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PREFACE TO THE NEW EDITION

Handbook of Integral Equations, Second Edition, a unique reference for engineers and scientists,
contains over 2,500 integral equations with solutions, as well as analytical and numerical methods for
solving linear and nonlinear equations. It considers Volterra, Fredholm, Wiener—Hopf, Hammerstein,
Urysohn, and other equations, which arise in mathematics, physics, engineering sciences, economics,
etc. In total, the number of equations described is an order of magnitude greater than in any other
book available.

The second edition has been substantially updated, revised, and extended. It includes new
chapters on mixed multidimensional equations, methods of integral equations for ODEs and PDEs,
and about 400 new equations with exact solutions. It presents a considerable amount of new
material on Volterra, Fredholm, singular, hypersingular, dual, and nonlinear integral equations,
integral transforms, and special functions. Many examples were added for illustrative purposes.
The new edition has been increased by a total of over 300 pages.

Note that the first part of the book can be used as a database of test problems for numerical and
approximate methods for solving linear and nonlinear integral equations.

We would like to express our deep gratitude to Alexei Zhurov and Vasilii Silvestrov for fruitful
discussions. We also appreciate the help of Grigory Yosifian in translating new sections of this book
and valuable remarks.

The authors hope that the handbook will prove helpful for a wide audience of researchers, college
and university teachers, engineers, and students in various fields of applied mathematics, mechanics,
physics, chemistry, biology, economics, and engineering sciences.

A. D. Polyanin
A. V. Manzhirov

PREFACE TO THE FIRST EDITION

Integral equations are encountered in various fields of science and numerous applications (in
elasticity, plasticity, heat and mass transfer, oscillation theory, fluid dynamics, filtration theory,
electrostatics, electrodynamics, biomechanics, game theory, control, queuing theory, electrical en-
gineering, economics, medicine, etc.).

Exact (closed-form) solutions of integral equations play an important role in the proper un-
derstanding of qualitative features of many phenomena and processes in various areas of natural
science. Lots of equations of physics, chemistry, and biology contain functions or parameters which
are obtained from experiments and hence are not strictly fixed. Therefore, it is expedient to choose
the structure of these functions so that it would be easier to analyze and solve the equation. As a
possible selection criterion, one may adopt the requirement that the model integral equation admits
a solution in a closed form. Exact solutions can be used to verify the consistency and estimate errors
of various numerical, asymptotic, and approximate methods.

More than 2,100 integral equations and their solutions are given in the first part of the book
(Chapters 1-6). A lot of new exact solutions to linear and nonlinear equations are included. Special
attention is paid to equations of general form, which depend on arbitrary functions. The other
equations contain one or more free parameters (the book actually deals with families of integral
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equations); it is the reader’s option to fix these parameters. In total, the number of equations
described in this handbook is an order of magnitude greater than in any other book currently
available.

The second part of the book (Chapters 7-14) presents exact, approximate analytical, and numer-
ical methods for solving linear and nonlinear integral equations. Apart from the classical methods,
some new methods are also described. When selecting the material, the authors have given a
pronounced preference to practical aspects of the matter; that is, to methods that allow effectively
“constructing” the solution. For the reader’s better understanding of the methods, each section is
supplied with examples of specific equations. Some sections may be used by lecturers of colleges
and universities as a basis for courses on integral equations and mathematical physics equations for
graduate and postgraduate students.

For the convenience of a wide audience with different mathematical backgrounds, the authors
tried to do their best, wherever possible, to avoid special terminology. Therefore, some of the methods
are outlined in a schematic and somewhat simplified manner, with necessary references made to
books where these methods are considered in more detail. For some nonlinear equations, only
solutions of the simplest form are given. The book does not cover two-, three-, and multidimensional
integral equations.

The handbook consists of chapters, sections, and subsections. Equations and formulas are
numbered separately in each section. The equations within a section are arranged in increasing
order of complexity. The extensive table of contents provides rapid access to the desired equations.

For the reader’s convenience, the main material is followed by a number of supplements, where
some properties of elementary and special functions are described, tables of indefinite and definite
integrals are given, as well as tables of Laplace, Mellin, and other transforms, which are used in the
book.

The first and second parts of the book, just as many sections, were written so that they could be
read independently from each other. This allows the reader to quickly get to the heart of the matter.

We would like to express our deep gratitude to Rolf Sulanke and Alexei Zhurov for fruitful
discussions and valuable remarks. We also appreciate the help of Vladimir Nazaikinskii and
Alexander Shtern in translating the second part of this book, and are thankful to Inna Shingareva for
her assistance in preparing the camera-ready copy of the book.

The authors hope that the handbook will prove helpful for a wide audience of researchers,
college and university teachers, engineers, and students in various fields of mathematics, mechanics,
physics, chemistry, biology, economics, and engineering sciences.

A. D. Polyanin
A. V. Manzhirov



SOME REMARKS AND NOTATION

1. In Chapters 1-11, 14, and 18 in the original integral equations, the independent variable is
denoted by z, the integration variable by ¢, and the unknown function by y = y(x).

2. For a function of one variable f = f(x), we use the following notation for the derivatives:

d* f
dz*’

d’n.
and f0V = d—f for n>5.
‘rn

p_df o B _ES

f - f//// -
T dr > T dx2 > TTT dr3 > rTITT

Occasionally, we use the similar notation for partial derivatives of a function of two variables,

0
for example, K/ (v,t) = 8—K(:v, t).
X

dn
3. In some cases, we use the operator notation { f (:c)d—} g(z), which is defined recursively by
X

[t ] o= sl [0 2] o).

4. It is indicated in the beginning of Chapters 1-8 that f = f(x), g = g(x), K = K(z), etc. are
arbitrary functions, and A, B, etc. are free parameters. This means that:

@) f = f(z), g =g(x), K = K(x), etc. are assumed to be continuous real-valued functions of real
arguments;*

(b) if the solution contains derivatives of these functions, then the functions are assumed to be
sufficiently differentiable;**

(c) if the solution contains integrals with these functions (in combination with other functions), then
the integrals are supposed to converge;

(d) the free parameters A, B, etc. may assume any real values for which the expressions occurring

. . . . . . A
in the equation and the solution make sense (for example, if a solution contains a factor A
then it is implied that A # 1; as a rule, this is not specified in the text).

5. The notations Re z and Im z stand, respectively, for the real and the imaginary part of a
complex quantity z.

6. In the first part of the book (Chapters 1-8) when referencing a particular equation, we use a
notation like 2.3.15, which implies equation 15 from Section 2.3.

7. To highlight portions of the text, the following symbols are used in the book:
» indicates important information pertaining to a group of equations (Chapters 1-8);

@ indicates the literature used in the preparation of the text in specific equations (Chapters 1-8) or
sections (Chapters 9—18).

* Less severe restrictions on these functions are presented in the second part of the book.
** Restrictions (b) and (c) imposed on f = f(x), g = g(x), K = K(z), etc. are not mentioned in the text.
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Chapter 1

Linear Equations of the First Kind
with Variable Limit of Integration

» Notation: f = f(z), g =g(x), h=h(x), K = K(x), and M = M (x) are arbitrary functions (these
may be composite functions of the argument depending on two variables x and t); A, B, C, D, E,
a, b, ¢, o, B, 7, \ and p are free parameters; and m and n are nonnegative integers.

» Preliminary remarks. For equations of the form

/ Kz, t)yyt)dt = f(x), a<x<h,
where the functions K (z, t) and f(x) are continuous, the right-hand side must satisfy the following
conditions:

1°. If K(a,a)#0,then we must have f(a) =0 (for example, the right-hand sides of equations 1.1.1
and 1.2.1 must satisfy this condition).

2°. If K(a,0)=Kj(a,a)=---=K{"(a,a)=0, 0<|K{(a,a)| < oo, then the right-hand side
of the equation must satisfy the conditions
f@=fi@=-=f"@=0.
For example, with n = 1, these are constraints for the right-hand side of equation 1.1.2.
3°. If K(a,a)=K.(a,a)=---=K"Y(a,a)=0, K™(a,a)= oo, then the right-hand side of the
equation must satisfy the conditions
fl@)=fia)=--= [ @) =0.

For example, with n = 1, this is a constraint for the right-hand side of equation 1.1.30.

4°. For unbounded K(z,t) with integrable power-law or logarithmic singularity at x = ¢ and
continuous f(x), no additional conditions are imposed on the right-hand side of the integral equation
(e.g., see Abel’s equation 1.1.36).

In the case of a difference kernel, K (x,t) = K(x —t), that can be represented as x — ¢ in the

form
K@-t) =A@ -t +o((x-1)) (0 < |A4] < 0),

the right-hand side of the integral equation, for A > 0, must satisfy the conditions
f@=fu@=-= =0

where [\] is the integer part of A\. For —1 < A\ < 0, there are no additional conditions imposed on the
function f(x).
In Chapter 1, conditions 1°-3° are as a rule not specified.
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LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

1.1. Equations Whose Kernels Contain Power-Law

Functions

‘ 1.1-1. Kernels Linear in the Arguments x and ¢. ‘

1.

/'muﬂ=fmx

Solution: y(z) = fL(z).

/ (@ - By(t) dt = f(@).

Solution: y(z) = f ().

/ m(Aw + Bt + O)yt) dt = f(x).

This is a special case of equation 1.9.5 with g(x) = z.

1°. Solution with B # —A:
d A _-_B_
y(r) = E{ [(A+B)z+C| A+B /a [(A+B)t+C| A+B fl(t) dt}.

2°. Solution with B = -A:

y(x) = é% [exp(—%x) /j exp(%t) fi@® dt}

‘ 1.1-2. Kernels Quadratic in the Arguments = and t. ‘

4.

/ (@-tPy®)dt = f@),  f(@) =f.a)=f"(a)=0.

L e

Solution: y(r) = 5 f2..().

/ (@ -ty dt = f(x),  f(a)= fi(a)=0.

This is a special case of equation 1.9.2 with g(x) = 2.

. l 1 /
Solution: y(z) = 52 [z fi () - fi(x)].

xr
/ (Az? + Bt?)y(t) dt = f(=).
a
This is a special case of equation 1.9.4 with g(x) = 22. For B = —A, see equation 1.1.5.

o Iy e
olution: y(m)—m%{r + /a +B fi(t) t]~
/ (Az® + Bt? + C)y(t) dt = f(x).

This is a special case of equation 1.9.5 with g(z) = 2.
Solution:

d A [7 __B
y(x):sign@(x)ﬁ{lw(xﬂ A+B/ lp@)| A+B ftl(t)dt}’ ¢(z) = (A+ B)2* + C.
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8. / ’ [Az? + (B - A)zt - Bt*|y(t) dt = f(z), f(a) = fi(a)=0.

Differentiating with respect to = yields an equation of the form 1.1.3:

/ z[ZAa: +(B - Atly(t)dt = fl ().

Solution:

| d[ _24 [* AB
y($)=m5 x A+B/ tA+B fu(t)dt|.

T
9. / (Az? + Bt? + Cz + Dt + E)y(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(x) = A2z? + Cx and h(t) = Bt> + Dt + E.

10. / (Azt + Bt* + Cz + Dt + E)y(t) dt = f().

This is a special case of equation 1.9.15 with g;(z) = x, hi(t) = At + C, g2(x) = 1, and
ho(t) = Bt + Dt + E.

11. / (Az? + Bzt + Cx + Dt + E)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = Bx+ D, h|(t) =t, g2(x) = A2 +Cx+E,
and hy(t) = 1.

‘ 1.1-3. Kernels Cubic in the Arguments x and t. ‘

12. / @-v'y®dt=fx), fl@)=fla)=fl(a)=fl(a)=0.

Solution: y(z) = L fI" (x).

13 / @ -yt dt = f@),  f@) = (a)=0.

This is a special case of equation 1.9.2 with g(x) = 2.

Solution: y(z) = % [z flh (@) =2 fr(2)].

14. / " (Az® + B)y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = 3. For B = —A, see equation 1.1.13.
34

d [ 34 [T 3B
—[x A+B / tA+B f,(t) dt}

1
Solution with0 < a < a: y(z) = 1B 4
X

15. / ) (Az® + Bt + C)y(t) dt = f(x).

This is a special case of equation 1.9.5 with g(x) = 3.
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16.

17.

18.

19.

20.

21.

22,

T
[ @t-etywdt=r@.  f@=fi@=o.
a
This is a special case of equation 1.9.11 with g(x) = 22 and h(z) = z.

1 & J1
Solution: y(z) = o [;f(x)} .

/ m(szt + BxtYy(t) dt = f(x).

This is a special case of equation 1.9.12 with g(x) = 2 and h(z) = x. For B = —A, see
equation 1.1.16.
Solution:

@= e [ emn L Lo @
SO = A+ By de . dt | t '
T
/ (Ax® + BztHy(t) dt = f(x).
a
This is a special case of equation 1.9.15 with g, (z) = Az, hi(t) = 1, ga(z) = Bz, and hy(t) = 2.

/ m(Am3 + Bz®t)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = Az, hi(t) = 1, g(x) = Bx?, and
ha(t) = t.

/ m(Amzt + BtYy(t) dt = f(x).

a

This is a special case of equation 1.9.15 with g;(z) = Az? h(t) =t, go(x) = B, and h,(t) = 3.
/ m(Amt2 + BtY)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g, (z) = Az, hi(t) =12, go(x) = B, and hy(t) = .

/ (A3z’ + Bst® + Asx® + Byt’ + Ajz + Bit + C)y(t) dt = f().

This is a special case of equation 1.9.6 with g(z) = Asz® + Ay2® + Az + C and h(t)
B3t3 + thz + Byt.

‘ 1.1-4. Kernels Containing Higher-Order Polynomials in x and ¢. ‘

23.

/m(a} -t)"y(t) dt = f(x), n=12,...

It is assumed that the right-hand of the equation satisfies the conditions f(a) = f;(a) =
f;”)(a) =0.
1
Solution: y(x) = — f"*V(@).
n!

Example. For f(x) = Az™, where m is a positive integer, m > n, the solution has the form

_ Am! m-n-1
v =
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24, / (™ -tM)y(t)dt = f(x), fl@)=fl(a)=0, n=12,...

1 d [f;(x)}

Solution: y(x) = — 0
ndx | x™

25. / (t"sc"+1 - a:"t"+1)y(t) dt = f(x), n=23,...

This is a special case of equation 1.9.11 with g(z) = 2™*! and h(x) = 2.

I d_z[f@c)}

Solution: =—
olution: y(x) per o 2 ey

‘ 1.1-5. Kernels Containing Rational Functions. ‘

26. / Tywdt .
0

x+t

N
1°. For a polynomial right-hand side, f(z) = >_ A, z", the solution has the form

n=0

N
2°. For f(x) = 2 > Anx™, where ) is an arbitrary number (A > —1), the solution has the

N

ATL n n S
y(r) = B—.T R B, =(-1) [ln2+;

DF
k

n
n=0

n=0
form N
A b gt
A n _n
= 9 B"’L: .
yi) =2 ;an /0 T+t
N
3°. For f(z) =In a:( > Anx”) , the solution has the form
n=0
N N
y(a:):lna:;B—nx +HZ=; B T,
_ ~ (-D* I R e o O
B, =(-1) {ln2+; | =61 12+k=] = |-

N
4°, For f(x)= > A, (ln x)", the solution of the equation has the form

n=0

N
y@) =Y AV, (@),

n=0

where the functions Y,, = Y,,(z) are given by

dm 2 oA dz
Yo(x) =42 _| X . I = .
@) {d)\"[[()\)]}/\zo & /0 1+ 2
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27.

28.

N N
5°. For f(z) = > Ay cos(A, Inx) + Y By, sin(A, Inx), the solution of the equation has the
n=1 n=1
form

N N
y(@) =Y Cpcos(\ynz)+ Y Dy sin(A, Inx),

n=1 n=1
where the constants C, and D,, are found by the method of undetermined coefficients.

6°. For arbitrary f(x), the transformation

e”, t=3e", yh)=eTw), [fl@)=e7g(2)

I

T =

leads to an integral equation with difference kernel of the form 1.9.27:

/z w(r)dr
o cosh(z—7) 9(2).

z y(t)dt
/ = f(x), a>0, a+b>0.
o ax+bt

N
1°. For a polynomial right-hand side, f(z) = >_ A, z", the solution has the form

n=0

N 1
A, t" dt
=322, B,= .
y(@) 2 B," " /0 a+ b

N
2°. For f(x) = 2 > A,ax", where \ is an arbitrary number (\ > —1), the solution has the

n=0
form
N 1 hn
A t dt
A n _n
= 9 BTL = .
RN | i
N
3°. For f(x) =In x( > Anx”), the solution has the form
n=0
N N 1 1
A, A, C, thdt t"Int
=1 n _ n’ Bn - , = dt.
y(@) anan D e /0 oot © /0 atbt

n=0 n=0 n

4°. For some other special forms of the right-hand side (see items 4 and 5, equation 1.1.26),
the solution may be found by the method of undetermined coefficients.

T y(t) di
/ m=f(w), a>0, a+b>0.
0

N
1°. For a polynomial right-hand side, f(z) = >_ A,z", the solution has the form

n=0

N

An o bl dt
= " Bn = - 5 -
y@ = oo /0 @t b2
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Example. Fora =b = 1and f(x) = Az? + Bx + C, the solution of the integral equation is:

v, 4B 5 20
T+ ——z + —x.
1—m2” T4t T2

y(z) =

N
2°. For f(x) = ) > Apx™, where A is an arbitrary number (A > —1), the solution has the

n=0
form N
A 1 t)\+n+1 dt
A n n+l
) = — , B, = _
yx) =z 2B, T /0 —7
N
3°. For f(x) =In x( > Anx”), the solution has the form
n=0
N An it N AnCa Lyt gy Rty
=1 Rt R " > B, = —s, Cp= ——dt
y(@) ”; B, ~ & B /0 a+ bt2 /0 a+ b2

T ooy@)dt
29, /7=f(sc), a>0, a+b>0, m=1,2,...
0o ax™ +bt™m

N
1°. For a polynomial right-hand side, f(z) = > A,z™, the solution has the form

n=0
N 1 ym+n-1
An enet L dt
) = — g B, = _
y(@) ; B /0 atbtm
N
2°. For f(x) = 2 > Apx™, where ) is an arbitrary number (A > —1), the solution has the
n=0
form N
A 1 t)\+m+n—l dt
A n _m+n-1
= - , B, = _
o = Y g |
N
3°. For f(z) =In a:( > Anx”) , the solution has the form
n=0
A,C
n m+n 1_ n m+n 1
yx)=Inzx Z B, 32 ,

n=0 n=0
A=l gy 1 pman=lqn ¢
B, / , C,= / —dt
a+btm o a+btm

‘ 1.1-6. Kernels Containing Square Roots. ‘

/ VvV -ty(t)dt = f(x).

