gg, f;<0<gy. Since we deal with continuous functions,

@:U n {fsi*'rlT<¢si<gsi“}T}'

n=1 SiEAO,t

where AO,t denotes the set of rational numbers in the segment [0,t].
Therefore, the set ( may be represented in the form of a union of the
intersections of a countable number of simple sets, and thus ( ¢ jlto
Hence it appears clear that the o-field 7‘(‘(’; contains the Borel
o-field fBO’oo' It is possible to make sure that the opposite inclusion is

also valid, and therefore, '(BO o = T(B(’. For 0 <t <. <t <T, the

to,...,t
1oty
sets HF r

Lreealy
generated by these sets in Cg ¢ Wwill also be called T(g . It is readily

may be projected into the space Cg’T. The o-field

checked that this o-field in Cg T coincides with the Borel o-field 530 T

We proceed to present some other examples of sets from fn’é‘ and 713".
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Let x>0, 7. (¢) = min{t: ¢, =x}, i.e. 7,(¢p) is the first moment
when ¢ ¢ Cg’oo hits the level x; if the set {t:¢; =x} is empty (the
function ¢ never attains the level x ), then we set TX(qS) =+po. Con-
sider the set P ={¢ ¢ Cg’m:rx(gb) < t}. It is clear that

= 0 . 1 T t
D= nF:‘l1 SifL/J\0 t{qb € Co,t'¢si > X n} which implies that 9 57'(0. It

)

is not difficult to verify that the set & = {¢ ¢ Cg’m 1) <7 (~P)} of
the trajectories reaching the point x before the point -x, belongs to the
o-field 7(‘6“ Throughout this book, we will often consider the first hitting
times of closed sets.

So, in the space Cg,T there is a o-field T(g which coincides with
the Borel o-field ‘(BO,T of this space (if T = o, then T(‘E; = 530)00 ).

The measure on the o-field f)‘(g, 0 <T < «, defined by equality (2.2)

ti,...,t
for the ‘“‘simple’” sets Il 1 T is called the Wiener measure.

| DN
The first mathematically correct construction of such a measure and
the analysis of its basic properties was brought about by N. Wiener [1] in
1923,

REMARK. The statement that the function given by (2.2) for simple sets
may be extended to a measure on the o-field ?’(g in the space Cg,T , is
based on two different results. The first of them is Kolmogorov’s general
theorem on the extension of a measure in the space HO'T of all functions
on [0,T] with values in R!. The second result is concerned with the
conditions under which this measure is concentrated on the space of con-
tinuous functions. In order to clarify the meaning of these results, let us
consider the ‘“‘simple’’ sets in HO,T :

'ﬁtl""’tn {qﬁ H & r & Iy
L0 =P o Py T "h Py €l

Here n is any natural number, Fl, ""Fn are intervals on the line,
bt .
0<t; <-<t,<T. For the simple sets Hf‘ll,...,IQn CHy p we will

define the function
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(H e Iw> =
(2.5)

= fdyl"' fdynp(tlyoyyl)p(tftlyyl,yz) p(tn“tn—l’yrhl’yn) ’

where p(t,x,y) is specified by equality (2.1).

Just as in the case of the simple sets in c? one and the same

0, T’
simple set in HO,T may be described in different ways, for example, with
a different number of indices. However, the function ' depends only on
the set Hr}l'! ’IE C H0 r and not on how it is written down. This
follows from the Kolmogorov-Chapman equation (2.3). By the theorem on
the extension of measure, the function [, originally defined only on
simple sets in H o may be extended to a measure on the minimal

t

o-field fT(O in H0 o Which contains all simple sets H v ’rr‘1 ,

0<ty <t, <.+ <t, <T.
The explicit form of the function p(t,x,y) is not essential for the

extension of ﬁ' to a measure on f)'(’g to exist. For example, the function
S S
7lt? + (v -x)?]
tion. If in equalities (2.5), p(t,x,y) is replaced by pl(t,x,y) , then we

p;(t,xy) = also satisfies the Kolmogorov-Chapman equa-

have some new function ]71 on the simple sets in Hg .. This function
may be extended to a measure on the o-field 3‘(3‘ in Hy . as well.

Suppose now that in equalities (2.2), p; is substituted for p. If
these modified equalities are used to define the function g, (H bt T, L)

for simple sets in CO,T , then this function may no longer be extended to
a measure on fﬂg.' In order that one could perform the extension to a
measure on the o-field T(T in the space C0 o, itis sufficient to check
that the outer measure of the set C 0,7 in Hy 0,T is equal to 1 (C0 T
does not belong to )10 , thus the measure p(C0 ) is not defined):
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inf{ﬁ'(@): CS,TC@ e(ﬁ’g§=1 .

