OXFORD

time series
and panel data
econometrics

M. HASHEM PESARAN



TIME SERIES AND PANEL DATA ECONOMETRICS






Time Series and
Panel Data Econometrics

M. HASHEM PESARAN

OXTORD

UNIVERSITY PRESS



OXTFORD

UNIVERSITY PRESS

Great Clarendon Street, Oxford, OX2 6DP,
United Kingdom

Oxford University Press is a department of the University of Oxford.

It furthers the University’s objective of excellence in research, scholarship,
and education by publishing worldwide. Oxford is a registered trade mark of
Oxford University Press in the UK and in certain other countries

© M. Hashem Pesaran 2015

The moral rights of the author have been asserted

First Edition published in 2015
Impression: 1

All rights reserved. No part of this publication may be reproduced, stored in

a retrieval system, or transmitted, in any form or by any means, without the
prior permission in writing of Oxford University Press, or as expressly permitted
by law, by licence or under terms agreed with the appropriate reprographics
rights organization. Enquiries concerning reproduction outside the scope of the
above should be sent to the Rights Department, Oxford University Press, at the
address above

You must not circulate this work in any other form
and you must impose this same condition on any acquirer

Published in the United States of America by Oxford University Press
198 Madison Avenue, New York, NY 10016, United States of America
British Library Cataloguing in Publication Data

Data available
Library of Congress Control Number: 2015936093

ISBN 978-0-19-873691-2 (HB)
978-0-19-875998-0 (PB)

Printed and bound by

CPI Group (UK) Ltd, Croydon, CRO 4YY

Links to third party websites are provided by Oxford in good faith and
for information only. Oxford disclaims any responsibility for the materials
contained in any third party website referenced in this work.



To my wife and in memory of my parents.






Preface

his book is concerned with recent developments in time series and panel data techniques

for the analysis of macroeconomic and financial data. It provides a rigorous, nevertheless
user-friendly, account of the time series techniques dealing with univariate and multivariate time
series models, as well as panel data models. An overview of econometrics as a subject is provided
in Pesaran (1987a) and updated in Geweke, Horowitz, and Pesaran (2008).

It is distinct from other time series texts in the sense that it also covers panel data models
and attempts at a more coherent integration of time series, multivariate analysis, and panel data
models. It builds on the author’s extensive research in the areas of time series and panel data
analysis and covers a wide variety of topics in one volume. Different parts of the book can be
used as teaching material for a variety of courses in econometrics. It can also be used as a reference
manual.

It begins with an overview of basic econometric and statistical techniques and provides an
account of stochastic processes, univariate and multivariate time series, tests for unit roots,
cointegration, impulse response analysis, autoregressive conditional heteroskedasticity mod-
els, simultaneous equation models, vector autoregressions, causality, forecasting, multivariate
volatility models, panel data models, aggregation and global vector autoregressive models
(GVAR). The techniques are illustrated using Microfit S (Pesaran and Pesaran (2009)) with
applications to real output, inflation, interest rates, exchange rates, and stock prices.

The book assumes that the reader has done an introductory econometrics course. It begins
with an overview of the basic regression model, which is intended to be accessible to advanced
undergraduates, and then deals with more advanced topics which are more demanding and
suited to graduate students and other interested scholars.

The book is organized into six parts:

Part I: Chapters 1 to 7 present the classical linear regression model, describe estimation and
statistical inference, and discuss the violation of the assumptions underlying the classical linear
regression model. This part also includes an introduction to dynamic economic modelling, and
ends with a chapter on predictability of asset returns.

Part II: Chapters 8 to 11 deal with asymptotic theory and present the maximum likelihood
and generalized method of moments estimation frameworks.

Part III: Chapters 12 and 13 provide an introduction to stochastic processes and spectral den-
sity analysis.

Part IV: Chapters 14 to 18 focus on univariate time series models and cover stationary ARMA
models, unit root processes, trend and cycle decomposition, forecasting and univariate volatility
models.

Part V: Chapters 19 to 25 consider a variety of reduced form and structural multivariate mod-
els, rational expectations models, as well as VARs, vector error corrections, cointegrating VARSs,
VARX models, impulse response analysis, and multivariate volatility models.
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Part VI: Chapters 26 to 33 considers panel data models both when the time dimension (T)
of the panels is short, as well as when panels with N (the cross-section dimension) and T are
large. These chapters cover a wide range of panel data models, starting with static panels with
homogenous slopes and graduating to dynamic panels with slope heterogeneity, error cross-
section dependence, unit roots, and cointegration.

There are also chapters dealing with the aggregation of large dynamic panels and the theory
and practice of GVAR modelling. This part of the book focuses more on large N and T panels
which are less covered in other texts, and draws heavily on my research in this area over the past
20 years starting with Pesaran and Smith (1995).

Appendices A and B present background material on matrix algebra, probability and distribu-
tion theory, and Appendix C provides an overview of Bayesian analysis.

This book has evolved over many years of teaching and research and brings together in one
place a diverse set of research areas that have interested me. It is hoped that it will also be of
interest to others. I have used some of the chapters in my teaching of postgraduate students at
Cambridge University, University of Southern California, UCLA, and University of Pennsylva-
nia. Undergraduate students at Cambridge University have also been exposed to some of the
introductory material in Part I of the book. It is impossible to name all those who have helped
me with the preparation of this volume. But I would like particularly to name two of my Cam-
bridge Ph.D. students, Alexander Chudik and Elisa Tosetti, for their extensive help, particularly
with the material in Part VI of the book.

The book draws heavily from my published and unpublished research. In particular:

Chapter 7 is based on Pesaran (2010).

Chapter 25 draws from Pesaran and Pesaran (2010).

Chapter 32 is based on Pesaran (2003) and Pesaran and Chudik (2014) where additional
technical details and proofs are provided.

Chapter 31 isbased on Breitung and Pesaran (2008) and provides some updates and extensions.

Chapter 33 is based on Chudik and Pesaran (2015b).

I'would also like to acknowledge all my coauthors whose work has been reviewed in this vol-
ume. In particular, I would like to acknowledge Ron Smith, Bahram Pesaran, Allan Timmer-
mann, Kevin Lee, Yongcheol Shin, Vanessa Smith, Cheng Hsiao, Michael Binder, Richard Smith,
Alexander Chudik, Takashi Yamagata, Tony Garratt, Til Schermann, Filippo di Mauro, Stéphane
Dées, Alessandro Rebucci, Adrian Pagan, Aman Ullah, and Martin Weale. It goes without saying
that none of them is responsible for the material presented in this volume.

Finally, I would like to acknowledge the helpful and constructive comments and suggestions
from two anonymous referees which provided me with further impetus to extend the coverage
of the material included in the book and to improve its exposition over the past six months. Ron
Smith has also provided me with detailed comments and suggestions over a number of successive
drafts. I am indebted to him for helping me to see the wood from the trees over the many years
that we have collaborated with each other.

Hashem Pesaran
Cambridge and Los Angeles
January 2015
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Relationship Between
Two Variables

1.1 Introduction

here are a number of ways that a regression between two or more variables can be moti-

vated. It can, for example, arise because we know a priori that there exists an exact linear
relationship between Y and X, with Y being observed with measurement errors. Alternatively, it
could arise if (Y, X) have a bivariate distribution and we are interested in the conditional expec-
tations of Y given X, namely E(Y | X), which will be a linear function of X either if the underly-
ing relationship between Y and X is linear, or if Y and X have a bivariate normal distribution. A
regression line can also be considered without any underlying statistical model, just as a method
of fitting a line to a scatter of points in a two-dimensional space.

1.2 The curve fitting approach

We first consider the problem of regression purely as an act of fitting a line to a scatter diagram.
Suppose that T pairs of observations on the variables Y and X, given by (yl, xl), (yz, xz) e,
(yT, xT) , are available. We are interested in obtaining the equation of a straight line such that,
for each observation x;, the corresponding value of Y on a straight line in the (Y, X) plane is as
‘close’ as possible to the observed values y;.

Immediately, different criteria of ‘closeness’ or ‘fit” present themselves. Two basic issues are
involved:

A: How to define and measure the distance of the points in the scatter diagram from the fitted
line. There are three plausible ways to measure the distance of a point from the fitted line:

(i) perpendicular to x-axis
(ii) perpendicular to y-axis

(iii) perpendicular to the fitted line.
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B: Howto add up all such distances of the sampled observations. Possible weighting (adding-
up) schemes are:

(i) simple average of the square of distances
(ii) simple average of the absolute value of distances

(iii) weighted averages either of squared distance measure or absolute distance measures.

The simplest is the combination A (i) and B(i), which gives the ordinary least squares (OLS)
estimates of the regression of Y on X. The method of ordinary least squares will be extensively
treated in the rest of this Chapter and in Chapter 2. The difference between A (i) and A(ii) can
also be characterized as to which of the two variables, X or Y, is represented on the horizontal
axis. The combination A(ii) and B(i) is also referred to as the ‘reverse regression of Y on X’
Other combinations of distance/weighting schemes can also be considered. For example A(iii)
and B(i) is called orthogonal regression, A(i) and B(ii) yields the absolute minimum distance
regression. A(i) and B(iii) gives the weighted (or absolute distance) least squares (or absolute
distance) regression.

1.3 The method of ordinary least squares

Treating X as the regressor and Y as the regressand, then choosing the distance measure,
di = | Ve — o — By |, the least squares criterion function to be minimized is!

T

T
Q=Y = (3 —a—px).

t=1 t=1

The necessary conditions for this minimization problem are given by

9Q (a, g _
Leh _ > (= Bx) =0, a1
T
8Q;;,ﬂ) _ Z (—24) <)’t b — th) =0. (1.2)

t=1

Equations (1.1) and (1.1) are called normal equations for the OLS problem and can be written as

T
> =0, (1.3)

1

M= 7
=>
5
2
[l
RS

(1.4)

,,
Il
—

I The notations Zthl and ), are used later to denote the sum of the terms after the summation sign over
t=12,...,T.
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where

U =y — & — Py, (1.5)
are the OLS residuals. The condition Y/ & = 0 also givesj = & + Bx, where ¥ =
Zt 1 Xt /Tandy = Zt 1 ¥t/ T, and demonstrates that the least squares regression line y; =

a+ ,th, goes through the sample means of Y and X. Solving (1.3) and (1.4) for ,3 , and hence
for &, we have

Ztﬂm T@

B (1.6)
p= Zt lxt — T3
&:y—ﬂ& (1.7)
or since
T T
Y @ =% —y) = xy— T,
t=1 t=1
T T
D -0 =) xf —T¥,
t=1 t=1
equivalently
B = ZtT:I (e — %) (3t _)_’) _ Sxr
SF (x — %) Sxx
where
Sy (= %) (=)
Sxy = = Syx,
T
Yoy (e —%)?
Sxx = ==L

T

1.4 Correlation coefficients between Y and X

There are many measures of quantifying the strength of correlation between two variables. The
most popular one is the product moment correlation coeflicient which was developed by Karl
Pearson and builds on an earlier contribution by Francis Galton. Other measures of correlations
include the Spearman rank correlation and Kendall’s T correlation. We now consider each of
these measures in turn and discuss their uses and relationships.
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1.4.1 Pearson correlation coefficient

The Pearson correlation coefficient is a parametric measure of dependence between two vari-
ables, and assumes that the underlying bivariate distribution from which the observations are
drawn have moments. For the variables Y and X, and the T pairs of observations {(y;,x1),

(y2,%2), . .., (1, x7)} on these variables, Pearson or the simple correlation coefficient between
Y and X is defined by
T _ -
—q (er —x — S
Py = et e — %) (v — ) _ XY 1.8

12 — 1’
[Zthl (%t — %) Zthl (e — )7)] (SyySxx)?

It is easily seen that Py lies between —1 and +1. Notice also that the correlation coefficient
between Y and X is the same as the correlation coefficient between X and Y, namely pxy =
Pyx- In this bivariate case we have the following interesting relationship between pyy and the
regression coefficients of the regression Y on X and the ‘reverse’ regression of X on Y. Denoting
these two regression coeflicients respectively by By_ x and B x.y, we have

SyxSxy .2

— = = . (1.9)
(SxxSyy) Prx

ByxBxy =

Hence, ifﬁy,x > 0 then BX,Y > 0. Since ,5§<Y < 1, if we assume that By,X > 0 it follows that

~ ~ ~ 2
Bxy < i.lfwe turther assume that 0 < By.x < 1,then Bx.y = % > ,5)2(1,

1.4.2 Rank correlation coefficients

Rank correlation is often used in situations where the available observations are in the form of
cardinal numbers, or if they are not sufficiently precise. Rank correlations are also used to avoid
undue influences from outlier (extreme tail) observations on the correlation analysis. A number
of different rank correlations have been proposed in the literature. In what follows we focus on
the two most prominent of these, namely Spearman’s rank correlation and Kendall’s T correlation
coefficient. A classic treatment of the subject can be found in Kendall and Gibbons (1990).