Differentiating with respect to x, we arrive at Abel’s equation 1.1.36:

t)dt
JART T

LR OT

Solution:

y(x) =

T dx? r—t
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31.

32,

33.

34.

35.

36.

37.

[ a-Viyuwat= s

This is a special case of equation 1.1.45 with p = %

Solution: y(z) = 2% [Vz fi(2)].

/m (AvVz + BVt)y(t) dt = f(x).

This is a special case of equation 1.1.46 with p = >

/m (1+ b\/sc—t)y(t)dt = f(x).

Differentiating with respect to =, we arrive at Abel’s equation of the second kind 2.1.46:

b y(t) dt
y(x)+§/a — f( ).

/m (tvz - zvVt)yt) dt = f(z).

This is a special case of equation 1.9.11 with g(x) = /x and h(z) = z.

/ ) (Atv/z + BxVt)y(t) dt = f(x).

This is a special case of equation 1.9.12 with g(x) = /= and h(t) = t.

T t)dt
/ il/(%”c(””)'

Abel’s equation.
Solution:

()___/ (t)dt_ f(a) +l/f Fitydt
. Vit mE—a o Vit

(® Reference: E. T. Whittaker and G. N. Watson (1958).

® 1
/a (b+ m)y(t) dt = f(x).

Let us rewrite the equation in the form

T oy(t)dt
\/_

Assuming the right-hand side to be known, we solve this equation as Abel’s equation 1.1.36.
After some manipulations, we arrive at Abel’s equation of the second kind 2.1.46:

- f(2)- b/ y(t) dt.

T oy@t)dt

(@) v 2 - T f@)dt

d Tt

= F(x), where F(x) =
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38.

39.

40.

41.

42,

/w (} f)y(t)dt— f@).

This is a special case of equation 1.1.45 with u = —%.
Solution: y(z)=-2[*2fL@)]",  a>0.

/m (7 + 7)y(t) dt = f(x).
1

This is a special case of equation 1.1.46 with y = —5.

T Jx-t
/ F —y(t) dt = f(x).
_x x+t

Solution:

y(x) =

27 T rdr

Va?-t? z dx Jo Va2 —t?

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992).

signx[ ) - f( D, Ld HLALf(t) - f(=1)] it
dx

T y(t) dt
ﬁ = f(m).
a xre —
Solution: y = Ei tf(t) dt .
T dx 2 12

(® Reference: P.P. Zabreyko, A. I. Koshelev, et al. (1975).

T_ynd f(@) >0 +b>0
—— = f(x a a > 0.
0 Vazx?+bt? ’ ’
N
1°. For a polynomial right-hand side, f(z) = > A,z™, the solution has the form
n=0
N 1
A, t" dt
@=> G Ba= [ S
Y ; B, 0o Va+bt?
N
2°. For f(z) = 2* > Apx™, where ) is an arbitrary number (A > —1), the solution has the
n=0
form N
A, b gt
y(z) = ", B, = —_—.
20 Bn 0o va-+ th
N
3°. For f(z) =In a:( S A ) the solution has the form
n=0
N N 1 1
t"™ dt t"Int
y(x)=Inzx z", B, = _—, an/ ——dt
; 20 121 0 Va+bt? 0o Va+bt?

N
4°. For f(x)= > Ap (ln x)", the solution of the equation has the form
n=0

N
y@) =AYy (@),

n=0
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where the functions Y,, = Y,,(z) are given by

X

dn A A dz
Y, ()= — | — s I\ = _—
@ {d)‘" [I()‘)]}Azo W /0 Va+bz?

N N

5°. For f(z) = > Ay cos(A, Inx) + Y By, sin(A, Inx), the solution of the equation has the
n=1 n=1

form

N N
y(@) =Y _ Cpcos(\ynz)+ Y Dy sin(A, Inx),
n=1 n=1

where the constants C,, and D,, are found by the method of undetermined coefficients.

‘ 1.1-7. Kernels Containing Arbitrary Powers. ‘

43. / m(ac - yt)dt= f(x), Ffla)=0, 0<A<l.

Differentiating with respect to =, we arrive at the generalized Abel equation 1.1.47:

oy dt _1 ’
L*—Xfw(f)

(z —t)=>
Solution: )
. d T f@dt _sin(m))
yo=kps [ Gome k=TT

(® Reference: F. D. Gakhov (1977).

44, /m(a} -t)Pyt) dt = f(x).

For n=0,1,2,..., see equations 1.1.1, 1.1.2, 1.1.4, 1.1.12, and 1.1.23. For 0 < px < 1, see
equation 1.1.43.
Setu=n—-\ wheren=1,2,...and0< A< 1,and f(a) = fl(a)=---= f"D(a) = 0.
On differentiating the equation n times, we arrive at an equation of the form 1.1.47:

Tytydr  T(p-n+1)

(n)
. @-tr - Tuen 17 @

where I'(u) is the gamma function.

Example. Set f(z) = Az?, where 3 >0, and let u > —1 and 1 — 8 # 0, 1,2,.. . In this case, the solution has
AT(B+1) Bepil
the form y(r) = ———— P #7.
Llp+ DT -

(® Reference: M. L. Krasnov, A. L. Kisilev, and G. I. Makarenko (1971).

45, /m(a}“ —-t")y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = x*.

Solution: y(z) = % [2'7 fh(2)]

/
e
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46.

47.

48.

49.

50.

51.

/ : (Az* + Bt*)y(t) dt = f(z).

This is a special case of equation 1.9.4 with g(x) = z*. For B = —A, see equation 1.1.44.

Ap (% _ Bu
Solution: y(x) = x A+B/ t A+B ft’(t)dt].

1
A+B d:v{
y(t) dt
a (m_t))‘

The generalized Abel equation.
Solution:

= f(x), 0<A<l1.

sin(m\) d [* f@)dt sin(m\) f(a) Tofl@)dt
y@) =——- = +

de J, (x-tH= 1 z-a)* ), @@=t

(® Reference: E. T. Whittaker and G. N. Watson (1958).

/ [b+ (m_lt))‘]y(t)dt=f(a:), 0<A<l.

Rewrite the equation in the form

C oyt dt
a (x_t)A

- f(@) b / (0 dt.

Assuming the right-hand side to be known, we solve this equation as the generalized Abel
equation 1.1.47. After some manipulations, we arrive at Abel’s equation of the second
kind 2.1.60:

(@) + bs1n(7r)\) / y®dt  _ Fl), where  F(z) = sin(r\) d [T M '
(v - (x -t

t)I-A T dx J,

/m (VZ-vE) 'y dt = f@), 0<A<Ll

Solution:
f(t) dt _sin(m))
v = < dw) / VE(VE-vi)N k==
m%:j’(m), 0<A<l
a xr —
Solution:

_sin(m)) d / f@)dt
y@)= —— o Vi(vz ) -

/ ) (Az> + Bt*)y(t) dt = f().

This is a special case of equation 1.9.6 with g(z) = Az> and h(t) = Bt*.
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52.

53.

54.

55.

56.

57.

/ "1+ A - 2]y dt = fla).

This is a special case of equation 1.9.13 with g(x) = Az* and h(z) = .
Solution:

JJA

—i - T ! — Ap +A
y(x)‘dx{@(a;)/a [t f(t)];b(t)dt}, q’(x)—exp(—ﬂ_i_/\x“ )

/m (A:Bﬁt'y + B:B‘st)‘)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g(z) = AzP, hi(t) =t7, go(x) = Bz?, and
ho(t) = t.

/ ) [Az*(t* - ) + Bx (¢ - )| y(t) dt = f(x).

This is a special case of equation 1.9.47 with g;(z) = A2?, hi(x) = 2*, g»(x) = B2®, and
ho(x) = x7.

/ [Az*t* + Bz**PtHP — (A + Bz t* | y(t) dt = f().

This is a special case of equation 1.9.49 with g(z) = z.

x
/ % (x* - tM y(t) dt = f(x), o>-1, pu>0, A>-l1
The transformation 7 = t#, z = 2, w(T) = t°**1y(t) leads to an equation of the form 1.1.43:
/ (z =) w(T)dr = F(2),
A
where A = a* and F(z) = puf(z'/H).

Solution with -1 < A < 0:

wsin(mw ) i

y@) == Tx®  dx

= y(t) dt
/0 vy dt = f(x).

(x + t)»

[ / ’ @ — I f () dit |

This is a special case of equation 1.1.58 with A=l anda =0b=1.
The transformation

e, t= %627, y(t) = e DTw(r),  f(x)=eg(2)

leads to an equation with difference kernel of the form 1.9.27:

[t

oo COSh?(z—17) -
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58 / T_y®dt o 0, a+b>0
. — = , >0, a+b>0.
o (ax> + btM)H * @ @

1°. The substitution ¢ = xz leads to a special case of equation 3.8.45:

! y(xrz)dz

o (a+bzM)m

=M f(). (1)

2°. For a polynomial right-hand side, f(z) = Y. A,,2™, the solution has the form

m=0
1 Zm+)\,u—1 dz

"L A
_ Al m m _
y(x) = 2™ E —Imx s I, = ; 7(a+bz)‘)“'
m=0

The integrals I,,, are supposed to be convergent.

3°. The solution structure for some other right-hand sides of the integral equation may be
obtained using (1) and the results presented for the more general equation 3.8.53 (see also
equations 3.8.34-3.8.40).

4°. For a = b, the equation can be reduced, just as equation 1.1.57, to an integral equation
with difference kernel of the form 1.9.27.

* (VE+VE-t) + (VE-VE-1)
a Zt)‘\/iL'—t

The equation can be rewritten in terms of the Gaussian hypergeometric functions in the form

59. y(t)dt = f(x).

/ (J:—t)'HF()\, Ay 11— %)y(t) dt = f(x), where ~ = %

See 1.8.135 for the solution of this equation.

‘ 1.1-8. Two-Dimensional Equation of the Abel Type. ‘

u(z,y) de dy
w. [f = (@0, o)
[ V-2 T

Here A is an isosceles right triangle with apex at the point (g, 39) and base on the z-axis.
Solution:

( )_L 3_29 8_29 ( )_// fx,y)dx dy
uxo, Yo) = ) axé - ay(z) > g Zo, Yo) = \/(yo_y)2_(x0_$)2'
A

(® Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

1.2. Equations Whose Kernels Contain Exponential
Functions

‘ 1.2-1. Kernels Containing Exponential Functions. ‘

1. / i e @ Vyt)dt = f(x).

Solution: y(x) = fL(x) - \f(x).
Example. In the special case a = 0 and f(z) = Az, the solution has the form y(z) = A(1 — A\z).
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2. / ’ e ™Ptyt) dt = f(x).
Solution: y(x) = e MDT[f! (z) - A f(2)].

Example. In the special case a = 0 and f(z) = Asin(yz), the solution has the form y(z) = Ae AP x
[y cos(yx) — Asin(yx)].

3. / ’ [®P -1]y@®) dt = f(x),  fl@) = fia)=0.

Solution: y(z) = 1 fu.(x) - fa(x).

4. / ) [e2®D 1+ b]yt) dt = f(=).

For b = —1, see equation 1.2.3. Differentiating with respect to = yields an equation of the

form 2.2.1: \ . @
Ax—t) — Jz x
y(x)+—b+1/a e y(t) dt bl
Solution: @ \ N )
_ J=\T) _ /
v =T - Ty / exp[b+ @ t)] fiydt.

5. / ) (Pt + b)y(t) dt = f().

This is a special case of equation 1.9.15 with g;(z) = e**, hi(t) = €, g(x) = 1, and ha(t) = b.
For § = -\, see equation 1.2.4.

6. / (X — M)y dt = fz),  fla) = fl(a) = 0.

This is a special case of equation 1.9.2 with g(z) = e**.

Solution: y(x) = e* {% () - f;(x)} .

7. / ) (e - e +b)y(t) dt = f().

This is a special case of equation 1.9.3 with g(z) = e**. For b = 0, see equation 1.2.6.

Solution: v
1 A z et — e
y(z) = 3 f;(a:)—ﬁem / exp(T) fi) dt.

8. / ’ (Ae*® + Be*M)y(t) dt = f(z).

This is a special case of equation 1.9.4 with g(z) = e**. For B = —A, see equation 1.2.6.

. 1 d AN * B\ ,
Solution: y(z) = A+BE{€XP(_A+BQC)/G exp(—A+Bt)ft(t) dt}.

9. / i (Ae*® + Be* + C)y(t) dt = f(z).

This is a special case of equation 1.9.5 with g(z) = e*®.
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10.

11.

12.

13.

14.

15.

16.

/ : (Ae*® + Bett)y(t) dt = f(z).

This is a special case of equation 1.9.6 with g(x) = Ae** and h(t) = Be**. For \ = i, see
equation 1.2.8.

[ et -eetlywdt =t fa@ = fi@=0.
Solution: |
mm=xfﬁug—@+mﬂ+MmL f=f@
T
/ [Ae*™ D + Bet™D]y(t) dt = f(x).
a
This is a special case of equation 1.9.15 with g;(x) = Ae**, hi(t) = e, ga(x) = Be!*, and

ho(t) = e#t. For B = —A, see equation 1.2.11.
Solution:

_ M df T dt _ [BO-p
y(x)— A+BE{€M (I)(.’E)/a [W:L%}’ @(x)—exp[mz}

/ [Ae @ 1+ Bet™™ + Cly(t) dt = f(x).

This is a special case of equation 1.2.14 with 5 = 0.

/ [Ae*® ) + Bet ™ 4+ CeP*V]y(t) dt = f(x).

Differentiating the equation with respect to z yields
(A+ B+ CQ)y(x) + / [A)\ew”_t) + Bpet @™ 4 Cﬁeﬁ(w_t)] y(t)dt = fro(z).

Eliminating the term with ¢”@~*) with the aid of the original equation, we arrive at an equation
of the form 2.2.10:

x

<A+B+®mw+/'M@—m&@ﬂ+3w—mwmﬂmwﬁ=ﬂu»ﬂﬂm

a

In the special case A + B + C' = 0, this is an equation of the form 1.2.12.
/ [Ae*™ D + Bet® ™D + CeP* P - A- B-Cly(t) dt = f(z), f(a)= fl(a)=0.
Differentiating with respect to x, we arrive at an equation of the form 1.2.14:

/ [ANe @D + Bpet™™ 1 CReP@Dy(t) dt = fi(x).

/(&“Wwwwwmﬁ=ﬂm, fa) = fi(a) = 0.
This is a special case of equation 1.9.11 with g(x) = e and h(t) = ett.

Solution:
e = A+ ) fr(@) + A f ()
A—pmyexplA+px]

y(x) =
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17.

18.

19.

20.

21.

22,

23.

24,

/:l: (AeAw"'”’t + Bey,a:+At)y(t) dt = f(.’]})-

This is a special case of equation 1.9.12 with g(z) = e** and h(t) = e#*. For B = —A, see
equation 1.2.16.
Solution:

_ 1 d [y e d [ fO B =
YO = A3 By dx{q) (”’)/a ¢ (t)dt[eﬂt}dt}’ vw) = exp( 5 50

/m (Ae)\m+ut + Beﬂm""‘/t)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Ae*®, hi(t) = e, gy(x) = BeP”, and
ha(t) = e,

/ (Ae*™ + Be*Pt + Ce*™ + DePt + E)y(t) dt = f(z).

This is a special case of equation 1.9.6 with g(x) = Ae*** + Ce’® and h(t) = Be*’'+ De' + E.

/ (Ae*™*Pt 1 Be?Pt + Ce*® + DeP' + E)y(t) dt = f(z).

This is a special case of equation 1.9.15 with g,(z) = e**, hi(t) = AeP + C, and gy(x) = 1,
ho(t) = Be?Pt + DePt + E.

/ (A€ + Be***P! + Ce*® + DePt + E)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = Be® + D, hy(t) = €P¢, and ¢y(z) =
A 1 Cer + E, hy(t) = 1.

/ " 14 AP (e — b y(t) dt = fia).

This is a special case of equation 1.9.13 with g(x) = e/* and h(x) = Ae .
Solution:

= BTN — exp | A o
y(:r:)—dgc{e <I>(a:)/a {e)‘tLCI)(t)}’ @(m)—exp{)\+ue K ]

/ ’ [Ae ™ (eH™ - ert) + BeP™(e™™ - e™)|y(t) dt = f(z).

This is a special case of equation 1.9.47 with g|(z) = Ae*, h(t) = -, go(x) = Be”?, and
ha(t) = —e7t,
/ {Aexp(Az + pt) + B exp[(A + B)x + (1 - B)t]

- (A + B)expl(A + Mz + (u -t }y(t) dt = f(x).

This is a special case of equation 1.9.49 with g;(x) = e”.
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25. / " (e*® -er) "y dt = f(x), n=12,...

Solution:

v = e (e an) s,

e dx

26. /m Verz — eAt y(t) dt = f(x), A>0.

Solution: N
_ 2 saf e AN [T N f@dt
y(@) = 7Te (e dx) /a AT _ At
Ty dt
27. ﬁ = f(m), A>0.
et —e
Solution:

X d [T eMft)dt
y(x)=——/ —

T dx eAT _ oAt

28. / (e — )Py (t) dt = f(x), A>0, O0<p<l.