It turns out that, for the last equality to be fulfilled, simple sufficient
conditions may be given. Namely, for the outer measure of the set Cg T
to be 1, and therefore, in order that one could extend p from simple

sets in Cg’T to a measure on ﬂg, it suffices that, for some a,f3,c >0

00 o0

ff |x1—x2|aut1’tz(dxlxdx2) < c[tl-t2]1+B , 2.6)

—00 —O0J

t,,t
where ptl,tz(l‘l xr‘z) = p(H[,ll’Ig‘z). The above assertion is the Kolmogorov

theorem on the existence of a continuous modification. In the case of the
function p(t,x,y) such constants a,f3,c exist. This follows, for example,
from (2.4) with a =4. Therefore, one can make the extension of the
measure defined by (2.2) for simple sets in Cg,T to a measure on the
o-field f)lg For p,, introduced previously, such an extension in Cg,T
is impossible.

If the compatibility condition and bound (2.6) holds, then one can
arrange the proof of the existence of an extended measure immediately in
the space Cg,T (see Ito and McKean [1]), without dividing it into these
two stages.

The notion of the Wiener measure is closely related to that of Wiener
random process. A random process Wi(w), t> 0, on a probability space
(Q,F,P) is called a Wiener process if its trajectories are continuous with
probability 1, P{W =0} =1, and the finite-dimensional distributions are
given by
PIW, e[y W e ld=

2.7

= deI o fdyn P(tl,(),y 1) p(tz*t1:YIIY2) ot p(tn_tn_lxyn_.lyyn)

1’11 1—‘n

where p(t,x,y) is defined by equality (2.1).
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Formula (2.7) implies that Wt is a Gaussian process. By using (2.7)
it is not difficult to calculate that EWt =0, and the correlation function
R(s,t) of the process W, has the form R(s,t) = EW,W, =s At. Note that
the correlation function and the expectation of a Gaussian process deter-
mine, in a unique way, its finite-dimensional distribution functions. Thus,
the Wiener process could be defined as a mean zero Gaussian process
with continuous trajectories having the correlation function R(s,t) =s A t.

Every one-dimensional random process X((w), t >0, w € ) whose
trajectories are continuous with probability 1, induces a mapping
Q- CO,N:(‘) -» X (w). This mapping induces a probability measure on the
o-field! T(B" in Co,m. Comparing (2.7) with (2.2) we draw the conclu-
sion that the process Wt(w) induces the Wiener measure in the space
CO, -

On the other hand, given the space Cg,m with the Wiener measure
pyy on the o-field .‘ﬂ:’;, 0, 00’
space, and define the random process Wt(a)) = c,bt, t €[0,00), for w=¢.

one can take (C 7‘(‘;;, jy) as a probability
By virtue of (2.2) this process is a Wiener process. Therefore, the trajec-
tories of the Wiener process W(w) are simply elements of the space
Cg’m. The elements of the o-field fﬂ% are events defined by the motion
of the Wiener process W for s ¢[0,t].

The construction of Wiener measure and the examination of its proper-
ties is in essence equivalent to the construction and examination of the
properties of Wiener process.

Let us consider other constructions of the Wiener measure. We will
construct the Wiener measure in C8’1 . Afterwards, it is not hard to

define the Wiener measure in Cg o forany T >0.

Lwe preserve the notation T o <t< oo, for the o-field of all cylinder sets
of CO ¢ (not only of Cg ¢ ), i.e. T(B is the oO-field generated by the sets
{ch € CO‘t:(gbth”(ﬁtn) € B} for any natural n, any 0< ty <ty <ee <t <t, and
BB,
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Suppose we are given a probability space (Q,f,P) and a sequence
of independent mean zero Gaussian random variables on it having variance
1 :fo, ‘fl’ 52’ -+-. Such a probability space may be constructed, for
example, by taking an infinite product of lines equipped with Borel
o-fields and the standard Gaussian measure. We will define the mapping
«Q,% - (CO 1 )’(%}) in such a fashion that in C(()),l the Wiener measure
will be induced.

Let us consider the series

RGY

po(@) = Egs + 2 "1“—11:15,0§s§1. 2.8)

k=2"

This series converges uniformly on [0,1] with probability 1 (see, e.g.
Ito and McKean [1]).