Spearman rank correlation

Consider the T pairs of observations {(yt, x¢),fort =1,2,..., T} and rank the observations on
each of the variables y and «, in an ascending (or descending) order. Denote the rank of these
ordered series by 1,2, ..., T, so that the first observation in the ordered set takes the value of
1, the second takes the value of 2, etc. The Spearman rank correlation, r;, between y and « is

defined by

631 df
T(T? — 1)

re=1 (1.10)

where

d¢ = Rank(y; : y) — Rank(x; : x),
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and Rank(y; : y) is equal to a number in the range [1 to T'] determined by the size of y; relative
to the other T — 1 values ofy = (y1,72, . . ., y7) . Note also that by construction Zthl d; =0,

and that Zthl dt2 can only take even integer values and has a mean equal to (T3 — T) /6. Hence
E(rs) = 0.The Spearman rank correlation can also be computed as a simple correlation between
rys = Rank(y; : y) and rxy = Rank(x; : x). It is easily seen that

> (rye — ) (rxy — 7)
1/2 127
[Shion=m2] [ — 0]

rs =

where
T T
F=R=1 Y= D=

Kendall’s T correlation

Another rank correlation coefficient was introduced by Kendall (1938). Consider the T pairs
of ranked observations (ry, rx;), associated with the quantitative measures (y¢, x;), for t =
1,2,...,T as discussed above. Then the two pairs of ranks (rys, rx;) and (rys, rx;) are said to
be concordant if

(ray — 1) (rys — rys) > 0, concordant pairs for all t and s,
and discordant if
(rxy — rxg) (rys — rys) < 0, discordant pairs for all t and s.

Denoting the number of concordant pairs by Py and the number of discordant pairs by Qr,
Kendall’s T correlation coefficient is defined by

2
T = T(T = )( T — Qr). (.11

More formally

Pr = ZI (rxe — o) (rye — 199)],
t,s=1
T

Qr= Y I[—(rx — rx)(rye — 1],

ts=1

where I(A) = 1if A > 0, and zero otherwise.
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1.4.3 Relationships between Pearson, Spearman, and Kendall
correlation coefficients

In the case where (y, ;) are draws from a normal distribution we have

2
E(tr) = —sin (,0);
T

where p is the simple (Pearson) correlation coefficient between y; and x;. Furthermore,

3(t - ps)

E =
(rs) Ps T T+1

)

where p; is the population value of Spearman rank correlation. Finally, in the bivariate normal

case we have
. (TP
= 2sin ( ) .
P 6

These relationships suggest the following indirect possibilities for estimation of the simple cor-
relation coeflicient, namely

A . (T
P1 = sin (ETT) )

0, = 2sin T r——3(TT_rS)
,02 6 s T—l—l ]

as possible alternatives to p, the simple correlation coefficient. See Kendall and Gibbons (1990,
p- 169). The alternative estimators, 0, and p,, are likely to have some merit over p in small sam-
ples in cases where the population distribution of (y, x;) differs from bivariate normal and/or
when the observations are subject to measurement errors.

Tests based on the different correlation measures are discussed in Section 3.4.

1.5 Decomposition of the variance of Y

It is possible to divide the total variation of Y into two parts, the variation of the estimated Y and
a residual variation. In particular

S b3 = X [6r—5) - G )]

t=1 t

—

:Z(j}t_5’)2+Z(5’t_yt)2_22(5’t_}’t) (}A/t—ﬁ)
>

o
Il

(e —51) +
1 t=1 t=1

[
N

-
Il
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But, notice that

T T T
Zﬁt(}A’t—}_’) Zzﬁt <&+th) _Zat_

t=1 t=1 t=1
T T T
Z&E 1A4t+,3§ LAltxt—)_’g u =0,
=1 t=1 t=1

since from the normal equations (1.3) and (1.4), ZtT:I iy = 0 and Zthl tigx; = 0, then

ZtT=1 ()’t _)’t)z = ZtT:I (5’t —5)2 + ZtT=1 ()’t —5’t)2' (1.12)

This decomposition of the total variations in Y forms the basis of the analysis of variance, which
is described in the following table.

Source of variation Sums of squares  Degrees of freedlom  Mean square
T (o o\2
Explained by the regression line ZtT: 1 ()A)t - )_/)2 2 M
T T a2
Residual ZtT=1 (}’t - 5’t)2 T-2 Zt:ll"(yftzyt)
T o2
Total variation ZtT:I ()’f - }_’)2 T M

Proposition 1 highlights the relation between ﬁ?{y and the variance decomposition.

Proposition 1

oo Sy X3 s
P = xSy T ) 0
xSy 2=t =)

Proof Notice that

1— Zt ()’t _5’t)2 _ Zt ()’f _)_’)2 - Zt ()’f _5"5)2)
> —3) > (e —3)*

and using the result in (1.12), we have

L Si6e=3) X6

S0 -3 X e—3)

Further, since y; = & + B, we have
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ZGt —)_’)2 = Z <&+th —)_’>2

t

R n 2
Z[ﬁ(xt—a‘c)+ﬁ5¢+&—y] ,
t
By (1.1),j = & + BX. Hence, it follows that

S G5 =B Y - = g = S
¢ t S}{X SXX
A2
1— Zt(yf_yt) _ S%Y e
2 T SyySe XY
Zt ()’t - y) YYOXX
The above result is important since it also provides a natural generalization of the concept of

the simple correlation coefficient, pyy, to the multivariate regression case, where it is referred to
as the multiple correlation coefficient (see Section 2.10).

1.6 Linear statistical models

So far we have viewed the regression equation as a line fitted to a scatter of points in a two-
dimensional space. As such it is purely a descriptive scheme that attempts to summarize the scat-
ter of points by a single regression line. An alternative procedure would be to adopt a statistical
model where the regression disturbances, u;’s, are characterized by a probability distribution.
Under this framework there are two important statistical models that are used in the literature:

A: Classical linear regression model. This model assumes that the relationship between Y
and X is a linear one:

¥ = o+ Bx; + uy, (1.14)
and that the disturbances us satisfy the following assumptions:

(i) Zero mean: the disturbances u; have zero means, i.e., E(u;) = 0.

(i) Homoskedasticity: conditional on x; the disturbances u; have constant conditional
variance. Var (u; |x;) = o2, forall t and s.

(iii) Non-autocorrelated error: the disturbances u; are serially uncorrelated. Cov(uy, us) =

Oforallt #s.

(iv) Orthogonality: the disturbances u; and the regressor x; are uncorrelated, or condi-
tional on x;, u; has a zero mean (namely E (u; | x;) = 0, forallt and s).

Assumption (i) ensures that the unconditional mean of y; is correctly specified by the
regression equation. The other assumptions can be relaxed and are introduced to provide
a simple model that can be used as a benchmark in econometric analysis.
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B: Another way of motivating the linear regression model is to focus on the joint distribution
of Y and X, and assume that this distribution is normal with constant means, variances
and covariances. In this case the regression of Y on X defined as the conditional mean

of Y given a particular value of X, say X = x will be a linear function of x. In particular
we have:

EYIX=x)=0c+ Bux, (1.15)
and
Var (Y |X = x¢) = Var (Y) (1 — pgﬂ,), (1.16)
and where Var (Y) is the unconditional variance of Y and
pxy = Cov (Y, X) /v/Var (X) Var (Y)
is the population correlation coefficient between Y and X.

The parameters « and B are related to the moments of the joint distribution of Y and X in the
following manner:

w=E) - VED (1.17)
Var (X) ’ '

_ Cov(X,Y) Var (Y) 118
b= Var (X) = Pxy Var (X) (.18)

Using (1.17) and (1.18), relation (1.15) can also be written as:

and

_ _ Cov (X,Y) _
EXY|X=x)=E()+ B X [ — E(X)]. (1.19)

Model B does not postulate a linear relationship between Y and X, but assumes that (Y, X) have a
bivariate normal distribution. In contrast, model A assumes linearity of the relationship between
Y and X, but does not necessarily require that the joint probability distribution of (Y, X) be
normal. It is clear that under assumption (iv), (1.14) implies (1.15). Also (1.15) can be used to
obtain (1.14) by defining u; to be

u =y —EY[X=x),

or more simply

up =y — E (ye |xe) . (1.20)
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Itis in the light of this expression that u}s are also often referred to as ‘innovations’ or ‘unexpected
components’ of y;.

Both the above statistical models are used in the econometric literature. The two models can
also be combined to yield the ‘classical normal linear regression model’ which adds the extra
assumption that u; are normally distributed to the list of the four basic assumptions of the clas-
sical linear regression model set out above.

Finally, it is worth noting that under the normality assumption using (1.16) we also have

Var (ug |x;) = 02 = Var (Y) (1 — ,oix) (1.21)

Hence,

2
) o

=1-—
Prx Var (Y)’

which is the population value of the sample correlation coefficient defined by (1.8) and (1.13).

1.7 Method of moments applied to bivariate regressions

The OLS estimators can also be motivated by the method of moments originally introduced by
Karl Pearson in 1894. Under the method of moments the parameters o and f are estimated by
replacing population moments by their sample counterparts. Under Assumptions (i) and (iv)
above that the errors, u;, have zero means and are orthogonal to the regressors, we have the fol-
lowing two moment conditions

E(u) = E(y; —a — Bx;) =0,
E(xeur) = E[x¢(y — o — Bxy)] =0,

which can also be written equivalently as

E(ys) = o + BE (xy),
E(yext) = aE(xe) + BE(x}).

It is clear that o and B can now be derived in terms of the population moments, E(y;), E(x¢),
E(x?), and E(ysx;), namely

o\ _ 1 E@ \ ([ EGo
( B ) = ( E(x) E() ) < E(yexy) ) (1-22)

The inverse exists if Var(x;) = E(x%) — [E (9c,g):|2 > 0. The method of moment estimators of o
and f are obtained when the population moments in the above expression are replaced by the
sample moments which are given by

EGo) =5, E(x) =%,
T

T
B =17") o B = T )y
t=1

t=1
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Using these sample moments in (1.22) gives & and B M that are easily verified to be the
same as the OLS estimators given by (1.7) and (1.6).

In cases where the number of moment conditions exceed the number of unknown parameters,
the method of moments is generalized to take account of the additional moment conditions
in an efficient manner. The resultant estimator is then referred to as the generalized method of
moments (GMM), which will be discussed in some detail in Chapter 10.

1.8 The likelihood approach for the bivariate
regression model

An alternative estimation approach developed by R. A. Fisher over the period 1912-22 (build-
ing on the early contributions of Gauss, Laplace, and Edgeworth) is to estimate the unknown
parameters by maximizing their likelihood. The likelihood function is then given by the joint
probability distribution of the observations. In the case of the bivariate classical regression model
the likelihood is obtained from the joint distribution of y = (y1, ¥, . ... y1)’, conditional on
X = (x1,%2,...,x7) . To obtain this joint probability distribution, in addition to the assump-
tions of the classical linear regression, (i)-(iv) given in Section 1.6, we also need to specify the
probability distribution of the errors, u;. Typically, it is assumed that u}s are normally distributed,
and the joint probability distribution of y conditional on x, is then obtained as (since the Jaco-
bian of the transformation between y; and u is unity)

Pr (y }x,ot, ;3,02) = Pr(uy, uy,...,ur |x).

But under the assumption that the errors are normally distributed, the non-autocorrelated error
assumption, (iii), implies that the errors are independently distributed and hence we have

Pr (y |x,ot, B, 0‘2) = Pr(uy) Pr(up) ....Pr(ur).

But the probability density function of a N(0, 0%) random variable is given by

-1
Pr(ut) = (27TO'2)71/2€XP (F 2) .
o

Using this result and noting that u; = y; — o — By, we have

Pr(y |x,oz, ,3,02) = ro?) T exp |: o2
o

-Yi (yt—a—ﬂxt)z]

The likelihood of the unknown parameters, which we collect in the 3 x 1 vector = (¢, B, o?),
is the same as the above joint density function, but is viewed as a function of @ rather than y.
Denoting the likelihood function of @ by L1(0) we have

(1.23)

LT L
Lr(0) = Qro?) Pexp |: 2= ()’;UZ“ Par) i| '
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To obtain the maximum likelihood estimator (MLE) of @ it is often more convenient to work
with the logarithm of the likelihood function, referred to as the log-likelihood function, which
we denote by £7(8). Using (1.23) we have

ZtT=1 (yt — - ﬂxt)z

202

T
0r(0) = — 5 log2ma?) —

Itis now clear that maximization of £ (6) with respect to o and 8 will be the same as minimizing
2
ZtT:l (yt —a—p xt) with respect to these parameters, which establish that the MLE of @ and

p is the same as their OLS estimators, namely &y, = &,and B ML = B ,where &, and B are given
by (1.7) and (1.6), respectively. The MLE of 0% can be obtained by taking the first derivative of
£1(0) with respect to o2, We have

2
00r®) _ T Y (-~ p)
do2 202 204 '

Setting 041(0)/ d0? = 0and solving for 6]7(@ in terms of the MLE of o and B now yields

T ~ ~ 2 T N A 2
Zt:l (yt — oML — ﬂMth) Zt:l ()’t — o= ﬂ%) T -2

~2 =14
oML = ==t
T T T

, (1.24)

where i; is the OLS residual, given be (1.5).

