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PREFACE

Several years ago I found myself puzzled, and this book is an outcome of
that puzzlement. The core of the puzzle lies, as does so much else, in the
work of Willard Gibbs.

Gibbs considered a cube of a solid material; each pair of opposite faces
was in contact with a fluid and the three fluids were at three different
pressures. Gibbs proposed (1878, eqns. 393-395) that for equilibrium to exist,
it was necessary for the chemical potential of the material of the solid in one
fluid to be different from the chemical potential of the material of the solid
in the second fluid. Saying nothing about the chemical potential of the
material of the solid in the solid, he left a predicament that, for the science
community as a whole, is still unresolved today. At equilibrium, one would
expect the potential of the material of the solid to be the same in the solid
as in any adjacent fluid, but how can it be the same as in three fluids at
once? It was inability to walk away from that question that prompted the
thoughts in the following chapters. Of course, many of the thoughts were
picked up from other people and in this connection I should like to comment
briefly first on policy, then on history.

The policy adopted has two threads: first, no attempt is made at a
comprehensive review of what has been written on the topic by other people;
second, in the main text, references to other writing have been kept to a
minimum. Both of these derive from the wish to present some fundamental
ideas in a plain and simple form. There is also the possibility or suggestion
that, for all its high quality, earlier writing does not begin at the beginning.
(Digressing briefly, I suggest that one needs to begin by taking a material
component's potential as direction-dependent, thus being multivalued rather
than single-valued at a point, and by emphasizing nonrecoverable deformation,
where energy is dissipated, to the exclusion of recoverable or elastic
deformation, where energy is stored. A runner in a short race uses two
starting-blocks; if these two are indeed the two starting-blocks for the topic
in hand, I know of no treatment that has got off to a good start by using both.
Of course, my knowledge of what has been written is fragmentary and I
apologize to any person who deserves mention at this point whom I am
passing over.)

As regards history, let us look at the use of multi-valued potentials (I know
too little to survey the extensive literature in which a component's potential
is taken as single-valued). Key papers are two by Hans Ramberg: "The
Gibbs' free energy of crystals under anisotropic stress, a possible cause for
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preferred mineral orientation," Anais da Escola de Minas de Ouro Preto, 32
(1959) 1-12; and "Chemical thermodynamics in mineral studies," Physics
and Chemistry of the Earth, 5 (1963) 225-252; and two by Ray M. Bowen:
"Toward a thermodynamics and mechanics of mixtures," Archive for Rational
Mechanics and Analysis, 24 (1967) 370-403; and "Theory of mixtures," in
Continuum Physics, vol. 3, ed. A. C. Eringen, New York, Academic Press,
(1976) pp. 1-127. In each pair, the second is easier to get hold of: in
Ramberg's case, a more widely distributed journal and in Bo wen's case a
more complete and self-contained presentation. Ramberg introduces the idea
of a component's potential at a point being multivalued; he mentions
specifically the three principal values. Bowen introduces the idea of a
component's potential being a tensor (with principal values matching those
proposed by Ramberg).

The other starting-block is emphasis on deformation processes that are
dissipative rather than elastic. Links between a material's chemistry and
elastic deformation have been widely sought, but the simpler links between
change of chemistry and creep or dissipative or viscous deformation have
been treated only more recently by G. B. Stephenson ("Deformation during
interdiffusion," Acta Metallurgica et Materialia, 36 (1988) 2663-2683). This
book is an attempt to combine the ideas of Ramberg with those of
Stephenson.

Two more policies should be mentioned: one concerns language and the
other individuality. Regarding language, we note the difference between legal
and plain language. Each has virtues, each is needed in its proper place.
When A wishes to introduce a new concept to B, to begin with plain language
is often efficient. It may be necessary later to switch to more sophisticated
language to increase the precision with which the concept is expressed, but
to start by means of statements expressed with a high level of exactness (and
with the sophisticated phrasing that that requires) is not necessarily efficient.
Practice of course varies with the group addressed and the speaker's or
writer's intention. Here an effort is made to express the ideas in plain
language, with diagrams and analogies. A reader may benefit more from a
complete set of ideas roughly sketched than from an incomplete set of ideas
more precisely expressed.

So we come to the last prefatory remark, which returns us to the opening.
What follows is not authoritative; the intention is to lay some ideas before
the reader that he or she may cogitate about independently.