Solution:

y(x) =

e)\r _e)\t),u T

k )\z Az / )\tf(t) dt k= Sin(WM)
e da: ( _.

y(t) dt
29. / (em pEeam = f(x), A>0, O<pu<l.

Solution:

Asin(rp) d eMF(t)dt
y@)= — / (

e)\w _ e)\t)l—u :

‘ 1.2-2. Kernels Containing Power-Law and Exponential Functions. ‘

30. / i [A(x - t) + Be*® V] y(t) dt = f(z).

Differentiating with respect to =, we arrive at an equation of the form 2.2.4:

By(z) + / : [A+BAeM*D]yt)dt = fi(2).

3L / (@ -0 =Dyt di = f@),  fla) = fl(a)=
Solution: y(z) = f (x) =2\ fL(x) + N2 f(x).

32. / m(Aac + Bt + C)e*®Vy(t) dt = f(x).

-Az

The substitution u(x) = e**y(x) leads to an equation of the form 1.1.3:

/ z(Ax + Bt + Cyu(t) dt = e f(x).
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33.

34.

35.

36.

37.

38.

39.

40.

41.

/m(Aa:e)‘t + Bte!®)y(t) dt = f(x).

This is a special case of equation 1.9.15 with gy(z) = Ax, h(t) = e, and g (x) = Bet*,
ho(t) =t.

/ [A:ce)‘(m't) + Bte“(“”'t)] y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Aze®, hi(t) = e, ga(x) = Bet®, and
ho(t) = te .

/ (-t ™ Py@t)dt = f(x),  fla)=fi(a)=f’ (a)=0.

Solution: y(x) = 5 [fi () = 3AfL(x) + 3N fo(x) = X f(2)].

rxrx

/ m(w -ty dt = f(z), n=12,..

It is assumed that f(a) = fi(a) == f(a) = 0.
: 1 Az dn+1 -z
Solution: y(z) = me gy [e f(x)].

/ m(Amﬁ + Be*y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = Az” and h(t) = Be*.

/ (Ae*® + BtPyy(t) dt = f(x).
This is a special case of equation 1.9.6 with g(z) = Ae*® and h(t) = Bt°.
/ (AzPer + Bt e!®)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g(z) = A2, hi(t) = e, g2(z) = Bel®, and
ha(t) = 17,

/ i er® O\ x —tyt) dt = f(x).

Solution:
2\ &[T M@ dt

O ), et

x e)\(w—t)
/ my(t) dt = f(x).

Solution:
1y, d [*eMf@)dt

9(95):;6 dz . N
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42,

43.

44.

45.

46.

47.

48.

49.

50.

/ m(a: -t et Dy) dt = f(x), 0<A<l

Solution:
sin(mw\)
= kel — . k=
y(w) = ke dz? (z-t)» T

d? /1 e Mt f(t) dt

T A@-t)
/a p—— y(t)dt = f(x), O<p<l.
Solution:

y(x) = —Sin(;w ) ra L / R (UI

dx (z —t)l-»

/m (VE-Vi) et hy@ydt = f@), O0<A<L

The substitution u(x) = e **y(x) leads to an equation of the form 1.1.49:

/ (VE-VI) ulty di = ¢ fa).

= et @ty (t) di
/ STy At ), <A<l

(va-vi)

The substitution u(x) = e **y(x) leads to an equation of the form 1.1.50:

T u)de

| e @
x e)\(m—t)
Y dt = ().
a xre -
2 d [* te
lution: y = —e* — —— f(t) dt.
Solution: y —e ’ mf()dt

/ exp[A(@® - t)]y(t) dt = f(x).
Solution: y(z) = fl(x) -2z f(x).

/ [exp(Az?) — exp(AED)]y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = exp(Az?).
Solution: y(x) = Li M
P Y@ = oy T | Texp0ad) |

/ [A exp(Az?) + B exp(At?) + C|y(t) dt = f(=).

This is a special case of equation 1.9.5 with g(z) = exp()\xz).

/ : [A exp(Az?) + B exp(ut®)|y(t) dt = f(z).

This is a special case of equation 1.9.6 with g(z) = A exp(Az?) and h(t) = B exp(ut?).
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51. / ’ Vi -t exp[A(x? - tH)]y(t) dt = f(x).

Solution: ) )
2 5. d ¥ exp(=At7)

T exp[A(x? - )]

52. ——y@)dt = .
; Vo i y(@®) Jf(x)
Solution: p \2
_1 2 4 [* exp(AL)
y(r) - T eXp(Aaj )df,C " \/m f(t) dt

53. / (x - t)* exp[p(x? - t)]y(t) dt = f(x), 0<\<l
Solution:

 exp(—put?)

sin(m\)
(x -t ’

fyd, k==

d2
y(@) = kexp(ua’)—— /

dz?

54. / i exp[A(@? - t?)y(t) dt = f(x).
Solution: y(z) = fL(x) — A\Bx ! f(z).

55. / m(—l)“m—“/ Plyydt = f(x),  f(O0) = f.(0)=0.
0

Here b = const and [A] stands for the integer part of the number A.

Solution: | 2
y(x)=§/0 (2[Tb_t] +1> (b dt.

@ References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 434).

1.3. Equations Whose Kernels Contain Hyperbolic
Functions

‘ 1.3-1. Kernels Containing Hyperbolic Cosine. ‘

1. /m cosh[A(z - t)]y(t) dt = f(x).

Solution: y(x) = f.(x) - \? /r f(x)dx.

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 435).
T
2. / {coshiM@ - )] - 1}y@) dt = f(x),  f(a) = fi(a) = fL,(x) = 0.
a

Solution: y(x) = %f;’;a.a:)— fr(@).
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/w {cosh[A(z - t)] + b}y(t) dt = f(x).

For b = 0, see equation 1.3.1. For b = —1, see equation 1.3.2. For A = 0, see equation 1.1.1.
Differentiating the equation with respect to =, we arrive at an equation of the form 2.3.16:

fr()
b+1°

A v
y(flﬁ) + m /a Slnh[)\(x - t)]y(t) dt =
1°. Solution with b(b + 1) < 0:

_ fa(o A2
T b+l k(b+1)?

2°. Solution with b(b+ 1) > 0:

_ fa(@) A2
T b+l k(b+1)2

/ sin[k(z —t)]fi(t)dt,  where k=) =

y(@) b+1

y(x)

. p B
/a sinh[k(x — )] f1 (1) dt, where k= A\ P

/ ’ coshAz + Bt)y(t) dt = f(z).

For g = -\, see equation 1.3.1.
Differentiating the equation with respect to x twice, we obtain

cosh[(A+B)z]y(z)+ A / ’ sinh(\z+ Bty (t) dt = fl(2), (1)

{cosh[(/\+ﬁ)x]y(x)}; +Asinh[(A+ B)z]y(z) + \? /r cosh(\z+Btyy(t) dt = fI (z). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the first-order linear ordinary differential equation

w’, + Mtanh[(\ + B)x]w = f7 (x) - N2 f(x), w = cosh[(A + B)x]y(z). 3)

Setting « = a in (1) yields the initial condition w(a) = f.(a). On solving equation (3) with this
condition, after some manipulations we obtain the solution of the original integral equation
in the form

_ Asinh[(\ + B)x]

y(x) = mfm(x) mﬂx)
AB /m 2 o
T osh [0+ )] Ja J(@) cosh™ [(A + B)t] dt, k= pwet

/ [cosh(Ax) — cosh(At)]y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = cosh(\z).
Solution: y(x) = i i M
- =N e sinhOw) |-

/ m[A cosh(Ax) + B cosh(\t)]y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = cosh(A\x). For B =—A, see equation 1.3.5.

1 d A [T -Zop g
A+B%{[cosh()\w)} A+B/ [cosh(At)] A+B ft(t)dt}'

Solution: y(x) =
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10.

11.

12.

13.

/ [A cosh(Az) + B cosh(ut) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cosh(Ax) and h(t) = B cosh(ut) + C.

/ {A1 cosh[Ai(x - t)] + A, cosh[ Az (x - t)]}y(t) dt = f(x).
The equation is equivalent to the equation

/ z{Bl sinh[ A (z — )] + By sinh[ Ao (z — )] }y(t) dt = F(x),

Bl=ﬂ, Bz=ﬁ, F($)=/ f@)dt,
Al A2 a

of the form 1.3.49. (Differentiating this equation yields the original equation.)
/ cosh’[\(z - t)]y(t) dt = f(x).

Differentiation yields an equation of the form 2.3.16:

y(z) + A\ /w sinh[2\(z — O)]y(t) dt = fL(z).
Solution:
222

y(x) = fl(x) - - /1 sinh[k(x — )] f{(t) dt, where k= AV2.

/ i [cosh®(Az) - cosh®(At)]y(2) dt = f(=), f@a@) = fl(a)=0.

1d{ fu(@) }

Solution: y(x) = X dz | sinh(2\z)

/ [A cosh*(Az) + B cosh’(\t)| y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = cosh’(\z). For B=-A, see equation 1.3.10.

Solution:
24

z 2B
md%{ [cosh(Az)] A+B / [cosh(A)] A+B f{(t) dt}.

y(x) =
/ [A cosh’(Az) + B cosh*(ut) + C|y(t) dt = f(x).
This is a special case of equation 1.9.6 with g(z) = A cosh?>(\z), and h(t) = B coshz(ut) +C.
/ cosh[A(x - t)] cosh[A(x + t)]y(t) dt = f(x).

Using the formula
cosh(a - B) cosh(ax + 3) = 2[cosh(2) + cosh(2B)], @ =z, B=At,

we transform the original equation to an equation of the form 1.3.6 with A = B = 1:
/ [cosh(2Az) + cosh(QA)]y(t) dt = 2 f(x).

Solution:

()_g[ ! C }
PO =00 | Veoshhn) J, /coshenD) |-
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14.

15.

16.

17.

18.

19.

20.

/ [cosh(Ax) cosh(ut) + cosh(Bx) cosh(~t)]y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = cosh(A\x), h(t) = cosh(ut), g2(x) =
cosh(Bz), and h;,(t) = cosh(vt).

/ i cosh’[\(z - t)]y(t) dt = f(x).

Using the formula cosh® 5 = % cosh306+ % cosh 3, we arrive at an equation of the form 1.3.8:

/ z{% cosh[3A(z — )] + 2 cosh[A(z — )] }y(t) dt = f(x).

/ ’ [cosh®(Az) — cosh®(A)] y(2) dt = f(z), fla) = fl(a)=0.

1 d [ fi ()

Solution: =3 dr '
olution: y(z) = - sinh(\z) cosh?(\x)

/ " [A cosh®(Az) + B cosh®(At)|y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = cosh®(\z). For B=-A, see equation 1.3.16.
Solution:

d 34 e _3B_
y(x) = —{[cosh()\x)} A+B / [cosh(At)] A+B ft’(t)dt}.

A+ B dx

/ i [A cosh*(Az) cosh(ut) + B cosh(Bx) cosh’(vt)| y(t) dt = f(x).

This is a special case of equation 1.9.15 with g,(z) = Acosh’>(\z), hi(t) = cosh(ut), ga(x) =
B cosh(fz), and ha(t) = cosh?(vt).

x
/ cosh*[\(z - t)]y(t) dt = f(x).
a
Let us transform the kernel of the integral equation using the formula

cosh® 3= cosh4B8+ L cosh23+ 32, where fB=Aaz-1),

and differentiate the resulting equation with respect to x. Then we obtain an equation of the
form 2.3.18:

y(x) + A /I {5 sinh[4X(z — £)] + sinh[2\(z — )] }y(¢) dt = fo(z).

/ m[cosh()\m) —coshOB)"y(t) dt = f(x), n=1,2,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fiL(a) =--- =
fM(a) = 0.

Solution: y(x) =

sinh(Aa;)[ 1 drl @,

Annl | sinh(\x) dz
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21.

22,

23.

24,

25.

26.

27.

/ vV cosh x — cosh t y(t) dt = f(x).

Solution: 5 I N2 [T sinht f(t)dt
sin
= Z inh - SE—
y(@) T s gc(sinhx dx) /a v/coshx — cosht
z y(t) dt
= f(x).
a Vcoshx - cosht
Solution:
1 d [% sinhtf(t)dt
y(x) =

7 dx J, \/coshz—cosht

/ (cosh  — cosh t)*y(t) dt = f(x), 0<Ai<l1.

Solution:

(coshz —cosht)*’ O

y(@) = ksinhz d)z T _sinhtf@ydt o sin(rd)

sinhz dz o

xr
/ (cosh” x — cosh” t)y(t) dt = f(x).
a
This is a special case of equation 1.9.2 with g(x) = cosh* x.
1 d { fa(@) ]

Solution: r)=——
y(@) p dz | sinhz cosh*™! z

/w (A cosh”  + B cosh* t)y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = cosh” x. For B =—A, see equation 1.3.24.

Solution:
1 d _Ap oz _Bu
y(x):mg{[cosh()\x)} A+B /a [cosh(At)] A+B ft(t)dt}.
x y(t) dt

= O0<A<l1.
o (coshx — cosh t)* F@),

Solution:

sin(zA) d [*  sinht f(t)dt
y(z) = — /

dx (coshx —cosht)l-*"

/ (x - ) cosh[A(x - D]y (?) dt = f(x), fla) = f,(a) = 0.

Differentiating the equation twice yields

y(x) + 2\ /I sinh[A(z — t)]y(t) dt + A2 /I(:r: —t) cosh[ Mz — t)]y(t) dt = fI ().

Eliminating the third term on the right-hand side with the aid of the original equation, we
arrive at an equation of the form 2.3.16:

x

)+ 20 [ sinhA - Dly(0) it = 12,0) - X (o)
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28.

29.

30.

31.

32,

33.

Z cosh[\(x - t)]
a vVr-t

Solution:

y@)dt = f@),  fl@) = fi(a)=0

_ 2 = cosh[A(x —1)]
y(x) = A =

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).

[f1i(t) = N ()] dt.

/m\/:c—tcosh AWz -t) y@®) dt = f(z).

Solution:

y(z) = /: cos(\j\/__—)

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas,
and O. L. Marichev (1993).

fi@) dt.

® cosh (AvVz -t)
a vx-t

Solution:

y@t)dt = f(x).
f(@®)dt.

_1d cos(AVa —t)
Z/(l’)—;%/a 7? 7

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas,
and O. L. Marichev (1993).

> cosh (AVt-x)
- vVit-x

Solution:

y(t) dt = f(x).
Y @yt

1 d oocos()\\/t )
M@—————/ —

m dx
@ References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 439), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

 cosh (AVx?2 -12)
0 V-t

Solution:

y@) dt = f(x).

2.d [* cos(AWa2-t?)
y@)y=—— [ t—me—"

= — o

[ OVE-=) iy ae = fia.

12— a2

Solution:

_2d [* cos(A\V12 —z?)
M@———E— t— N ——— f(t) dt.
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x — 2
1, / cosh (AVxt - 12) (b dt = (@),
0

vzt

Solution:

2
! /0 cos(AV? - )f(t)/2+tft(t)]dt

y) = — —

m™r
(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. L. Marichev (1993).

 cosh (AVa? - wt)
35. dt = .
/0 Vot y@®) dt = f(x)
Solution: )
cos /\\/ ot —12
yay= YT f/ — = fod].

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

36, /m cosh [A/(@-D(@ -t +7)]

x—-1

y@)dt = f(x).

It is assumed that f(a) = fl(a) = f2.(a) = ! (a)=0.
Solution:

2 /”” sinh[)\\/(x—t)(a:—t—'y)]

Y = =55 / sinh[A(t - s)](—-AZ) f(s)dsdt.

Vet-7 .

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. 1. Marichev (1993).

37. / [Az? + B cosh?(At) + Cly(t) dt = f(x).
This is a special case of equation 1.9.6 with g(z) = Az® and h(t) = B cosh”(\t) + C.
x
38. / [A cosh”(\x) + Bt? + Cly(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(x) = A cosh”(A\z) and h(t) = Bt® + C.
39, / (Az> cosh* t + BtP cosh™ ) y(t) dt = f(z).

This is a special case of equation 1.9.15 with g;(x) = Az, hi(t) = cosh” t, g»(x) = B cosh” ,
and ho(t) = t5.

‘ 1.3-2. Kernels Containing Hyperbolic Sine. ‘

40. / ’ sinh[A(z - O)]y(®) dt = f(x), fla) = f,(a)=0

Solution: y(z) = —f2 () = A\f(x).

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 435).



1.3. EQUATIONS WHOSE KERNELS CONTAIN HYPERBOLIC FUNCTIONS 29

41.

42,

43.

44,

Z sinh[A(x - t)]
a vae-t

Solution:

y@®)dt = f@),  fla) = fila)=0

2 " sinh[)\(:r t)]
A J, vz
@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).
/“"’ sinh[A(x - )]
a (-73 - t)3/2

Solution:

y(x) = T fl) - N f()] dt.

y() dt = f@),  fla)=fl(a)=0

_ 2 * sinh[A(x — t)]
y(x) A Vol

@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437).

[f -2+ 10 AL -

/ ’ {sinh[A(z - )] + b}y(t) dt = f(x).

For b = 0, see equation 1.3.40. Assume that b # 0.
Differentiating the equation with respect to x, we arrive at an equation of the form 2.3.3:

y(z) + % /I cosh[A(z — H)]y(t) dt = %f;(x).

Solution:

1 x
Yo = S fi)+ / Rz - 0)f1(t) dt,

A Az A A1+ 462
R(x) = exp( E) {ﬂ sinh(kx) — cosh(k:r)} k= —
/ sinh(Ax + Bt)y(t) dt = f(x).
For 3 = -\, see equation 1.3.40. Assume that 5 # —\.
Differentiating the equation with respect to = twice yields
sinh[(A + B)x]y(x) + )\/ cosh(\zx + Btyy(t) dt = fL(x), (1)

{sinh[(X + ﬂ)x]y(aj)}; + Acosh[(\ + B)z]y(x) + A2 / sinh(\z + Bt)y(t) dt = f2 (x). (2)

a

Eliminating the integral term from (2) with the aid of the original equation, we arrive at the
first-order linear ordinary differential equation

wl, + A coth[(A + B)z]w = f (x) - N f (), w = sinh[(A + B)x]y(z). 3)

Setting « = a in (1) yields the initial condition w(a) = f.(a). On solving equation (3) with this
condition, after some manipulations we obtain the solution of the original integral equation
in the form

Sy AcoshlA+ Ba]
YO = o+ B2 P T o B ©
)‘— k-2 A
SO Bl / fOsinn* 21O+ H1dt, k=T
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45.