The likelihood approach is used extensively in subsequent chapters. For an analysis of the
MLE for multiple regression models see (2.4). The general theory of maximum likelihood esti-
mation is provided in Chapter 9.

1.9 Properties of the OLS estimators

Under the classical assumptions (i)—(iv) in Section 1.6 above, the OLS estimators of « and f3
possess the following properties:

(i) & and B are unbiased estimators. Namely, that E (@) = aand E(,@) = f, where o and
B are the ‘true’ values of the regression coeflicients.

(ii) Both estimators are linear functions of the values of y;.

(iii) Among the class of linear unbiased estimators, & and B have the least variances. This
result is known as the Gauss—Markov theorem.

In what follows we present a proof of properties (i) to (iii) for ,B A similar proof can also be
established for &. Recall that

Sy _ X 0 —3) (0 = %)
Sxx PIRCE L
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But the numerator of this ratio can be written as

T T
Z(yt Y@ =0 = (e —%)— Yyl —7),
t=1 t=1

and since Zle Yo —x) =y Zle (x; — x) = 0, then

T
Z(yt ) (e — %) =Y i (v — ).
t=1

Hence B can be written as a weighted linear function of y;’s

T
B="Y wy (1.25)
t=1
where the weights
Xt — x
W= —— (1.26)

S (e —®)?

are fixed and add up to zero, namely 3"/, w; = 0. This establishes property (ii).

Notice that x;s are taken as given, which is justified if they are strictly exogenous. Further dis-
cussion of the concept of strict exogeneity is given in Section 2.2, but in the present context x;
will be strictly exogenous if it is uncorrelated with current, past, as well as future values of the
error terms, ug; more specifically if Cov(xy, u;) = 0, for all values of t and s. Under this assump-
tion, taking conditional expectations of both sides of (1.25), we have:

E(B) =E (iwtyt |x1,x2,...,xT)

t=1
T
Z yt |xt

But using (1.14) or (1.15), conditional on x;, we have E ()’t |xt) = o + Bxy. Consequently,

E(B) = S o i)

t=1

T T
=a) w+pBY wa (1.27)
t=1 t=1
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However, using (1.26) we have

T T -
Z o thl X (xp — x)
Wik = —

T =2’
=1 Zt:l (%t — %)

and since

T T

Y- =) (=) (e — %)

t=1 t=1

T T
=D mw =% =) ¥wm—3)
t=1 t=1
T

T
=) w—®—x) (-7
t=1 t=1
T
= x(x— %),
t=1

it then follows that ZL | wexy = 1. We have also seen that ZtT: 1 Wt = 0, hence it follows from
(1.27) that E(ﬁ) = B, which establishes that B is an unbiased estimator, that is, point (i).
The variance of B can also be computed easily using (1.25). We have

T

Var (,B) = Z wiZVar (yt |xt)

t=1
T
= Z wl-zVar (ug |xt)
t=1

T
2 2
=0 E wy,

t=1

and using (1.26) yields
. o? o
Var (ﬁ) - - (1.28)
Similarly, we have

Var (@) = —=="— (1.29)
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and

—o%x

Cov (&, B) = m

(1.30)

The Gauss—Markov theorem (i.e., property (iii) above) states that among alllinear, unbiased esti-
mators of B (or &) the OLS estimator, 8, has the smallest variance. To prove this result consider
another linear unbiased estimator of 8 and denote it by 8. Then by assumption

T
,B = me/t,
t=1

where w; are fixed weights (which do not depend on y;) and satisfy the conditions

T
Z W =0, (1.31)
t=1

and

T
Z Wy = 1. (1.32)
t=1

These two conditions ensure that B is an unbiased estimator of B, that is, that E (B) = . Sup-
pose now w; differ from wy, the OLS weights given in (1.26), by the amount §; and let

ﬂ}t:Wt—i_(St) t:1,2,...,T, (1.33)

where 6, is the amount of discrepancy between the two weighting schemes. Since ZtT: LW =
Zthl wy = 0. It follows also that Zthl 8¢ = 0, and since Zthl wixy = Zthl wixy = 1, then
we should also have ZtT: 18 = 0.

The variance of f is now given by
T
Var (/3) = Z @%Var (yt |xt)
t=1
T
2y
t=1
and using (1.33)

T T T
Var (ﬁ) = o2 (Zw% +Y 8 +22wt8t) .
t=1 t=1 t=1
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But, using (1.26),

The numerator of this ratio can be written more fully as

T T T
DS —R =) dm—x) 8
t=1 t=1 t=1

which is equal to zero. Recall that Zthl 8¢ = 0,and Zthl Stx; = 0. Hence Zthl widy = 0,
and

Var (B) =o? {g;w,2 + 28%} > Var(B):

which establishes the Gauss—Markov theorem for B . The equality sign holds ifand only if §; = 0
for all i. The proof of the Gauss—Markov theorem for the multivariate case is presented in
Section 2.7.

1.9.1 Estimation of o2

Since Var (6{) and Var(,B) depend on the unknown parameter, % (the variance of the distur-
bance term), in order to obtain estimates of the variances of the OLS estimators, it is also neces-
sary to obtain an estimate of o2, For this purpose we first note that

o = Var (u|x) =E (uf) .

It is, therefore, reasonable to interpret 0% as the mean value of the squared disturbances. A
moment estimator of o' can then be obtained by the sample average of u?. In practice, how-
ever, u;’s are observed indirectly through the estimates of & and . Hence a feasible estimator of
0% can be obtained by replacing o and f in the definition of u; by their OLS estimators. Namely,

2
o th Shbeioh)
T T

)

which is the same as the ML estimator of 02 given by (3). When T is large, this provides a rea-
sonable estimator of o2. However, in finite samples a more satisfactory estimator of o 2 can be
obtained by dividing the sum of squares of the residuals by T — 2 rather than T. Namely,

B ZtT=1 ()’t — & — th)z

T-2

6?2 ) (1.34)
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where 2’ is equal to the number of estimated unknown parameters in the simple regression
model (here, @ and B). Unlike 2, the above estimator of o> given by (1.34) is unbiased. Namely
E(&Z) =02

Using the above estimator of o it is now possible to estimate the variances and covariances
of ,3 given in (1.28). For example we have

~2

— /n o
O p——_—
Yims G — 2
and similarly for Var (&) and Cov (6{, ,B)
The problem of testing the statistical significance of the estimates and their confidence bands
will be addressed in Chapter 3.

1.10 The prediction problem

Suppose T pairs of observations (y1 , xl), (yz, xz) P ()/T, xT) are available on Y and X and
assume that the linear regression of Y on X provides a reasonable model for this T-tuple. The
problem of prediction arises when a new observation on X, say x741, is considered and it is
desired to obtain the ‘best’ estimate y7 1, the value of Y which corresponds to xr4;. This is
called the problem of conditional prediction, namely estimating the value of Y conditional on
a given value of X. The solution is given by the mathematical expectation of yr4; conditional
on the available information, namely x1, %y, ..., T, #1741, and possibly observations on lagged
values of Y. In the case of the simple linear regression (1.14) we have

E(yr+1 |yuy2 - oymsxn 2, xr, a1 ) = E (yr41 lvrg ) = o + Barr.

An estimate of this expression gives the estimate of the conditional predictor of y14;. The OLS
estimate of y1 is given by

Jr41 = E (yr41 lx, 22,...) = @ + Baryr.

The variance of the prediction can now be computed as?

Var ()A/T_H) = Var (&) + xZT_HVar (B) + 2x141 Cov (21, ,8) .

2 Notice that for the two random variables x and y, and the fixed constants & and f, we have

Var (ax + ﬁy) = o?Var (x) + ﬁZVar (y) + 28 Cov (x,y) .
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Now using the results in (1.28) we have:

R o? Y «? o? —x0?
Var (1) = 75~ it—ta‘ol i {xz”l > G &)2} e [Zt (e — 9—6)2}
o? [Zfo% + x%w_H — Za_chH]
Pt (o — %)
_o’ |:Zt xp + Ty — 2 (%) xT+1:|

T > G — %)
Therefore
0.2
Var (jr41) = > 5’ [Z (0 — %)%+ T (vr1 — &)2] ,
or
1 =2
Var (Jr41) = o [? + %} . (1.35)

An estimate of Var ()A/T+ 1) is now given by

— o1 Gerer —x)2
Var (}’TJrl) =0 [T—' + m . (1.36)

The general theory of prediction under alternative loss functions is discussed in Chapter 17.
1.10.1 Prediction errors and their variance
The error of the conditional forecast of y1 is defined by

UTH+1 = YT+1 — JT+1-
Under the assumption that y14 is generated according to the simple regression model we have
uryr = o + Barr +ury — & — Paryr.

To compute the variance of ury; we first note that both & and /A3 are linear functions of the
disturbances over the estimation period (namely u1, 4y, . . ., ur) and do not depend on ugy;.

Since by assumption u;’s are serially uncorrelated it therefore follows that

Cov (uT_H,& — Ol) = 0,

Cov (uTH,B - ﬂ) =0.
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Hence, conditional on x7.y1, ur4 and yr41 = & + ,8xT+1 will also be uncorrelated, and
Var (ﬁT+1) = Var (ur41) + Var ()AIT_H) .
Now noting that Var (u41) = o and using (1.35) we have

- 1 (g1 — %) }
Vi =01+ -4+ — 1.37
ar (1) =0 { T Sy (1.37)

This variance can again be estimated by

—~ A N 1 (xT_H - .9_6)2
Var UrT+1 ZUZ{1+— . -5 (-
( ) T Zt (xt _ x)Z

In the case where {x;} has a constant variance, Var (QTH) converges to o0%as T — 00. The
above derivations also clearly show that Var (ftT+ 1) is composed of two parts: one part is due
to the inherent uncertainty that surrounds the regression line (i.e., Var (ur) = o 2), and the
other part is due to the sampling variation that is associated with the estimation of the regression
parameters, o and f. It is, therefore, natural that as T — 00, the latter source of variations
disappears and we are left with the inherent uncertainty due to the regression, as measured by 2.

1.10.2 Ex ante predictions

In the case of the linear regression model the ex ante prediction of yr is obtained without
assuming x7.41 is known. The prediction is conditional on knowing the past (but not the cur-
rent) values of x. To obtain ex ante prediction of yr4; we therefore also need to predict x74;
conditional on its past values. This requires developing an explicit model for x;. One popular
method of generating ex ante forecasts is to assume a univariate time series process for x;s, and
then predict 74 from information on its lagged values. A simple example of such a time series
process is the AR(1) model:

X = pxi—1 + &, ol <1,

where ;s are assumed to have zero means and constant variances. Under this specification the
‘optimal’ forecast of x74 (conditional on past values of x’s) is given by

E (xT-‘rl |x1)x2; coxT) = PXT,
which in turn yields the following ex ante forecast of y7.;
E ()’T-H ’xl;xZ; e XT V1, )2 - - -;)/T) =oa+ ﬁE (xT-i-l |x1) .. .,OCT) .

An estimate of this forecast is now given by

Ir+1 = E (yr41 lx1) = & + Bpar,
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where p is the OLS estimator of p, obtained from the regression of x; on its one-period lagged
value. In Chapter 17 we review forecasting within the general context of ARMA models, intro-
duced in Chapter 12.

1.11 Exercises

1. Show that the correlation coeflicient defined in (1.8) ranges between —1 and 1.

2. In the model y; = o« + Bx; + u; what happens to the OLS estimator of 8 if x; and/or y; are
standardized by demeaning and scaling by their standard deviations?

3. The following table provides a few key summary statistics for daily rates of change of UK stock
index (FTSE) and the GB pound versus US dollar.

Daily UK stock returns and GBP/USS$ rate (%)
sample period 2 Jan 1987-16 June 1998

Stock (FTSE) FX (GBP/USS$)

Max 5.69 2.82
Min —12.11 —3.2861
Mean 0.0396 0.0033
St. dev. 0.8342 0.6200
Skewness —1.82 —0.27
Kurtosis — 3 26.17 2.55

Using these statistics what do you think are the main differences between these two series and
how best these differences are characterized?
4. Consider the following data

Height in centimeters ~ Weight in kilograms

(X) (V)
169.6 71.2
166.8 58.2
157.1 56.0
181.1 64.5
158.4 53.0
165.6 52.4
166.7 56.8
156.5 49.2
168.1 55.6
165.3 77.8

X =165.52 Y =59.47
We obtain
Sxx = 472.076,
Syy = 731.961,

Sxy = 274.786.
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Plot Y against X. Run OLS regressions of Y on X and the reverse regression of Y on X. Check
that the fitted regression line goes through the means of X and Y.
. Consider the simple regression model

yt=oc+,3xt+ut, t:l,Z,...,T
where «; is the explanatory variable and u is the unobserved disturbance term.