He that made us ... gave us not . . . reason to fust in us unused.
SHAKESPEARE, Hamlet IV, 4

The authority of a thousand is not worth the humble reasoning of a single individual.
GALILEO, Letters on sunspots (Rome, Lincean Academy 1613)

It is important that students bring a certain ragamuffin, barefoot irreverence to their
studies; they are not here to worship what is known but to question it.

BRONOWSKI, Ascent of Man (London, BBC 1975)
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At some points in the text, wording is chosen for terseness and at some
points for clarity; in both instances the effect may be to imply definiteness
or to seem didactic, but this is not the intention. I have tried to put the ideas
in a form that the reader can grasp; it is the reader's business to decide how
much or how little to accept. I would be happy if the reader would treat
what follows as raw clay, and use it to mold something more durable or
substantial for himself or herself.

Acknowledgments

It is a pleasure to record the part played by other people, both in general
encouragement and in more technical discussions.

In the first group I wish to recognize my parents, my wife, Geoffrey
Crowson and the Provost and Fellows of King's College, Cambridge. The
value of individual people and the value of having people who are different
from each other: in upholding these, the people named directed my course
in life.

Colleagues who helped at various times with patience and good humor
are Eric Wild, Don Drew, Ray Fletcher, Florian Lehner and George Fisher;
many students, of whom I would like to name Sharon Finley, Frank
Florence, Thomas Menard and Ray Donelick; and also Joseph Kestin,
Jean Cogne, Peter Cobbold, Enrique Merino, Bob Wintsch and Graham
Borradaile.

In both roles Hans Ramberg stands alone. He has enriched the sciences
for all of us and, by a happy chance, plays a role in my life for which I never
cease being glad. We are all in his debt.

Rensselaer Polytechnic Institute B.B.
May 1992



This page intentionally left blank 



CONTENTS

Symbols, xv
Note on diffusion coefficients used, xviii

1. Overview and preview of conclusions, 3

Preview of conclusions, 5
An overview of the overview, 10

I FUNDAMENTALS

2. Chemical potential, 15

Definition of free energy, 15
Definition of chemical potential, 15
Properties of n, 16
Nonequilibrium states, 19

3. Disequilibrium 1: Potential gradients and flows, 22

Gradient of pressure or concentration, 22
Gradients in potential, 24
Appendix 3A: Diffusion at an interface, 27

4. Disequilibrium 2: Associated equilibrium states, 30

Diffusion in a long bar, 30
Associated equilibrium states, 33
Indeterminacy and dependence on history, 33

5. Disequilibrium 3: Internal variables, 36

An example, 36
Internal and spatial variables combined, 38



Xll CONTENTS

6. Nonhydrostatic stress, 40

Principal directions and stresses, 40
Stress relations in the principal planes, 43
Tensile stresses, 45
Shear stresses, 45

7. Change of shape and change of volume, 47

Strain and strain rate, 47
Change of shape and change of volume, 49
Summary, 52
Shear strains, 52

8. Conservation, 54

Conservation statements, 54
Self-diffusion, 57
Conservation and strain, 58
Summary, 59
Appendix 8A: Proof of the stress relation (8.10), 60
Appendix 8B: Conservation: a numerical example, 62
Appendix 8C: Invariants, 63

9. Chemical potential under nonhydrostatic stress, 66

Associated equilibrium states, 66
Sine-wave, Mohr-circle, and ellipsoid representations, 69
Numerical examples, 71
Summary, 71

II SIMULTANEOUS DEFORMATION
AND DIFFUSION

10. Introduction, 75

Historical review: descriptions of diffusive mass transfer
accompanying deformation, 77

11. Deformation and diffusion compared, 82

Preliminary sketches, 83
Continuum behavior using wafers, 86
Questions about validity, 90
Summary and conclusions, 93
Appendix 11 A: Other harmonic stress fields, 94
Appendix 11B: Gibbsian argument for multivalued potentials, 96



Xlll CONTENTS

12. Deformation and diffusion: quantitative relations, 100

Relation of L0 to N and K, 100
Change of shape and diffusive mass transfer combined, 101
Appendix 12A: A material's characteristic length, 105
Appendix 12B: Harmonically varying stress field with nonspecial

wavelength, 107

III APPLICATION: MOVEMENTS ALONG
ONE DIRECTION

13. Two phases and one component, 113

Initial conditions and assumptions, 114
Solution, 116
Discussion, 120
Summary, 126
Appendix 13A: Plane strain at an interface, 126

