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Preface

This book is a collection of research articles related to the mathematical analysis of
multifunctions. By a set valued map I : X — 2" we simply mean a map that assigns to
each z € X a subset F(x) C Y. The theory of set valued maps is a beautiful mixture of
analysis, topology and geometry. Over the last thirty years or so there has been a huge
interest in this area of research. This is partly due to the rich and plentiful supply of
applications in such diverse fields as for example Biology, Control theory and Optim-
ization, Economics, Game theory and Physics. This book titled ‘set valued mappings with
applications in nonlinear analysis’ contains 29 research articles from leading mathem-
aticians in this area from around the world. Topological methods in the study of nonlinear
phenomena is the central theme. As a result the chapters were selected accordingly and
no attempt was made to cover every area in this vast field. The topics covered in this book
can be grouped in the following major areas: integral inclusions, ordinary and partial
differential inclusions, fixed point theorems, boundary value problems, variational
inequalities, game theory, optimal control, abstract economics, and nonlinear spectra.

In particular the theory of set valued maps is used in the chapters of Agarwal, Meehan
and O’Regan, Andres, Candito, Kamenski and Nistri, Kryszewski, Matzakos and Papa-
georgiou, and Palmucci and Papalini to present results for differential and integral
inclusions in various settings. The Baire category method is used by De Blasi and
Pianigiani to discuss existence problems for partial differential inclusions. Structure of
solution sets is addressed by Agarwal and O’Regan, and Obukhovskii and Zecca. The
chapter of Matzakos, Papageorgiou and Yannakakis contains results on optimal control
for nonlinear parabolic partial differential equations. Many new fixed point theorems for
set valued maps are contained in the contributions of Agarwal and O’Regan, Daffer and
Kaneko, Frigon, Morales, Ricceri, and Takahashi. Nonlinear spectral theory is discussed
by Appell, Conti and Santucci, random fixed point theory by Shahzad, and fuzzy map-
pings by Cho, Shim, Huang and Kang. In a long survey chapter Milojevi¢ presents new
results in the theory of A-proper maps. Variational inequalities are discussed in the long
survey article of Chowdhury and Tarafdar, and in the chapters of Isac, Tarafdar and
Yuan, and Park. Maximal element principles are presented in the contributions of Ding,
and Isac and Yuan. Applications of fixed point theory in abstract economies and game
theory appear in the chapter of Tan and Wu. Some interesting fixed point algorithms are
contained in the chapters of Reich and Zaslavski, and Verma.

We wish to express our appreciation to all the contributors. Without their cooperation
this book would not have been possible.

Ravi P Agarwal
Donal O’Regan

viii
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1. Positive L and Continuous Solutions for
Fredholm Integral Inclusions

Ravi P. Agarwal', Maria Meehan® and Donal O’Regan’

'Department of Mathematics, National University of Singapore, 10 Kent Ridge Crescent,
Singapore 119260

2School of Mathematical Sciences, Dublin City University, Glasnevin,

Dublin 9, Ireland

*Department of Mathematics, National University of Ireland, Galway, Ireland

Abstract: In this chapter a multivalued version of Krasnoselski’s fixed point theorem in a cone is
used to discuss the existence of C[0,7] and L[0, T solutions to the nonlinear integral inclusion
y(t) € fOT k(t, s) f(s,y(s)) ds. Throughout we will assume k: [0,7] x [0,7]7 — R and f: [0, T]x
R — 2R,

1. INTRODUCTION

In this chapter we present new results which guarantee that the Fredholm integral
inclusion

u(t) € / Kt 5) (s, y(s))ds (L1)

0

has a positive solution y € LP[0,7], 1 <p < oo, or has a nonnegative solution
y € C[0,T]. Throughout this chapter 7> 0 is fixed, k: [0,7] x [0,7] — R and
f:10,T] x R — 2®; here 2R denotes the family of nonempty subsets of R. It is
only recently [6] that a general theory has been developed which guarantees that the
operator equation, y(t) = fOT k(t, s)g(s,y(s)) ds for a.e. t € [0,T], has a positive solution
y € LP[0,T] (note by a positive solution we mean y(t) > 0 for a.e. ¢ € [0,T]); here
g: [0,T] x R — R is single valued. In Section 2 using the 1991 paper of Cellina et al.
[3] we are able to establish criteria which guarantees that (1.1) has a positive solution
y € LP[0,T]. Section 3 discusses C[0,T] solutions to (1.1); the results here improve
those in [1].

The main idea in this chapter relies on the multivalued analogue [1] of Krasnoselski’s
fixed point theorem in a cone. Let Ef = (£, || - ||) be a Banach space and C' C E. For
p >0 let

Qy={zeE:|z|<p} and 0Q,={ze€E:|z|| =p}.