(a) Explain briefly what is meant by saying that an estimator, B, of Bis:
i. unbiased
ii. consistent
iii. maximum likelihood.
(b) Under what assumptions is the OLS estimator of 3:
i. the best linear unbiased estimator
ii. the maximum likelihood estimator
(c) Foreach of the assumptions you have listed under (b) give an example where the assump-
tion might not hold in economic applications.
(d) In the model above, why do econometricians make assumptions about the distribution
of uy when testing a hypothesis about the value of §?

. Consider the following two specifications

Wi = a4+ blog(E)) + ¢,
In (W) = a + Blog(E) + v;,

where W; = P F;/E;, is the share of food expenditure of household i, P is the price of food
assumed fixed across all households, E; = F; + NF;, with F; and NF; are respectively food
and non-food expenditures of the household, €; and v; are random errors, a, b, o and 8 are
constant coeflicients.

(a) How do you use these specifications to compute the elasticity of food expenditure rela-
tive to the total expenditure?

(b) Discuss the relative statistical and theoretical merits of these specifications for the analy-
sis of food expenditure.



Multiple Regression

2.1 Introduction

his chapter considers the extension of the bivariate regression discussed in Chapter 1 to

the case where more than one variable is available to explain/predict y;, the dependent
variable. The topic is known as multiple regression analysis, although only one relationship
is in fact considered between y; and the k explanatory variables, x;;, for i = 1,2,...,k. The
problem of multiple regressions where m sets of dependent (or endogenous) variables, y;j, j =
1,2,...,m are explained in terms of x4, for i = 1,2,...,k will be considered in Chapter 19
and is known as multivariate analysis and includes topics such as canonical correlation and fac-
tor analysis. This chapter covers standard techniques such as ordinary least squares (OLS) and
examines the properties of OLS estimators under classical assumption, discusses the Gauss—
Markov theorem, multiple correlation coefficient, the multicollinearity problem, partitioned
regression, introduces regressions that are nonlinear in variables and discusses the interpreta-
tion of coefficients.

2.2 The classical normal linear regression model

Consider the general linear regression model

k
ytzz,Bjxtj—l-ut, fort =1,2,...,T, (2.1)
j=1

where x¢1, %12, . . . , X are the " observation on k regressors. If the regression contains an inter-
cept, then one of the kregressors, say the first one x;1, is set equal to unity for all £, namely x;; = 1.
The parameters B, B, . . ., B assumed to be fixed (i.e., time invariant) are the regression coef-
ficients, and u; are the ‘disturbances’ or the ‘errors’ of the regression equation. The regression
equation can also be written more compactly as

Yt =B'x +u, fort=12,...,T, (2.2)



Multiple Regression | 25

where B = (B, B, --.,Br) andx; = (x¢1, %42, . . ., x4)'. Stacking the equations for all the T
observation and using matrix notations, (2.1) or (2.2) can be written as (see Appendix A for an
introduction to matrices and matrix operations)

y=XB+u, (2.3
where
X11 X12 ot Xk J1 U1
X21 %22 X2k V2 u
X = , Y= , u=
XT1 XT2 c XTk JT ur

The disturbances u; (or u) satisfy the following assumptions:

Assumption Al: Zero mean: the disturbances u; have zero means

E(u) =0,0rE(u;) =0, forall ¢t

Assumption A2: Homoskedasticity: the disturbances u; have constant conditional variances

Var(us |x1,%p,...,X7) = o> 0, forallt.

Assumption A3: Non-autocorrelated errors: the disturbances u; are serially uncorrelated

Cov(ut, us |x1,%3,...,x7) =0, forall t#s.

Assumption A4: Orthogonality: the disturbances u; and the regressors 41, x4, . . . , % are uncor-
related

E(ut |x1,x2,...,x7) =0, forallt.

Assumption AS: Normality: the disturbances u; are normally distributed.

Assumption A2 implies that the variances of ;s are constant also unconditionally, since,!
2
Var (u) = Var [E(u Ix1, %, ..., xr)] + E [Var(ue 61, %, ., x7)] = 0%

given that, under A4, E(u; [x1,X3,...,x7) = 0. The assumption of constant conditional and
unconditional error variances is likely to be violated when dealing with cross-sectional regres-
sions, while that of constant conditional error variances is often violated in analysis of financial
and macro-economic times series, such as exchange rates, stock returns and interest rates. How-
ever, it is possible for errors to be unconditionally constant (time-invariant) but conditionally

1 See Appendix B, result (B.22).
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time varying. Examples include stationary autoregressive conditional heteroskedastic (ARCH)
models developed by Engle (1982) and discussed in detail in Chapters 18 and 25.

In time series analysis the critical assumptions are A3 and A4. Assumption A3 is particu-
larly important when the regression equation contains lagged values of the dependent variable,
namely y;_1, y1—2, . . . . However, even if lagged values of y; are not included among the regres-
sors, the breakdown of assumption A3 can lead to misleading inferences, a problem recognized
as early as 1920s by Yule (1926), and known in the econometrics time series literature as the
spurious regression problem.? The orthogonality assumption, A4, allows the empirical analysis
of the relationship between y; and x1, ¢, ... % to be carried out without fully specifying the
stochastic processes generating the regressors, also known as ‘forcing’ variables. We notice that
assumption Al is implied by A4, if a vector of ones is included among the regressors. It is there-
fore important that an intercept is always included in the regression model, unless it is found to
be statistically insignificant.

As they stand, assumptions A2, A3, and A4 require the regressors to be strictly exogenous, in
the sense that the first- and second-order moments of the errors, us, t = 1,2,..., T, are uncor-
related with the current, past and future values of the regressors (see Section 9.3 for a discussion
of strict and weak exogeneity, and their impact on the properties of estimators). This assump-
tion is too restrictive for many applications in economics and in effect treats the regressors as
given which is more suitable to outcomes of experimental designs rather than economic obser-
vations that are based on survey data of transaction prices and quantities. The strict exogeneity
assumption also rules out the inclusion of lagged values of y; amongst the regressors. However,
it is possible to relax these assumptions somewhat so that it is only required that the first- and
second-order moments of the errors are uncorrelated with current and past values of the regres-
sors, but allowing for the errors to be correlated with the future values of the regressors. In this
less restrictive setting, assumptions A2—A4 need to be replaced by the following assumptions:

Assumption A2(i) Homoskedasticity: the disturbances u; have constant conditional variances

Var(u |x¢) = 6% >0, foralll <t.

Assumption A3(i) Non-autocorrelated errors: the disturbances u; are serially uncorrelated

Cov(ut,us |x¢) =0, forall ¢ # sandf < min(t,s).

Assumption A4(i) Orthogonality: the disturbances u; and the regressors x:1, x4, . . ., Xy are
uncorrelated

E(us |x¢) =0, foralll <t

Under these assumptions the regressors are said to be weakly exogenous, and allow for
lagged values of y; to be included in x;.

Adding assumption AS to the classical model yields the classical linear normal regression

model. This model can also be derived using the joint distribution of y, x;, and by assuming

2 Champernowne (1960) and Granger and Newbold (1974) provide Monte Carlo evidence on the spurious regression
problem, and Phillips (1986) establishes a number of theoretical results.
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that this distribution is a multivariate normal with constant means, variances and covariances. In
this setting, the regression of y; on x;, defined as the mathematical expectation of y; conditional
on the realized values of the regressors, will be linear in the regressors. The linearity of the regres-
sion equation follows from the joint normality assumption and need not hold if this assumption
is relaxed. To be more precise suppose that

(” ) “N(@X), (2.4)
X¢

where

—( M dx =( %» %
o= ) maz=(32 32)

Then using known results from theory of multivariate normal distributions (see Appendix B for
a summary and references) we have

E ()’t |Xt) = ,Lby + o—yxZ;cl(Xt - I'Lx)l

—1
Var (yt |xt) =0y — ayme O xy-

Under this setting, assuming that (2.2) includes an intercept, the regression coefficients 8 will be
given by (,uvlv —0 yxE;CI My, O yxz;} ). It is also easily seen that the regression errors associated
with (2.4) are given by

Ur =yt — (My - O'yxzx_xlﬂx) - o'yxZ;CIXt;

and, by construction, satisfy the classical assumptions. But note that no dynamic effects are
allowed in the distribution of (y;, x;)".

Both of the above interpretations of the classical normal regression model have been used in
the literature (see, e.g., Spanos (1989)). We remark that the normality assumption AS may be
important in small samples, but is not generally required when the sample under consideration
is large enough.

All the various departures from the classical normal regression model mentioned here will be
analysed in Chapters 3 to 6.

2.3 The method of ordinary least squares in multiple
regression

The criterion function in this general case will be

QBB Br) = Z Ye— Z,Bjxtj : (2.5)

t=1 j=1
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The necessary conditions for the minimization of Q (,3 By, B k) are given by

3 Bayen, T L
Q(ﬂlfé ﬂk)=—2§:xts yt_E B | =0, s=12,...,k (26
s t=1 =1

where ,Bj is the OLS estimator of ﬂj. The k equations in (2.6) are known as the ‘normal’ equa-
tions. Denoting the residuals by &y = y; — Zj /éjxtj, the normal equations can be written as

T N .
> iy Xty = 0,fors = 1,2,. ..,k or, in expanded form

ﬂ %t Xts

T
Z XtsYt =

~ 1]~
mmw

(5

t=1

Without the use of matrix notations, the study of the properties of multiple regression would be
extremely tedious. In matrix form, the criterion function (2.5) to be minimized is

QB =(y—XxB) (y—XB), @.7)
and the first-order conditions become

QB _
B

which yield the normal equations,

—2x/ (y x[f) =0,

(X'X) B = Xy.

Suppose now that X'X is of full rank, that is Rank (X’ X) = k, [or Rank(X) = k] a necessary
condition for this is that k < T. There should be at least as many observations as there are
unknown coeflicients. Then

1

B = (xx)" Xly. 2.8)

In the case where Rank(X) = r < k, B = (X’X)_ X'y, where (X’ X)_ represents the gen-

eralized inverse of X'X. In this case only r linear combinations of the regression coefficients are
uniquely determined.

2.4 The maximum likelihood approach

Under the normality assumption AS, the OLS estimator can be derived by maximizing the like-
lihood function associated to model (2.2) (or (2.3)). Let @ = (}3/, 02)/, then the likelihood of
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asample of T independent, identically and normally distributed disturbances is?

T
_ 1
Lt () = (27‘[0‘2) /2 exp (—20—2 uf)

t=1
o —T/2 1 o /N2
= (270?) exp —MTZ(yt—ﬂXt) .
t=1

Adopting the matrix notation,

Lt @) = (2m0?) ™ exp [—2%2 (y—xB) (y - Xﬂ)} . 29

Taking logs, we obtain the log-likelihood function for the classical linear regression model

T
T 1
tr (0) =logLr (0) = -3 log (2m0%) — ey ; . 2.10)

The necessary conditions for maximizing (2.10) are

(f{;_g’)):( LX (y —XB) )=<°>.
%(20) 202 +204 (y X'B) (y—Xﬂ) 0

The values that satisfy these equations are

~ Z u u'u
ﬂ:(X/X) X'y, and 57 ,;t =

whereu =y — Xﬁ Notice that the estimator for the slope coeflicients is identical to the OLS
estimator (2.8), while the variance estimator differs from (2.14) by the divisor of T instead
of T — k. Clearly, the OLS estimator inherits all the asymptotic properties of the ML esti-
mator. We refer to Chapter 9 for a review of the theory underlying the maximum likelihood
approach, and to Chapter 19 for an extension of the above results to the case of multivariate
regression.

The likelihood approach also forms the basis of the Bayesian inference where the likeli-
hood is combined with prior distributions on the unknown parameters to obtain posterior
probability distributions which is then used for estimation and inference: see Section C.6 in
Appendix C.

3 See also Section 1.8 where the likelihood approach is introduced for the analysis of bivariate regression models.
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2.5 Properties of OLS residuals

The residual vector is given by

u

y—XB=y-X(Xx)"'XYy

- [IT -x(xx)”" x’] y

= My,
where It is an identity matrix of order T, M = It — X(X’ X)X/, with the property M? =M,
which makes M to be an idempotent matrix. AlsoM = I — P, where P = X(X'X) "X is called
the projection matrix of the regression (2.3). Note that

MX = [IT - x(xx)” X’] X

=X - X (XX)7 XX

=X—-X=0.

Therefore
X'a=XMy =0, 2.11)
or Zthl xsty = 0,fors = 1,2, ..., kwhich are the normal equations of the regression problem.

Therefore, the regressors are by construction ‘orthogonal’ to the vector of OLS residuals.
In the case where the regression equation contains an intercept term (i.e., when one of the x4j’s
is equal to 1 for all t) we also have

T
Sa=0=T(5-him - B — .. — Bi) =0,
t=1

where x; stands for the sample mean of the it regressor, xy;. This result follows directly from
the normal equations ZtT: | %sstiy = 0, by choosing x;; to be the intercept term, namely setting
. T ~
Xt = 1lin thl xsuy = 0.
To summarize, the OLS residual vector, , has the following properties:

(i) By construction all the regressors are orthogonal to the residual vector, that is, X't = 0.

