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Preface

In 1908 a profound change in music was initiated when Arnold Schoenberg
began composing his "George Lieder" Op. 15. In this work he deliberately re-
linquished the traditional system of tonality, which had been the basis of
musical syntax for the previous two hundred and fifty years. Subsequently,
Schoenberg, Anton Webern, Alban Berg, and a number of other composers
created the large repertory known as atonal music.

Despite some recent and serious efforts, which stand in marked contrast
to earlier simplistic formulations, the structure of this complicated music has
not been well understood. Accordingly, it is the intention of the present work
to provide a general theoretical framework, with reference to which the pro-
cesses underlying atonal music may be systematically described. It is not
claimed that all aspects of atonal music are dealt with (an improbable under-
taking, in any event); instead, major emphasis has been placed upon funda-
mental components of structure. For instance, one can deal with pitch and
disregard orchestration, but the reverse is not, in general, possible.

Although a good deal of attention has been paid to the iconoclastic nature
of atonal music, there has been a tendency to overlook its significance within
the art form. This circumstance is unfortunate and should be corrected. One
need only remark that among the major works in this repertory are Schoen-
berg's Five Pieces for Orchestra Op. 16 (1909), Webern's Six Pieces for Large
Orchestra Op. 6 (1910), Stravinsky's The Rite of Spring (1913), and Berg's
Wozzeck(l92Q).

The inclusion of Stravinsky's name in the list above suggests that atonal
music was not the exclusive province of Schoenberg and his circle, and that
is indeed the case. Many other gifted composers contributed to the reper-
tory: Alexander Scriabin, Charles Ivés, Carl Ruggles, Ferruccio Busoni, and
Karol Szymanowski—to cite only the more familiar names.

The present study draws upon the music of many of the composers men-
tioned above. It does not, however, deal with 12-tone music, or with what
might be described as paratonal music, or with more recent music which is
rooted in the atonal tradition. This is not to say that the range of applica-
bility is narrow, however. Any composition that exhibits the structural char-
acteristics that are discussed, and that exhibits them throughout, may be
regarded as atonal.

The book is divided into two hierarchically organized parts. In Part 1 cer-
tain basic ideas are introduced and connections between them are developed.
In Part 2 the concepts elaborated in Part 1 are brought within the scope of a
general model of structure, the set-complex, and a number of musical ex-
cerpts are examined in detail. Thus, the exposition begins with elementary
aspects of structural components and their relations and proceeds to a con-
sideration of structures of larger scale and greater complexity.

ix
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1 Pitch-Class Sets and Relations

1.0 Pitch combinations

The repertory of atonal music is characterized by the occurrence of pitches
in novel combinations, as well as by the occurrence of familiar pitch combi-
nations in unfamiliar environments.

1 Srhnp-nhfro "Of»r»rof* T iArW On 1 5 / 1

Used by permission of Bel mo n t Music Publishers, Los Angeles,
California 90049.

As an example of a pitch combination, consider the chord at the end of the
first song in Schoenberg's "George Lieder" Op. 15 (ex. 1). This pitch com-
bination, which is reducible to one form of the all-interval tetrachord, has a
very special place in atonal music. It could occur in a tonal composition only
under extraordinary conditions, and even then its meaning would be deter-
mined by harmonic-contrapuntal constraints. Here, where such constraints
are not operative, one is obliged to seek other explanations. Accordingly,
in the sections that follow, terminology and notation will be introduced
which will facilitate the discussion of certain properties of such combinations.
The first task is to formulate a more general notion to replace that of pitch
combination.

1.1 Pitch-Class sets

> The term pitch combination introduced in section 1.0 refers to any collec-
tion of pitches represented in ordinary staff notation. The transposition of
G-sharp in example 1 to the staff position an octave higher would produce
a new and distinctive pitch combination. Comparison of this combination
with the old one would require additional considerations. A simple and pre-
cise basis for comparing any two pitch combinations is provided by the notion
pitch-class set. *

Suppose, for instance, that the chord discussed in connection with example
1 were to be compared with the chord in example 2, which occurs at the
opening of Webern's Six Pieces for Orchestra Op. 6/3. By rewriting each chord

*The term and the concept were introduced by Milton Babbitt.