1
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Theorem 1.1: Let E = (E, || - ||) be a Banach space, C C E a cone and let | - || be
increasing with respect to C. Also r, R are constants with 0 <r < R. Suppose
A: QprNC — K(C) (here K(C) denotes the family of nonempty, convex, compact
subsets of C) is an upper semicontinuous, compact map and assume one of the following
conditions

A) |yl < |zl for all y € A(x) and x € 00r N C and ||y|| > ||z|| for all y € A(x) and

e dN.NC

or

B) Nyl > llz|| for all y € A(x) and x € O N C and ||y|| < ||z|| for all y € A(x) and
red.NC

hold. Then A has a fixed point in C' N (Qp\$2,).

2. I?[0,T] SOLUTIONS

In this section we discuss the nonlinear Fredholm integral inclusion

y(t) € /0 k(t, 5)f(s,y(s))ds ae. t € [0,T], 2.1)

where k: [0,7T] x [0,7] — R and f: [0,7T] x R — K(R). We would like to know what
conditions one requires on k and f in order that the inclusion (2.1) has a positive solution
y € LP[0,T], where 1 < p < oo. Here by a positive solution y we mean y(t) > 0 for a.e.
t € [0,T]. Throughout this section || - [|, denotes the usual norm on L for 1 < g < co.

Theorem 2.1: Let k: [0,7] x [0,T] — R and f: [0,T] x R — K(R) and suppose the
following conditions hold:

the map ww— f(t,u) is upper semicontinuous for a.e. t € [0,T}; (2.2)

the graph of f belongs to the o-field L @ B(R x R)
(here L denotes the Lebesgue o-field on [0,T] and B(R x R) (2.3)
= B(R) ® B(R) is the Borel o-field in R x R);

Ipe, 1 < pg < 00,a1 € LP2[0,T] and az >0 a constant, with

()] = sup{|zl: = € F(t,9)} < ar(t) + aalyl (24)
forae t €[0,T) and all y € R;

(t,s) — k(t, s) is measurable; (2.5)

30 < M <1,k € LP[0,T), ke € LP1[0,T], here—+ 1 =1, such that
0 < k1(t), ko(t) a.e. t € [0, T) and Mk (t)ka(s) < ( )g 1(t)ka(s)  (2.6)
a.e. t€[0,T)], ae s€l0,T];

fora.e. t€[0,T] and all y € (0,00), u > 0 for all u € f(t,y); (2.7)
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Jq € LP2[0,T] and : [0,00) — [0, 00),1(u) > 0 for u > 0,
continuous and nondecreasing with for a.e. t € [0,T] and y > 0, (2.8)
u = q(t)y(y) for all u € f(t,y);

Ja>0 with 1< a : (2.9)

p2_71 5 )
2% el el (N 22 + ool a2 )™

and
18>0, B#a with 1> 7 b , (2.10)
M|k, fo k2(s)a(s)y(a(s)B)ds
where
ki (t)
=M . 2.11
0 =My, 210

Then (2.1) has at least one positive solution y € LP[0,T] and either

A) 0<a<l|yl, <pandyt) > at)a ae t €[0,T] if « < B

or

(B) 0<pB< ||pr < aand yit) > a@)B ae t€[0,T)if B<

holds.

Proof: Let £ = (L”[0,T],| -|,) and
C={yer[0,7]: y(t) = a@®llyl, ac. t € [0,7]}.

It is easy to see that C' C E' is a cone. Nextlet A= Ko N;: C' — 2F where the linear
integral (single valued) operator K is given by

mwzlk@m@@,

and the multivalued Nemytskij operator [V is given by
Nyu={y e L”[0,T] : y(t) € f(t,u(t)) ae. t € [0,T7}.

Remark 2.1: Note A is well defined since if « € C then (2.2)—(2.4) and [3] guarantee
that Nyz # 0.

We first show A: C' — 2°. To see this let € C' and y € Az. Then there exists a
v € Nyx with

T
y(t) :/0 k(t,s)v(s)ds for a.e. t €[0,T].
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Now

T P
|y(t)|p§[k1(t)]p( /0 kg(s)v(s)ds) for a.e. t € [0,7]

SO

T
llyll, < ||’<31||p/0 ka(s)v(s)ds. (2.12)

Combining this with (2.6) gives

T
y(t) > M / Ry (8 a(s)(s)ds > M ’f,;“)

T lyll, = a(t) [|yll, forae.te0,T].
p
Thus y € C so A: C' — 2°. Also notice [3,6] guarantees that