(i) When the regression equation contains an intercept term, the residuals, i;, have mean
zero exactly, i.e. ZtT:1 iy = 0. This result also implies that the regression plane goes
through the sample mean of y and the sample means of all the regressors.

(iii) Evenifu; are homoskedastic and serially uncorrelated, the OLS residuals, iy, will be het-
eroskedastic and autocorrelated in small samples.

Result (iii) follows by noting that

u=My =M(XS +u) = Mu,
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and
E(ad') = E (Mun'M') = ME (uu') M.
But under the classical assumptions E (uu/ ) = ¢2I7. Hence
E(ad) =M (o’Ir) M = 0°MM = o’M,
which is different from an identity matrix and establishes that #; and @y (t # t/) are neither
uncorrelated nor homoskedastic. These properties of OLS residuals lie at the core of some of
the difficulties encountered in practice in developing tests of the classical assumptions based on

OLS residuals, that perform well in small samples. Fortunately, the serial correlation and het-
eroskedasticity properties of OLS residuals tend to disappear in ‘large enough’ samples.

2.6 Covariance matrix of 8

The covariance matrix of § is defined as

) =[5 -2 (5)] [p - (3)] |

Varggl) Cov (’31’ ,82) -+ Cov (/:31, @k)
Cov (ﬂzf /31) V“r(ﬂz) -+ Cov (ﬂz: ﬂk)
= . (2.12)
Cov (Bk, Bl) Cov (Bk: ,82) s Var(,ék)

The diagonal elements of the matrix Var(ﬁ ) are the variances of the OLS estimators, ﬁ =
(,3 L 32 A B k)/» and the off-diagonal elements are the covariances.
To obtain the formula for Var(B ) we first note that

B=(xx)"'Xy=(XX)"'X (X8 +u)
= B+ (XX) "' Xu.

But E(X'u|X ) = X'E(u |X ) and, under assumption A4, E(u |X ) = 0, and hence E(ﬁ) =B,

namely that ,[9 is an unbiased estimator of 8. Also
B—E (,8) = (x'x) "' X'u.
Therefore

Var ([3) —E [(X’X)_l X'uu'X (x’x)_l] :
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Again under assumption A4

E [(X/X)’1 X'uu'X (X'X) " |X] = (X'X) "' XE (w [X) X (X'X) ",

and under assumptions A2 and A3, E (uu’ |X) = 0 %Iy. Therefore,

E [(X’X)’1 X'uu'X (X'X) |x] =02 (XX) ",

and hence
Var ([9) =0’E [(X/X)*l] . (2.13)
For given values of X an estimator of Var (B ) is
i (B) = (xx)

AD .
where 6 “ is

/\2 AN
o L @

- = ) (2.14)
T—k T-—k

with k being the number of regressors, including the intercept term. As in the case of the simple
regression model, & 2 is an unbiased estimator of & 2, namely E(6 2) = o2 Unbiasedness of 5>
is easily established by noting that t = Mu and hence

E (&2) = (T;_k) E (u'Mu)
— (T;—k) E[Tr (W/Mu)] = (T;_k) E[Tr (uMu')]
_ (ﬁ) T+ [ME (un)] = (ﬁ) T (Mo?),
Noting that
Tr (M) = Tr [IT -x(xx)" x’]
=Tr (i) — Tr[X (XX) "X | =Tk,
it follows that

E<5‘2> = O—ZTL_(IZD =02
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The estimator of Cov (Bj, /%S> is given by the (j’ s) t Jement of matrix 62 (X/X)_l,

Example 1 Consider the three variable regression model

yt = B1 + Baxer + Baxs + uy, t=12...,T, 2.15)
where we have set the first variable, x¢1, equal to unity to allow for an intercept in the regres-
sion. To simplify the derivations we work with variables in terms of their deviations from their
respective sample means. Summing the equation (2.1S) over t and dividing by the sample size, T,
yields:

y =B+ Brxa + B3xs + 14, (2.16)

wherey = Yy /T, % = ) ,xpn/T,x3 = ) ,x3/T,u = Y, us/T are the sample means.
Subtracting (2.16) from (2.15) we obtain

e —y =By (xn —x2) + By (x3 — x3) + (up — ).

The OLS estimators of B, and B are now given by (using (2.8))

A ~1
(5)=(5) ()
Bs S23 S33 Sy )’

where
Sjs = > (xtj - 56;‘) (xts — x5) = p (xfj - J_CJ') Xts) hs=23
Sy = 224 (x5 = %)) 7o j=23
—1
S S _ b S =S
S S33 $02833— S35 | —Sa Sa |
Hence

- 83382y — $2383y
Po=——""""5
822833 - 823
52283 — 5235y,
$22833 — S5

, @.17)

>

3 2.18)

The estimator of B, the intercept term, can now be obtained recalling that the regression plane goes
through the sample means when the equation has an intercept term. Namely

y= 81 + 32&2 + ,33563;
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and hence
Br =y — Byxa — B3xs. (2.19)

The estimates of the variances and the covariance ofBz and ,83 are given by [using (2.12) and

(2.13)]

- -1
Cov Ba\ _ 52 S S ’
B5 S S33
or
Var (B ) 67533 (2.20)
ar = — .
g $22833 — 83,
A2
— /A o°S
Var <ﬁ3) =—2 2.21)
822833 — 823
and
A2
— A A o 523
Cov (;3 B ) - (2.22)
2 $22833 — S35
Finally,

PO u 2
DI 2t ()’t — B1— Boxe — ,33xt3>
6° = = .

— — (2.23)
T-3 T-3

Notice that the denominator of & 2isT — 3, as we have estimated three coefficients, namely the
intercept term, 3, and the two regression coefficients, B, and f5.

2.7 The Gauss-Markov theorem

The Gauss—Markov theorem states that under the classical assumptions A1-A4 the OLS estima-
tor (2.8) has the least variance in the class of all linear unbiased estimators of 8, namely it is the
best linear unbiased estimator (BLUE). More formally, let 8 be an alternative linear unbiased
estimator of 8 defined by

B* =B +Cly, (2.24)

where Cis a k X T matrix with elements possibly depending on X, but not on y. It is clear that

B* is a linear estimator. Also since B is an unbiased estimator of 8, for 8* to be an unbiased
estimator we need
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E(87)=E(B) +CE(y) =B+CE(y) =B,
or that C'E (y) = 0, which in turn implies that
CE(y) =C (XB+E(w) =CXB =0, (2.25)
for all values of 8.

To prove the Gauss—Markov we need to show that subject to the unbiasedness condition

(2.25), Var(ﬁ) < Var (ﬂ*), in the sense that Var (,B*) — Var(,&) is a semi-positive definite
matrix. Using (2.3) and (2.8) in (2.24), we have

= [(X/X)_l X' + c’] (XB +w),
or
ﬂ*—ﬂ==CXﬂ4—hXXY*Xﬂ+Cﬂu
But using (2.25), C'XB = 0 and
B*—B= [(X’X)*l X + c’] u
Hence (for a given set of observations, X)
var (8%) =E[ (8" - ) (8" - B) |
=02 [(xX) "'+ Cc+ (Xx) ' Xe+ ex (xx) ]
However, since C'’Xf8 = 0 for all parameter values, 8, then we should also have C'X = 0, and
Var (%) = 0 (X'X) ' + 02 (C'C).
Therefore
Lﬁr(ﬂ*)-vbr<ﬁ> =o%(C'C),

which is a semi-positive definite matrix.
The Gauss—Markov theorem readily extends to the OLS estimator of any linear combination
of the parameters, 8. Consider, for example, the linear combination

§=1\'B,
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where A is a k X 1 vector of fixed coeflicients. Denote the OLS estimator of § by 8, and the
alternative linear unbiased estimator by §*. We have

S=\B, & =Ap%

and

But we have already shown that Var (ﬂ*) — Var( ﬁ) is a semi-positive definite matrix. Therefore,
Var (8*) — Var <c§) > 0.

Anumber of other interesting results also follow from this last inequality. Setting A" = (1,0,...,0),
for example, gives

§=NB =48

and establishes that
Var (,BT) — Var (,31) > 0.

Similarly, Var(,B;-k) - Var(ﬁj) >0, forj=1,2,...,k
Itisimportant to bear in mind that the Gauss—Markov theorem does not apply if the regressors
are weakly exogenous even if all the other assumptions of the classical model are satisfied.

2.8 Mean square error of an estimator and the bias-variance
trade-off

The Gauss—Markov theorem states that, under the classical assumptions, it is not possible to find
linear unbiased estimators of regression coeflicients which have smaller variances than the OLS
estimator, (2.8). However, as shown by James and Stein (1961), it is possible to find other esti-
mators that are biased but have a lower variance than the OLS estimator. The trade-off between
bias and variance can be formalized if the alternative estimators are compared by their mean
square error defined as

MSE(E) =E [(ﬁ—ﬂo)(ﬁ—ﬂo)/]’

where 8 denotes an alternative estimator to the OLS estimator, B, and 8 is the true value of .
To see the bias-variance trade-off we first note that
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E[(B—Bo)(B—By)'] = E{[(B—E®) — (B, — EB)] [(B—E®) — (B, — EB)] |
=E{[B-E®] [B-E@] | +E{[8, - EB] [, - EB)] |
—E{[B-E®)][8o - kB - E{[8o— EB][B - EB]].

But B, — E(fB) is a constant (i.e., non-stochastic), and can be taken outside of the expectations
operator. Also

E|[B-E®][B-E@] | = var (B),
and by construction

E[B—E(B)] = 0.

Hence
MSE(B) = Var (B) + [Bo — E(B)] [Bo — EB)] .

Namely, the MSE(E) can be decomposed into a variance term plus the square of the bias. In
principle it is clearly possible to find an estimator for B with lower variance at the expense of
some bias, leading to a reduction in the overall MSE. This result has been used by James and
Stein (1961) to propose a biased estimator for 8 such that its MSE is smaller than the MSE of

B. Specifically, they considered the estimator

~ {1— (k—2)0?

B = ﬁ}ﬁj, i=12,....k
B (XX')B

obtained by minimizing the overall MSE of ﬁ James and Stein proved that this estimator, by
shrinking the OLS estimator towards zero, has a MSE smaller than the MSE of OLS estimator
when k > 2. For further details see, for example, Draper and van Nostrand (1979) and Gruber
(1998).

2.9 Distribution of the OLS estimator

Under the classical normal assumptions A1-AS, for a given realization of the regressors, X, the

OLS estimator, B ,is a linear function of uy, for t = 1,2,..., T, and hence is also normally dis-
tributed. More specifically, using (2.8), note that

B =B+ XX) "Xy,

and since under assumptions A1-AS, u ~ N(0,02Ir), then recalling that XX is a positive defi-
nite matrix, we have
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(B-8) ~ N0 xXx ™.

Equivalently,

x'x)12 (’ga—ﬂ> ~ N(0, 1),

and

(B-8) (55) (b~ 8)~ 2 220

where Xi stands for the central chi-square distribution with k degrees of freedom. The above
result also follows unconditionally.

Consider now the distribution of 6%, the unbiased estimator of 52, given by (2.14). We note
thatt = Mu, where M = It — X(X'X) " 'Xisan idempotent matrix with rank T — k. Then the
singular value decomposition of M is given by GMG' = A, where G is an orthonormal matrix
such that GG’ = Ir, and

Hence

(T—ké6* wa mm
— = = = £'AE,

o2 o2

where § = 0 7'Gu ~ N(0,Iy). Partition & conformable to A, and note that

a2
(T-ko" k) ZE

where &; are independently and identically distributed as N(0, 1). Thus

(T —k)6*
— x5, 2.27)

Finally, using (2.26) and the above result, we have

e (-8) (2) (-0) _(5-8) % (5-9)

k (T—k)6? k62

o2

NF(k;T_k);

where F(k, T — k) stands for the central F-distribution with k and T' — k degrees of freedom.
This result follows immediately from the definition of F-distribution, which is given by the ratio
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of two independent chi-squared variates corrected for their respective degrees of freedom (see
Appendix B). In the present application, the two chi-squared distributions are

(T—k) 6*  u/Mu 5
o? T2 THrw

and

(B-8) (if) (B-8) =wxxx™ (’i—f) XXX

o' (It — M)u 5

o2 k

Theindependence ofu'Mu and u’ (I —M)u follows from the fact that (Ir—M)M = M — M =
M-M=0. A

The above results can be readily adapted for deriving the distribution of linear subsets of f8.
Suppose we are interested in the distribution of Rﬁ ,where Ris anr X k matrix of fixed constants
with rank r < k. Then

(R/'} - Rﬂ)l [R (x'x)”" R/]_l (RB - R,B)

~2
ro

_ <RB - Rﬁ)/ [R%\r(f)w]_l (Rl} - Rﬂ) ~F(r, T — k). (2.28)

In the case where r = 1, the F-test reduces to a t-test. For example, by setting R = (1,0, .. .,0),
the above result implies

o 2
PP et - g,
Var(B;)

which in turn yields the familiar t-test statistic, given by (;31 — ,31> /+/ Var(B 1)~ tr_g.