1



The Structure of Atonal Music

2. Webern, Six Pieces for Orchestra Op. 6/3

within the smallest possible range and placing the chords in adjacent positions
on the same staff it is evident that the second is a transposition of the first
(ex. 3).

In rewriting both chords it was assumed that change of register did not af-
fect notation-class membership; E-sharp remained a member of the class E-
sharp, A remained a member of the class A, and so on. Thus, the axiom of
octave equivalence (which also applies to tonal music, of course) was invoked.
In addition, the assertion that the second chord is a transposition of the first
implies that the chords are equivalent in a very specific way: by virtue of the
operation transposition. This operation will be discussed in section 1.3 and
need not be pursued further here.

For the study of atonal music the assumption of octave equivalence by no-
tation class is not sufficiently general. It is necessary to assume, further, that
"enharmonic" notes are equivalent (regardless of register). Thus, E-sharp is
the same as F or G-double-flat, for example. This does not imply that nota-
tion is arbitrary in an atonal composition, but merely that the notion of
pitch-class set is independent of any particular notational forms.

As a consequence of octave equivalence and enharmonic equivalence any
notated pitch belongs to one and only one of 12 distinct pitch classes. This
can be seen readily if the usual letter-names are replaced by the integers 0, 1,
2,. . ., 11. We then speak of integer notation, as distinct from staff notation.

2

Copyright by Universal Edition.
Permission granted by Theodore
Presser Company, sole representa-
tive in the United States, Canada,
and Mexico.



Pitch-Class Sets and Relations 3

The correspondence of integer notation and staff notation is shown in ex-
ample 4. The integer 0 has been assigned to C (which is equivalent to B-sharp
and D-double-flat, the integer 1 has been assigned to C-sharp (which is equiv-
alent to B-double-sharp and D-flat), and so on until the integer 11 has been
assigned to B, completing the octave.* If the assignment procedure were con-
tinued, as shown in the example, 12 would be assigned to the second C. But
this belongs to the same class as the first C, to which the integer 0 has already
been assigned. Indeed, any pitch number greater than or equal to 12 can be
reduced to one of the pitch-class integers by obtaining the remainder of that
number divided by 12.

A pitch-class set, then, is a set of distinct integers (i.e., no duplicates) rep-
resenting pitch classes. Strictly speaking, one should use the term set of
pitch-class representatives, but that is unwieldy. In fact, even the term pitch-
class set, since it is used very often in the present volume, will usually be ab-
breviated to pc set.

A pc set is displayed in square brackets—for example, [0,1,2]. The reader
is exhorted to pay attention to this and other notational conventions as they
are introduced.

1.2 Normal order; the prime forms

For a number of reasons it is important to distinguish between ordered and
unordered pc sets. If, for example, [0,2,3] is regarded as the same as [2,3,0]
it is assumed that the difference in order does not render the sets distinct
from one another; they are equivalent sets since both contain the same ele-
ments. In such case the sets are referred to as unordered sets. If, however,
the two sets are regarded as distinct, it is evident that they are distinct on the
basis of difference in order, in which case they are called ordered sets.

To deal with relations between two pc sets it is often necessary to take
ordering into account. In particular, it is essential to be able to reduce a set
to a basic ordered pattern called normal order, t An ordering of a set is called
a permutation, and the number of distinct permutations of a set depends up-
on the number of elements in the set. That number is known as the cardinal
number of the set. In general, it can be shown that for a set of n elements
there a r e l X 2 X 3 X . . . X n distinct permutations. For example, for a set of
3 elements there are 6 permutations. By convention this series of multiplica-
tions is represented by the symbol n! (read "n factorial"). To determine the
normal order of a set, however, it is not necessary to consider all of its per-
mutations, but only those called circular permutations. Given a set in some
order, the first circular permutation is formed by placing the first element

*This assignment remains fixed throughout the present volume,
t This is the same as Babbitt's normal form. See Babbitt 1961.



4 The Structure of Atonal Music

last. For example, the first circular permutation of the set [a,b,c] is [b,c,a].
The next circular permutation is formed in the same way and is thus [c,a,b].
The same procedure repeated once again would produce [a,b,c]. Hence, by
definition, an ordered set is a circular permutation of itself, and, in general,
there are n circular permutations of a set of n elements.