A: C — 29 is upper semicontinuous. (2.13)
In addition note [8,9,10:pp. 47-49] implies K: L»[0,7] — LP[0,T] is completely
continuous, and N;: LP[0,T] — 21171 maps bounded sets into bounded sets. Conse-
quently
A: C — K(C) is completely continuous. (2.14)
Let
Qo ={y € L”[0,T] : |lyll, <a} and Q= {ye LP[0,T]: |yll, < B}

Assume that § < « (a similar argument holds if a < (). It is immediate from (2.13) and
(2.14) that

A: CNQ, — K(O) is upper semicontinuous and compact.
If we show
lyll, < llzll, forall y € Az and z € C'NIN, (2.15)
and

lyll, > llzll, forally € Az and z € C'NIQy (2.16)

are true, then Theorem 1.1 guarantees that the operator A has a fixed point in
cn (Q_Q\Qﬁ). This in turn implies that (2.1) has at least one solution y € L”[0, 7] with
8 < ||y||p < « and y(t) > a(t)p for ae. t € [0,T1].

Suppose x € C'N Iy, so [|z]|, = a, and y € Az. Then there exists a v € Nz with

y(t) = /0 k(t, s)o(s)ds for ae. ¢ € [0,T].
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Now (2.4) and (2.6) guarantee that

ly(6)] < ki (t) /0 ko (s) [|a1(s)|—|—a2|x(s) —}ds for a.e. ¢ € [0, 7).

This together with (2.9) yields

T P2 %
ol < Wty ([ [ln(0) + 0 o(o)E] s
< el (277 [ lar(o + o lote)as
2t P2 P2 p i
= 2% |l el (Nl 2+ L™ )

1

p2-1 - : =
=285 il Iholl, (o7 + [l 0?)”

<a= |,

and so (2.15) is satisfied.
Now suppose z € C'N0S3, so ||m||p = 3 and z(t) > a(t)8 for a.e. t € [0,T], and
y € Ax. Then there exists a v € Nyx with

T
y(t) = /0 k(t, s)o(s)ds for ae. ¢ € [0,T].

Notice (2.8) guarantees that v(s) > q(s)¥(x(s)) for a.e. s € [0,T] and this together with
(2.6) yields

T
y(t) > Mkl(t)/o ka(s)q(s)(x(s))ds for ae. t € [0,T].

Combining with (2.10) gives

T
lyll, = Mllklllp/0 ka(s)q(s)(x(s))ds

T
> Mk, /0 ka(3)q(s)e(a(s)F)ds
> 3= lall,

and thus (2.16) is satisfied. Now apply Theorem 1.1. O

3. C[0,T] SOLUTIONS

In this section we discuss the Fredholm integral inclusion

y(t) € /O k(t, 5) f(s, y(s))ds for t € [0,T], (3.1)
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where k: [0,7] x [0,7] — R and f: [0,T] x R — K(R). We will use Theorem 1.1 to
establish the existence of a nonnegative solution y € C[0,T1] to (3.1). We will let |- |,
denote the usual norm on C[0,T] i.e., [u|y = supyy my|u(t)| for u € C[0,T].

Theorem 3.1: Let 1<p<oo and q 1<q<oo, the -conjugate to p,
k: [0,T]1 x [0,T] — R, f: [0,T] x R — K(R) and assume the following conditions are
satisfied:

for each t € [0,T], the map s— k(t,s) is measurable; (3.2)
T 7

sup (/ |k(t, s)|? ds) < 00; (3.3)

tef0,1) \Jo

T
/ |k(t',s) — k(t,s)|ds — 0 ast—1t, foreacht €[0,T]; (3.4)
0

for each t € [0,T], k(t,s) >0 fora.e. sc]0,T]; (3.5)

for each measurable u: [0,T] — R, the map t— f(t,u(t))
has measurable single valued selections; (3.6)

for ae. t €[0,T], the map u— f(t,u) is upper semicontinuous; (3.7)

for each v > 0,3 h, € LP[0,T] with |f(t,y)] < h(t)
for a.e. t € [0,T] and every y € R with |y| < r; (3.8)

fora.e. t€[0,T] and all y € (0,00),u > 0 for all u € f(t,y); (3.9)

Jg € L0, T] with g: [0,T] — (0,00) and
with k(t,s) < g(s) for t € [0,T7; (3.10)

d46,e,0<é6<e<Tand M,0 < M < 1,
with k(t,s) > M g(s) for t € [, €l; (3.11)

Ih € LP[0,T] with h: [0,T] — (0,00), and w > 0 continuous
and nondecreasing on (0, 00) with |f(t,y)| < h(t) w(y) (3.12)
for a.e. t €[0,T) and all y € (0, 00);

A7 € LP[b, €] with 7> 0 a.e. on [6, €] and with for a.e.
t € 16,€¢l and y € (0,00),u > 7(t) w(y) for all u € f(t,y); (3.13)