14. One phase and two components, 129

Initial conditions and assumptions, 129
Solution, 133
Discussion, 136
Summary, 139

15. Compounds of the type (A, B)X, 141

Theory, 141
A nonzero constriction rate, 147
Binary materials reconsidered, 148
Summary, 150

16. Two phases and two components, 152

Exponential change of composition and stress, 152
A nonzero constriction rate, 157
Behavior affected by K*: a stationary interface, 160
Behavior affected by K*: a moving interface, 165
Review, 167
Appendix 16A: Magnitudes of e0 and dp, 170

17. Summary, 174

Preface, 174
Core, 177
Postscript, 183



XIV CONTENTS

IV EXTENSIONS

18. Cylindrical inclusions, 187

Deformation of a cylinder with no diffusion, 187
Deformation of a cylinder with diffusion, 191
Materials of formula (A, B)X, 193
Summary, 196
Wet granular aggregates, 196

19. Review of strategies, 199

Simple binary materials, 199
Questions of scale, 201
A material's characteristic length and microstructure, 203
Summary, 205
Invariants, 205

20. Further extensions, 208

Unsteady behavior, 208
Poorly correlated materials and the factor /, 213
Anisotropic materials, 215
Appendix 20A: Unsteady behavior, a numerical example, 216

References and notes, 218

Index, 221



SYMBOLS

A (i) an area
(ii) a factor in an exponential term Aekx, etc., especially, the

governing stress magnitude in a stress that varies exponentially
A an atomic species in a binary material (A, B) or a compound

(A, B)X
Ai activity coefficient of component i
a volume fraction of component A in a material
aa volume fraction of an imaginary additive
B the length-scale factor in an exponential term AexlB

E an atomic species accompanying species A (q.v.)
b volume fraction of component B in a material
Ci, Ci concentration of species i = (number of atoms of i in sample)/

(total number of atoms in sample). In a compound (A, B)X,

 number of atoms of A
total number of A + B

C0 a concentration magnitude that is uniform through space
c the extreme value of a fluctuation in composition from point to

point
D a diffusion coefficient; see Note following this list
Di a diffusion coefficient; see Note following this list
£ an elastic property
£*, £a a coefficient for interdiffusion of two atomic species
E1, E11, E111 strain rate invariants
e linear strain rate
e1, e2, e3 principal strain rates at a point
e0 (i) mean strain rate at a point, e0 — (et + e2 + e3)/3

(ii) a strain rate that is arbitrarily fixed and is uniform through
space (Chapter 13 on)

eii linear strain rate along direction i (no summation convention)
etj shear strain rate on a plane normal to i along direction.j (i ¥=j)
en linear strain rate along direction n
e'n the difference en — e0, en — (mean strain rate)
F force
G (i) free enthalpy or Gibbs free energy

(ii) elastic shear modulus 'n/2e'n



XVI SYMBOLS

g, h two coexisting phases
H the governing stress magnitude in a term Hekx that describes an

exponentially varying stress
j (i) amplitude of a fluctuation in pressure (Chapter 8)

(ii) wavenumber as in C = C0 + c sin jx
K a diffusion coefficient: 5(vol)/(vol) dt = K V2P. See Note follow-

ing this list
Ka coefficient for interdiffusion of two components
K1 diffusion coefficient for component i in a composite material
K * joint diffusion coefficient for two or more species moving together
K! diffusion coefficient: flux = K1 8(conc)/dx. See Note following

this list
K2 diffusion coefficient: particle velocity = K2 dp/dx. See Note fol-

lowing this list
K elastic bulk modulus /3e0

k (i) a general-purpose proportionality constant
(ii) a diffusion coefficient: (vol)/(vol) t = k VV- See Note fol-

lowing this list
(iii) inverse length in a term ekx

(iv) a factor relating viscosity to composition
L the characteristic length of a material 2(NK)i/2

LI the characteristic length of material i in a composite material
Lm a mean value formed from two lengths of type Li
L0 the length of a circular arc that is a quarter-circle
/ a small length
l,m,n a set of orthogonal directions
m (i) a mass of material