46.

47.

48.

49.

/ [sinh(Az) - sinh(AD)]y(t) dt = f(x),  f(a) = f.(a)=0.

This is a special case of equation 1.9.2 with g(z) = sinh(\z).

L d [ fx
Solution: y(g;)=X%[#((T)\)$)]'

/m[A sinh(Ax) + B sinh(At)]y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = sinh(A\z). For B =-A, see equation 1.3.45.
1 d A __B_
1+B & { [sinh(Az)] A+B / [sinh(A)] " 4+B f,(t) dt}.
x

a

Solution: y(x) =

/m[A sinh(Az) + B sinh(ut)]y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A sinh(\z) and h(t) = B sinh(ut).

/m {,u sinh[A(x — t)] — A sinh[p(x — t)]}y(t) dt = f(x).

It is assumed that f(a) = fl(a) = f2.(a) = f (a)=0.
Solution:
" _(/\2 +M2) g/c/r + /\ZMZf

TTTT ”)\3 - )\#3 , f = f(x)

y(x) =

/ { Ay sinh[Ai(@ - )] + A; sinh[ Mo (z - )] y(8) dt = f(z), f(a) = f(a)=0.

1°. Introduce the notation
I = / sinh[Aj(x - t)]y(t)dt, I, = / sinh[ Ay (z — )]y (t) dt,
Ji = / cosh[A{(z - O)]y(t)dt, J, = / cosh[ Ay (x —t)]y(t) dt.

Let us successively differentiate the integral equation four times. As a result, we have (the
first line is the original equation):

AL+ Ayl = f, f=f(o), (D
A+ Ao dy = fL, 2
(A + ANy + AT + AN = f7 (3)
(A + )y + AN T+ AN, = £ (4)
(AL + Ayl + (AN + ANy + AT+ AN L = f7 &)

Eliminating I} and I, from (1), (3), and (5), we arrive at the following second-order linear
ordinary differential equation with constant coefficients:

(A + Ayl = Mda(Aa + oAy = f0 — O3+ XD+ 203 F. (6)

rTrxrxT

The initial conditions can be obtained by substituting x = a into (3) and (4):
(A1 + A y(a) = fr(a),  (Ah + A o)yl (a) = f1l7.(a). ()

Solving the differential equation (6) under conditions (7) allows us to find the solution of the
integral equation.
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50.

51.

2°. Denote
Al)\Z + A2/\1

A=\ )\ 2T 2a
RAN F Aoy

2.1. Solution for A > 0:
(Ah + A d)y(@) = f(0) + Bf(2) + C / sinh[k(z — H1(t) dt,

k=vVA, B=A-)N-)\, C= [AZ - (AT + MDA + AN

1
VA
2.2. Solution for A < 0:

(A + Ao o)y(x) = fI(x)+ Bf(z) + C’/ sin[k(x — )] f(t) dt,
k=vVZA, B=A-N—-)\, C= ﬁ[ﬁ_@% FADA+ X2
2.3. Solution for A = 0:

Ak + Ada)y(x) = f7,(2) — (2 4 A2 f(a) + A2A3 / (= 0)f (@) dt.

2.4. Solution for A = oo:
A )\? + Az)\% ’

y(x) = f=f.

In the last case, the relation A1\ + A\ = 0 is valid, and the right-hand side of the

integral equation is assumed to satisfy the conditions f(a) = f1(a) = fV.(a) = fI! (a) =0.

/ i { Asinh[A( - t)] + B sinh[p(z — t)] + C sinh[B(z - )] }y(t) dt = f(x).

It assumed that f(a) = f.(a) = 0. Differentiating the integral equation twice yields

(AX + By + CB)y(x) + / ’ {AN? sinh[A(z — )] + By? sinh[pu(x — )] }y(t) dt

+C3° / ' sinh[B(z - )]y(t) dt = f2 ().

Eliminating the last integral with the aid of the original equation, we arrive at an equation of
the form 2.3.18:

(AN + B+ CpBy(x)
+ / {A(N* = B?) sinh[A(z — )] + B(u* — 3% sinh[p(z — )] }y(t) dt = fr,(x) - B f(x).

In the special case A\ + Bu + C = 0, this is an equation of the form 1.3.49.
xr
/ sinh*[ Az - Oly(t) dt = f(@),  fla) = fi(a) = fi,(a) = 0.
a
Differentiating yields an equation of the form 1.3.40:
¥ 1
/ sinh[2A(z — H)]y(t) dt = Xf;(x).

Solution: y(z) = 3A2 1 (2) = 2f1(x).

rrx
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52.

53.

54.

55.

56.

57.

58.

/ ’ [sinh*(A\z) - sinh®>(\t)| y(¢) dt = f(x), f(a) = fl(a) = 0.

. 1 d :
Solution: y(z) = +— {%}

/ " [Asinh*(Az) + B sinh*(At)|y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = sinhz(/\a:). For B=-A, see equation 1.3.52.
Solution:

1 d . [T e
y(z) = m@{ [sinh(\z)] /a [sinh(\D)] fi) dt}.

/ ’ [Asinh*(Az) + B sinh’(ut)] y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A sinh’(\z) and h(t) = B sinhz(ut).

/w sinh[A(x - t)] sinh[A(x + D)]y(t) dt = f(x).

Using the formula
sinh(ov — 3) sinh(a + 8) = %[cosh(Za) —cosh(2@)], a=Az, (=Xt

we reduce the original equation to an equation of the form 1.3.5:

/z [cosh(2Az) — cosh(2AD)y(t) dt = 2 f(x).

. 1 d ! (x
Solution: y(g;):X%[%]'

/ i [ A sinh(Ax) sinh(ust) + B sinh(Bz) sinh(vy1)| y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Asinh(Ax), hy(t) = sinh(ut), g2(x) =
B sinh(Bx), and hy(t) = sinh(vt).

/ sinh’[A(@ - t)ly(t) dt = f(), fla) = f (a) = f,.(a) = £, (a) = 0.

Using the formula sinh® 5 = % sinh 33— % sinh (3, we arrive at an equation of the form 1.3.49:

/ ' {4 sinh[3A(z - )] - 2 sinh[A(z — )] }y(t) dt = f(2).

/ i [sinh®(A\z) - sinh®(At)| y(¢) dt = f(=), f(a) = fl.(a) = 0.

This is a special case of equation 1.9.2 with g(z) = sinh® (A\x).
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59.

60.

61.

62.

/ ) [Asinh®(Az) + B sinh®>(\t)| y(t) dt = f().

This is a special case of equation 1.9.4 with g(z) = sinh® (A\x).
Solution:

-t d inh(\ ~ B w'h)\t_%’tdt
y(x)-m@{[smmﬂ /a[sm< | "AE fU(t) }

/ i [A sinh*(Az) sinh(ut) + B sinh(3z) sinh’*(vt)| y(t) dt = f(z).

This is a special case of equation 1.9.15 with gi(z) = A sinh>(\x), hy(t) = sinh(ut), g2(x) =
B sinh(Bx), and hy(t) = sinh®(yt).

/ i sinh*[\(z - t)]y(t) dt = f(x).

It is assumed that f(a) = fl(a)=---= fI (a)=

TrxrxT
Let us transform the kernel of the integral equation using the formula

sinh* 3 = 3 L cosh43 — cosh 26+3, where [=Mz-t),

and differentiate the resulting equation with respect to . Then we arrive at an equation of
the form 1.3.49:

A / w{% sinh[4\(z - ¢)] - sinh[2A(z — )] }y(t) dt = fi(2).

/m sinh"[A(z - t)]y(t) dt = f(x), n=23...

It is assumed that f(a) = fi(a)=---= f™(a) =0

1°. Let us differentiate the equation with respect to z twice and transform the kernel of the
resulting integral equation using the formula cosh® 3 = 1 +sinh? 3, where 3 = A(z —t). Then
we have

\n? / sinh[A\(z — t)]y(t) dt + X>n(n— 1) / sinh™ 2 [\(z - )]y(t) dt = £ ().

Eliminating the first term on the left-hand side with the aid of the original equation, we obtain

/I sinh™ [ \(x — H)]y(t) dt = [f ()= N’n 2f(l’)]

An(n

This equation has the same form as the original equation, but the exponent of the kernel has
been reduced by two.

By applying this technique sufficiently many times, we finally arrive at simple integral
equations of the form 1.1.1 (for even n) or 1.3.40 (for odd n).

2°. Solution:

1 (d d d

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. 1. Marichev (1992, p. 436).
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63.

64.

65.

66.

67.

68.

69.

/ sinh (Avz -t )yt) dt = f(z).

Solution:

2 d? cos()\\/ t)
T da? ), Nz

@ References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas,
and O. L. Marichev (1993).

y(z) = — 2 f(t)dt.

/ ~ sinh (MWE-z )y dt = f(=).

Solution:

y(x) = ———2 f(t) dt.

2 2 cos()\\/t )
TA@/ N

@ References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 439), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

/ " sinhz —simhiy(t) dt = f(z).

Solution: 5 | Jn2 ht ft)d
* cosht f(t)dt
= = cosh — —_— .
y(@) T cos :C(coshx d;v) /a v/sinh z — sinh ¢
* y(t) dt
—_— = f(x).
a Vsinhx —sinht
Solution:
1 d [® coshtf(t)dt
y(@) = ——

™ dz sinhz —sinht

/ (sinh  — sinh ) y(t) dt = f(z), 0<A<l.

Solution:

d )2 T cosht f(t)dt b= sin(w\)

coshz dz -

= k cosh ’
y(x) = kcos x( (sinh z — sinh ) A

a

/ m(sinh“ x —sinh* t)y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = sinh* x.
1 d { fi(@) }

Solution: y(z) =
y(@) p dz Leosh z sinh* !

/ " [Asinh(\z) + B sinh*(At)] y(#) dt = f(a).

This is a special case of equation 1.9.4 with g(z) = sinh*(\x).
Solution with B # —A:

Ap

1 d _Ap _ B
—{[sinh(/\x)} A+B / [sinh(At)] A+B f;(t)dt}.

YO =B
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70.

71.

72.

73.

74.

z y(t) dt
o (sinh x —sinh £)*

Solution:

= f(x), 0<A<l.

sin(m\) i *  cosht f(t)dt
dx J, (sinhz—sinht)!=*"

y(x) =

/ (-t sinh[A(z - Dly@®) dt = f(z),  fla)= f(a)=f (@)=0

Double differentiation yields
2\ / cosh[ Az —t)]y(t) dt + N> | (z—t)sinh[\(z —t)]y(t) dt = f (z).

Eliminating the second term on the left-hand side with the aid of the original equation, we
arrive at an equation of the form 1.3.1:

/ cosh[A(z — t)]y(t) dt = [ fr (@) = N f(@)].
Solution: . N
) = 5 e =i + 43 [ foyat
@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).

Z sinh[\(x - t)]
a ve-t

Solution:

y@)dt = f@),  fl@) = fi(a)=0

P sinh[)\(x ]
A Nz

@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).

y(z) = —————[fa) - N f®)]dt.

/m sinh[A(z - t)]
a (iL’ - t)3/2

Solution:

y(t) dt = f(x),  fla)= fi(a)=0

@) = i T sinh[ Az —t)] f (t)
AN a Vot

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. 1. Marichev (1992, p. 437).

[rhw- N+ 22

/.T, sinh Av/(@-D@-t+7) ] (O dt = f(@)

VT -t+~v
It is assumed that f(a) = f1(a) = f2.(a) = 2! (a) = 0.

Solution:

2 e cosh[A\(@ =@ —t-7)]
=)

P2
y(z) = / sinh[\(t — s)] (— + /\2) f(s)dsdt.

r—1

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. L. Marichev (1993).
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75.

76.

77.

x
/ [Az” + Bsinh”(\t) + Cly(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(z) = Az® and h(t) = B sinh? (\t) + C.
/ [A sinh”(\x) + Bt? + Cly(t) dt = f(x).
This is a special case of equation 1.9.6 with g(x) = A sinh”(\z) and h(t) = Bt® + C.
x
/ (Az> sinh* ¢ + BtP sinh” z)y(t) dt = f(x).
a

This is a special case of equation 1.9.15 with g;(z) = Az*, hy(t) = sinh* ¢, go(x) = B sinh” 1,
and ho(t) = t°.

‘ 1.3-3. Kernels Containing Hyperbolic Tangent. ‘

78.

79.

80.

81.

82.

83.

/ i [tanh(Ax) - tanh(AY)] y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = tanh(\z).
Solution: () = %[coshz()\x) f;(x)};.

/ [A tanh(\x) + B tanh(At)] y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = tanh(Az). For B =-A, see equation 1.3.78.
_A_ 7 __B_
[tanh(\z)|~ 4+B / [tanh(\)] " A+B f(t) dt}.

a

. __ 1 4
Solution: y(x) = 118 da:{
/w [A tanh(Ax) + B tanh(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A tanh(Ax) and h(t) = B tanh(ut) + C.

/ ’ [tanh®(Az) - tanh*(At)| y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(z) = tanh’(\x).

d [coshB()\x) f;(x)}

Solution: y(z) = — | —~ sinh(Az)

/ " [A tanh®(Az) + B tanh*(\t)] y(t) dt = f ().

This is a special case of equation 1.9.4 with g(z) = tanh>(\z). For B=—A, see equation 1.3.81.
1 d _2A 7 _2B_
B { [tanh(Az)| A+B /a [tanh(\t)] A+B f(t) dt}.

Solution: y(x) = 1

/ " [A tanh*(Az) + B tanh’(ut) + Cly(t) dt = f(z).

This is a special case of equation 1.9.6 with g(x) = A tanhz()\x) and h(t) = B tanhz(ut) +C.
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84.

85.

86.

87.

88.

89.

90.

/ [tanh(Az) — tanh(At)| "y (t) dt = f(z), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fl(a) =--- =
f™(a) = 0.

1
Solution: y(x) =

n+l
e — 2 —_
A"l coshz(/\;v) {COSh () dl’} J@.

/ i v/tanh « — tanh t y(t) dt = f(x).

Solution:

coshzxi)z/w f@)dt

= ———— .
y(®) mcosh® ( dz cosh? t v/tanh z — tanh ¢

x y(t) dt
o« Vtanhx —tanht

Solution:

= f(x).

=12 [ o
v = a coshzt\/tanhaj—tanht'

/ (tanh z — tanh ) y(t) dt = f(x), O<A<l1.

Solution:

y(z) = Lﬂ)\)x (cosh2 Td%:)z /w f@dt

7\ cosh? o cosh’t(tanhz —tanht)*’

/ m(tanh” x — tanh” t)y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = tanh” .
1 d hA+l o 7
Solution: y(x) = —— {cos—xfr(gc)} .

W dx sinh#! 2

/ ’ (A tanh*  + B tanh* t)y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = tanh* x. For B = —A, see equation 1.3.88.
Solution:

d _Ap T __Bp
y(x) = {[tanh(xx)} A+B / [tanh(\t)| A+B f/(t) dt}.

1
A+B dx
z y(t) dt
o [tanh(Ax) - tanh(At)]#

This is a special case of equation 1.9.44 with g(x) = tanh(\x) and h(z) = 1.
Solution:

= f(x), O<pu<l.

Asin(rp) d - [* f@dt
o= 2 |

dz cosh?>(\t)[tanh(\z) — tanh(A)] '+
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91.

92.

93.

/ i [Az? + B tanh”(\t) + Cly(t) dt = f(x).

a

This is a special case of equation 1.9.6 with g(z) = A2z” and h(t) = Btanh”(\t) + C.
/ " [Atanh"(A2) + B? + Cly(t) dt = ().

This is a special case of equation 1.9.6 with g(z) = Atanh”(\z) and h(t) = Bt® + C.
/ i (Az> tanh* ¢ + Bt® tanh™ z)y(¢) dt = f(z).

This is a special case of equation 1.9.15 with g;(x) = Az, hy(t) = tanh* t, g,(x) = B tanh” ,
and hy(t) = t°.

‘ 1.3-4. Kernels Containing Hyperbolic Cotangent. ‘

9.

95.

96.

97.

98.

99.

/ ’ [coth(Ax) - coth(At)] y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = coth(\z).
. 1d,. ,
Solution: y(z) = T [sinh*(A\z) fr(2)].

/ " [A coth(Az) + B coth(Ad)]y(t) dt = f(a).

This is a special case of equation 1.9.4 with g(x) = coth(Az). For B =-A, see equation 1.3.94.

o vy e L4 o [ T
Solution: y(z) = m@{ [tanh()\x)} A+B /a [tanh()\t)] A+B f(t) dt}.
/ i [A coth(Ax) + B coth(ut) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A coth(Ax) and h(t) = B coth(ut) + C'.

/ [coth’(Az) - coth®(A1)] y(t) dt = f(z).

This is a special case of equation 1.9.2 with g(z) = cothz()\x).

d [sinh*\z)f!
Solution: y(l‘):‘ﬁ [%}

/ " [A coth®(Az) + B coth*(\t)] y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = coth*(\z). For B =-A, see equation 1.3.97.

1 d 24 7 et
5 E{ [tanh(\z)] A+B / [tanh(At)] A*+B f(t) dt}-

Solution: y(x) =

/ " [A coth*(Ax) + B coth®(ut) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A coth’(\x) and h(t) = B cothz(ut) +C.
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100.

101.

102.

103.

104.

105.

/ [coth(Az) — coth(At)| " y(t) dt = f(z), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fl(a)="--- =
f™(a) =0.