Ja>0 with 1< “ (3.14)

T
w(a)supte[(),T] ﬂ) k(t, s)h(s)ds
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and
18>0, B#a with 1> b ; (3.13)
’ w(MpB) [; 7(s) k(o,s)ds’
here o € [0,T7] is such that
/6 T(s)k(o, s)ds = sup /ET(s)k(t, s)ds. (3.16)
6 te[0,7] J 6

Then (3.1) has at least one nonnegative solution y € C[0,T] and either
A 0<a<l|yly<pBand yit) > Mo fort € [b,el ifa<f

or

(B) 0<fB<lyly<aandyt)y>MBforteldelif B<a

holds.

Proof: Let E = (C[0,T1,] - |,) and
C= {y € C[0,T] : y(t) > 0 for t € [0,7] and m[lisn} y(t) > M|y|0}.
teld,e

Alsolet A = K o Ny: C — 2P where K: L[0,T] — C[0,T]and N;: C[0,T] — 2F'10.T1
are given by

T
Ky(t) = / K(t, s)y(s)ds

and
Nyu={y e L?[0,T] : y(t) € f(t,u(t)) ae.tec[0,T]}.

Remark 3.1: Note A is well defined since if 2 € C' then [4,5] guarantee that Nz # 0.

We first show A: C' — 2°. To see this let € C' and y € Az. Then there exists a
v € Nyx with

T
y(t) :/0 k(t,s)v(s)ds fort € [0,T].

This together with (3.10) yields
T
b)) < [ glsuls)ds fort e [0.7]
0
and so
T
lyly < / g(s)v(s)ds. (3.17)
0

On the other hand (3.11) and (3.17) yields

T T
min y(t) = min /0 k(t, s)v(s)ds > M /0 g(s)v(s)ds > Mlyl,,

te(d,e] te[b,€]
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soy € C. Thus A: C — 2C . A standard result from the literature [5,7,8,10] guarantees
that

A: C — K(C) is upper semicontinuous and completely continuous.
Let
Qo ={ueC0,T]:|uly<a} and Qg={uweC[0,T]:|u], < B}
Without loss of generality assume 3 < a. If we show
lyly < |z|, forallye€ Az and z € C'NON, (3.18)
and
lylg > |z|, forallye Az and x € C' NNy (3.19)

are true, then Theorem 1.1 guarantees the result.
Suppose = € C'N 0f,, so |x|0 = o, and y € Ax. Then there exists v € Ny with

y(t) = /OT k(t,s)v(s)ds fort e [0,T].

Now (3.12) implies that for ¢ € [0, T] we have

T

T
()] < / K(t, s)h(s)ywla(s)) ds < w(lz],) / K(t, 5)h(s) ds

T
< w(a) sup/ k(t, s)h(s) ds.
tefo,7] Jo

This together with (3.14) yields

T
vl < wle) sup [ Kt s)h(s)ds < @ =al,
t€[0,71 J0

so (3.18) holds.
Next suppose =z € CNOQg, so |z, =06 and MG < x(t) <3 for t € [4,¢€], and
y € Ax. Then there exists v € Nyx with

T
y(t) :/0 k(t,s)v(s)ds for t € [0,T].

Notice (3.13) and (3.15) imply

> 0=zl

Thus |y|, > ||y, so (3.19) holds. Now apply Theorem 1.1. O
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Abstract: In this chapter we investigate the topological structure of the solution set of the Cauchy
differential inclusion in Banach spaces. Our multivalued map will be assumed to satisfy a “local”
integrably boundedness assumption.

1. INTRODUCTION

Let E be a Banach space, T'> 0 and F: [0,T] x E — C(F) a multivalued map; here
C(F) denotes the family of nonempty, closed, convex subsets of E. In this chapter we
discuss the topological structure of the solution set of the Cauchy differential inclusion

Yy (t) e F(t,y(t)) ae. tel=][0,T]

y(0) = a0, (L1

using a recent result of Cichon and Kubiaczyk [1]. Throughout this chapter E is a real
Banach space with norm | -|. We denote by C([0,71], E) the space of contlnuous
functions y: [0,7] — E. Let u: [0,7] — E be a measurable function. By fn u(t)dt we
mean the Bochner integral of u, assuming it exists. We define the Sobolev class
WLL[0,T],E) as the set of continuous functions w such that there exists
ve LY([0,T],E) with () —u@) = f(i v(s)ds for all te€[0,T]. Notice if
ue WHI([0,T],E) then w is differentiable almost everywhere on [0,77,
' € LY([0,T], F) and u(t) — u(0) = fo u/(s)ds for all ¢ € [0,T]. By a solution to (1.1)
we mean a function y € W1([0, T], E) satisfying the differential equation in (1.1). Let
S(z() denote the solution set of (1.1). Recently [1] Cichon and Kubiaczyk proved the
following result concerning the topological structure of S(xy).