Thus, formula (2.8) gives the mapping f:Q - Cg,l‘ This mapping is
readily checked to be measurable, i.e. fﬂl(B) ¢f for B« T(é Since the
sum of independent Gaussian random variables is also a Gaussian random
variable, and since the limit of Gaussian random variables is also a
Gaussian random variable, we conclude that the process qSS(w)
Gaussian. Now let us verify that it is a Wiener process. As was said
above, for this it suffices to check that E¢, =0, E¢d,p; =s at. The
first of these equalities comes from the fact that series (2.8) may be
integrated with respect to the measure P(dw) on () termwise. Noting

that Efifj = aij we conclude from (2.8) that

o0

E by = st + z%sm kns sm knmt  s,tel01].

k=17

We leave to the reader to make certain that the expression on the
right-hand side is equalto s At. Hence, (f)s(w) is a Wiener process.

The mapping f:Q - C(()),l induces the Wiener measure in Cg,l
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Finally we mention another way of constructing the Wiener measure
ensuring a transparent image of the nature of the set of functions this
measure is concentrated on.

We shall consider a symmetric random walk over a lattice on the line.
Let a patticle (being at time t at a point kh ) jump to one of the neigh-
boring points (k-1)h or (k+l1)h with equal probabilities at time t+A.
Here h >0 is the lattice spacing, A >0 is a time interval between

ial j - Ah _xAh
sequential jumps, k =0,1,2,---. Let us denote by XkA = XkA (w),

k=0,1,2,:--, the trajectory of this particle starting from zero at time

t =0. Clearly, Xl}}Ah is a random sequence. Let (Q,f}, P) be the

probability space this sequence is defined on. We will introduce the

Ah

S

. . Ah A,h
connect sequential points (kA’XkA (w)) and ((k+1)A,X(kH)A) ,

k = 0,1,"',[15] , I:IK] +1. The random broken lines Xg’h induce in

random broken lines X s €[0,1], consisting of the segments which

Cg ; certain measure p " concentrated on the broken lines with
vertices at the points (kA,fh), k=01,2,---; £=0,+1,+2,---. For any
integers k, < k2 <.+ <k, and any intervals Fl, ]“2, e I“n CR!, the

Ah

value of the measure p~’" of the simple set

{X‘A’h ecg’l X[l:l’lz\ EFI’X[Q’}Z\ fl—‘2, ""Xﬁ,?\ € an
2 n
may be written down explicitly via binomial probabilities.

Now let A, h i 0 in such a way that h2A™!1 = 1. Then the family
of measures #A,h proves to converge weakly to the Wiener measure in
the space C8,1- The proof of this statement may be decomposed into
two stages. First, one must prove that the measures pA’h of simple
sets in Cg'l converge to the Wiener measure of these sets. This con-

vergence is an implication of a version of the central limit theorem.

A,h hQ:A
Ah

A ¢ 0 is weakly compact. This implies that the measures p~’" converge

Secondly, one must verify that the family of measures p

weakly to the Wiener measure. For a detailed proof, see Donsker [1],

Ito and McKean [1].
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A more strong statement is also true (see Knight [1], Ito and McKean
[11): one can find a probability space (Q,F,P) and a family of random
walks XﬁAh(w) , o €£), such that the broken lines XSA’h(co) drawn by
these walks, with probability 1, converge uniformly on [0,1] to the con-
tinuous functions X = XS((o). The random process X (w) is a Wiener
process.

So, the functions the Wiener measure is concentrated on, may be
imagined as the limits of random broken lines Xé’h for A =h% as A 0.
Whence, via the properties of symmetric random walk over a lattice on the
line, we can obtain the properties of the Wiener process. For example,
the fact that, with probability 1, random walk returns to zero an infinite
number of times, implies that, for almost all trajectories of the Wiener
process W (), the set {s ¢ [0,1], W (w) = 0} is a perfect one (i.e. a
closed set every point of which is a limit point for this set).

So, suppose we are given a Wiener process W(w), t >0, on the
probability space (€, F,P). We will list some important properties of the
Wiener process (and, thereby, of the Wiener measure as well) in addition
to those mentioned previously.

We will show that the Wiener process has independent increments, i.e.

for any 0<t1<t2<~--<t

n’ the random variables th,WtZ-th,n-,th—Wt

n-1
are independent. As W, is a Gaussian process, all the n differences are
jointly Gaussian distributed. Hence, to prove the independence of these
random variables, it is sufficient to check that they are uncorrelated, i.e.

that EW,. -W. )W, -W,)=0 for i #k. The last equality may be
berr Wt Y

+1
easily checked by remembering that EW W, =s A t. It is possible to

demonstrate that the Wiener process is the only random process having
continuous, with probability 1, trajectories and independent increments
for which EW, =0, EW? =t.