The normal order of a pc set can be determined as follows.* The set must
be in ascending numerical order at the outset and each circular permutation
must be kept in ascending numerical order. This means that 12 must be
added to the first element each time it is placed in the last position to form
the next circular permutation.f

Consider, as an example, the determination of normal order for the pc set
[ 1,3,0]. The circular permutations of the set, with the addition of 12 to the
shifted element each time is shown in the accompanying table.

Difference of
first and last

A0 [0,1,3] 3
A, [1,3,12] 11
A2 [3,12,13] 10

By what will be called Requirement 1, the normal order is that permutation
with the least difference determined by subtracting the first integer from the
last. The normal order in this instance is A0.

In certain cases Requirement 1 is inadequate for the determination of
normal order, in which case Requirement 2 must be invoked. Requirement 2
selects the best normal order as follows. If the least difference of first and last
integers is the same for any two permutations, select the permutation with the
least difference between first and second integers. If this is the same, select
the permutation with the least difference between the first and third integers,
and so on, until the difference between the first and the next to last integers
has been checked. If the differences are the same each time, select one order-
ing arbitrarily as the normal order. Consider the following example:

AO [0,2,4,8] 8
A, [2,4,8,12] 10
A2 [4,8,12,14] 10
A3 [8,12,14,16] 8

Here, by Requirement 1, both A0 and A3 are normal orders. 11 Requirement
2 selects A0 as the best normal order.

The form of a pc set such that it is in normal order (or best normal order)

*The procedure to be described is an extension of the one used in Teitelbaum 1965.
f Since 12 is equivalent to 0 in the 12 pitch-class integer system the arithmetic value of a pitch-class in-
teger is not changed by the addition of 12.
11 In this and similar instances the two sets are inversionally related.



Pitch-Class Sets and Relations 5

and the first integer is 0 is called a prime form. A complete list of prime
forms for the 220 distinct pc sets is given in appendix 1. Although reference
to the list will not be necessary until section 1.5, normal orders will be shown
in connection with the examples in staff notation henceforth so that the
reader will become accustomed to integer notation and so that certain com-
parisons (to be explained in the following sections) can be made easily.

1.3 Transpositionally equivalen t pt sets

The notion of a pc set in normal order provides a point of departure for the
development of certain fundamental procedures which will permit conse-
quential analytical observations about structure to be made.

Let us assume that a significant kind of observation concerns the similarity
or difference between two "events," such as pc sets. More precisely, given
two pc sets to compare, one might ask: Are they the same, or do they differ?
In order to provide an answer a definition is needed. Accordingly, two pc
sets will be said to be equivalent if and only if* they are reducible to the
same prime form by transposition or by inversion followed by transposition.
This section is concerned only with transpositional equivalence.

5. Webern, Five Movements for String Quartet Op. 5/5

Copyright by Universal Edition. Permission granted by Theodore Presser
Company, sole representative in the United States, Canada, and Mexico.

Consider, as an initial illustration, the two pitch-sets A and B in example 5.f
First, we ask whether it is reasonable to compare them at all. They occur
some distance apart in the composition, as indicated by the circled measure
numbers. The "mode of occurrence" is different in each case: the first is a
melodic line, the second a "chord." These differential surface features, how-
ever, do not preclude comparison. In fact, the only requirement necessary
for comparison is that the pitch configurations be reducible to pc sets of the
same cardinal number, and that requirement is met in this instance.

The pc sets (in normal order) labeled A and B correspond to the staff no-
tation of the two configurations. For comparison, it is convenient to align

*The logical expression if and only if means that two pc sets are equivalent if they are reducible to the
same prime form, and if they are not reducible to the same prime form they are not equivalent,
t The attentive reader will notice that a convention has been added, namely the assignment of a sym-
bolic name to the set. This name, an upper case alphabetic character, is followed by a colon.



The Structure of Atonal Music

the integer notation as follows:
A: [2,3,7,8,9]
B: [0,1,5,6,7]

Now, the transposition of a pc integer i means that some integer t is added to
i to yield a pc integer j. If j is greater than or equal to 12, j is replaced by the
remainder of j divided by 12. This is called addition modulo 12, abbreviated
to mod 12.

From this it is evident that if pc set A is equivalent to pc set B there must
be some integer t which, added to each integer of A will yield the correspond-
ing integer in B. By inspection it is clear that there is such a t and that its value
is 10. Here and elsewhere t will be referred to as the transposition operator.