Solution: y(x) = D

o, i n+l
Nn! sinh> () {Smh (Az) da:] @

/m(coth“ x — coth” t)y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = coth” x.

inhst] ’
Solution: y(x) = _li {M}

wdz cosh*™! z

/ " (A coth*  + B coth” t)y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = coth” z. For B =-A, see equation 1.3.101.
Solution:

1_d 745 [ anh | T £
y(x):m%{hanhx‘ + /a‘tanht| + ft(t)dt}.

/ [Az? + B coth”(A\t) + Cly(t) dt = f().
This is a special case of equation 1.9.6 with g(z) = A2z” and h(t) = B coth”(\t) + C.
/ [A coth”(Az) + Bt® + Cly(t) dt = f().
a
This is a special case of equation 1.9.6 with g(z) = A coth”(\z) and h(t) = Bt? + C.
x
/ (Az> coth” t + BtP coth” z)y(t) dt = f(z).
a

This is a special case of equation 1.9.15 with g;(x) = Az, hi(t) = coth” t, g,(x) = B coth” ,
and ho(t) = t5.

‘ 1.3-5. Kernels Containing Combinations of Hyperbolic Functions. ‘

106.

107.

/ {cosh[A(x - t)] + A sinh[p(z — )1} y(t) dt = f(@).

Let us differentiate the equation with respect to = and then eliminate the integral with the
hyperbolic cosine. As a result, we arrive at an equation of the form 2.3.16:

y(@) + (A~ Ap) / sinhlju(z — Oly(t) dt = 1)~ Apf(a).

/m [A cosh(Az) + B sinh(ut) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cosh(Ax) and h(t) = B sinh(ut) + C.
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108.

109.

110.

111.

112.

113.

114.

x
/ [A cosh®(Az) + Bsinh*(ut) + Cy(t) dt = f(z).
a
This is a special case of equation 1.9.6 with g(x) = A cosh*(\z) and h(t) = B sinhz(ut) +C.

/w sinh[A(x - t)] cosh[A(x + t)]y(t) dt = f(x).

Using the formula
sinh(ov— B) cosh(av + B) =  [sinh(2a) —sinh(23)], a =Xz, [B=At,

we reduce the original equation to an equation of the form 1.3.45:

/ : [sinh(2Az) — sinh(2A8) | y(¢) dt = 2 f(x).

. 1 d "
Solution: y(x):X%[%].

/w cosh[A(x - t)] sinh[A(x + t)]y(t) dt = f(x).

Using the formula
cosh(a — B) sinh(av + B) = § [sinh(2) +sinh(2B)], a =Xz, B=At,

we reduce the original equation to an equation of the form 1.3.46 with A = B = 1:

/ : [sinh(2Az) + sinh(AD)| y(t) dt = 2 f ().

/ : [A cosh(Ax) sinh(ut) + B cosh(Bx) sinh('yt)] y(t)dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = A cosh(Az), hi(t) = sinh(ut), g2(x) =
B cosh(Bx), and hy(t) = sinh(yt).

/ ’ [sinh(Ax) cosh(ut) + sinh(Bx) cosh(vt)] y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = sinh(Az), h(t) = cosh(ut), g.(x) =
sinh(Bz), and h;(t) = cosh(vt).

/ ’ [cosh()\a:) cosh(ut) + sinh(Bx) sinh('yt)] y(t)dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = cosh(\x), h(t) = cosh(ut), g(x) =
sinh(Bz), and h,(t) = sinh(yt).

/w [A cosh’(\z) + B sinh” (ut)|y(¢) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cosh®(\z) and h(t) = B sinh”(ut).
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115.

116.

117.

118.

119.

120.

121.

122.

123.

xr
/ [Asinh®(Az) + B cosh” (ut)| y(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(x) = A sinh®(\x) and h(t) = B cosh”(ut).
/ (Az> cosh* t + Bt” sinh” z)y(t) dt = f(z).

This is a special case of equation 1.9.15 with g;(x) = Az>, hy(t) = cosh” t, g,(x) = B sinh” z,
and ho(t) = t5.

/ " {(@ - t)sinh[A@@ - )] - M@ - t)* cosh[A(z - 1)]} y(¢) dt = f(x).

Solution:

y(@) = / o) dt,

1 [ & 6t 5
g(t)=,/%m(@—/\z) /aaf—T)Z I%[)\(t—r)]f(T)dT.

= ( sinh[A(x - £)]
/ {7 — A cosh[ Az - t)]} y(®) dt = f(z).

x -t

where

Solution:

1 (& >
y(@) = 537 (E - /\2) / sinh[A(z — 1)1 £ (t) dt.

/m [sinh AvVz —t) = AV —teosh Az -t)|y@®)dt = f(x), f(a)= fi(a)=0.
Solution:

y(x) =

4 & ””cos()\\/a:—t)
ST / @

/ (Az> sinh* ¢ + BtP cosh™ z)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = Az, hy(t) = sinh* ¢, go(x) = B cosh” z,
and hy(t) = t°.

x
/ [A tanh(Ax) + B coth(ut) + C’] y(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(x) = A tanh(Ax) and h(t) = B coth(ut) + C.
/ [A tanh*(Az) + B coth’(ut)| y(t) dt = f().
This is a special case of equation 1.9.6 with g(x) = A tanh’(\z) and h(t) = B cothz(ut).

/ [tanh(Az) coth(i1t) + tanh(Bx) coth(vt)] y(t) dt = f(z).

This is a special case of equation 1.9.15 with g(z) = tanh(A\z), h;(t) = coth(ut), g.(x) =
tanh(3x), and h;(t) = coth(~t).
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124.

125.

126.

127.

128.

129.

/ [coth(Az) tanh(u1t) + coth(Bz) tanh(vt)| y(t) dt = f(z).

This is a special case of equation 1.9.15 with g(z) = coth(Ax), h(t) = tanh(ut), g2(x) =
coth(Bx), and h,(t) = tanh(~t).

/ : [tanh(Ax) tanh(ut) + coth(Bx) coth(vD)] y(t) dt = f(x).

This is a special case of equation 1.9.15 with g(z) = tanh(A\z), h(t) = tanh(ut), g.(x) =
coth(Bz), and h;(t) = coth(~t).

/ i [A tanh®(\z) + B coth” (ut)|y(t) dt = f(x).

a

This is a special case of equation 1.9.6 with g(x) = A tanh®(\z) and h(t) = B coth” (ut).
/ ’ [A coth®(Az) + B tanh” (ut)| y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A coth®(\z) and h(t) = B tanh” (ut).

/ (Az> tanh* t + Bt” coth” z)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = Az, hi(t) = tanh* t, g,(x) = B coth” ,
and ho(t) = t5.

/ (Az> coth” t + Bt” tanh™ z)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = Az, hi(t) = coth” t, g»(x) = B tanh” ,
and ho(t) = t5.

1.4. Equations Whose Kernels Contain Logarithmic

Functions

‘ 1.4-1. Kernels Containing Logarithmic Functions. ‘

/ m(ln z - Int)y(t) dt = f(z).

This is a special case of equation 1.9.2 with g(z) = Inz.
Solution: y(x) = xzf2 (z)+ fL(x).

/m In(x - t)y(t) dt = f(x).
0

_ x " (T t)z —Cz x? 42
vor=- [ guwa [T D g o [T

—In k) =0.5772... is the Euler constant and I'(2) is

Solution:

1 1
here C = Ii (1 L
where mm +2+ +k+l

k—oo

the gamma function.
(® References: M. L. Krasnov, A. 1. Kisilev, and G. I. Makarenko (1971), A. G. Butkovskii (1979).
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/ m[ln(sr: —t) + Alyt) dt = f(x).

Solution:

d [* e(A£)Z
v =g | vaw-nfwdn  vaw = / e

where C =0.5772 ... is the Euler constant and I'(z) is the gamma function.
For a = 0, the solution can be written in the form

_ N 7 (T t)ze(A C)z z7 el C)z
vor=- [ guwa [T ETE g o [

(® Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

/ m(A Inz + Blnt)y(t) dt = f(z).

This is a special case of equation 1.9.4 with g(x) = Inz. For B = —A, see equation 1.4.1.
Solution:

~ A 4z B
y(x):%hg)%{pnx\_mf?/ |In ] A+Bft’(t)dt}.

/m(A Inz + Blnt + C)y(t) dt = f(x).

This is a special case of equation 1.9.5 with g(x) = x.

/ [I’(Az) -In*(AD)]y() dt = f(x),  fla)= fl(a)=

x f,(x) }
21In(\x)

Solution: y(x) = [

/ " [AIn*(Az) + BIn*(At)|y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = In’(\z). For B = —A, see equation 1.4.6.
Solution:

y(x)—A;—{‘ln(/\xﬂ pras / [In(At)|~ AB ft(t)dt}

/ " [AIn*(Az) + BIn*(ut) + Cy(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A In’(\z) and h(t) = B1n*(ut) + C.

/ ’ [In(z/8)]"y(@®) dt = f(z), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi.(a) =--- =
fM(a) = 0.

1 d n+l
Solution: y(z) = o (xa) f(x).
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10.

11.

12.

13.

14.

15.

16.

17.

/m (In®z -In’*t)"y(t) dt = f(z), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =" -
f(a) =0.

Solution: y(z) = "% ( % 4 " f(@)
s Y = Stz \Inz dz '

" (2t d = F)
/an(t_'_b)y() = f(x).

This is a special case of equation 1.9.2 with g(x) = In(x + b).
Solution: y(z) = (x +b) fi (x) + fL(x).

‘/\ﬂmWﬂmwﬁ=f@l

Solution:
(z)—i<g«i)2/” fdt
W=\ o t ln(a:/t).

F Y0P )
o /In(x/t) v

Solution:

e
V=T ), 1 In(z/t)

/ " [0 ) D) y(t) dt = F().

This is a special case of equation 1.9.2 with g(x) = In*(\x).

Solution: y(z) = 1d [z In"* () f1(2)].
w dx

/ " [AIn°(Az) + BIn"(ut) + C|y@t) dt = f(z).

This is a special case of equation 1.9.6 with g(x) = A In®(\z) and h(t) = B In”(ut) + C.

/ m[1n(ac /Oy dt = f(x), O0<A<lL

_k( AV / f@)dt L _ Sinery
y(x)_a: iz o tln(z/H]A’ R

Solution:

T oy dt
a [nz/t)>
This is a special case of equation 1.9.44 with g(z) = Inx and h(x) = 1.

Solution:
sin(m\) i /I f@dt
dz J, tln(z/t)]

= f(x), 0<A<l1.

y(x) =
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T Jr+Vr-t
18. / 1
0

n—— y(t)dt = f(x).
Va a0 d=d
Solution: Y
1 d [* t d
=—— ——f() dt.
YO )y Vaial
(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 451).
e t+Vt-
19. In uy(t) dt = f(x).
x \/z -Vt-x
Solution:

ol A<
Y Crrdef, i—zdt

@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452).

f(t)dt.

‘ 1.4-2. Kernels Containing Power-Law and Logarithmic Functions. ‘

20. /m(a: -t) [ln(sr: -t)+ A] y(t) dt = f(x).

Solution:
2 z? e(A—C)z

&[T L
y(:r:)=—w/a va(lz —t) f(t) dt, va(z) = %/0 mdz,

where C =0.5772 . .. is the Euler constant and I'(z) is the gamma function.
(® Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

21 /m In@-D+A o dt=f@. 0<r<l
. — - - = , <A<l
. @-ty» 7 v
Solution:

in(mA) d [* F@t)dt r
vy =D L [ O For= [ ne-nsoa

d [ zFeh?
Vh(l‘)—%/o TG+ D) dz, h=A+y(1-N),

where I'(z) is the gamma function and (z) = [l"(z)}lz is the logarithmic derivative of the
gamma function.

(® Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

T (- t)a—l
22. / ——n(x - t) + Aly@®) dt = f(x), a>0.
a T

Solution:
1 d \'"" e paydt @
y(ﬁ)——m<£>  Gpear F(w)—/a va(z —1) f(8) dt,
d [ z%eh?
l/h(x) = % /0 m dz, h=A+ 'lp(o(),

where I'(z) is the gamma function and (2) = [F(z)}; is the logarithmic derivative of the
gamma function.

(® Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993, p- 483).
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23.

24,

25.

x
/ (t° In* z — 2P In* Hy(t) dt = f().
a
This is a special case of equation 1.9.11 with g(x) = In* z and h(t) = t°.
/ (AtP In* z + Bz* In" t)y(t) dt = f(z).

This is a special case of equation 1.9.15 with g;(z) = A In* z, hy(t) = ¢°, g»(x) = Bxt, and
hz(t) =In"t.

" (ZEE2 Yy dt = f@)
[ w (55 Jywt = fo

This is a special case of equation 1.9.6 with g(z) = In(z* + b) and h(t) = —In(ct + s).

1.5. Equations Whose Kernels Contain Trigonometric

Functions

‘ 1.5-1. Kernels Containing Cosine. ‘

1.

/ i cos[\(@ - )]y(t) dt = f(z).

Solution: y(x) = f.(x) + A\ /w f(x)dx.

@ References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 442).

/ {cosIA(z - O] - 1}y (@) dt = f(=), f(a) = fi(a) = f,/(a) = 0.

Solution: y(x) = —%f;’;m(w) - fi(2).

/m {cos[A(z - )] + b}y(t) dt = f(z).

For b = 0, see equation 1.5.1. For b = -1, see equation 1.5.2. For A = 0, see equation 1.1.1.
Differentiating the equation with respect to z, we arrive at an equation of the form 2.5.16:

fr(2)
b+1"

A r
mw—grilsmum—mmww—

1°. Solution with b(b+ 1) > 0:

_ @ \2 v / i \/T
= el k(b+1)2/a sin[k(z — D] f; (1) dt, where k= )\ T

2°. Solution with b(b+ 1) < 0:

y(z)

fi(x) N A2
b+1  kMb+

y(z) = e / sinh[k(z — )] f{(t) dt, where k= \/——.

b+1
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/w cos(Ax + Bt)y(t) dt = f(x).

Differentiating the equation with respect to = twice yields
cos(A+ B)ly(x) - A / sinQ\a + F0y(t) dt = 1), (1)

{cos[(A+ ﬂ)x]y(x)}; — Asin[(A + Bzly(z) — A2 / ’ cos(\z + Btyy(t) dt = £ (). (2)

a

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the first-order linear ordinary differential equation

wl, — Aan[(\ + B)z]w = £ () + )\zf(:r) w = cos[(A + B)zx]y(x). 3)

Setting x = a in (1) yields the initial condition w(a) = f.(a). On solving equation (3) under this
condition, after some transformations we obtain the solution of the original integral equation
in the form

I S M
yiw) = cos[(/\+ﬁ) ff(x)+ 2O+ Bz ]f(CC)
A
A s k-2 B
COSk“ ()\+ﬂ) ]/ f@)cos™ (A + B)t] dt, k= SR

/ ’ [cos(Ax) — cos(AD)|y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = cos(\z).

1 d !
Solution: y(z) = v Li{f((;;)] .

/ i [A cos(Ax) + B cos(AD)| y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = cos(\z). For B = —A, see equation 1.5.5.
Solution with B # —A:

signcos(Ax) d

y(@) = A+B

{‘cos(/\a:)| A+B/ |cos()\t)| A+B ft(t)dt}

/m [A cos(Ax) + B cos(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cos(Ax) and h(t) = B cos(ut) + C.

/ { Ay cos[Ai(z - ©)] + Az cos[Xa(x - D] }y(t) dt = f().

The equation is equivalent to the equation

/ ’ { By sin[A(z —t)] + By sin[Ao(z - )] }y(b) dt = F(x),

A A ””
Bi=3h B=3t Fa= [ fo
Al A2 a
which has the form 1.5.41. (Differentiation of this equation yields the original integral
equation.)
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10.

11.

12.

13.

14.

/ ’ cos’[A(x - t)|y(t) dt = f(x).
D(ilfferentiating yields an equation of the form 2.5.16:
y(@) -\ / " Sin[2M @ — Dly(t) di = ()
Solution:
2)2

y(x) = fi(x) + - /w sin[k(z — D] f/(t) dt, where k= AV2.

/ i [cos’(Az) — cos’(At)] y(t) dt = f(x), f(a) = fl(a) = 0.

. 1 d "(r
Solution: y(x) = N [Slﬁiéi)q*)} '

/ " [A cos’(Az) + B cos’(At)] y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = cos?>(Az). For B =—A, see equation 1.5.10.
Solution:

2A

d _2A u _2B
@{[COS(M:)} A+B/ [cos(/\t)} A+B ft(t)dt}.

y(@) = A+B

x
/ [A cos*(Az) + B cos*(ut) + C|y(t) dt = f(x).
This is a special case of equation 1.9.6 with g(z) = A cos?(\z) and h(t) = B cos*(ut) + C.

x
/ cos[A(x — t)] cos[A(x + t)]y(t) dt = f(x).

a
Using the trigonometric formula
cos(a — ) cos(ar + B) = §[cosa) + cos(2B)], a=Az, [B=At,
we reduce the original equation to an equation of the form 1.5.6 with A = B = 1:
/ [cos(2Az) + cos(2A)] y(t) dt = 2 f ().

Solution with cos(2\x) > 0:

( )_i[ 1 Tfldt ]
V= Veos@2Az) J, cos@MD) |
/ cos[A(z - t)] cos[pu(x - )]y (t) dt = f(x), f(a) = fi(a)=0.

Solution:

1 dZ d2 x t
y(x):ﬁ[@+(/\+u)2} [@H/\—u)z]/ /sin[\//\z+u2(t—s)]f(s)dsdt.

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444).
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15.

16.

17.

18.

19.

20.

21.

/ [A cos(Az) cos(pt) + B cos(Bz) cos(vt)| y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = A cos(A\x), h(t) = cos(ut), g2(x) =
B cos(Bz), and hy(t) = cos(yt).

/ i cos’[A(x - t)]y(t) dt = f(x).

Using the formula cos® 3 = % cos33 + % cos (3, we arrive at an equation of the form 1.5.8:

/ w{i cos[3A(z —t)] + 2 cos[ANz - )] }y(t) dt = f(x).