From the independence of increments, we can readily deduce the
so-called Markov property of the Wiener process which may be stated as

follows: forany T >0, the random process Wt = wT+t(w)_WT(‘“) does
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not depend on the o-field ff<wT =o(Wg,s e [0,T])? and is a Wiener process.
The proof of this statement is immediate from the independence of

increments and from the following observation: forany 0<t; <t, <. <t <7

the o-fields oW, . ~~,th) and a(th,Wtz—th, ~~-,th»—Wt ) coincide.

n-1
May we substitute a random variable for T ? Will the process
Wt =W, W, bea Wiener process if the time 7 =7(w) itself depends on

the trajectory? One can shdw that one cannot take an arbitrary random
variable. For example, let 6 =sup {t ¢ [0,1]: W, = 0}. By the definition
of 6, the process Wt =W.9-Wy does not change the sign in the interval
(0,1-60) with probability 1. For a Wiener process, such a behavior (no
zeroes in some interval (0,1-0) ) has probability 0. For instance, this
follows from the foregoing Knight’s result asserting that the Wiener trajec-
tories may be represented in the form of the limit of symmetric walks over
a lattice, if one takes into account that symmetric random walk returns to
zero infinitely many times. Therefore, VV’t = Wt+9_wt9 is not a Wiener
process. However, an important class of random variables 7(w) does

_H‘WT is a Wiener process. These are the

exist for which the process W
so-called Markov times.

A random variable 7(w) which is allowed to take non-negative values
and the value +oo is said to be a Markov time,” whenever for every t>0
the event {r(w) <t} belongs to ff<“tl = oWy, 0<s <t).

In other words, a Markov time is one whose occurrence may be known
without any information about what will happen after this time. This
property is emphasized by another term for the Markov time—a random
variable independent of future. In particular, the random variable 6

introduced above (the last time, before 1, when the Wiener trajectory

CZWe will remind that if @ is a collection of random variables on a space
(Q,f, P) then 0‘(@) is the minimal o0O-field with respect to which the variables
of the class are all measurable.

3To be more exact, a Markov time with respect to the expanding system of the

s
o-fields f<wt Later on we shall introduce a more general notion of Markov time.
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visits zero) is not a Markov time. On the other hand, 7(w) = infit: Wt:a§
—(the first hitting time to the point a )—is a Markov time.

It is easy to ascertain the elementary properties of the Markov times.
For instance, if 71 and 7, are Markov times, then 7, A 7, and LV,

are also Markov times. The variables 1 +1 and 271 , for example, are

Markov times as well; but the variables % and 72~1 are not, in general,
Markov times.

A o-field ?<WT C ¥ is associated with every Markov time 7(w). Namely,
anevent (@ ¢F ‘belongs to Cf<wr if and only if, for every t > 0, the inclu-
sion @ Nir<te f-f<Wt holds. _It is not difficult to check that the collec-
tion of such events ;ctually forms a o-field. Intuitively, this o-field is
the collection of events which are defined by the behavior of the Wiener
process Wy up to the time (w) .

It is possible to prove that if 7(w) is a Markov time and P{r(w)<oo}=1,
then the random process Wt =W . -W does not depend on the o-field
3:<Wr and is a Wiener process (see Dynkin [1], Hunt [1], Ito and McKean [11).
This property is called the strong Markov property of a Wiener process.

Up to now we have been dealing with the Wiener trajectories starting
solely from zero. In what follows it will be suitable for us to consider a
family of Wiener processes starting from various points a e R! :Wta =a+W.

Then the Markov property may be interpreted like this: the process

~

Wi

t = 0 and conditionally independent of the behavior of the process W, for

T WT+t is a new Wiener process starting from the point W,., at time

t <T, given WT.
The strong Markov property may be applied for deducing the helpful
relation (see, e.g. Ito and McKean [1]):

P{ max WS >al =2P{Wt>a§.
0<s<t

In fact, by denoting 7, = minit: W, =a} we arrive at

a

P{ max W, >al=Plr, <tl=Plr, <t,W <al+
0<s<t
+P{ra gt,Wtza}.
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The terms on the right-hand side of this equality are equal. This is

immediate from the strong Markov property and from the symmetry of the

distribution of Wy with respect to zero. Noting this we derive

P{ max Wy >af = P{ra <t} :2P{73§t,Wt2a}:

0<s<t
2

) (2.9)

Y
e 2dy.