Theorem 1.1: Let E = (E, || - ||) be a real Banach space, T > 0, F: [0,T] x E — C(E)
with the following conditions satisfied:

F(-,x) has a strongly measurable selection for each x € E; (1.2)

11
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F(t,-) is upper semicontinuous for each t € [0,T); (1.3)

3In e LYI) with |[F(t,z)|| = sup{|y| : y € F(t,x)} <n(t) on I x E (1.4)

and
for any bounded set 2 C E, limj,_g+ a(F (I, X Q))
<w(t,a(Q)) a.e. on I, here I ), =t —h, t]N I, af-)
the Kuratowski measure of noncompactness and
w: I x[0,00) — [0,00) is a Kamke function (i.e., w is a (1.5)
Carathéodory map with max,e| ;) w(t,s) € LY(I) for all v > 0,
and p = 0 is the only absolutely continuous function satisfying

p(0) = 0 and p'(t) = w(t, p(t)) a.e. on L

Then S(xy) is nonempty, compact and connected in C([0,T], E). In fact S(x) is a Rs-set.

Remark 2.1: A set is a Rs-set if it is the intersection of a decreasing sequence of
nonempty, compact, absolute retracts.

Remark 2.2: Deimling and Rao [3] and Tolstonogov [8] showed that S(x() is nonempty,
compact and connected. Recently Cichon and Kubiaczyk [1] established that S(x() is a
Rjs-set.

The main goal of this chapter is to remove the “global” integrably boundedness
assumption (1.4) on F'. By using Theorem 1.1 and a trick involving the Urysohn function
we are able to accomplish this if we assume a ‘“local” integrably boundedness
assumption on F'. This is exactly what is needed from an application viewpoint.

2. SOLUTION SET

First we establish a general existence principle for (1.1). We assume (1.2), (1.3) and (1.5)
hold. In addition suppose the following two conditions are satisfied:

for each v > 0 there exists h, € L*[0,T)] such that |[F(t,z)| < h.(t)
forae. t€[0,T] and all x € E with ||z| <r

(2.1)

and

M > [lzo]| with [lylly = sup [ly(t)]| < M
t€[0,77] (2.2)
for any possible solution to (1.1).

Let € > 0 be given and let 7.: = — [0, 1] be the Urysohn function for
(B(0, M), E\B(0, M +¢))

such that 7.(z) = 1if ||z]| < M and 7.(z) = 0if |z|| > M + e. Let F(t,z) = 7.(x)F(t, x)
and consider the differential inclusion
y(t) € F(t,yt)) ae. tec|0,T]

4(0) = 0. (2.3)
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We will let S.(zy) denote the solution set of (2.3).

Theorem 2.1: Let E = (E, || - ||) be a real Banach space, F: [0,T] x E — C(E), and
assume (1.2), (1.3), (1.5), (2.1) and (2.2) hold. Let ¢ > 0 and suppose

|ully < M for any possible solution w € W"'([0,T], E) to (2.3) (2.4)

is true. Then S(xy) is a Rs-set.

Proof: Notice S(x9) = Sc(x¢). Also (2.1) and the definition of 7. guarantees that F
satisfies (1.4) (with I replaced by F'). Notice also if €2 is a bounded subset of F then for
a.e. t € I we have

F(Ly, x Q) C co(F (L x Q) U{0}).
Now from a standard property of o we have for a.e. ¢ € I that
a(F(Ly x Q) < a(F(Ln x Q))
As a result for a.e. t € I we have

lim a(ﬁ'([tﬂh X Q)) < lim+a(F(It7h X Q)) < w(t, a(Q)).

h—07t h—0

Thus (1.5) is true with F' replaced by E'. Now Theorem 1.1 (applied to F) guarantees that
S.(zp) is a Rs-set. O

We now use the existence principle, Theorem 2.1, to establish two applicable results
for (1.1). First however recall the following three Lemma’s from the literature [5,6,7].

Lemma 2.2: Let E = (EF,
2]l € W0, T1, R).

) be a real Banach space. If x € WH1([0,T), E) then

Lemma 2.3: Let E = (E, || - ||) be a real Banach space. Then the following properties
hold:

@ |wy)_| <=l lyll; here @, y € E and (@, y)_ = ||z lim, ., L=l

i) {ax,By)_ =aB{x,y)_foral af >0and z, y € F;
@iii) if z: [0,T] — E is differentiable at t then ||z(t)|| D~ ||x(t)| = (x(t), 2'(t))_; here
D~ is the left Dini derivative.