Since it is essential that this arithmetic interpretation of transposition be
clearly understood, the additions are displayed in the accompanying table
for pc sets A and B in example 5.

A t B

2 + 1 0 = 12 = 0 (mod 12)
3 +10 =13 = 1 (mod 12)
7+10 =17 = 5 (mod 12)
8+10 =18 = 6 (mod 12)
9+10 =19 = 7 (mod 12)

6. Berg, Four Pieces for Clarinet and Piano Oo. 5

Copyright by Universal Edition. Permission granted by Theo-
dore Presser Company, sole representative in the United States,
Canada, and Mexico.

Example 6 shows the opening clarinet figure in Berg's Op. 5/1 (A) and the
opening piano figure in the third piece of the same composition (B). Com-
parison of A and B reveals that B is transpositionally equivalent to A and
that t = 4.

In example 5 (Webern Op. 5/5) two sets which occur some distance apart
in the movement were found to be transpositionally equivalent, while in
example 6 (Berg Op. 5) two transpositionally equivalent sets were found to
occur in corresponding positions at the beginning of different movements of
the same composition. These examples are intended to suggest that the op-
eration transposition is of fundamental importance to non-tonal music and

6



Pitch-Class Sets and Relations

Copyright by Universal Edition. Permission granted by Theodore Presser Company, sole representative in the
United States, Canada, and Mexico.

Example 7 provides a final illustration for this section. The reader can
easily determine the value of t for himself by comparing A and B. (Note that
B represents the pitch set in the piano part only.)

1.4 Inversionally equivalen t pc sets

In the preceding section the process of transposing a pc set A to produce a
new and equivalent pc set B was described in terms of the addition (mod 12)
of some integer t, called the transposition operator, to every element of A. If
we let A be [0,1,2] and t = 1, the process by which B is produced can be dis-
played as follows: T

t = l
A B
0 1
1 2
2 3

Observe that every element of A corresponds to an element of B and that the
correspondence is unique in each case-that is, some element in B does not
correspond to two elements in A. Thus, transposition can be regarded as a
rule of correspondence-namely, addition modulo 12-that assigns to every
element of B exactly one element derived from A. We will borrow a conven-
tional mathematical term to describe such a process and say that A ismapped
onto B by the rule T.*

*The mapping is into, of course, with respect to the universal set [0,1,2,...,11]. It is not important to
draw the distinction at this point.

that configurations which may be dissimilar in many respects can be, in fact,
equivalent at a more basic level of structure. In neither case, however, was
an attempt made to further interpret the equivalence relation, since such in-
terpretation requires additional concepts and techniques to be introduced in
subsequent sections.

7. Webern, Four Pieces for Violin and Piano Op. 7/4

7



8 The Structure of Atonal Music

The notion of a mapping is more than a convenience in describing relations
between pc sets. It permits the development of economical and precise de-
scriptions which could not be obtained using conventional musical terms. Its
usefulness will be especially apparent as we begin to deal with the process of
inversion.

Like transposition, the inversion process can also be described in terms of a
rule of correspondence I which maps each element of a set A onto an element
of a set B. The inversion mapping I depends upon the fixed correspondence
of pc integers displayed in the following table:

I
0 0
1 1 1
2 1 0
3 9
4 8
5 7
6 6

Observe that in each case the sum of the integers connected by the double
arrow is 12, and recall that 12 = 0 (mod 12). We say that 0 is the inverse* of
0, 1 is the inverse of 11 and 11 is the inverse of 1, and so on. In general, if we
let a' represent the inverse of a, then

a'=12-a(modl2)

For any set A, therefore, the mapping I sends every element of A onto its in-
verse, producing a new and equivalent set B. For example, if A is [0,1,2] the
mapping is as follows:

I
A B
0 0
1 1 1
2 10

In section 1.3, in addition to equivalence by transposition, two pc sets were
said to be equivalent if reducible to the same prime form by inversion folio wed
by transposition. The expression followed by is easily understood in terms of
a double mapping, as illustrated below.