(ii) one of the set /, m, n
mi mass of component i
N viscosity a'J2e'n
Ni the viscosity of part i of a composite material
N* the viscosity of a mixture
n (i) the extreme value of a fluctuation in viscosity from point to point

(ii) one of the set I, m, n
n a direction or unit vector
n1, n2, n3 components of n along directions 1, 2, and 3
P pressure
P0 a uniform reference pressure
Pe one of the pair (Te, Pe) at which two phases are in equilibrium
Pi a pressure imposed on a sample formerly in equilibrium at Pe

Q quantity, for example quantity of heat or mass
1? (i) the gas constant

(ii) in Chapters 12 and 13, the radius of a quarter-circle with
arc-length L0, = 2(NK)1/2. From Chapter 14 onward, L is
used in place of R for this quantity
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R (cont.) (iii) a stress difference KO-ZZ + ayy) - oxx (Appendix 13A only)
R a diffusing component (Chapter 4 only)
S (i) entropy

(ii) the stress difference GZZ — axx
S0 a stress magnitude that is uniform through space
SI , SII, SIII stress invariants
s the extreme value of a fluctuation in stress from point to point
s' =s(l+j2K2 /2)
T (i) temperature

(ii) a stress difference |(crzz - ayy) (Appendix 13A only)
T0 a uniform reference temperature
Te one of the pair (Te,Pe) at which two phases are in equilibrium
t time; 5t, a short period of time
U internal energy
V (i) volume of a specified sample

(ii) volume of 1 kg or 1 kg-mole of material, according to context
VI volume of 1 kg or 1 kg-mole of species i, according to context
Xi,, Xt concentration of component i, same as Ct
X1, X 1 1 concen t ra t ion invariants
x volume-fraction of component X in a material
x, y, z coordinates of a point
xl, x2, x3 a set of orthogonal axes

an angle in the xz plane or x1x3 plane
 angles measured away from a line in two orthogonal planes

angles between a line and three axes x, y, z or x t, x2, x3

 principal strains at a point
mean strain at a point, £ 0 = (e1 + e2 + e3)/3
linear strain along direction i (no summation convention)
shear strain on a plane normal to i along direction j (i ^ j)
linear strain along direction n
the difference en — e0, en — mean strain
a general-purpose angle
an angle in the plane containing directions i and j
angles measured away from a line in two orthogonal planes
wavelength of a sine-wave
chemical potential
chemical potential associated with direction i (no summation

convention)
nchemical potential associated with direction n
principal values of ^ at a point
(i) chemical potential in a reference state
(ii) mean value, fj,0 = (n1 + n2 + jU2)/3

activity of component i, = aiXi

linear strain, = (change in leangth)/(original length)
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number of kg-moles of species i in 1 m3 of material
a stress component
principal stresses at a point
ean stress at a point, a 0 = (at + a2 + <r3)/3

 normal stress component on a plane normal to i (no summation
convention)

stress component on a plane normal to i and acting along
direction j (i^j)

 normal stress component on a plane normal to n
the difference <rn — a0

a shear stress component

Note on diffusion coefficients used

Material motion can be driven by a gradient in concentration or pressure
or chemical potential. The coefficients mainly used for the three circumstances
are Di, K, and D, as follows. (For Kl, K2, and K, see below.)



SYMBOLS XIX

For component As K
A = 3DAVA = aD'AVA/RT, where a = volume frac-

tion of component A.
Kj and K2 are used briefly in Chapter 3. Kl is the same as D';

K2 = Dl/RT = KA/aVA = 3DA/a.
k is used briefly in Chapter 10, = 3D = K./V; volume strain rate d(vol)/

(vol) dt = k d2p/dx2.

Basis for the relation KA = 3DAVA. %A/3P = VA; also in an isotropic
process, volume strain rate = 3 x linear strain rate.