5 X
2 2t 2
:2Pth2a§:\/jﬁfe dx:\/;
a

$l\m% 2

From (2.9) we conclude that Pfra < oo} = lim P{Ta <t}=1, but Er, = .

t—oo0

max Wy = ¢, may also be computed
0<s<t

(see Ito and McKean [1]). The density function Py év(x,y) of this two-

The joint distribution of W, and

dimensional random variable is the following

y (2y-x)?
() aywe *
By, o009 = (5) @

mt

8> 0,y >0,x<y.

Now we dwell briefly on the local properties of Wiener trajectories.
By remembering that the increments of Wiener process are independent, it
is not difficult to prove that, for every fixed t, almost all Wiener trajec-
tories W, are not differentiable. Paley, Wiener, and Zygmund [1] estab-
lished a stronger result: Wiener trajectories are nowhere differentiable
with probability 1.

With probability one, the trajectories of Wiener process are Holder
L ¢ for every ¢ >0, and do not satisfy the

2

Holder condition with the exponent L .

2

variation in every non-empty interval. For the proof of all these asser-

continuous with exponent

Wiener trajectories have infinite

tions, the reader is referred to Ito and McKean [1], Chapter 1.
The properties of symmetry and self similarity of the Wiener process

play a highly significant role.
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It is obvious that if W(w) is a Wiener process, Wy(w) =0, then the
process W - t(co) is also a Wiener process. No matter what the posi-

tive number «, the process Wt = aWt/ , 1s a Wiener process as well.
a

Indeed, the process W, has continuous trajectories and is a Gaussian

process; Ewt =aFE Wt/ =0. ‘The correlation function of the process
2

~ ~ &
W, has the form: EW.W, = aZEWS/ 2Wt/ 2: a?‘(i2 A —t—z) =s At. As was
a a a a
remarked above, these properties characterize the Wiener process.
There is another interesting transformation which preserves Wiener

processes. Let W, be a Wiener process. The process

W, = (2.10)

is a Wiener process too. In order to prove this, we again make use of the

fact that a mean zero Gaussian process with continuous trajectories and

the correlation function R(s,t) =s A t, is a Wiener process. The continuity

of the function Wt may be broken at zero only, but one can see that for

any ¢>0 . th,
£ oo t(7)E

=0 P-a.s.

This can be checked, for example, with the law of iterated logarithm for
t > oo (see below). Thus, the functions Wt are continuous at zero.
Taking into consideration that Ewt =0, Ewswt = st(é— A %—) =s At, we
deduce that Wt is a Wiener process. This transformation enables us to
determine the properties of a Wiener process as t » 0, by studying its
properties as t » o, and vice versa.

There is an interesting property, the so-called law of iterated logarithm
which holds for almost all the Wiener trajectories: namely, with

probability 1.
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_ W, A

lim -—-'____‘——*.._____——:1 B in —_—
toco 2t In In t tooo V2t Inln't

The proof of this statement may be found in Ito and McKean [1]. Using
transformation (2.10), the law of the iterated logarithm becomes the local
law of the iterated logarithm:

W, W,

T SR TR S

0 V2tinlnt ! t40 2t In In t?

almost surely. The local law of the iterated logarithm, in particular, im-
plies that a Wiener process starting from zero, returns to the point 0 with
probability 1 in an arbitrarily small interval (0,h), h > 0. We have used
this property when stating that the variable 0 = sup {t ¢ [0,1], W, = 0} is
not a Markov time. Furthermore the law of the iterated logarithm implies
that the set of zeroes of a Wiener trajectory is unbounded with probability 1
as t - oo,

Notice that the Lebesgue measure of the set {t: W = 0} is zero with

probability 1. Really, the time /\r(t) , a trajectory spends in the set
I'CR! uptotime t, may be written in the form /\r(t) = f(: X[‘(ws)ds
where XF(X) is the indicator of the set I'. From this we conclude that

EAR® - [(: E X-(Wy) ds = fg fr p(s,0,y)dyds . In particular, if I has
zero measure, then EAF(t) =0 and therefore AF(t) = 0 with probability 1.

Many interesting properties of the Wiener process are available in the
books of Levy [1]and Ito and McKean [1].

A collection of r independent Wiener processes (th, ---,Wtr) = Wt s
t > 0, defined on a probability space (Q,F,P), is said to be an
r-dimensional Wiener process. The measure in the space C m(Rr) of
continuous functions on [0, «) with values in R, induced l;y the process
W(w) in Co’m(Rr) , is called a Wiener measure in Co’w(Rr).