Lemma 2.4: Let R>0, r € L'([0,T1],[0,00)) and : [0,00) — (0,00) be a Borel

function such that
T oo dzr
r(s)ds </ —.
| o< [35

Let M, be such that j;JT r(s)ds = 11;10 %. Then for any [to,t1] C[0,T] and
2z € W ([t t11, [0, 00)) with Z(t) < r(t) W(x(t)) for a.e. t € [ty,t1] and 2(ty) < R, we

have z(t) < My for all t € [ty, t1].
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Proof: If z2(s) < R for all s € [ty, 1] then the lemma holds. On the other hand if
2(t) > R for some t € [ty,t;] then since 2(ty) < R there exists pu € [to, t1] with 2(u) =
and 2(s) > R for s € [u,t]. Now since Z/(t) < r(t)(z(t)) for a.e. t € [ty,t1] we may
divide by t(2(t)) and integrate from p to ¢ to obtain

AZ(t>%§Atr(s)ds§ATr(s)ds/RMO%.

Thus 2(t) < Mj. |

Theorem 2.5: Let E = (E, || - ||) be a real Banach space, F: [0,T] x E — C(E), and
assume (1.2), (1.3), (1.5) and (2.1) hold. In addition suppose the following conditions are
satisfied:

Jq € LY([0,T],[0,00)) and ¢: [0,00) — (0,00) a Borel measurable
function such that for a.e. t € [0,T] and all v € E we have (2.3)
(v,2)_ < q(t)od(||v]) for all z € F(t,v)

T 9 T
/0 q(s)ds < /|.7:0| M dx. (2.6)

and

Then S(xq) is a Rg-set.

Proof: Let ¢ > 0 be given,

z T
/ Hﬁdm, Mg[l(/o q(s)ds) and M = M, + 1.

We will show any solution u of (1.1) satisfies ||u||, < M and any possible solution y of
(2.3) satisfies ||y||, < M. If this is true, then Theorem 2.1 guarantees the result.
Suppose u is a possible solution of (1.1). Then

ollul®))
[u@)]]

here we used Lemma 2.2 and Lemma 2.3. Now Lemma 2.4, applied with R = ||z,
U(x) = @ and 2(t) = , implies ||u(t)|| < M, for all ¢t € [0,T]. Consequently
lu(t)|| < M for all t € [0, T].

Next let y be a possible solution of (2.3). Now for a.e. t € [0,77] and all v € E we
have, since 7.: £ — [0, 1], that

lu@|l = D™ [lu(t)ll < q(t) = —<7=  ae.on {t: [[u(t)]| > 0};

(v,2)_ < q(t) ¢([v]])

for all z € F(t, v) = T(V)F(t,v). Thus

(Hy( )

a.e. on {t: ||y(t)|| > 0}.
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Now Lemma 2.4 implies ||y(t)|| < My < M for all ¢ € [0,T1]. O
Corollary 2.6: Let E = (E, || - ||) be a real Banach space, F: [0,T] x E — C(E), and

assume (1.2), (1.3), (1.5) and (2.1) hold. In addition suppose the following conditions are
satisfied:

Jq € L'([0,T],]0,00)) and p: [0,00)— (0,00) a Borel
measurable function such that for a.e. t € [0,T) (2.7)
and all v € E we have || F(t,v)]| < q(t) u(||v])

T oy
/0 q(s)ds < /;z0| m (2.8)

and

Then S(xq) is a Rs-set.
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Abstract: Two new fixed point theorems for acyclic maps defined on Hausdorff topological spaces
with sufficiently many linear functionals and two fixed point theorems for multivalued contractions
in the sense of Bose and Mukherjee are presented.

1. INTRODUCTION

This chapter has two main sections. In Section 2 we present two fixed point results for
acyclic maps defined on Hausdorff topological vector spaces having sufficiently many
linear functionals. In particular we will present an acyclic version of Monch’s fixed point
theorem. Recall a map is acyclic if it is a upper semicontinuous multifunction with
nonempty, compact, acyclic values. The results of this section contain as a special case
the results of Ky Fan (see [5,6] and the references therein). In fact if the maps considered
were Kututani maps (i.e., upper semicontinuous multifunction with nonempty, compact,
convex values) then the results of this section could be improved considerably. The
Kututani maps will be discussed in greater details in a future paper of the authors. In
Section 3, we present two fixed point results for multivalued generalized contractive
maps (in the sense of Bose and Mukherjee) with closed values defined on complete
metric spaces.