2.10 The multiple correlation coefficient

By analogy to the case of the simple regression model, the strength of the fit of a multiple
regression equation is measured via the multiple correlation coeflicient, R, defined by the pro-
portion of the total variation of y explained by the regression equation:

2 Zt ()A’f_.)_})z

RP=2= o (2.29)

Zt (J’t - J_’)Z
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As in the case of the simple regression equation, the total variation of y, measured by S, =

> ()’t — )7) 2, can be decomposed into that explained by the regression equation, ) _, ()A/t — )7)2 )
and the rest:*

D=3 =200+ 20 =3
t t t
Hence, R? can also be written as

6= - -3

R2
2 )
Zt (Yt _}’)
or
RE—=1— Zt (Yt _)A’t)z
Zt ()’t _3_’)2
A2 AN
:1_%:1_';_“, (2.30)
7y 7y

which provides an alternative interpretation for R* and establishes that 0 < R* < 1, so long as
the underlying regression equation contains an intercept.’ The limiting value of R> = 1 indi-
cates perfect fit and arises if and only ifu = 0 (ori; = 0, fort = 1,2,...,T). When T, the
sample size, is finite this can only happen if the number of estimated regression coeflicients, k, is
equal to T. The R? statistic is problematic as a measure of quality of the fit of a regression mod-
els because it always increases when a new regressor is added to the model. Therefore a high
value of R? is not by itself indicative of a good fit. An alternative measure of fit which attempts to
take account of the number of estimated coefficients is due to Theil. It is called adjusted R, and
written as R%:

_ T-—1 2
R?=1 2y (2.31)

- T_th ()’t_)_’)z’

or equivalently (using (2.14)):

~2
= o

=TT

This ‘adjusted’ measure provides a trade-off between fit, as measured by R?, and parsimony as
measured by T — k. To make this trade-off more explicit R* is also often defined as

1-R2= i—k (1-R%). (2.32)

# The proofis similar to that presented in Chapter 1 for the bivariate regression model and will not be repeated here.
5 When the regression equation does not contain an intercept term, R? can become negative.
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All the above three definitions of R? are algebraically equivalent. Note that, unlike R?, there is
no guarantee for the R to be non-negative, and hence R is not always defined.

In applied econometrics, R? is often used as a criterion of model selection. However, its use
can be justified when the regression models under consideration are non-nested, in the sense
that none of the models under consideration can be obtained from the others by means of some
suitable parametric restrictions. In the case where the models are nested, a more suitable pro-
cedure would be to apply classical hypotheses testing procedures and test the models against
one another by means of F- or t-tests. (See Chapter 3 on hypotheses testing in linear regression
models.)

Remark 1 When y, is trended (upward or downward) it is possible to obtain an R* very close to unity,
irrespective of whether the trend is deterministic or stochastic. This is because the denominator of
R?, namely Sy, = Do ()’t — 5/)2, implicitly assumes that y; is stationary with a constant mean
and variance (see Chapter 12 for definition of stationarity). In the case of trended variables a more
appropriate measure of fit would be to define R* with respect to the first differences of yi, Ay; =
Yt — Ye—1, namely

APA

Ry =1-———,

Y > (Aye— A)’)z

where Ay = Y, Ay;/T. This measure is applicable irrespective of whether yy is trend-stationary
(namely when its deviations from a deterministic trend line are stationary), or first difference sta-
tionary. A variable is said to be first difference stationary if it must be first differenced once before it
becomes stationary (see Chapter 15 for further details). The following simple relation exists between
R*and RZAy :

1-Rj, = (%) (1-R%).

D (Ayt — Ay ’

Since in the case of trended y;, for modest values of T, the sum ) _, (yt — }7)2 will most certainly be
substantially larger than ., (Ay; — A_y)z, it then follows that in practice RZA}, will be less than

R, often by substantial amounts. Also as T tends to infinity R> will tend to unity, but Rsz remain
bounded away from unity. An alternative approach to arriving at a plausible measure of fit in the
case of trended variables would be to ensure that the dependent variable of the regression is station-
ary by running regressions of first differences, Ay on the regressors, Xy, of interest. But in that case
it is important that lagged values of yt, are also included amongst the regressors, namely a dynamic
specification should be considered. This naturally leads to the analysis of error correction specifica-
tions to be discussed in Chapters 6, 23, and 24.

2.11 Partitioned regression

Consider the classical linear regression model

y=XB+u, (2.33)
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and suppose that X is partitioned into two sub-matrices X; and X, of order T x kj and T X k;
such that k = k; + k. Partitioning 8 conformably with X = (Xl Xz) we have

y=XiB, +XuB, +u (2.34)
Such partitioned regressions arise, for example, when X; is composed of seasonal dummy vari-

ables or time trends, and X, contains the regressors of interest, or the ‘focus’ regressors. The OLS
estimators of 8; and f8, are given by the normal equations

X/IY = (X/IXI) ﬁl + (X/1X2) Bz; (2.35)
Xoy = (XX1) B, + (X,X,) B, (2.36)
Solving for ﬁl and B , we have
- -1
B, = (X{MxX1) X My, (2.37)
B, = (X;M1X;) " X;Myy, (2.38)

where

—1
M; =1Ir - X; (X]/X}> x]f, for j=1,2.

The estimators of the ‘focus’ coefficients, 8,, can also be written as (recall that M are symmetric
and idempotent: M]/ =M, = MIZ)

B, = [(M1X5) (M1X2)T1 M1 X,)'y,

or
Bz = (}’2/2552)_1 i/z)’;

where X, = M;X, and Y = M,y are the residual matrices and vectors of the regressions of X,
on X; and of y on Xy, respectively. The residuals from the regression of y = y — yonX; =

X, —X; arealso givenbyu = y-X,8 ,.Itis now easily seen that Wis in fact the same as the OLS
residual vector from the unpartitioned regression of y on X.” Therefore, a regression of y on X,
yields the same estimate for 8, as the standard regression of y on X; and X, simultaneously and

6 See Section A.9 in Appendix A for a description of partitoned matrices and their properties.
7 Notice that

i= [1 —x; (X)x;) 7 Xi] y— |:I X (X)x;) 7 X’l]Xzﬁz

. . A
=y—XaB, — X1 (X[X1) [X/ly - Xixzﬂz] .

(continued)
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without orthogonalization of the effect of X; on Xj. This property is known as the Frisch-Waugh-
Lovell theorem, first introduced by Frisch and Waugh (1933), and then by Lovell (1963). For
further details see also Davidson and MacKinnon (1993).

The partitioned and the unpartitioned regressions also yield the same results for the variance
matrix of ﬁ ,- It is, therefore, possible to estimate the coefficients of the ‘focus’ regressors in two
ways. The partitioned method first ‘filters’ the observations by allowing for the effect of non-
focus’ variables by running regressions of y on X;, and X; on X and then computes estimates of
B by regression of the filtered variables. In the case where X contains seasonal dummies, the
residuals from regression of y on X; represent seasonally adjusted y, and similarly the residuals
from regressions of the columns of X, on X represent seasonally adjusted X,. Hence, regression
of seasonally adjusted variables yields the same coefficient estimates as running a regression of
seasonally unadjusted variables so long as the same seasonal dummies used to adjusty and X, are
also included in the unseasonally adjusted regression. The same results also hold for the regres-
sions of detrended and non-detrended variables.

Special care should be exercised when using the above results from partitioned regressions.
Firstly, the results do not apply when the seasonal adjustments or detrending are carried out
over a time period that differs from the period over which the regression of focus variables are
run. Neither do they apply if the seasonal adjustments are carried out by government agencies
who often use their own in-house methods. Secondly, the computer results based on regression
of seasonally adjusted variables do not generally take account of the loss in degrees of freedom
associated with the estimation of seasonal or trend effects. In view of these pitfalls, it is often
advisable to base estimation and hypothesis testing on the unpartitioned regression of y on X.
The use of partitioned regressions is helpful primarily for pedagogic purposes.

2.12 How to interpret multiple regression coefficients

The issue of how to interpret the regressions coefficients in a multiple regression model has been
recently discussed in Pesaran and Smith (2014). Suppose we are interested in measuring the
effects of a unit change in the regressor x; on y;. The standard procedure is to use the estimated
coefficient of x, namely B;, on the assumption that the hypothetical change in x;, does not affect
Xjt, j 7 i, namely it assumes that the hypothetical change in x;; is accompanied with holding the
other regressors constant, the so called ceteris paribus assumption. But in almost all economic
applications we are not able to control the inputs and the counterfactual exercise by which all
other regressors can be held constant might not be relevant. Pesaran and Smith (2014) argue
that in time series analysis, rather than focussing on the signs of individual coeflicients in mul-
tiple regressions holding the other variables constant, we should measure a total impact effect
which allows for direct and indirect induced changes that arise due to the historical correlations
amongst the regressors. The limitation of the usual ceteris paribus approach lies in the fact that it
ignores the stochastic interdependence of the regressors which we need to allow for in time series
economic applications. Similar issues arise in the derivation of impulse response functions for

But using (2.35),X/1y - X’IXLBZ = (x/lxl) ﬁl, and hence
. . -1 -
1=y —-Xof, - X1 (X(X1) (X[X1)B;
= Y*X131 *X2I§2 =d
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the analysis of dynamic models and have been discussed by Koop, Pesaran, and Potter (1996)
and Pesaran and Shin (1998) and will be addressed in Chapter 24.

To illustrate Pesaran and Smith (2014)’s argument consider the following simple classical lin-
ear regression model with two regressors:

¥t = Bo + Brxwe + Boxar + us.

Suppose further that x1; and x5 are random draws from a bivariate normal distribution with
the covariance matrix
i Axyy \ [ o 021
ar = .
Axt 021 02

E(Axy [Axy) = py Axyy,

It is now easily seen that

where p,; = 021 /011. The total effect of a unit change in x; on y; is therefore given by

E(Aye |Axy) = (By + po1B1) Ay,

which reduces to the 8, onlyifo; = 0.
As a second example, suppose that we have a quadratic function of a single regressor, so that
the regression model is given by

yi = Bo + B + Bax} + us. (2.39)

Here it clearly does not make any sense to ask what is the effect on y; of a change in «¢, holding
x% fixed. In this case we have

E(Ay; |Axe) = (By + 2Byx¢) Axy, (2.40)

for sufficiently small increments, Ax;.

Pesaran and Smith (2014) show that the total effect of a unit change in x;; on y; can be esti-
mated consistently by a simple regression of y; on «j, which is to be contrasted with the ceteris
paribus effect of unit change in x; on y; which is given by B; and requires estimation of the cor-
rectly specified multiple regression model.

2.13 Implications of misspecification for the OLS estimators

The unbiasedness property of the OLS estimators in the classical linear regression model cru-
cially depends on the validity of the classical assumptions and the correct specification of the
regression equation. Here we consider the effects of misspecification, that results from adding or
omitting a regressor in error, on the OLS estimators. In Chapter 3 we consider the implications
of such misspecifications for inference on the regression coefficients.
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2.13.1 The omitted variable problem

Suppose that y;’s are generated according to the classical linear regression equation
yi=o+ Brxe + Boz + uy, (2.41)
but the investigator estimates the simple regression equation
ye = + Bxr + &, (2.42)

which omits the regressor z;. The new error, &;, now contains the effect of the omitted variable
and the orthogonality assumption that requires x; and &; to be uncorrelated might no longer
hold. To see this consider the OLS estimator of  in (2.42), which is given by

Y G — ) (e = j)

R

Under the correct model (33.34)
ye—y=PB1 e —x)+By(z—2) tu—u

Hence

Y, (e — %) (2 — 2) . > (e — %) (up — i)
> (e — %)? Y —%*

B=pB1+8,
and taking expectations conditional on the regressors

E (B) = B, + Bybrez, (2.43)

where by, stands for the OLS estimator of the regression coefficient of x; on z¢. In general, there-
fore, B is not an unbiased estimator of B, [the ‘true’ regression coeficient of x; in (2.41)]. The
extent of the bias depends on the importance of the z; variable as measured by 8, and the degree
of the dependence of % on z;. Only in the case where x; and z; are uncorrelated B will yield an
unbiased estimator of 8. See Section 3.13 on the effects of omitting relevant regressors on test-
ing hypothesis involving the regression coefficients.

The omitted regressor bias can be readily generalized to the case where two or more relevant
regressors are omitted. The appropriate set up is the partitioned regression equation given in
(2.34). Suppose that in that equation the regressors X, are incorrectly omitted and f is esti-
mated by

B = (XX, 'Xy.
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Then, under (2.34), it is easily seen that

E(B — B, IX) = (X,X))"'X|X,8, = P, B,,

Also see Exercise 3 at the end of this chapter.