*The term inverse is preferred to complement. The latter is reserved for set-theoretic complementation
(sec. 1.15).
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Here the first mapping I is followed by the T mapping. As a result, 0 in A is
sent onto 1 in C, 1 in A is sent onto 0 in C, and 2 in A is sent onto 11 in C,

It is important to observe that whereas transposition does not imply prior
inversion, inversion always implies subsequent transposition, even if it is the
trivial case t = 0, as shown below.

Used by permission of Bel-
mont Music Publishers,
Los Angeles, California

Let us consider now some compositional examples of inversionally equiva-
lent pc sets. In example 8, from one of Schoenberg's earliest non-tonal works,
the set marked A is inversionally equivalent to B. (The second chord is not
equivalent to the other two and will be disregarded for the present purpose.)
The mappings by which B is derived from A are:

Here, and in general, inversion of a pc set in normal order produces a pc set

8. Schoenberg, "George Lieder" Op. 15/6

9



10 The Structure of Atonal Music

in descending order, as is apparent from the fixed mapping on p. 8. There-
fore, to compare two pc sets for inversional equivalence, it is necessary to re-
verse the order of the second. The transposition operator then appears as the
sum of each pair of elements, thus:

A:[ 3, 4, 7,10]
B:[ 8, 7, 4, 1]

sums 11 11 11 11

Before considering another compositional example we introduce a symbolic
notation for transposition and inversion which is useful for concisely describ-
ing those relations whenever they hold between two pc sets A and B.

Expression Read as
B = T(A,t) B is the transposition of

A at level t
B = I(A) B is the inversion of A

Since inversion always implies transposition, the latter is the same as B =
T(I(A),0). For A and B in example 8 we then write B = T(I (A),l 1) and read
"B is the inversion of A transposed at level 11 " (or, "transposed with t = 11 ")•*

9. Ivés. The Unanswered Question

Copyright 1953 by Southern Music Publishing Co., Inc.
Used by permission.

The second illustration from the literature, example 9, is interesting from an
historical standpoint since it is taken from one of the early compositions of
Ivés, The Unanswered Question (ca. 1906), and antedates Schoenberg's first
atonal composition. The example shows two fragments: the first includes the

*Where it is not essential to use this notation, the form OPt will be used, where OP is the symbol for
the operation and t is the value of t. For example, IT refers to the inversion of some set transposed
with t « 3.
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initial two notes of the first "question," played by trumpet, together with
the accompanying string sonority; the second shows the corresponding music
for the second "question."

The trumpet part is the same in both cases, but the accompanying string
sonority is different in the second fragment. Examination in terms of equiv-
alent sets reveals, however, that A is equivalent to D and B is equivalent to C.
Specifically,

D = T(A,2)
C=T(I(B),11)

These relations effectively pair off the sets as follows:

Copyright © 1952 by Henmar Press Inc., New York, N.Y.
Reprint permission granted by the publisher.

Example 10 shows successive occurrences of the initial theme of Schoen-
berg's Five Pieces for Orchestra Op. 16/1. The second statement (B), which
is rhythmically distinct from the others, is a transposed inversion of the first
(A). The succession of mappings is as follows.

B = T(I(A),6)
C = T(I(B),U)
D = T(C,9)

More will be said about this particular example in section 1.12.

1.5 The list of prime forms; set names

It is convenient to have names for the prime forms so that a pc set can be

10. Schoenberg, Five Pieces for Orchestra Op. 16/1



12 The Structure of Atonal Music

referred to without recourse to a cumbersome description of some kind.*
Accordingly, each prime form has been assigned a name consisting of num-
bers separated by a hyphen. The number to the left of the hyphen is the
cardinal number of the set; the number to the right of the hyphen is the
ordinal number of the set—that is, the position of the prime form on the list.
For example, 5-31, which is the name of both pc sets in example 11 is the
thirty-first set on the list of sets with cardinal number 5 (appendix 1 ).

11. Berg, "Altenberg Lieder" Op. 4/2

Copyright by Universal Edition. Permission
granted by Theodore Presser Company, sole
representative in the United States, Canada,
and Mexico.

Copyright 1926 by Edition Russe de Musique. Copyright
assigned to Boosey & Hawkes, Inc. Revised Variation
Copyright 1952 by Boosey & Hawkes, Inc. Reprinted by
permission.