/ i [cos*(Az) - cos*(AD)] y(t) dt = f(x), f(a) = fl(a) = 0.

oo Ld o fiw)
Solution: y(x) = -7+ [sin(/\;v) cos?(Ax) ]

/ " [A cos’(Az) + B cos’(At)| y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = cos*(\z). For B=-A, see equation 1.5.17.
Solution:

! d _X—AB ’ _% /
Y@ =4 @{ [cos(A)] /a [cos(AD)] fi) dt}.

/ : [cos*(Az) cos(uut) + cos(Bx) cos*(vt)| y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) =cos*(\z), hi(t)=cos(ut), g2(x) =cos(3z),
and ho(t) = cos?(vt).

/ i cos*[\(z - O)]y(t) dt = f(x).

Let us transform the kernel of the integral equation using the trigonometric formula cos* 3 =
% cos4f + % cos2/3 + %, where § = AM(z —t), and differentiate the resulting equation with
respect to . Then we arrive at an equation of the form 2.5.18:

y(x) =\ / ’ {3 sin[4\(z - t)] + sin[2A\(z — )] }y(t) dt = fr(@).

/ [cos(Az) - cos(At)| “y(t) dt = f(z), n=1,2,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fl(a) =--- =
f(a) =0.

—1™
Solution: y(x) = (/\”11' sin()\x){

d n+l
sin(A\z) %] @)
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22,

23.

24,

25.

26.

27.

28.

/ Veost —cosx y(t) dt = f(x).

This is a special case of equation 1.9.40 with g(z) = 1 —cos .

Solution:
@ =2 sina(L LYy [T St SO o
yw== sinx do/ J, \/cost—cosz
* y(t) di
— = f(x).
a Vcost—cosx
Solution:

@) = 1d T sint f(t)dt
I =Tdx ), oost—cosz

/ m(cost —cosz)y®)dt = f(x), O<A<l.

Solution:

L 1 d\2 [® sintf(t)dt _sin(m\)
y(gc)_ksmx(sinxdx) . (cost—cosx)*’ k= o)

/ (cos*” x —cos” t)y(t) dt = f(x).
a
This is a special case of equation 1.9.2 with g(x) = cos” x.
: 1d fa(@)
Solution: = .
olution: - y(z) W dx Lin xcost !l
xr
/ (A cost x + B cost t)y(t) dt = f(x).
a

This is a special case of equation 1.9.4 with g(z) = cos* x. For B = —A, see equation 1.5.25.
Solution:

1 d _Ap oz _Bu
y(x)=A+BE{|cosx| A+B/ |cost| A+Bft(t)dt}.

T y(t)dt
a?EETEEBK=f@% 0<A<l.

Solution:
sin(m\) d T sint f(t)dt

dx

y(x) = — .
. (cost—cosz)-?

/ (x =) cos[A(x - D]y (®) dt = f(x), fla) = f,(a) = 0.
Differentiating the equation twice yields
y(x) =2\ /1 sin[\(@ — O)y(t) dt — A2 /z(a: —t)cos[ Nz — )]y(t) dt = fl.(2).

Eliminating the third term on the left-hand side with the aid of the original equation, we arrive
at an equation of the form 2.5.16:

y(z) -2\ / : sin[A\(z — t)]y(t) dt = f7 (x) + N f(x).
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29.

30.

31.

32.

33.

34.

35.

Z cos[A(x -1)]
a vao-t

Solution:

yt) dt = f(x), fla) = f(a) =

@) = 2 T sin[ Az —1)]
y B A a vVo—t

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445).

/m Vo -teos (AVx-t)yt)dt = f(x).

Solution:

LF1) + A f()] dt.

cosh(/\\/ )
y(x) = ’ N

@ References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 445-446), S. G. Samko,
A. A. Kilbas, and O. I. Marichev (1993).

T cos (AVz -t)
/a V-t

fi@)dt.

y) dt = f(x).

Solution:

1d [* cosh()\\/x—t)
7 dr V-t

@ References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446), S. G. Samko, A. A. Kilbas,
and O. 1. Marichev (1993).

/°° cos (AVi-x)
x vVit-x

y(x) = — f(t)dt.

y(t) dt = f(x).
Solution:

y@) =——— —————f®)dt.

7 dx

@ References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 448), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

/ cos (AVz2 - 12)

x2 -2

1 d cosh(/\\/t a:)
t—

y@) dt = f(x).

Solution:
@) = 2 d zt cosh(AvVz? —2)
y(z)= = —

~a ) N T f@ydt.

/ TesAVE-2) Lyt = fea.

t2 —x?

Solution:

o) 2 _ 2
2 d / tcosh()\\/t x )f(t)dt.

12— 2

x )
/ cos (AVat-12) (b dt = f(@).
0

ve-t

Solution:

2
1/ cosh(/\\/ff—)[f(t)/2+tft(t)]dt

y) = — —

T
(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446).
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36.

37.

38.

39.

40.

= cos (AVa?-xt)
dt = .
/0 ="y dt = (@)
Solution: ( )
_ VT d % cosh(A\Vzt — 2
y(x) = e [\/E/O —m f@dt|.

@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446).

y@) dt = f(x).

x -t

/“"’ cos [AV(@-D@-t+7) |

It is assumed that f(a) = fl(a) = f2.(a) = f (a)=0.
Solution:

* sin[\N@-D@—t-7] [ . 2 2
(@) = —= / sin[A %t 7] / sm[)\(t—s)](% +)\2> F(s)dsdt.

T2
(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447).
/ [Az? + B cos™(At) + Cly(t) dt = f(x).
This is a special case of equation 1.9.6 with g(z) = Az” and h(t) = B cos” (\t) + C.
x
/ [A cos™(Az) + Bt + Cly(t) dt = f().
a
This is a special case of equation 1.9.6 with g(z) = A cos”(\x) and h(t) = Bt® + C.
x
/ (Az™> cos* t + Bt” cos” z)y(t) dt = f(x).
a

This is a special case of equation 1.9.15 with g;(x) = Az, hy(t) = cost t, go(x) = Bceos™ z,
and ho(t) = t5.

‘ 1.5-2. Kernels Containing Sine. ‘

41.

42,

/ sin[A(x - )]y (?) dt = f(x), fla) = f,(a) = 0.

Solution: y(zx) = % @)+ A f(2).

@ References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 442).

/ " (sinlA(@ - 0] + b}y(t) di = ().

For b = 0, see equation 1.5.41. Assume that b # 0.
Differentiating the equation with respect to x yields an equation of the form 2.5.3:

A [T 1
y(x) + 7 / cos[ Az —)]y(t) dt = Efg’c(x).
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43.

44.

45.

46.

47.

T
/ sin(Ax + Bt)y(t) dt = f(x).
a
For = -, see equation 1.5.41. Assume that 5 # —\.

Differentiating the equation with respect to = twice yields

sin[(A + B)z]y(z) + A /w cos(\z + Bt)y(t) dt = fl(x), (1)

{sin[(A + ﬂ)x]y(a:)}; + Acos[(\ + Bzly(z) — A2 /1 sin(\x + Bt)y(t) dt = fI (x). (2)

a

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the first-order linear ordinary differential equation

wl, + Acot[(A + Bx]w = fI (z) + N f(z), w = sin[(A + B)x]y(x). 3)
Setting z = a in (1) yields the initial condition w(a) = f/(a). On solving equation (3) under this

condition, after some transformation we obtain the solution of the original integral equation
in the form

oy AcoslA+ Bha]
o v v E L e e A
A
k-2 _
e [ fosona k= 2

/ ’ [sin(Az) - sin(At)|y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = sin(\z).
1d [ fa(@) }

Solution: y(x) = \ dr cos(Az) |’

/m [A sin(Az) + Bsin(At)]|y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = sin(\z). For B = —A, see equation 1.5.44.
Solution with B # —A:

signsin(Az) d

y@) = A+B

{|s n(Az)| 7B / |sin(At)| A+Bf(t)dt}

/w [A sin(Az) + Bsin(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A sin(Ax) and h(t) = B sin(ut) + C.

/ {wsin[A(@ - )] - Asin[p(z - D] }y(t) dt = f(x).

It is assumed that f(a) = fl(a) = f2.(a) = f (a)=0.
Solution:
" +(/\2+M) +/\2 Zf

TTITT )\'u )\3 , f = f(x)

y(x) =
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48.

49.

/ {Arsin[Ai(x - )] + Ay sin[Xy(x - ] }y(t) dt = f(x),  f(a) = fi(a) = 0.

This equation can be solved in the same manner as equation 1.3.49, i.e., by reducing it to a
second-order linear ordinary differential equation with constant coefficients.

Let
A])\z + Az/\l

A=\ )\, S22
2TAN + AN

1°. Solution for A > 0:
(A1 + Ao )y(x) = fI () + Bf(z) + C’/ sinh[k(z — )] f(¢) dt,

k=VA, B=A+)N+), C-= AZ+ (A + DA + AN

B [
N
2°. Solution for A < 0:

A\ + A\)y(@) = f(2) + Bf(x)+ C / sin[k(z — 1) dt,

k=v-A, B=A+\+), C:ﬁ[A2+(Af+)\§)A+/\%)\§].

3°. Solution for A = 0:
(A1 + A N)y(@) = [l (@) + (AT + M) f(2) + ATAZ / (x -t f(t)dt.

4°. Solution for A = oo:

AN+ AN :

f=f@.

In the last case, the relation A; A\ + A\, = 0 holds and the right-hand side of the integral

equation is assumed to satisfy the conditions f(a) = f.(a) = fV (a) = fI (a) = 0.

Remark. The solution can be obtained from the solution of equation 1.3.49 in which the

change of variables A\, — i)\, Ap — —iAy, i? =—-1 (k = 1,2), should be made.

/ { Asin[A(z - )] + B sin[p(z - t)] + C sin[B(z - )] }y(t) dt = f(x).

It is assumed that f(a) = f.(a) = 0. Differentiating the integral equation twice yields
(AN + Bu+ CBy(x) - / { AN sin[Ma - t)] + By sin[p(z — )] }y(t) dt

o / sin[B(x — )ly(®) dt = £, ().

Eliminating the last integral with the aid of the original equation, we arrive at an equation of
the form 2.5.18:

(AN + Bu+ CBRy(x) + / ’ {A(B* - N) sin[AMz - )]
+B(B* - ) sin[p(z - )] y@) dt = fl(x) + B f(@).

In the special case A\ + Bu + C( = 0, this is an equation of the form 1.5.41.
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50.

51.

52,

53.

54.

55.

/ sin’ [ A(z - t)]y(t) dt = f(x), f(@) = fr(a) = f.(a) = 0.
Differentiation yields an equation of the form 1.5.41:
/ sin[2A(x — t)]y(t) dt = %f;(:c).
Solution: y(z) = A2 () +2fL(2).

rrx

/ i [sin*(Az) - sin®(At)]| y(t) dt = f(x), f(a) = fl.(a) = 0.

. 1 d /
Solution: y(x) = e Llﬁaéil) ]

/ " [Asin*(Az) + B sin®(At)] y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = sin?(\z). For B =—A, see equation 1.5.51.
Solution:

y(z) = i+ B E{|sm(/\x)| + /a ‘sm()\t)| +B fl(t) dt}.

/ [Asin’(Az) + B sin’(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = A sin>(\z) and h(t) = B sin*(ut) + C.
/ sin[A(z - D] sin[A(z + D)]y(¥) dt = f(x), fla) = fi(a)=0.

Using the trigonometric formula

sin(a - @) sin(a + B) = 1 [cos(2B) —cosRa)], a=Az, B=A,

we reduce the original equation to an equation of the form 1.5.5:

/ ’ [cos(2Az) — cos(2AD) | y(t) dt = -2 f ().

1 d /
Solution: Y@= X3 Liﬁéﬁ)] -

/ sin[A(z - )] sin[p(z - Hlyd) dt = fx),  fla) = fi(a) = f” (a) = 0.
Solution:

@=L ror 2| L v w2 [ pwar

Y@ =g * ATl |+ -t 5 / f@dt.

(® Reference A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 443).
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56.

57.

58.

59.

60.

61.

62.

/ [sin(Az) sin(pt) + sin(Bz) sin(vt)| y(t) dt = f(z).

This is a special case of equation 1.9.15 with g;(x) = sin(Ax), h;(t) = sin(ut), g2(x) = sin(Bx),
and hy(t) = sin(vt).

/ i sin’[A(x - t)]y(t) dt = f(x).

It is assumed that f(a) = fl(a) = fI.(a) = fI! (a)=0.

rxrxr
Using the formula sin® 3= —% sin30+ % sin (3, we arrive at an equation of the form 1.5.48:

/1 {—% sin[3\(x —t)] + % sin[\(x — t)]}y(t) dt = f(x).

/ i [sin*(Az) - sin®(At)| y(t) dt = f(x), f(a) = fi(a)=0.

This is a special case of equation 1.9.2 with g(z) = sinf’(\z).

/ " [Asin’(Ax) + Bsin’(At)] y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = sin®(\z). For B = —A, see equation 1.5.58.
Solution:

sign sin(\x) i

A Wy R

3A z 3B
{|sin(/\a:)|_m / |sin(At)| A+B fg(t)dt}.

/ ’ [sin®(Az) sin(ut) + sin(Bz) sin’(vt)] y(t) dt = f(z).

This is a special case of equation 1.9.15 with g, () = sin®(\x), h (t) = sin(t), g2 () = sin(Bx),
and ho(t) = sin(yt).

xr
/ sin*[A(x - H)ly(t) dt = f(x).
It is assumed that f(a) = fl(a)=---= f (a)=0.
Let us transform the kernel of the integral equation using the trigonometric formula

sin* 3 = % cos4( - % cos23+ %, where 0 = A\(x —t), and differentiate the resulting equation
with respect to x. Then we obtain an equation of the form 1.5.48:

A / w{—% sin[4X(z — t)] + sin[2\(z - D] }y(t) dt = fL().

/ sin"[A(z - t)]y(t) dt = f(x), n=23...

It is assumed that f(a) = fi(a)=--- = f"™(a) = 0.

1°. Let us differentiate the equation with respect to z twice and transform the kernel of the
resulting integral equation using the formula cos? 3 = 1 —sin? 3, where 3 = A(z —t). We have

“\n? / sin"[ Mz — )]y(t) dt + N>n(n—1) / sin" [Nz — t)]y(t) dt = f (x).
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63.

64.

65.

66.

Eliminating the first term on the left-hand side with the aid of the original equation, we obtain
¥ 1
/a sin (M@ ~ Oy di = 55 [fra(@) + Xt f(@)].

This equation has the same form as the original equation, but the degree characterizing the
kernel has been reduced by two.

By applying this technique sufficiently many times, we finally arrive at simple integral
equations of the form 1.1.1 (for even n) or 1.5.41 (for odd n).

2°. Solution: 5
1 /d\"™ &
y(z) = Sl <%> H[d > +(2k+o¢))\2} f(=),

where o = n—2[n/2], 5 = [(n+ 1)/2], [A] denotes the integer part of number A.

@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 443).

/ (@ - t)sin[A(x - D]y(®) dt = f(x), f(@) = f (a)= £ (a)=0

1 2
y(x) = ﬁ(d A) / f@t)dt.

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444), S. G. Samko, A. A. Kilbas,
and O. 1. Marichev (1993).

Solution:

/ ’ sin (AVz -t )yt) dt = f(z).

Solution:

2 /
y(x) = 24 " cosh(X ) — 7 f(t) dt.

T dx? J, xT—
See also Example 2 in Section 10.4.

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas,
and O. 1. Marichev (1993).

/ = sinA\W - z)y(t) dt = f(z).

Solution:

2 dr [ cos(\WE- :r)
y(x) = E@ \/_ f(@)dt.

@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447).

Z sin[A(x - 1)]
a vx-t

Solution:

y@t)dt = f@),  fl@) = fi(a)=0

i T cos[A(x —1)]
A Jq V-t

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas,
and O. L. Marichev (1993).

y(x) = [fl®) + N f(@®)] dt
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67.

68.

69.

70.

71.

72.

73.

 sin[A(z - t)] )
/ T T Syt dt = f),  fla)= fli@)=0

(- t)3/2

Solution:
T sin[ Az —1)]
vr-—t

(® References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas,
and O. 1. Marichev (1993).

f (t)

2
y@) = —5 { O+ NfO+

/-m sin [)\\/(m -t (x-t+ 'y)] () dt = f(@)

VT —t+~
It is assumed that f(a) = fl(a) = fI.(a) = fI! (a)=0.

Solution:

y(x) =

. V@@ =1=7) 2
iz / cos [/\ (x-t)(z -t '7)} / sin[A(t — )] <d_ + /\2> f(s)dsdt.
A -t a

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447).

/w Vsinx —sint y(t) dt = f(x).

Solution:
()= Ecosx< ! i)z/"” cos ¢ f() dt
ye= T cosx dx o Vsinz-sint
Ty de
—F = f(2).
a VSinx -sint
Solution:
d r costf(t) dt
y(x) =

vV sinz —sint

/ m(sin x —sint) y(¢t) dt = f(x), 0<A<l

Solution:

T cost f(t)dt . sin(m\)
. (sinz—sint)}’ oo

y(x) = kcosx( ! i)z

cosx dr

/m(sin“ x —sin® t)y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = sin* x.
: 1 d fa(@)
Solution: =—— | —X——1.
olution: - y(z) w dz Los xsint1 ¢

/ i {Alsin(Ax)|* + Blsin(A)|* }y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) = | sin(Az)|".
Solution:

y(x) = {|sm(/\;v)| B / |sin(At)| T ft(t)dt}

A+ B dx
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74.

75.

76.

77.

78.

79.

* y(t) dt
o [sin(Ax) — sin(At)]~

= f(x), O<p<l.