2. FIXED POINT THEORY FOR ACYCLIC MAPS

In this section we present two fixed point results for acyclic multivalued maps on
Hausdorff topological vector spaces having sufficiently many linear functionals. Recall a
topological vector space F is said to have sufficiently many linear functionals if for every
x € E with z # 0 there exists [ € E* (the dual space of F) with I(z) # 0 (Notice from

17
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the Hahn-Banach theorem that every Hausdorff locally convex linear topological space
has sufficiently many linear functionals). The proof of our results rely on the following
result in the literature due to Park [5,6].

Theorem 2.1: Let (Q be a compact, convex subset of a Hausdorff topological vector
space having sufficiently many linear functionals and let F: Q — AC(Q) be an upper
semicontinuous map (here AC(Q) denotes the family of nonempty, compact, acyclic
subsets of Q). Then F has a fixed point in Q).

Remark 2.1: Recall a nonempty topological space is acyclic if all of its reduced Cech
homology groups over rationals vanish.

Theorem 2.2: Let ) be a closed, convex subset of a Hausdorff topological vector space
having sufficiently many linear functionals and x( € §2. Suppose there is a closed map
(i.e., has closed graph) F: Q — AC(S)) with the properties:

ACQ, A=co({zg}UF(A)) implies A is compact (2.1)
and

for any A C Q with A compact, then F(A) C F(A). (2.2)
Then F' has a fixed point in Q.
Remark 2.2: If F' is lower semicontinuous then (2.2) holds. Indeed if F' is lower
semicontinuous then for any A C Q we have F(A) C F(A). To see this let z € A. We
wish to show F(z) C F(A). Let z € F(x), and let U be an open neighborhood of z. Then
since F is lower semicontinuous we have that F~1(U) is an open set containing . Now

since € A we have F~1(U) N A # (. Consequently U N F'(A) # (), so z € F(A). We
can do this for all z € F(x) so F(x) C F(A).

Proof: Let

Dy ={x}, Dy=co{zo} UF(D,1)) forn=1,2,... and D= (] D,.
n=0

Now for n =0,1,... notice D,, is convex. Also by induction we see that
DyCDiC...CD,1CD,C...CQ.

Consequently D is convex. It is also immediate since (D,,) is increasing that

[o¢]

D= U co({zo} UF(Dp-1)) = co({zo} U F(D)). (2.3)

n=1

This together with (2.1) implies that D is compact. Also from (2.3) we have F(D) C
D C D and this together with (2.2) gives F(D) C F(D) C D. Consequently F: D —
AC(D) is a closed map. Now [2:pp. 465] implies F: D — AC(D) is upper semi-
continuous and Theorem 2.1 implies that there exists x € D C Q with z € F(z). O
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Next we present a Monch fixed point theorem for acyclic maps defined on Hausdorff
topological vector spaces having sufficiently many linear functionals.

Theorem 2.3: Let ) be a closed, convex subset of a Hausdorff topological vector space
E having sufficiently many linear functionals and x € ). Suppose there is an upper
semicontinuous map F: Q — AC(Q) with (2.2) holding. In addition assume the following
properties hold:

ACQA=co({zo} UF(A)) with A=C
and C C A countable, implies A is compact; (2.4)
for any relatively compact subset A of E there
exists a countable set B C A with B= A (2.3)
and
if A is a compact subset of E then co(A) is compact. (2.6)
Then F' has a fixed point in .

Remark 2.3: If F is metrizable then (2.5) holds since compact metric spaces are
separable.

Remark 2.4: If F is a quasicomplete locally convex linear topological space then
(2.6) holds.

Proof: Let D,, n =0,1,..., and D be as in Theorem 2.2. Now

Dongg---ganlgDn"-gQ

and D is convex. In addition
D = co({zo} U F(D)). (2.7)

We now show D), is relatively compact for n = 0, 1, ... Suppose Dy, is relatively compact
for some ke {1,2,...}. Then [2] guarantees that F(Dy) is compact since F
is upper semicontinuous. This together with (2.6) guarantees that Dy ; is relatively
compact.

Now (2.5) implies that for each n € {0,1,...} there exists C,, with C,, countable,
C,CD,,and C,, = D,.Let C = U, Cy,. Now since

(3

00 co
Uo.cl Dol D
n=0 n=0 n=0

we have
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Thus C' = D. This together with (2.4) and (2.7) implies that D is compact. Also from
(2.7) we have F(D) C D C D and this together with (2.2) gives F(D) C F(D) C D.
Consequently F: D — AC(D) is upper semicontinuous. Now apply Theorem 2.1. []

Remark 2.5: Suppose in Theorem 2.3 we assumed

forany A C Q we have F(A) C F(A) (2.8)

instead of (2.2). Then we could replace (2.4) with
C C Q countable, C =¢co({zg} U F(C)) implies C is compact. (2.9)

To see this let A C Q, A =co ({zo} UF(A)) with A =C and C C A countable. We
must show A(= C) is compact. Now (2.8) implies

F(A) C F(A) = F(C) C F(C) Ceo({zo} U F(C))

and so

co({zo} UF(A)) Ceo({zo} U F(C)).
Of course trivially

co({zo} U F(C)) S co({zo} U F(A)),
50

co({zo} U F(C)) =co({ze} U F(A)).
Consequently,

C=A=c0({z} UF(A)) =c({xe} UF(C)),

50 (2.9) guarantees that C(= A) is compact.