2.13.2 The inclusion of irrelevant regressors

Inclusion of irrelevant regressors in the regression equation is less problematic. For example,
suppose that the correct model is

ye =0 + B + uy,
but we estimate the expanded regression equation by mistake:
yr=a+ Brx + oz + &
The OLS estimator of 8 in this regression will still be unbiased, but will no longer be an efficient
estimator. There will also be the possibility of a multicollinearity problem that can arise if the
erroneously included regressor, zy, is highly correlated with x¢ (see Section 15.3.1). In general
suppose that the correct regression model is

y=XB +u, (2.44)

but B is estimated by running the expanded regression of y on X and Z. The OLS estimator of
the coefficients of X in this regression, say 8, is given by (see also (2.37))

P -1
B, = (XM.X) " X'M.y,
where M, = It — Z(Z'Z) " 'Z. Under (2.44) we have
E ([91 -B |x,z) = (XM.X) "' XM.E|X,Z).

Therefore, so long as Z as well as X are strictly exogenous and the orthogonality assumption
E (u|X,Z) = 0is satisfied we obtain

E(Bi-B1x2) =0,
or unconditionally

E@J:ﬂ

Notice, however, that the additional variables in Z can not be weakly exogenous. For example,
adding lagged values of y; to the regressors in error can lead to biased estimators.
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2.14 Linear regressions that are nonlinear in variables
A linear regression model does not necessarily require the relationship between y (the regres-

sand) and x (the regressor) to be linear. A simple example of a linear regression model with a
nonlinear functional relationship between y and x is given by the quadratic regression equation:

yi=a+ Bxi + ya) + u

To transform this nonlinear relation to a linear regression model, set z; = xlz and write the
quadratic equation as

yi =+ Bxi+ yzi +u;
which is a linear regression in the two regressors x; and z;. Other examples of nonlinear relations
that are transformable to linear regressions are general polynomial regressions, logistic models,

log-linear, semi-log-linear and inverse models. Here we examine some of these models in more
detail.

Example 2 Consider the following Cobb—Douglas production function
Qi = ALYK exp (),

where Q ; is output of firm i, L; and K; are the quantities of labour and capital used in the production
process, and u; are independently distributed productivity shocks. Taking logarithms of both sides
now yields the linear logarithmic specification

logQ; =logA + alogL; + BlogK; + u;,
and setting y; = log Q;, x1; = log L;, x; = log Kj, a = log A, yields

yi = a+ axy; + Bxo; + u;,

which is a linear regression equation in the two regressors x1; and x,;. The estimate of A can now be
obtained by A = exp (&), where @ is the OLS estimate of the intercept term in the above regression.

Example 3 (Logistic function with a known saturation level) The logistic model has the general
form

A
Yi=——F—, By >0, xi >0,
1+ yx; exp (u;)
where A is the saturation level of Y, which is assumed to be known. We also assume that A > Y,
for alli. This is clearly a nonlinear model in terms of Y and x. To transform this model into a linear
regression model in terms of the unknown parameters y and B, we first note that
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B ( ) A 1
X, exp\uj) = — — 1,
y 1 P 1 Y

1

which upon taking logarithms of both sides yields

Y;

A—
yi = log (T) = a + Blogx; + u;

1

in which @ = log (). In the case where A is known the parameters o and 8 (and hence y and
B) can be estimated by the OLS regression of y; = log (A%iy’)on logx;. The logistic function,

has important applications in econometrics (e.g. ownership of demand for durable goods, TV's, cars
etc.) and in population studies.

Other examples of nonlinear functions that can be transformed into linear regressions include
semi-logarithmic model

yi = o + Blogx; + u;,

and the inverse model

yiza—i—é—i—ui.

1

These models have proved very useful in cross-section studies of household consumption
behaviour.

2.15 Further reading

Further reading on multiple regression and on the properties of OLS estimator can be found in
Wooldridge (2000) and in Greene (2002) (see Chapters 2—4). An interesting geometric inter-
pretation of linear regression, shedding light on the numerical properties of OLS, is presented
in Davidson and MacKinnon (1993). The latter also provides an in-depth discussion on the
Frisch-Waugh-Lovell theorem, and partitioned regression.

2.16 Exercises

1. Suppose thatin the classical regression model y; = o+ Bux;4-u; the true value of the constant,
o, is zero. Compare the variance of the OLS estimator for f computed without a constant term
with that of the OLS estimator for 8 computed with the constant term.

2. Consider the following linear regression model

yr = + ﬁxt =+ Y w + uy. (2.45)



Multiple Regression | 49

Suppose that the classical assumptions are applicable to (2.45), but B is estimated by running
an OLS regression of y; on a vector of ones and x;. Denote such an estimator by ’B, and show
that /,3\ is a biased estimator of 8 in (2.45). Derive the formula for the bias of //3\ in terms of the
correlation coeflicient of w; and wy, and their variances, namely p,,,, ch , Uﬁ,.

. Consider the following partitioned classical linear regression model:
y=Xi1B; +Xop;, +u,

where yisa T X 1 vector of observations on the dependent variable, and X; and X are T x k;
and T X k; observation matrices on the regressors.

(a) Show thatifwe omit the variablesincluded in X, and estimate 8| by running a regression

of y on X only, then Bl is generally biased with the bias:
E(B1[X) — B =P1aff;, where Py = (X(X1)” 'X|Xy,

where X = (X1, X3).
(b) Interpret the elements of matrix Py,. Under what conditions Bl will be unbiased?

(c) Aresearcher is estimating the demand equation for furniture using cross-section data. As
regressors she uses an intercept term, the relative price of furniture, and omits the relevant
income variable. Find an expression for the bias of the OLS estimate of the price variable
in such a regression. What other regressors should she have considered, and how could
their omission have affected her estimate of the price effect?

. Consider the following linear regression model
Nn=uo + ﬂlxu + ﬂzth + Ety (2.46)

and suppose that the observations (y;, x1¢, x2¢), fort = 1,2, ..., T are available.

(a) Specify the assumptions under which (2.46) can be viewed as a classical linear regres-
sion model. In your response clearly distinguish between the cases where x1; and x; are
fixed in repeated samples, strictly exogenous, and weakly exogenous (see Chapter 9 for
definition of strictly exogenous, and weakly exogenous regressors).

(b) Suppose that the classical assumptions are applicable to (2.46), but B, is estimated by
running an OLS regression of y; on a vector of ones and x1¢, and 8, is estimated by run-

ning an OLS regression of y; on a vector of ones and xy;. Denote these estimators by B,

and Eym are biased estimators of 8 and 8, in (2.46).

o~

and Byxz .Show thatin general B,

(c) Denotethe OLS estimators of 8, and S, in the regression of y; on x1; and x; as in (2.46)
by B, and B,, respectively. Show that
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’B\yxl - r(SZ/SI)nyZ

131 = 1—7'2 ]
B _ :Byxz _r(sl/sl)ﬁyxl
2T 1—r2 '

where s; and s, are the standard deviations of x1; and xy, respectively, and r denotes the
correlation coefficients of x1; and x¢. Discuss the relevance of these results for empirical
time series research.

S. Consider the regression model
y= Xﬂ +u, u ~ N(Ol UZIT))

where X is a T X k stochastic matrix of rank k, distributed independently of u = (uy,
..., ur),and u; «~ IID(0, 0'2).

(a) Let Amax (X'X) and Apmin (X’X) denote the largest and the smallest characteristic roots (or
eigenvalues) of X'X. Prove that the following four statements are equivalent:

* Amin(X'X) tends to infinity
* Amax ((X/ X)fl) tends to zero
o Trace ((X/ X)_l) tends to zero
* Every diagonal element of (X’X) ! tends to zero
(b) Using the results under (a), or otherwise show that the OLS estimator of 8 is consistent
if Amin (X'X) tends to infinity.

(c) Prove 6 = 0'4/T is a consistent estimator of 02, where a is the vector of OLS
residuals.



Hypothesis Testing in
Regression Models

3.1 Introduction

tatistical hypothesis testing is at the core of the classical theory of statistical inference.

Although it is closely related to the problem of estimation, it can be considered almost inde-
pendently ofit. In this chapter, we introduce some key concepts of statistical inference, and show
their use to investigate the statistical significance of the (linear) relationships modelled through
regression analysis, or to investigate the validity of the classical assumptions in simple and mul-
tiple linear regression.

3.2 Statistical hypothesis and statistical testing

A statistical hypothesis is an assertion about the distribution of one or more random variables. If
the hypothesis completely specifies the probability distribution, it is called a simple hypothesis,
otherwise itis called a composite hypothesis. For example, suppose %1, x2, . . . , xT are drawn from
N (6,1). Then H : 0 = 0is a simple hypothesis, while H : 6 > 0is a composite hypothesis. If
one hypothesis can be derived as a limiting sequence of another, we say the two hypotheses are
nested. If neither hypothesis can be obtained from the other as a limiting process, then we call
the hypotheses under consideration non-nested. For example, suppose x1, x2, . . ., xT are drawn
from log-normal distribution under Hy, while under H; they are drawn from an exponential
distribution. Then Hy and H; are non-nested hypotheses. We refer to Chapter 11 for a review of
tests for non-nested hypotheses.

3.2.1 Hypothesis testing

A test of a statistical hypothesis H is a rule for rejecting H. If the sample space is denoted by x =
(x1,%2, . ..,%T), a test procedure decomposes x into two regions. If (x1,x2,...,x7) € Cr,
where Cr is called the critical or rejection region of the test, then H is rejected, otherwise H is
not rejected. In practice we often map (x1, x2, . . ., x7) into a test statistic T (x1, x3, . . ., x7) and
consider whether T (x1,xp,...,x7) > Cr or not.
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The hypothesis being tested (i.e. the maintained hypothesis) is usually denoted by Hy and
is called the null hypothesis. The hypothesis against which Hy is tested is called the alternative
hypothesis and is usually denoted by H;.

3.2.2 Types of error and the size of the test

The decision rule yields two types of error:

e The type I error is the error involved in rejecting Hy when it is true

* The type Il error is the error involved in not rejecting Hy when it is false

The probability of a type I error is called the size of the test and, often denoted by v, v x 100
per cent, is also called the significance level of the test. The probability of the type II error is called
the size of the type II error and is often denoted by 1. Ideally, we would like both errors to be as
small as possible. However, there is a trade-off between the two, and by reducing the probability
of a type I error, we must increase the probability of a type II error.

The power of a testis defined as 1 minus the size of the type Il error, namely powerr = 1— B .
For a given significance level, o7, we would like the power of the test, powerr, to be as large as
possible.

Example 4 (Testing a hypothesis about a mean) Assume we have a sample of T observations
X1,%2, . . ., xT, obtained as random draws from a normal N (i, o2) distribution, with o known.
Suppose that we wish to test Hy : |1 = [Lo, where [ is a given (assumed) value of . To this end,

T

consider the sample meanx = T~ " Z x;. Under the null hypothesis the random variable
i=1

VTx — g

)

o

is distributed as a N (0, 1) and the critical values of the normal distribution will be applicable.
Setting the significance level at S per cent, the critical value for a two-sided test (with the alternative
being |L # [Lg) is 1.96. Hence, in this case the power of the test is the probability that the absolute
value of the test statistic will exceed 1.96 given that the true value of [ is not [1. The power clearly
depends on the alternative value selected for (1. As expected, the test becomes more powerful the
further the true mean is from the hypothesized value. The interval

p (x 1960 /T < p <3+ 1.960/ﬁ) — 0095,
is called the 95 per cent confidence interval of (.

Let the critical region of a test be defined by T (xy, %3, ..., x7) > Cr, we have

Prob. oftypeLerror = Pr{T (x1,%2,...,47) > Cr|Ho} = ar,
Prob. of type Il error = Pr{T (x1,%2,...,x47) < Cr|H1} = Br.
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Let 17 denote the power of the test, then
Nr=1—-Br=1—"Pr{T (x1,%2,...,x7) < Cr|Hi},
or equivalently,

[ = Pr{T (x1,%2,...,%7) > Cr [H1 }.