This is a special case of equation 1.9.44 with g(z) = sin(Ax) and h(z) = 1.
Solution:

Asin(mp) d /”” cos(At) f(t) dt
[

y(x) = dr sin(Az) — sin(\¢)]'-#

/ (z - t) sin[A(x - O)]y(t) dt = f(x), fla) = f(a)=f(a)=0

Double differentiation yields

2 / ’ cos[A\(z — t)]y(t) dt — \° / w(;r: —t)sin[\(z —t)]y(t) dt = f (x).

a

Eliminating the second integral on the left-hand side of this equation with the aid of the
original equation, we arrive at an equation of the form 1.5.1:

/ cos[ Nz - t)]y(t) dt = — [ fr @) + N f(@)].

Solution:

Y(@) = 53 Frao(@) + Mz (@) + A3 / f@t)dt.

/ Isin(A(z - )y dt = f(x),  fla)= f (@)= f (a)=0

Solution:

y() = / (C1AED/T (g gy 4 N2 f()) dt

where [A] denotes the integer part of number A.

@ References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 443).

/m [Az? + Bsin"(\t) + Cly(t) dt = f().

a

This is a special case of equation 1.9.6 with g(z) = Az® and h(t) = B sin?(\t) + C.
/ ) [Asin”(Az) + Bt + Cly(t) dt = f(a).

This is a special case of equation 1.9.6 with g(z) = A sin”(\z) and h(t) = Bt® + C.

/ ’ (Az> sin® t + Bt sin” z)y(t) dt = f().

This is a special case of equation 1.9.15 with g;(x) = A2?*, hi(t) = sin” t, go(x) = Bsin? ,
and hy(t) = t°.
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‘ 1.5-3. Kernels Containing Tangent. ‘

80.

81.

82.

83.

84.

85.

86.

87.

/ i [tan(Ax) - tan(At)| y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = tan(\z).

Solution: y(x):% d cos*(Az) f1(z)].

2l

/ [A tan(Az) + B tan(At)|y(t) dt = f(x).
a
This is a special case of equation 1.9.4 with g(z) = tan(Az). For B = —A, see equation 1.5.80.

1 d A = __B_ ,
115 @{ [tan(\z)| A+B / [tan(At)| A+B fl(t) dt}'

Solution: y(x) =

/m [A tan(Az) + B tan(ut) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = Atan(A\z) and h(t) = B tan(ut) + C.

/ [tan’(Az) - tan* ()| y(¢) dt = f ().
This is a special case of equation 1.9.2 with g(z) = tan’(\z).
d [ cos*(A\x) fL(x) }

Solution: y(x) = 7 | 2 sin o)

/ [A tan’(Az) + B tan*(A\t)] y(t) dt = f(x).
This is a special case of equation 1.9.4 with g(x) = tan’(\x). For B =—A, see equation 1.5.83.

1 d AT B g
ma{‘tan()\:c)‘ + /a|tan(/\t)‘ + ft(t)dt}'

Solution: y(x) =
/ ’ [A tan’(Ax) + B tan’(pt) + Cy(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A tan?>(\x) and h(t) = B tan*(ut) + C.

/ ’ [tan(Az) - tan(At)] "y(t) dt = f(x), n=1,2,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi.(a) =--- =
f™(a) =0.

n+l
Solution: y(x) = [cosz(/\x)%] f().

A cos?(Ax)

/m Vtanx - tant y(t) dt = f(x).

Solution:

(x) = 2 (coszcci)2 /w f)dt
Y = cost x dz o cos?tytanz —tant
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88.

89.

90.

91.

92.

93.

9.

95.

z y(t) dt
a Vtanx —tant

Solution:

= f(@).

(x)—li/z 1) dt
Y= o cos’tytanz —tant

/ m(tanm —tant) yt)dt = f(x), O<A<l.

Solution:

y(x) =

mAcos? z

sin(w\) ( , d )2/30 F@)dt

os* x— )
dx cos? t(tan x — tan t)>

/ (tan* x — tan* t)y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = tan” x.

1 d [cost*! zf!(x)
Solution: SN L2 F AR
olution: y(x) p dx{ Py ]

/m (Atan* z + B tan* t)y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = tan” z. For B = —A, see equation 1.5.90.
Solution:

L o35 [ o
y(:!:) = m % { [tan()\x)} /a [tan(/\t)} ft (t) dt} .

* y(t) dt
o [tan(Ax) —tan(At)]*

This is a special case of equation 1.9.44 with g(z) = tan(Az) and h(z) = 1.
Solution:

= f(x), 0<p<l.

@) = Asin(mp) d [* ft) dt
= iz /a cos?(At)[tan(Az) — tan(AE)] '+

/ " [Az” + Btan” (At) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = Az® and h(t) = B tan”(\t) + C.

x
/ [Atan" (\z) + Bt? + Cly(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(z) = Atan”(\x) and h(t) = Bt® + C.
/ (Az> tan* t + BtP tan” z)y(t) dt = f().

This is a special case of equation 1.9.15 with g;(z) = Az>, hi(t) = tan* t, go(z) = Btan" ,
and hy(t) = t°.
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‘ 1.5-4. Kernels Containing Cotangent. ‘

96.

97.

98.

99.

100.

101.

102.

103.

/ ’ [cot(Ax) — cot(AD)|y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = cot(Az).

Solution: y(z) = _§di [smz()\a')f (:r)}

/m [A cot(Ax) + B cot(AD)| y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(a:) = cot(A\x). For B —A, see equation 1.5.96.
1 d
Solution: y(z) = 1-B a2 { [tan(Az)] 7B / [tan(At)] 7B JHO) dt}

a

/w [A cot(Az) + B cot(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cot(Az) and h(t) = B cot(ut) + C.

/ ’ [cotz()\a:) - cotZ(At)] y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(z) = cot?(\x).
sin*(\z) £/ (x)

lution: — e
Solution: y(z) =-7~ [ 21 cos(Az) }

/ " [A cot’(Az) + B cot’(At)|y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) cot?(\x). For B —A, see equation 1.5.99.
{\tan(Aa«)\ A+B / |tan(At)| A+B A5 JHO dt}

Solution: y(x) = —— 1+ du

/m [A cot?(Az) + B cot?(ut) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cot>(Az) and h(t) = B cot*(ut) + C.

/ ) [cotAz) — cotAD)] “y(t) dt = f(z), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fl(a) =--- =

fa) = 0.
Solution: y(x) = D"

A7n! sin2(\x)

d n+l
[sinz()\w)—} f(x).
dx

/ (cot” x — cot” t)y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = cot” x.
1d {Sin‘“rl xfl(z) ]

Solution: =—
o y(@) = u dz cost 1 g
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104.

105.

106.

107.

/ (A cot” = + B cot* t)y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = cot” z. For B = —A, see equation 1.5.103.
Solution:

1 d Ap oz Bu
y(x):mﬁ{‘tanx‘f‘“fg/ ‘tant|A+Bft(t)dt}.

/ [Az? + B cot”(\t) + Cly(t) dt = f(z).

a

This is a special case of equation 1.9.6 with g(z) = Az® and h(t) = B cot”(\t) + C.
x

/ [Acot”(Az) + Bt? + Cly(t) dt = f(z).
a

This is a special case of equation 1.9.6 with g(z) = A cot”(\x) and h(t) = Bt® + C.

/ (Az* cot* t + BtP cot” z)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(2) = Az, hi(t) = cot t, go(x) = B cot? 1,
and ho(t) = t5.

‘ 1.5-5. Kernels Containing Combinations of Trigonometric Functions. ‘

108.

109.

110.

111.

/ " {cos[A(z - )] + Asin[p(z - )] }y(t) dt = f(@).

Differentiating the equation with respect to x followed by eliminating the integral with the
cosine yields an equation of the form 2.3.16:

y(@) =\ + A2p1) / sin[p( — O] y(t) dt = f1(2)— Auf@).

/m [A cos(Ax) + Bsin(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cos(Ax) and h(t) = B sin(ut) + C.

/m [A sin(Az) + B cos(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A sin(Ax) and h(t) = B cos(ut) + C.

/ " [A cos’(Ax) + B sin’(ut)|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cos?(\z) and h(t) = B sinz(ut).
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112.

113.

114.

115.

/ sin[A(x — t)] cos[A(x + )]y(t) dt = f(x), fla) = f;(a) =0.

Using the trigonometric formula
sin(a — B) cos(ax + ) = 5 [sin2a) —sin(2B)], a=Az, B=A,

we reduce the original equation to an equation of the form 1.5.44:

/ ’ [sin(2Az) - sin(2A)|y(t) dt = 2 f ().

. 1 d 1
Solution: y(z) = T [%]

/w cos[A(z — )] sin[A(z + t)]y(t) dt = f(x).

Using the trigonometric formula
cos(a — ) sin(a + B) = % [sin(2a) + sin(2ﬂ)] , a=\x, (=M,
we reduce the original equation to an equation of the form 1.5.45 with A = B = 1:

/ ’ [sin(2Az) + sin2\)|y(t) dt = 2 f ().

Solution with sin(2Ax) > 0:

y(@) = { 1 O fimadt ]
* V/sin(2\x) V/sin(2\t)

/ sin[A(z - )] cos[p(x - t)]y(t) dt = f(x), f(a) = fi(a) = £ (a) = 0.

Solution with g < A:

2

d T
y() = + O+ p) ] {— SO } [ snlVR T o] s i

a

)\\//\2—[

Solution with g > \:

2 z
y(z) = /\\/)\Z—[d =+ (A + 1) } {@HA—M)Z}/LI sinh[v/p2 = A2 (x - )] f(t) dt.

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444).

/ [A cos(Az) sin(pt) + B cos(Bx) sin(vt)|y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Acos(A\z), hi(t) = sin(ut), g(x) =
B cos(Bz), and hy(t) = sin(+t).
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116.

117.

118.

119.

120.

121.

122.

123.

124.

/ ’ [A sin(Az) cos(pt) + B sin(Bz) cos(vt)|y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Asin(Az), hi(t) = cos(ut), g(x) =
Bsin(fx), and hy(t) = cos(vt).

/ ’ [A cos(Ax) cos(ut) + B sin(Bx) sin(~v)|y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = A cos(A\x), h(t) = cos(ut), g2(x) =
Bsin(fx), and hy(t) = sin(vt).

/ ) [A cos®(Az) + B'sin (ut)] y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A cos?(\z) and h(t) = B sin (ut).

/ [Asin®(Az) + B cos” (ut)|y(t) dt = f(x).
This is a special case of equation 1.9.6 with g(x) = A sin®(\x) and h(t) = B cos” (ut).
/ (Az™* cos* t + BtP sin” z)y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Az, hi(t) = cost t, gr(x) = Bsin” x,
and ho(t) = t5.

/ (Az> sin* t + BtP cos” )y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Az, h(t) = sin* ¢, g2(x) = Bcos? z,
and hy(t) = t°.

/ {(z - t)sin[A(z - )] - Az - t)* cos[A(z - )]} y(®) dt = f().

Solution:

y(z) = / g(t)dt,

[m 1 d? 2 o rt 5/2
g(t) = ﬁm(E+)\> /(t—T)/J5/2[/\(t—T)]f(T)dT.

/ i {M ~ Acos[A(x - t)l} y(t) dt = f(x).

T —

where

Solution:
1 (& L\ [T
y(x) = 3 <W + A ) / sin[A(x —t)]f(t) dt.

/m [sin ()\\/:B—t) - AVx -tcos ()\\/:B—t)]y(t) dt = f(x), f(a)= f;(a) =0.

Solution:

4 & [*cosh(\Wz-t)

W @ . ——x —; f(t) dt.

y(x) =
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125.

126.

127.

128.

129.

130.

131.

132.

133.

x
/ [A tan(Az) + B cot(ut) + C|y(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(z) = Atan(Az) and h(t) = B cot(ut) + C.
x
/ [A tan*(Az) + B cot?(ut)] y(t) dt = f(x).
a
This is a special case of equation 1.9.6 with g(x) = A tan?(\z) and h(t) = B cotz(ut).

/ ’ [tan(Az) cot(pt) + tan(Bz) cot(vt)| y(t) dt = f(z).

This is a special case of equation 1.9.15 with g, (x) = tan(A\x), hi(t) = cot(ut), go(z) = tan(Bx),
and h;(t) = cot(~t).

/ i [cot(Ax) tan(pit) + cot(Bx) tan(vt)] y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = cot(Ax), hi(t) = tan(ut), g»(z) = cot(SBx),
and h;(t) = tan(~t).

/ i [tan(Az) tan(ut) + cot(Bx) cot(vt)] y(t) dt = f(x).

This is a special case of equation 1.9.15 with g (z) = tan(\x), h;(t) = tan(ut), g»(x) = cot(Fx),
and h;(t) = cot(~t).

/m [A tan®(\z) + B cot™(ut)|y(t) dt = f(x).
T;lis is a special case of equation 1.9.6 with g(z) = A tan®(\x) and h(t) = B cot” (ut).
/w [A cot? \z) + B tan” (ut)|y(t) dt = f(x).
T;lis is a special case of equation 1.9.6 with g(z) = A cot’?(\z) and h(t) = B tan” (ut).
/ ’ (Az> tan* t + BtP cot” x)y(t) dt = f(x).

a

This is a special case of equation 1.9.15 with g|(z) = Az, hi(t) = tan* t, g2(z) = B cot? ,
and hy(t) = t°.

/ (Az™> cot* t + BtP tan” z)y(t) dt = f().

This is a special case of equation 1.9.15 with g;(z) = Az, hi(t) = cot t, go(x) = Btan" z,
and hy(t) = t°.

1.6. Equations Whose Kernels Contain Inverse

Trigonometric Functions

‘ 1.6-1. Kernels Containing Arccosine. ‘

1.

/ ’ [arccos(Ax) — arccos(At)] y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arccos(\z).

Solution: y(x) = _§di:lv {v 1—M\222 f;(x)]
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2. / [A arccos(Az) + B arccos(At)|y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) = arccos(A\x). For B =-A, see equation 1.6.1.
Solution:

@ =~ L farccosn)] 755 [ Jarccos)] A ) dt
y@) = o4 larccosAe /a arccos fi .

3. / : [A arccos(Az) + B arccos(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A arccos(A\z) and h(t) = B arccos(ut) + C.

4. / ’ [arccos(Ax) - arccos()\t)]ny(t) dt = f(x), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fiL(a) =--- =

Fa) = 0.
Solution:

I D OV vy A
0= S (T )T

5. / ’ \/ arccos(At) — arccos(Ax) y(t) dt = f(x).

This is a special case of equation 1.9.40 with g(x) = 1 — arccos(Ax).

Solution:
( )—g ( )(Li)z ‘ o) f(t)dt ( )_;
Yy = e o(x) dx ) J, +/arccos(\t) —arccos(Ax)’ o(x) = =
’ y(t) dt )
6. a \/arCCOS(At) - arcCOS(Am) = f(w).
Solution:
Ad o [* ot f(t) dt |

y(@) = mdx |, +/arccos(M)—arccos(\) ) = NIV

7. / ’ [arccos(At) - arccos()\:n)]“y(t) dt = f(x), O<p<l.

Solution:
(z) = kp(x) AW e
y(@) = kp(x m@ o larccos(At) —arccos(Az)]#’
. 1 _sin(mp)
RV ey ™

8. / : [arccos”(Ax) — arccos”(At)|y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arccos*(\z).
1 d {f;(x) 1—)\2:1:2}

Solution: y(x)=_m dwx | arccos!(\x)
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9 ’ y(d) dé = f(x) O<p<l1
' a [arecos(At) - arccos(Az)]” ’ p==t
Solution:
oy 2 AsinGe) d [ o) f (1) dt e
v = dr J, [arccos(\t)—arccos(\z)]'+’ P = V122

10. /m [A arCcosﬂ()\w) + B arccos” (ut) + C’] y(t) dt = f(@).

This is a special case of equation 1.9.6 with g(z) = A arccos® (\x) and h(t) = B arccos” (ut)+C.

‘ 1.6-2. Kernels Containing Arcsine. ‘

11. / ’ [aresin(Ax) — arcsin(At)|y(¢) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arcsin(\x).

Solution: y(x) = %% [v 1—X2a2 f;(x)} .

12. / : [A arcsin(Az) + B arcsin(At)| y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(z) =arcsin(A\x). For B=-A, see equation 1.6.11.
Solution:

signx d . — T . -
y(@) = —=— - { |arcsin(Az)| A+B /a |arcsin(At)| A+B f{(t) dt}.

13. / ’ [A arcsin(Az) + B arcsin(ut) + Cy(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A arcsin(Az) and h(t) = B arcsin(ut) + C.

14. / i [arcsin()\:c) - arcsin()\t)]ny(t) dt = f(x), n=12,..

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fl(a)="--- =
f9(a) = 0.
Solution:

~ l —— i n+l
)= Sy (T )T

15. / : \/ arcsin(Ax) — arcsin(At) y(t) dt = f(x).

Solution:

o(x) =

= 2 )<;i)2 ’ P(t)f (1) dt
yio) =T dx ) J, +/arcsin(Az)—arcsin(\f)

1
() V1= \222
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16.

17.

18.

19.

20.

21.

22,

" v & = fw)
o varcsin(\x) — arcsin(\t) )
Solution:
y(@) = Ad e f(t)dt o) =

mdzr J, +/arcsin(\r)—arcsin(At)’

/ ) [arcsin(Az) - aresin(At)| “y(®) dt = f(x), O<p<l.

Solution:

d)Z” Q) f(t) dt

y(x) = ko(x) (m@

_sin(mp)

1
r)=—, k .
o) V1= \2a2 T

/ ’ [aresin®(Ax) — aresin®(At) | y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arcsin*(\z).
1 d [f;(a:) 1—/\2:1:2}

Solution: =
olution: y(x) A dx | arcsin#~1(\x)

z y(t) dt
a [arcsin(Az) - arcsin(At)] H

= f(x), O<p<l.

Solution:

_ Asin(mp) d 7 e f(t)dt
- dx [arcsin(\x) — arcsin(\t)]\=+’

y(x)

a

/w [A arcsin® (\x) + B arcsin” (ut) + Cly®) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = A arcsin®(\z) and h(t) = B arcsin” (ut)+C.

/m aresin {/1 - i y(t) dt = f(x).
0 xr

Solution:
21 d [* ¢t i

V=), Vst dt

@ Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452).