A family of o-fields cﬂ“{ = o(Wsl, ---,WSr ;s €[0,t]) is associated with

the process W, . Corresponding to this family of ofields (as to any
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increasing family of o-fields) there is a collection of Markov times:
namely, non-negative random variables 7(w) for which {r(w) <t} ¢ 3‘<Wt,

t > 0. This concept of a Markov time, if considered in connection with
the one-dimensional process th, is broader thari that introduced before,
because the o-fields 3.‘<Wt are broader than Cf<wt . For these new Markov
times the strong Markov_property is fulfilled as well: W —W = Wt is an
r-dimensional Wiener process independent of events belonging to the

ofield ¥ {0 F : @ N ir <t} elrf<wt for any t > 0}.

We will note some differences in the behavior of r-dimensional Wiener
processes as we vary the dimension r (these distinctions follow from the
properties of the one-dimensional Wiener process and from the indepen-
dence of the components (th, ---,Wtr) ). As we observed, after any time t,
a Wiener process in R! will hit zero and, hence, will hit any other point
of the line as well. For r >2, however, with probability 1, the Wiener
trajectory will never hit any fixed point of R'. But for r =2, with
probability 1, the Wiener trajectory does hit any open set after any fixed
time. For r > 2, this is not the case. What is more, one can prove that,
for r>3, lim [W] =0 as..

t->00

Finally, we remark that the Wiener process in R’ is invariant with
respect to rotations: if W, is an r-dimensional Wiener process, then
Wt = QW, is also a Wiener process for any orthogonal matrix Q. This
assertion follows from the definition of W, and from the properties of the
Gaussian distribution. The family of Wiener processes th =x + W in
R! is invariant with respect to the group of all rigid motions of the space.

Concluding this section it is worthwhile to draw the reader’s attention
to the close connection between the Wiener measure (or process) and the

Laplace operator? A.

4More precisely, this is the operator ;—A rather than A. This is seen in

considering Cauchy’s problem. In the case of Dirichlet’s problem for the homoge-
neous equation Au= 0, this difference is of course imperceptible.
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The simplest example of this connection is the following: the mean
value Eg(WtX) =u(t,x) (here g(x) is a continuous bounded function in
R ) is a solution of Cauchy’s problem for the simplest heat conduction

equation:

1
& =7 A

lim u(t,x) = g(x) .
tL0

This is straightforward since according to the definition of th

|x-y|?
B Xy _ 1 T _
u(t,x) = Eg(W) f g(y)~———( N dy

RI‘

Now we shall show how the Wiener process is linked with Dirichlet’s
problem for the Laplace operator.

Suppose we are given a bounded domain D C R' with a boundary dD,
the domain D, for simplicity, being assumed convex. Consider the
Dirichlet problem in the domain D :

Au)=0,x eD, lim u(x)= VCINE (2.11)

xexofaD

where ¥(x) is a continuous function defined on dD. We will show how
the function u(x) which is a solution of problem (2.11) can be represented
in the form of the average value of a proper functional of the Wiener trajec-
tory, or (what is the same) in the form of an integral with respect to the
Wiener measure.

Let W, be a Wiener process in R'. We will introduce the Markov
time ré = r’l()(w) = inf {t: x+W, e dD} —the first hitting time to the boundary
of the domain D starting from x ¢ D U dD. Let us show that
P{r}l{)< o} =1 for arbitrary x ¢D. In fact, let th,x be the first com-
ponent of th =W, +x and let a number a be such that D C {x eRY;x! < a}.
We shall denote by Té,x the first hitting time of the one-dimensional
process th’x to the point a :r;’x = inf {t: th,x =a}. It is clear that
X X

X< r;’x so the finiteness of 7

b comes from the fact that P{ré’x< wof=1.
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The last equality results from (2.9). At the time r)f), the point WXX
;

D
belongs to dD, thus one can consider l//(WXX) and the function
T
D
V(x) = Eg(W5) . (2.12)
T
D