Remark 2.6: It is possible to remove (2.2) in Theorem 2.3 if we assume

for any acyclic subset A of ) we have AN D
is acyclic (where D is as in Theorem 2.2). (2.2)*

To see this proceed as in Theorem 2.2 to obtain that D is compact and F(D) C D. Now
let F*: D — AC(D) (see (2.2)*) be given by

F*(z) = F(z)n D.

(Note to check that F*(x) # () for « € D it is enough to show D C F~'(D). We have
D C FY(D) and since F~Y(D) is closed, since F is upper semicontinuous, we have
D C F~Y(D)). Now F* is upper semicontinuous since for any closed set A of D its easy
to check that (F*)"1(A) = F~1(A) N D so (F*)"'(A) is closed. Now apply Theorem 2.1
(with F = F* and Q = D).
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Remark 2.7: It is easy to see that the upper semicontinuity assumption in Theorem 2.3
(and Remark 2.6) could be replaced by graph (F) is closed and F' maps compact sets into
relatively compact sets.

3. FIXED POINT THEORY FOR GENERALIZED
CONTRACTIVE MAPS

This section presents two new fixed point results (Theorems 3.1 and 3.3) for multivalued
maps with closed values defined on a complete metric space X. Our first result (Theorem
3.1) is a local version of a result of Bose and Mukherjee [3] (we will note also in this
section that the result of Bose and Mukherjee follows immediately from Theorem 3.1).
Our other new result (Theorem 3.3) extends some ideas of Frigon and Granas [4] to the
maps considered in this section.

Let (X, d) be a metric space. By B(x, ) we denote the open ball in X centered at = of
radius r and by B(C, ) we denote U,cc B(z,r) where C'is a subset of X. For C' and K
two nonempty closed subsets of X we define the generalised Hausdorff distance D to be

D(C,K) =inf{e: C C B(K,¢), K C B(C,e)} € [0, 00].

Theorem 3.1: Let (X, d) be a complete metric space, xo € X and F: B(xy, ) — C(X);
here r > 0 and C(X) denotes the family of nonempty closed subsets of X. Suppose for
x, y € B(xg,r) we have

D(F(z), F(y)) < ay dist(z, F(z)) 4+ aq dist(y, F(y)) + as dist(y, F(z))
+ aqdist(z, F(y)) + a5 d(z, y),

where aq,...,a; are nonnegative real numbers with a1 + as + ag + a4 + a5 < 1, a1+
ay + a5 >0, as + ag + a5 > 0, and with either a; = ay or az = ay4. In addition assume
1—-AA
dist(zg, F(xg)) < | ——— |r
(a0, o) < (ST )

where

a1 + a4 + as as +az+a
o 4 5 and Ay = 2 3 5

A= .
1—@2—&4 1—&1—&3

Then F' has a fixed point (i.e., there exists x € B(xy,r) with x € F(x)).

Remark 3.1: Note if a3 = a4 then 0 < A; < 1 and 0 < As < 1, whereas if a; = as we
have 0 < 414, < 1. We may if we wish (because of symmetry) take a3 = a, and
a1 = ay (in this case A; = A»).

Proof: Choose z; € F(x() such that

1—A A
d(xy,x0) < <#> r,

1+ Ay

so x1 € B(xg,r).
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Next choose ¢ > 0 such that

€ 1-4A414,
Ard S i Y
RSOEOAS p——— 1( T+ 4, )T

Then choose x5 € F(x;) with
d(x1,29) < D(F(x0), F(x1)) + €
< a dist(zg, F(xo)) + as dist(z1, F(x1)) + ag dist(x1, F(xg))
+ aq dist(zg, F(21)) + a5 d(zg, 1) + €
< ay d(zg,x1) + ag d(x1, 22) + ag d(xo, x2) + a5 d(xo, x1) + €

and so

€

d(.]?l,l‘g) < A d(l‘o,xl) +

1—as—ay
Now with € chosen as in (3.1) we have
1- A4
d Ay | ————|r.
(1‘1,2172) < 1( 1+A1 >r
Notice
x9 € B(xg,r)

since (we give an argument here which 