/ ~ aresin | [1- % y(b) dt = f(z).

Solution: v
2d [~ t d
y(x) = P %/w T %f(t) dt.

(® Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453).

f(t)dt.

[arcsin(Ax) — arcsin(\t)]#

()
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‘ 1.6-3. Kernels Containing Arctangent. ‘

23.

24,

25.

26.

27.

28.

29.

/ i [arctan(Ax) — arctan(At)] y(¢) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arctan(\x).
1
Solution: y(z) = X_ [(1 +\22?) i (:r)}

/ i [A arctan(Az) + B arctan(At)|y(t) dt = f(x).

This is a special case of equation 1.9.4 with g(x) =arctan(Az). For B=-A, see equation 1.6.21.
Solution:

signz d
A+ B dx

A qz B
y(x) = {|arctan(/\a:)|_m/ |arctan(At)| A+B f/(t) dt}.

/ : [A arctan(Az) + B arctan(ut) + C|y(t) dt = f(x).

This is a special case of equation 1.9.6 with g(x) = A arctan(A\z) and h(t) = B arctan(ut) + C.

/ : [arctan(Ax) — arctan()\t)]ny(t) dt = f(x), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi.(a) =--- =
[ (a) = 0.

Solution:

_ 1 5 i n+1
YO = i ) ((1” ) da:) @

/ i \/ arctan(\x) — arctan(\t) y(t) dt = f(x).

Solution:
@ =200 (5 d>2 T____ed @=L
g o o(@) dz ) J, +/arctan(Q\x)— arctan(\t) =T e

@ y(®) dt )
o +Varctan(\x) — arctan(\t) = f@.
Solution:
(@) = N o(0) f(t)dt (@) =
Y 7 dx |, +/arctan(\r) - arctan(\) =T

/\/Zarctan (\/ " )y(t)dt f(@).

The equation can be rewritten in terms of the Gaussian hypergeometric function in the form

[N][8)

/w(x—t)”_lF(a,ﬂ,v; 1- %)y(t) dt = f(x), where o = %, s=1, ~=

See 1.8.135 for the solution of this equation.
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30. / [arctan(Az) - arctan(\)]“y(t) dt = f(z), 0<p<l.

Solution:

2 oz
y(a:)=k<p(x)< ! d) /a : e f(t)dt

o(x) dx arctan(\z) — arctan(\t)]#’
(@) = _ sin(7 )
7 1+ M\2a22° T

31. / [arctan* (Ax) - arctan®(At)|y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arctan” (\x).

1 d [(1 + /\zazz)fg’c(x)}

Solution: y(z) = — —

A dx | arctan®'(\x)
32. /w y(®) dt z = f(x), O<pu<l.
a [arctan(Az) - arctan(At)]
Solution:
oy 2 AsinG) d /z o) f(t) dt e
yr = dx J, [arctan(\z)—arctan(A\t)]'-+’ = T

33. /m [A arctan®(A\x) + B arctan” (ut) + Cly®) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = A arctan®(\x) and h(t) = B arctan” (yut)+C.

‘ 1.6-4. Kernels Containing Arccotangent. ‘

34. / : [arccot(Ax) — arccot(At)|y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arccot(\z).

Solution: y(z) = —§ d% [(1+X%2?) fh(2)].

35. / [A arceot(Ax) + B arccot(At)|y(t) dt = f(x).
a
This is a special case of equation 1.9.4 with g(x) =arccot(Az). For B=-A, see equation 1.6.34.
Solution:
A

@ B
I _d {[arccot()\x)}_m / [arccot(At)] 4+B f,(t) dt}.

y(@) = A+ B dx

36. / [A arceot(Az) + B arccot(ut) + Cly(t) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = A arccot(\z) and h(t) = B arccot(ut) + C.
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37.

38.

39.

40.

41.

42,

43.

/ [arccot(Az) — arceot(A)] “y(t) dt = f(x), n=12,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =" -

f(a) =0.

Solution:

_ (—l)n - d n+l
y(i’?)—m((l"')\ﬂ?)%) f(x).

/ : \/arccot(At) — arccot(Ax) y(t) dt = f(x).

Solution:

o(x) =

1+ X\2a22°

1 dY/$ e ft)dt

y(@) = _SD( )( (x) dx V/arccot(\t) — arccot(\x)

¥ y(t) dt
o Varccot(At) — arccot(Ax)

Solution:

= f(x).

o(x) =

1+ 22227

A d /r () f () dt
7 dr

V@ =T Varccot(\t) — arccot(\z)

/ i [arceot(At) — arceot(Ax)]“y(t) dt = f(z), O<p<l.

Solution:

B 1 d\ " p(t)f(t) dt
y() = ’“P(x)( ()d;(‘) /a [arccot(At) — arccot(Az)]#

1 sin(7 )
- =
(@) 1+ \2a2 T

/ i [arccott (Ax) — arccot(At)| y(t) dt = f(x).

This is a special case of equation 1.9.2 with g(x) = arccot*(Ax).

1 (1+ X2 2)f ()
Solution: y(z) = iz {—arccot“ ) ]

z y(t) dt
[arceot(At) — arccot(Ax)] #

= f(x), O0<p<l.

Solution:

y(x) =

Asin(mp) d /w () f(t) dt 1
[

dz arccot(\t) — arccot(Ax)]-#’ lr) = 1+ X\222°

/w [A arccot®(Az) + B arccot” (ut) + Cly@®) dt = f(x).

This is a special case of equation 1.9.6 with g(z) = A arccot®(\z) and h(t) = B arccot” (jut)+C.
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1.7. Equations Whose Kernels Contain Combinations of
Elementary Functions

‘ 1.7-1. Kernels Containing Exponential and Hyperbolic Functions. ‘

1. / et @ L Ay cosh[Ai(z — )] + Az cosh[Az(z — )]} y(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.8:

/w { A cosh[Ai(z - t)] + A, cosh[ A (z — )] pw(t) dt = e f(x).

a

2. / : e @t cosh’[A(x - t)y(t) dt = f(x).

Solution:

2 x
y(@) = p(x) - % / eM @0 sinh[k(z — t)]p(x) dt, E=M\2, o) = fr(@) — pf(x).

a

3. / : e @b cosh®[A(x - t)ly(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.15:

/I cosh®[\(x — t)]w(t) dt = e f(x).

a

4. / ’ e @t cosh?[A(x - t)ly(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.19:

/ : cosh* [\ — O w(t) dt = e f(x).

a

5. / e @™ [cosh(Az) - cosh(At)| "y () dt = f(z), n=12,...
Solution:

1 d
sinh(\x) dx

n+l
y(r) = eM* sinh(\x) [ ] F (), F(x)=e"" f(x).

An!

6. / e*@+/cosh x — cosh t y(t) dt = f(x), f(a)=0.
Solution:
1 d )2 * e sinht f(t)dt
o Vcoshz —cosht

2
= Zenn g h.,(——
y(@) = e s G
T oM@ty (t) dt
= f(x).
a Vcoshx —cosht

Solution:

x —p,t .
(@) = leuwi e M sinht f(t) dt
™

dr J, +/coshz—cosht
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10.

11.

12.

13.

14.

15.

x
/ e**D(coshx - cosht) y(t) dt = f(x), O<A<L
a

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.23:

/gc(cosh x —cosht) w(t) dt = e f(x).

/ " [Ae*™ + B cosh® z]y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Ae"®, hi(t) = e*, go(x) = B cosh’ x,
and hy(t) = 1.

[ (A0 1 B cosh® Jyity dt = 5o

This is a special case of equation 1.9.15 with g|(z) = Ae#*, hi(t) = e, ga(x) = B, and
ha(t) = cosh™ t.

/ e* @V (cosh™ = — cosh™ t)y(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.24:

/r(cosh’\ x —cosh* tyw(t) dt = e f(x).

/ e*™ (A cosh* z + B cosh™ t)y(t) dt = f().

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.25:
/ (A cosh® z + B cosh® t) w(t) dt = e f(x).

T er@tly(t) dt
o (coshx — cosh t)*

= f(x), 0<A<l.

Solution:
sin(mw\) d [* e* sinht f(t)dt

eM® — )
dx J, (coshz —cosht)l-*

y(x) =

/ i et @ L Ay sinh[Ai(z - t)] + Az sinh[Xa(z - t)] }y(t) dt = f().

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.49:

/I {A1 sinh[\{(z —t)] + Ay sinh[ Ay (x — t)]}w(t) dt = e " f(x).

/ " M) ik Az - Dly(t) dt = f(a).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.51:

/ ’ sinh?[A(z — t)]w(t) dt = e f(x).
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16.

17.

18.

19.

20.

21.

22,

23.

/ " e [\ — Dly(t) dt = ().

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.57:

/ ’ sinh®[A\(z — H)]w(t) dt = e f(x).

/ " et Ginh" Az - Dy db = fl) =23,

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.62:

/ ’ sinh”[A(z — H)]w(t) dt = e f(x).

T
/ et ginh (k@)y(t) dt = f(x).
a
Solution:
P [T et cos(kvr—t)

2 T
o=@ ), e JO®

/ e* @Y /sinh  — sinh t y(t) dt = f(x).

Solution:

( 1 i)z/z e M cosht f(t)dt
coshz dz « V/sinhz—sinht

2
y(x) = —e* coshx
™

= en@-tly(t) dt

a V/sinhx —sinht

Solution:

= f(x).

x —ut
(@) = leuw i e M cosht f(t)dt
T

dx J, +/sinhz—sinht
/ e @ (sinh « — sinh t)*y(t) dt = f(x), O0<A<l.
The substitution w(x) = e **y(x) leads to an equation of the form 1.3.67:

/ w(sinh x —sinh ) w(t) dt = e f(x).

/ e* @t (sinh> z - sinh™ t)y(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.68:

/ w(sinh)‘ x —sinh® tyw(t) dt = e f(x).

/ e ( Asinh* z + Bsinh t)y(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.69:

/ (Asinh* 2 + Bsinh® t)w(t) dt = e f(2).
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24,

25.

26.

27.

28.

29.

30.

31.

/ac [Ae® ™ + Bsinh™ z|y(t) dt = f().

This is a special case of equation 1.9.15 with g(z) = Ae#*, hi(t) = e, g2(x) = B sinh? z,
and hy(t) = 1.

[ (e s Bsinn ]y dt = s

This is a special case of equation 1.9.15 with gi(z) = Ae#*, hi(t) = e, ga(x) = B, and
ha(t) = sinh™ t.
T er@Dy(t) dt
o (sinh x —sinh £)*

Solution:

= f(x), 0<A<l.

sin(m\) e d (" e Mt cosht f(t)dt
dz J, (sinhz—sinht)-*"

y(x) =

/ e’® ™ (Atanh™ z + B tanh™ t)y(t) dt = f(z).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.89:

/ (A tanh? z + B tanh® t) w(t) dt = e f(x).

/ e’® ™ (Atanh* z + B tanh® t + C)y(t) dt = f(z).

The substitution w(x) = e **y(x) leads to an equation of the form 1.9.6 with g(z) = A tanh™ z,
h(t) = Btanh® t + C:

/ (Atanh* 2 + Btanh” t + C)w(t) dt = e f().

/ ) [Aer @ + B tanh™ z|y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(x) = Ae#®, hi(t) = e, go(z) = B tanh” z,
and hy(t) = 1.

[ Taeren+ B aw dyw d = s

This is a special case of equation 1.9.15 with gi(z) = Ae#*, hi(t) = e, g(x) = B, and
ha(t) = tanh™ ¢.

/ e’ (A coth® z + B coth™ t)y(t) dt = f(z).

The substitution w(x) = e **y(x) leads to an equation of the form 1.3.102:

/ (Acoth® 2 + B eoth® t)w(t) dt = e f(x).
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32,

33.

34.

T
/ e" ™ (A coth® z + B coth® t + C)y(t) dt = f(z).
a

The substitution w(x) = e **y(x) leads to an equation of the form 1.9.6 with g(z) = A coth? z,

h(t) = Beoth® t + C:

/ (Acoth® z + B eoth” t + C)w(t) dt = e f().

[ (e 4 B eot alyiv dt = s

This is a special case of equation 1.9.15 with g|(z) = AeH®, hi(t) = e, go(x) = B coth” z,

and hp(t) = 1.

/ ) [Aer ™D + B coth™ t|y(t) dt = f(z).

This is a special case of equation 1.9.15 with gi(z) = Ae#*, hi(t) = e, ga(x) = B, and

ha(t) = coth™ ¢.

‘ 1.7-2. Kernels Containing Exponential and Logarithmic Functions. ‘

35.

36.

37.

38.

/m e)\(m—t)(]n x —-Int)y(t) dt = f(x).

Solution:
y(@) = M [zl (@) + oL@)], @)= e f(a).

/m eM@-t) In(x - t)y(t) dt = f(x).

0

—A\x

The substitution w(x) = e**y(x) leads to an equation of the form 1.4.2:

/ ’ In(z — yw(t) dt = e f(x).
0

/ " A0 (A g + Binbyt) dt = F(x).

—A\x

The substitution w(x) = e**y(x) leads to an equation of the form 1.4.4:

/ w(A Inz + Blnt)w(t) dt = e f(z).

/m eH(@-t) [A In*’(\z) + B lnz()\t)]y(t) dt = f(x).

—A\x

The substitution w(x) = e**y(x) leads to an equation of the form 1.4.7:

/ ' [AIn*(Az) + BIn*(A)] w(t) dt = e f(x).



78

LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

39.

40.

41.

42,

43.

44,

45.

/m @V In(z/t)]|"y@®) dt = f(x), n=12,...
Solution:

1 d n+l
y(@) = ——e™ (w—> Fa@),  Fa@) =e™ f(a).
nlzx dx

/m eA(m—t)\/m yt) dt = f(x).

Solution:
yay = 20 (xiy [ N f(t)dt
T omxe \Ude ) ), ty/In(z/t)
x A(xz-t)
ﬁym dt = f(@).
Solution:

= d / e M f(t) dt
dz J, t\/In(x/t)

1
y(x) = —e
™

/ ) [Ae*® + BIn"(Ax)|y(t) dt = f(x).

This is a special case of equation 1.9.15 with g (x) = Aet®, hi(t) = e, go(x) = BIn”(\x),
and hy(t) = 1.

This is a special case of equation 1.9.15 with g;(z) = Aet®, hi(t) = e, go(z) = B, and
ha(t) = In” (At).

/m e @ I(In(z /) y(t) dt = f(x), 0<A<l

The substitution w(x) = e **y(x) leads to an equation of the form 1.4.16:

/ line /01wty dt = 4 (),

x eﬂ(m—t)
/ G/ v dt = f(@), 0<A<L

Solution:

y(x) =

sin(m) . d * F@)dt
™ /a tertIn(z /O]

‘ 1.7-3. Kernels Containing Exponential and Trigonometric Functions. ‘

46.

/m et @ cos[A(x - )]y(t) dt = f(x).

Solution: y(x) = fi(x) — pf(x) + N> / ’ eH @D £(t) dt.

a
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47.

48.

49.

50.

51.

52.

53.

/ e ™ DL Ay cos[Ai(x - t)] + Az cos[Aa(z - D] }y(t) dt = f(z).

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.8:

/I {A1 cos[A1(z —1t)] + A cos[ X (x —1)] }w(t) dt = e f(x).

/ ¥ et @b cos’[A(x - t)|y(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.9.
Solution:

2 x
y(z) = p(x) + % / @ gin[k(x — tH)]e(t) dt, k= /\\/5, o(x) = fl(x)— pf(x).

/ " e oA - Dly(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.16:

/ ’ cos’ [Nz — t)w(t) dt = e* f(x).

/ ) e* ™ cos*[ A - D)]y(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.20:

/ ’ cos*[\(z — )w(t) dt = e f(x).

/ " epiat [cos(Az) - cosAD)] “y(®) dt = f(x), n=1,2,...

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a)="--- =

f;”)(a) =0.
Solution:
_ (—1)” . 1 d n+l .
y(x) = ] e"* sin(Ax) [ SO @} F (), F(x)=e"" f(x).

/ eH @)\ /cost — cos z y(t) dt = f(x).

Solution:

1 i)2/1 eMtsint f(t)dt
sinz dx o Vcost—cosz

2
y(x) = —et* sin x(
77

T ety (t) dt

a Vcost—cosx

Solution:

= f(x).

Tt o
(@) = leuwi e Mtsint f(t)dt
77

dr J, +/cost—cosz
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54.

5S.

56.

57.

58.

59.

60.

61.

/ e’®P(cost - cos ) y(t) dt = f(x), O<A<L

Solution:

y(x) = ke!* sin x(

i)z/w eMtsint f(t)dt . sin(m )
sinz dx . (cost—cosz)*’ ISY

/ * e* @V (cos™ z - cos™ t)y(t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.25:

/w(cos’\ z —cos™ Hw(t) dt = e f(x).

xT
/ et @ (A cos* z + B cos™ t)y(t) dt = f(x).
a

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.26:
/ (A cos™ z + B cos™ t) w(t) dt = e ™" f(x).

T er@Dy(t) di

am=f(w)’ 0<A<l.

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.27:

T wdt
a m =et f(@).
/m [Ae“(w—t) +B COSV()\:B):I y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Ae®, hi(t) = e, go(x) = B cos” (\x),
and hy(t) = 1.

/ ’ [Ae*® ™ + B cos”(At)] y(t) dt = f(x).

This is a special case of equation 1.9.15 with g;(z) = Ae#*, hi(t) = e, g(x) = B, and
ho(t) = cos”(At).

/ " e sin[A(z - t)]y(t) dt = f(x), fla) = f(a) =0.

Solution: y(z) = 5 [f1x(2) = 2ufy(x) + (N + 1) f(2)].

/ i et @ L Ay sin[Ay(x - )] + Ay sin[Az(z - )]}y (t) dt = f(x).

The substitution w(x) = e **y(x) leads to an equation of the form 1.5.48:

/ ’ {Aysin[A(z = t)] + Az sin[Ap(z — )] fw(t) dt = e f(a).