Let us show that the function V(x) is a solution of Dirichlet’s
problem (2.11).
First we will make sure that the function V(x) defined by (2.12)

satisfies the boundary conditions, i.e. lim V()= l//(xo). To that
XX o€ Jp

end, let us draw the line of support I' (for the sake of visualization, we

shall speak of the two-

A x2 dimensional case) through
the point x, € dD (see
h Fig. 2). Since the Wiener
1 process is invariant with

respect to the group of
movements of the plane,

the point x, may be

0
considered as coinciding

™ 1 with the origin and the

line ' —with the x2-

~ axis. Let 7%)’)( be the
mm— N 5
h first hitting time of the
first component th,x
of the Wiener process
~h W® to the point 0. Then

noting equality (2.9) we

Fig. 2 obtain
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1x11t¥1/2 2

y
PirE > th< PIrLX >if = 2 e 2dy -0 (2.13)

as x! >0. Formula (2.9) also readily implies that, for any fixed h >0,
the probability of leaving the rectangle Hh shown in Fig. 2 before time t
across the horizontal sides or across the side lying on the line x! =-h,
tends to zero as t+ 0 uniformly in the set of the initial points

x ¢ D N Ug(0), where Ug(0) = {x:|x| <8}, This remark along with (2.13)

implies that P{WX eyp} -1 as x >0, where yp = dD NIl . Now it is
T
D

easy to verify that V(x) takes on the prescribed boundary values:

V) =4(0)] = [EQWE) - (0)| < E[p(W5) -¢(0)]x,, +
D ) "h

+ Ellﬁ(fo%l//(O)l (1- th) < sup W(x) - 4(0)] +

D x€dD,|x—0|<2h

+2 max [(y)| x PAWE £ ypd. (2.14)
ye&D TD

Here th(w) =1 for w e {W% eyt and th(w) =0 on the rest of Q.
The first summand on the right-hand side of (2.14) can be made arbitrarily

small by making h small. The second summand, as it has been shown
above, tends to zero for a fixed h as x >0 ¢ JD. Hence,

lim  V(x) = ¢(x).
XX € oD

Now we will show that the function V(x) is continuous for x e¢D.
First let 7% be a Markov time with respect to the family of o-fields
‘fg“{ , which satisfies P{F¥< r%} =1. Let 7 =n(w) = W:X. Using the

strong Markov property one can write down the following chain of equalities:
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V) = EGWE) - EEGWEHI) -
D D (2.15)

= EV(p) = EVS) ,

where W, is a Wiener process independent of W,. Let us introduce the

Markov time 7 =7%Y = r)]; A 7311), x,y eD. Using (2.15) leads to

V() = V(y) = E(VWE) - VW) . 2.16)

One of the points W}; or Wg belongs to dD, and the distance of the
other point from D is bounded by |x-y|, because the trajectory W,g is
a translation of W,T)f by the vector (y-x). Hence, on account of the fore-

going bounds near the boundary we have:
lV(wg)-V(w?y)l 50 as |xy| -0 a.s.

Noting that the function V(x) is bounded, we deduce from (2.16) that
V@) -V >0 as [x-y| - 0.

Let us show that the function V(x) given by (2.12) has the mean-
value property: for any circle K having its center at a point x ¢D and

lying entirely in D U dD, the function V(x) satisfies

V(x) = f V(y) m(dy) 2.17)

K

where m(dy) is a uniform distribution on the circle with the condition
m(K) = 1. Indeed, let us put T)I({ = minit: th ¢ K}; that is, the first hitting

time of the circle K starting from x ¢ D. The random variable r;{{ is a

Markov time satisfying P{T}I{( < r}f)§ =1, and by (2.15)

V(x) = EVQOWX ) .
T
K



42 1. STOCHASTIC DIFFERENTIAL EQUATIONS

Further, remembering that the Wiener process is invariant with respect to
rotations one can conclude that when starting from the center of the circle
K, the distribution at the first exit time from K 1is uniform: that is,

P{WXX ey} =m(y) for every arc y C K. Therefore,
T
K

V(x) = EV(W:(X) "—fV(y) m(dy) .
K
K

So, we have shown that V(x) is a continuous function which takes on
the prescribed boundary values and has the mean-value property. As is
known in the theory of differential equations, a solution u(x) of
Dirichlet’s problem (2.11) possesses these properties too. Consequently,
to prove that u(x) = V(x), it remains to note that there is but one con-
tinuous function taking the value (x) on dD and satisfying the mean-
value property. Indeed, suppose on the contrary, that there are two such
functions and that a(x) is their difference. For x ¢ dD, the function
a(x) vanishes identically and satisfies the mean-value property as well.
Assume that a(x) attains its maximum for x = xy€¢D. Let us draw a

circle with center at x and with radius equal to the distance from x to

D (Fig. 3). wo
X0

¢

Fig. 3
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Using the continuity of a(x) and the mean-value theorem yields that
a(xo) =a(M) =0 (M is shown in Fig. 3). Thus, a(x) =0 for x ¢D and
hence u(x) =V(x).