Basis for the relation KA — aDlAVA/RT. For pressure-driven motion, influx
of A in (m3/m3-sec)

Also, for composition-driven motion, influx of A in (m3/m3-sec)

To compare (i) and (ii) we note that if conditions permit the term
(dXA/XA dx)2 to be neglected,

Hence for composition-driven motion, influx of A in (m3/m3-sec)

For equivalence of (i) and (ii), KA = aD'AVA/RT,
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1
OVERVIEW AND PREVIEW

OF CONCLUSIONS

The purpose of this book is to fill something of a gap. In general,
thermodynamics has been a great success and has provided a means of
understanding and predicting material behavior of almost all kinds at the
macroscopic level. Even when thermodynamic statements were limited to
equilibrium states they were widely useful, and with extension to non-
equilibrium states almost all behaviors that a person might observe directly
became accessible to theory. But there has been and is one resistive point:
if a cylinder of material is more strongly compressed along its length than
radially, it is in a nonequilibrium state no matter how ideal its condition in
other respects, and the effect of this type of nonequilibrium has not been
successfully explored.

The physical consequences are, of course, well known; the cylinder deforms
in ways successfully described in almost all respects by the methods of
continuum mechanics. But the chemical consequences are less well known.
For example, suppose the cylinder contains iron and is surrounded by some
second iron-bearing phase; suppose further that before the cylinder is
compressed axially, the cylinder and its surroundings are in equilibrium.
When the axial compression is imposed, how is the equilibrium disturbed
and what processes begin to run? The purpose of the book is to provide the
outline of a comprehensive approach to this question.

The question has been discussed extensively in technical journals and in
complicated ways. The stimulus for this book is the belief that the topic need
not be so complicated. There are two equations that describe the stresses in
the cylinder that have up to now not been used; using these neglected
equations provides a point of view not taken by other writers, and it is the
fresh point of view that permits certain simplicities to be seen (the key
equations are 6.3 and 8.10). Of course, we make headway only to a limited
extent; not all problems are answered, not all complications are resolved.
The existence of a central and unresolvable complication is recognized
toward the end of this overview, in the section on Continuum Behavior and
Atoms.

Materials considered. We shall give most of our attention to materials that
are in the process of deforming. The material one imagines depends on the
time scale envisaged: the ice of a glacier deforms appreciably in a year,
whereas silicone putty deforms appreciably in a few minutes; water deforms
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4 OVERVIEW AND PREVIEW OF CONCLUSIONS

even more readily but we shall not consider anything as mobile as water
because here forces related to the material's acceleration can be as large as
the other forces present. We shall stay within circumstances where the
material's acceleration can be neglected. Hot ceramic materials are con-
sidered, both crystalline and glassy; also the naturally occurring silicates and
oxides known to geologists; also polymers, metals and semiconductors. We
make gross simplifying assumptions so that the differences among these
materials are submerged; the material treated in detail is in fact an imaginary
material simpler than any of these. But the materials listed are the target at
which the simplified discussions are aimed.

Elastic behavior. At least for a start, we shall also choose circumstances where
elastic behavior can be neglected. A stressed elastic material differs from the
same material when unstressed in respect of bond lengths and quantity of
energy stored per gram or kilogram; but we shall assume that these changes
hardly affect the way the material flows or creeps—at least for a start. After
discussion of the flow behavior, the question of elastic behavior will be taken
up.

Chemistry. We shall assume rather simple chemistry. In some of the
discussion, the material will be as simple as ice, that is to say of a single,
fixed composition; and at other times we shall consider binary mixtures such
as the sulfide (Zn, Fe)S—which can be thought of as a mixture of ZnS and
FeS—or a polymer mixture of trifluorethylene and tetrafluorethylene. With
such a binary material, there is the possibility of variation in composition
within a sample. One might say that the purpose of the book is to learn
to understand how nonhydrostatic stress can affect such variations in
composition.

Stresses. Inside a deforming continuum (glacier or putty lump, as before), if
one could inspect a small area, one would find the material on one side of
the area pressing and dragging on the material on the other side: normal to
the element of area considered, there is either a compression or a tension, and
in addition there is a stress tangential to the area considered. We shall give
attention mainly to the normal stress and mainly to compressions (less
emphasis on tensions). Among the circumstances to be considered is the
special case of hydrostatic pressure, where, whatever plane one considers
through a single point inside the continuum, one finds the same compressive
stress across it; and also, most importantly, the more general case where, at
a single point, some planes are at a higher level of compressive stress and
some at a lower level.

Chemical potential. In classical thermodynamics, equilibrium states are
emphasized. In a state of equilibrium, each component of a material has a
chemical potential that takes the same single value at every point in the
system considered. A component's chemical potential depends on the
pressure and temperature and on the component's concentration. For