To look up the name of a pc set on the list of prime forms it is first neces-
sary to put the set in normal order and then to transpose the normal order so
that the first integer is 0. This operation is shown below for the Berg and
Stravinsky excerpts in example 11 .f

Berg Stravinsky
normal order [3,5,6,9,0] [5,7,8,11,2]

transposed to
level 0 [0,2,3,6,9] [0,2,3,6,9]

Both sets have now been reduced to the same normal order. If this is the best
normal order, as described in section 1.3, it will be found on the list of prime
forms. In this case, however, the set is not in best normal order and does not
appear on the list. Therefore it is necessary to take the normal order of the in-
version of the set and transpose it to level 0, as follows:

given normal order
transposed to level 0 [0,2,3,6,9]

*For example, pc set 5-22 has been described as "a diminished triad with conjunct semitone not only
superimposed . . . but also subimposed" (Perle 1967, p. 228). Ad hoc descriptions of this kind usually
rest upon some analytical interpretations, as in the case cited here.
f The selection of these two excerpts was made only for purposes of illustration and has no further sig-
nificance.

Stravinsky, Symphonies of Wind Instruments
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inversion
ascending order
new normal order
transposed to level 0

[0,10,9,6,3]
[0,3,6,9,10]
[9,10,0,3,6]
[0,1,3,6,9]

The last set displayed above is the best normal order, and the name associated
with it on the list of prime forms is 5-31.

1.6 Intervals of a pc set; the interval vector

Thus far, pc sets have been examined from the standpoint of the elements
(pc integers) they contain. In addition, equivalence relations based upon
transposition and inversion have been introduced, together with some ap-
paratus needed for identifying sets from the list of prime forms. In order to
proceed to a more comprehensive study of properties of pc sets and relations
between pc sets it is necessary to introduce some additional basic concepts.
This section and the three which follow it are concerned with the interaction
of components of a set in terms of the intervals (the term is construed in the
traditional sense) which they define.

12. Berg, Wozzeck Op. 7

Copyright by Universal Edition. Permission granted by Theodore Presser Company, sole representative in the
United States, Canada, and Mexico.

Example 12 provides a specific musical reference for the discussion that
follows. Here we see six instances of pc set 4-18. Three of these, A, C, and D,
are melodic statements. Observe that the intervals between interlocking note-
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pairs differ in each case.* This is because a particular linear ordering of a set
determines a selection of intervals from the total interval-content of the set.f
The three vertical statements of the set (B, E, and F) present all the intervals
of the set. This suggests that total interval-content is the more basic and gen-
eral intervallic property of a pc set. The remainder of this section is devoted
to a presentation of some elementary notions which, it is hoped, will render
the concept of interval both precise and useful with respect to the study of
structures in non-tonal music.

The interval formed by two pc integers a and b is the arithmetic differ-
ence a- b. In order not to have to specify that a is greater than b it is assumed
that the absolute value (positive value) of the difference is always taken. Thus,
for example, the interval formed by 0 and 1 is 0-1 = 1; the interval formed
by 5 and 9 is 5-9 = 4. It is not difficult to show that if the intervals between
all pairs of pc integers were formed and duplicates were removed there would
remain the set [0,1,2,... ,11 ] .ft Thus, there are 12 intervals, corresponding to
the 12 pitch-classes.

The 12 intervals reduce to 6 interval classes, however, by the following de-
fined equivalence.

If d is the difference of two pc integers
then d=d ' mod 12.

In short, inverse-related (mod 12) intervals are defined as equivalent, and as
a consequence are paired off as shown below. §

0=0

1= 11

2= 10
3=9
4=8
5=7
6=6

Each pair thus forms an equivalence class. If we let the integers in the left
column above represent the class and, further, omit for practical purposes
the class 0, the reduction of 12 intervals to 6 interval classes is completed.

By analogy with the abbreviation for pitch class, pc, the abbreviation ic will
be used for interval class. Whenever ambiguity might result from use of an

*The successive linear intervals are indicated within square brackets as numbers representing interval
classes (to be explained below). See Chrisman 1969.
f Ordered sets and order relations are discussed in section 1.14.
ttThe binary operation<subtraction) maps S X S onto S where S is the set of 12 pc integers.
§The mathematical basis of this partitioning is perhaps best explained with reference to a group-
theoretic model. It does not seem necessary to undertake such an explanation here. The partition-
ing is the traditional one, based upon the symmetrical division of the octave.