So we have established that the solution of Dirichlet’s problem can be

represented in the form

u(x) = EW) . 2.18)
™

Intuitively this means that, for the value of u(x) at any point x ¢D
to be determined, we are to let out Wiener trajectories from the point x,
then to watch where they first hit dD and what the boundary values are
at the points of the first hitting JdD, and then to average these values

over all the trajectories th(a)).

§1.3 Stochastic differential equations

Our next goal now is to construct a family of measures in Coyw(Rr)
(or, equivalently, a family of random processes with continuous trajec-
tories) which corresponds to an elliptic, possibly degenerate, second-
order differential operator of general form. As we have seen in the

previous section, a family of Wiener processes th is associated with the
L
2

operator A. Now suppose that we are given a second-order operator

r

r
~ 1 ij _9? 19
Feg 4218 axiexi+.21b !
1,]= 1=

with constant coefficients and non-negative characteristic form:

S all )\i)\j >0, all — all | Consider the family of random processes
XX < x + oW, + bt (3.1)

where x ¢ R' is an initial point, and o is a real matrix® such that

s’I‘he existence of such a matrix follows from the fact that the matrix (alJ) is
non-negative.
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* (aij) , b= (bl, -+-,b"). Knowing the density function of the random
variable W, it is easy to evaluate the distribution of §§ and to make
sure that the function u(t,x) = E g(if) is a solution of Cauchy’s problem
gﬂz Tu , lim u(t,x) = g(x) ,

t 40
where g(x), x ¢R', is a bounded continuous function. Therefore, the
Gaussian process '}\('E( and the corresponding measure in Cy m(Rr) are
related in a natural way to the operator T.

Now consider the operator of general form

L-1 3 11() 2 b1<x> J 3 aliconini >0,
i,j=1 i,j=1

with variable coefficients. The question suggests itself: what stochastic
process ng is related to this operator L ? If the coefficients of the
operator possess some continuity properties, then it is natural to expect
that, near the point x, such a process Xi{ is close to the process ii‘
defined in (3.1) with ¢ and b held fixed to their values at point x. In

other words, the desired process must satisfy the differential equation
dX¥ = o(XP)dW, + bXP)dt, XF =x, (3.2)

where b(x) = (bl(x), -+, b'(x)), o(x)o™(x) = (aij(x)) .

Later on we will see that actually such is the case, but first we must
make sense of equation (3.2). To make the meaning of equation (3.2) more
precise, we will follow the ideas of K. Ito. Namely, we integrate it from

0 to t, taking into account the initial condition:

t t
XE - x :fa(X)S()dWS - fb(xg)ds : (3.3)

0 0
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If the matrix o does not depend on x, then the existence and uniqueness
of a solution of such an equation for a fixed trajectory WS , follow from
the corresponding results for ordinary differential equations (non-stochastic),
whenever one assumes, for example, that the function b(x) satisfies a
Lipschitz condition. In the general case, the situation is more compli-
cated: here the first integral in (3.3) must be given a meaning. But this
is not easy to do, because the Wiener trajectories W, have with probability
one infinite variation on every interval.

We proceed now to construct Ito’s stochastic integral and describe its
properties (see, e.g. Gihman and Skorohod [1], [2], McKean [1], Wentzell
[1]1). The general outline is as follows (now W, is supposed to be a one-

dimensional Wiener process). To begin with, we define [ b (s, w) dWS
a

for the ‘‘simple’’ real-valued functions f(s,w), s ¢ [a,b]. Here it turns

out that | b f(s, ®) dwg = 7(w) is a random variable such that Elq(co)lz =
a

f b Elf(s, w)[2ds . Therefore, to every simple function f(s,w), the

a

stochastic integral is a random variable 7(w). We introduce the Hilbert

b
space H?%([a,b] x Q) of functions with the norm ||f]| , =/ Elf(s, w)|?ds
H a
and the Hilbert space L2(Q) of the random variables n(w), ||l 9 =
L

E\n(w)!z . Then integration becomes a linear isometric' mapping of the set
ﬁg,b of simple functions from Hz([a,b] x 1) into LZ(Q). This mapping
can be extended in a continuous way to the closure of the set
ﬁé,b C H%([a,b] x Q) with the isometry being preserved. Such a continua-
tion defines an integral on the closure of the set of simple functions
which turns out to be a sufficiently extensive set. Now, we proceed with
the details.

Suppose we are given a one-dimensional Wiener process W, t >0,
and an increasing family of o-fields N, t>0. We assume that
§<“t[ C N, and that the increments Wy — Wt do not depend on the o-field
Ny for s >t. Such a family of o-fields Ny will be called a family
adapted to the Wiener process W, .