3.3 Hypothesis testing in simple regression models

In deriving the ordinary least squares (OLS) estimator and its properties in Chapter 2, we have
notused Assumption AS on the normality of u;. This assumption is useful for hypotheses testing.
Consider first the simple regression model

e = o+ Bx; + uy,

and assume that Assumptions A1-A4 hold (see Chapter 2), together with Assumption AS, that
is,us ~ N (0, 02). Suppose that we are interested in testing the null hypothesis

HO:IBZIBOr

against the two-sided alternative hypothesis

Hl‘ﬁ#ﬁo;

where B is a given value of 8. To construct a test for j, first recall that, from (1.25) and (1.26),

. T
B= Zwm,
t=1

where
Xt — x
T =\2°
Zs:l (xS - x)

Replacing y; =  + B¢ + uy in the above expression now yields

wy =

T
BZ Zwt(a+ﬂxt+ut))

t=1

T T T
B =« (Z Wt) +B (Z tht) + Zwtum
t=1 t=1 t=1
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and since Zthl wy = 0, Zthl wix; = 1 (see the derivations in Section 1.9), we have

T
B=B+) wu. 3.1)

t=1

Noting that the weighted average of normal variates is also normal, it follows that

Blx ~N [ﬂ, Var (B)], (3.2
where
Var (;3) =0’ XT:W% = TJ—Z
=1 D (e — %)

In the case where 02 isknown, we can base the test of Hy : 8 = 0, on the following standardized
statistic

BP—Bo _ B—5
wr(p)  SE ()
where S.E. (-) stands for the standard errors. Under the null hypothesis, Z; ~ N (0, 1) and the

B
critical values of the normal distribution will be applicable.
The appropriate choice of the critical values depends on the distribution of the test statistic,

z

3 (8.3)

the size of the test (or the level of significance), and whether the alternative hypothesis is two
sided, (namely H; : 8 # B,) or one-side, namely whether H; : 8 > ByorH : B < B,.
In the case where o2 is not known, the use of statistic Z 3 defined by (3.3) is not feasible and

0% needs to be replaced by its estimate. Using the unbiased estimator of o2, given by (1.34),
namely

_ Zt ()’t — & — th>2

T-2

~2
o

we have the t-statistic

~

P—Bo _ P=Bo
[ (p) @[}

which under the null hypothesis, Hy : 8 = B, has a t-distribution with T — 2 degrees
of freedom. The tB statistic is pivotal in the sense that it does not depend on any unknown

tﬁ=

parameters.
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Example 5 Suppose we are interested to test the hypothesis that the marginal propensity to consume
out of disposable income is equal to unity. Using aggregate UK consumption data over the period
1948-89 we obtained the following OLS estimates:

&= 76003 + 087233 .
(2108.9)  (0.01169)

The bracketed figures are standard errors. The estimate of the marginal propensity to consume is
equal to B =0.87233. To test Hy : B = 1 against Hy : B # 1 we compute the t-statistic

B—By 087233—10

0 = —10.92.
S.E.(B) 0.01169

ty =

The number of degrees of freedom of this test is equal to 42 — 2 = 40, and the 95 per cent critical
value of the t-distribution with 40 degrees of freedom for a two-sided test is equal to £2.021. Hence
since the value of t, for the test of B = 1 against 8 7 1 is well below the critical value of the test

(i.e, —2.021) we reject the null hypothesis that f = 1.

3.4 Relationship between testing 8 = 0, and testing the
significance of dependence hetween Y and X

Recall that the correlation coefficient between Y and X is estimated by (see Section 1.9)

Py =
XY SxxSry
But since
A SXY
ﬂ = <
Sxx
. 6?
Var(B) = —,
Sxx
we have
~2 a2
A2 B Skx B Sxx
SxxSyy Syy

The t-statistic for testing Hy : B = 0 against H; : 8 # 0 is given by

~

B
tg = ——,
V/ Var(B)
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or upon using the above results:

A2

- B Sxx

th="—5— (3.5)
o

Finally, recall from the decomposition of Syy = Y (yt - )7)2 in the analysis of variance table
that (see Section 1.5)

o =) (T-2)8?
Pxy =1-— 5 =1- S
Zt()’t_)’) Y

)

or

,  Sw (1 - f&Y)
SR S— 3.6)
T-2

Consequently, using (3.4) and (3.5) in (3.6) we have

,  (T—2)pyy

= X @.7)
A2
(i)
Alternatively, ,f)g(y can be written as an increasing function of t;%s for T > 2, namely
Y
Oy = ———— < L. 3.8
Por =5y & ©8

These results show that in the context of a simple regression model the statistical test of the
‘fit” of the model (i.e., Hy : pxy = Oagainst Hy : pxy 7 0) is the same as the test of zero
restriction on the slope coefficient of the regression model (i.e, test of Hy : B = 0 against
Hj : B # 0). Moreover, the test results under the null hypothesis of a zero relationship between
Y and X is equivalent to testing the significance of the reverse regression of X on Y, namely testing
Hp : § = 0,against Hy : § # 0, in the reverse regression

X = ay + Oy + vy, (3.9)

assuming that the classical assumptions now apply to this model. Of course, it is clear that the
classical assumptions cannot apply to the regression of Y on X and to the reverse regression of X
onY at the same time. But testing the null hypothesis that 8 = 0 and § = 0 are equivalent since
the null states that there is no relationship between the two variables. However, if the null of no
relationship between Y and X is rejected, then to measure the size of the effect of X on Y (By.y)
as compared with the size of the effect of Y on X (By .x), will crucially depend on whether the
classical assumptions are likely to hold for the regression of Y on X or for the reverse regression
of X onY. As was already established in Chapter 1, By,XBX,Y = f)%,X = ,f)gﬂ, (see (1.9)), from
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which it follows in general that the estimates of the effects of X on Y and the effects of Y on X do
not match, in the sense that By,X is not equal to I/BX,Y, unless ,?)g(y = 1, which does not apply
in practice.

Hence, in order to find the size of the effects the direction of the analysis (whether Y is
regressed on X or X regressed on Y) matters crucially. But, if the purpose of the analysis is sim-
ply to test for the significance of the statistical relationship between Y and X, the direction of the
regression does not matter and it is sufficient to test the null hypothesis of zero correlation (or
more generally zero dependence) between Y and X. This can be done using a number of alterna-
tive measures of dependence between Y and X. In addition to pyy, one can also use Spearman
rank correlation and Kendall's T coefficients defined in Section 1.4. The rank correlation mea-
sures are less sensitive to outliers and are more appropriate when the underlying bivariate distri-
bution of (Y and X) show significant departures from Gaussianity and the sample size, T, under
consideration is small. But in cases where T is sufficient large (60 or more), and the underlying
bivariate distribution has fourth-order moments, then the use of simple correlation coefhicient,
Pyx, seems appropriate and tests based on it are likely to be more powerful than tests based on
rank correlation coeflicients.

Under the null hypothesis that Y and X are independently distributed /T pyy is asymptoti-
cally distributed as N(0, 1), and a test of pyx = 0 can be based on

zp = Thyyx =4 N(O, 1).
Fisher has derived an exact sample distribution for pyy when the observations are from an

underlying bivariate normal distribution. But in general no exact sampling distribution is known
for Py in the case of non-Gaussian processes. In small samples more accurate inferences can

be achieved by basing the test of pyy = 0 on ty = f)YX\/(T —2) /(1 — ,6%0() which is dis-
tributed approximately as the Student’s t with T — 2 degrees of freedom. This result follows
from the equivalence of testing pyx = 0 and testing 8 = 0 in the simple regression model
Yt =a—|—,8xt+ut.

To use the Spearman rank correlation to test the null hypothesis that Y and X are independent,
we recall from (1.10) that the Spearmen rank correlation, r;, between Y and X is defined by

YT

re =1
! T(T? — 1)’

(3.10)

where d is the difference between the ranks of the two variables. Under the null hypothesis of
zero rank correlation between y and x (o, = 0, where p, is the rank correlation coefficient in the
population from which the sample is drawn) we have

1
Var(r,) = T (8.11)

Furthermore, for sufficiently large T, r; is normally distributed. A more accurate approximate
test of p; = 0 s given by

, 3.12)
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which is distributed (under p; = 0) as Student t with T — 2 degrees of freedom

Alternatively, Kendall’s T correlation coefficient, defined by (1.11), can be used to test the
null hypothesis that Y and X are independent, or in the context of Kendall’'s measure under the

null hypothesis of zero concordance between Y and X in the population. Under the null of zero
concordance E(t) = Oand Var(tr) = 2(2T+35)/ [9T(T — 1)], and the test can be based on

JIT(T — D7

Zr= (3.13)

V20T +5) '

which is approximately distributed as N(0, 1).

3.5 Hypothesis testing in multiple regression models

Consider now the multiple regression model
ye = B'x; + s, u ~ N (0,0%), (3.14)
and suppose that we are interested in testing the null hypothesis on the j coefficient

Ho: B; = Bjo, (3.15)

against the two-sided alternative
Hy : ,31' #* ,3]'0-

Using a similar line of reasoning as above, it is easy to see that conditional on X
2 2 (v/v) 1

where (X’X)j;1 is the (j, /) element of the matrix (X'X) - (see expression (2.13)). Hence, in the
case where 02 is known, the test can be based on the following standardized statistic

B, — Bio

B = N TVEX
ohxmﬁ]

Under the null hypothesis (3.15), Z 5~ N (0, 1) and the critical values of the normal distribu-
j

tion will be applicable. When o 2 is not known, the unbiased estimator of 62, given by (2.14),
namely

A2 A~
6_2_ Ztut _ uu

T—k T-—k
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can be used, where k is the number of regression coefficients (inclusive of an intercept, if any).
Replacing o2 with 62, yields the t-statistic

B — Bjo
s [(X/X)];l]l/z,

B —

which, under the null hypothesis, Hy has a t-distribution with T — k degrees of freedom.

3.5.1 Confidence intervals

Knowledge of the distribution of the estimated regression coefficients Bl , Bz; B  canalso be
used to construct exact confidence intervals for the regression coefficients 81, 85, . . ., By. Con-
sider the multiple regression model (3.14), and suppose that we are interested in (1 — ) X
100 per cent confidence interval for the regression coeflicients. Since Bj individually have a
t-distribution with T — k degree of freedom, then the (1 — o) X 100 per cent confidence interval
for B; is given by

Bj £ty (T — k) SE. (Bj) ) (3.16)

where ty (T — k) is the (1 — &) X 100 per cent critical value of the t-distribution with T — k
degrees of freedom for a two-sided test, and SE. (B]) is the estimated standard error of B e

3.6 Testing linear restrictions on regression coefficients
Consider the linear regression model
ye = + Brxn + Byxp + u, (8.17)

and assume that it satisfies all the classical assumptions. Suppose now that we are interested in
testing the hypothesis

Ho: B +B,=1,
against

Hy: B +B,# 1
Let

S=pB,+8,—1, (3.18)
then the test of Hy against H; simplifies to the test of

Hyp:6§ =0,
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against

H;:6 #0.
The OLS estimator of § is given by
§=P+B,—
and the relevant statistic for testing = 0 is given by

-0 b1+b2—1

| Var | Var

Var (8) = Var (.) + Var (B) +2Cov (Bu, B

where

The relevant expressions of the variance-covariance matrix of the regression coefficients are
given in relations (2.20)-(2.22).

An alternative procedure for testing § = 0 which does not require knowledge of Cov (,3 U ,3 2)
would be to use (3.18) to solve for B, or B, in the regression equation (3.17). Solving for 5,
for example, we have

yr=Bo+ Brxe + (8 — By + 1) xe2 + uy,

or
¥ —xp = Bo + By (k1 — x0) + Sxp + up. (3.19)

Therefore, the test of § = 0 against § 7 0 can be carried out by means of a simple ¢-test on the
regression coefficient of xy, in the regression of (y; — %) on (x¢; — x¢2) and x,.

Example 6 This example describes two different methods of testing the hypothesis of constant returns
to scale in the context of the Cobb—Douglas (CD) production function

Y = ARYLPen, t=1,2,...,7T, (3.20)

whereY; = Output, K; = Capital Stock, Ly = Employment. The unknown parameters A, o and p
are fixed, and wys are serially uncorrelated disturbances with zero means and a constant variance.
We also assume that uss are distributed independently of Ky and L. The constant returns to scale
hypothesis postulates that proportionate changes in inputs (K¢ and Ly) result in the same propor-
tionate change in output. For example, doubling Ky and Ly should, under the constant returns to
scale hypothesis, lead also to the doubling of Yy. This imposes the following parametric restriction
on (3.20):
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Hy: a+pB8=1,

which we consider as the null hypothesis and derive an appropriate test of it against the two-sided
alternative:

Hl: a+,37$1

In order to implement the test of Hy against Hy, we first take logarithms of both sides of (3.20),
which yield the log-linear specification

LYt = a + (XLI(t + ,BLLt + Uus (321)
where
LY; =log(Y;), LK;=Ilog(K¢), LL;=log(Ls)

and a = log (A). It is now possible to obtain estimates of o and B by running OLS regressions
of LYy on LKy and LL; (fort = 1,2, ..., T), including an intercept in the regression. Denote the

OLS estimates of @ and 8 by & and,/g, and define a new parameter, §, as
S=a+p—1 (3.22)

The hypothesis o« + B = 1 againstar + B 7# 1 can now be written equivalently as

H : §=0,
H; : 8 #0.
We now consider two alternative methods of testing § = 0: a direct method and a regression

method. The first method directly focuses on the OLS estimates of 8, namely § = & + B — 1,
and examines whether this estimate is significantly different from zero. For this we need an estimate

of the variance ofé. We have
V) = V@ + V(B +2Cov (3,8),

where V(-) and Cov(-) stand for the variance and the covariance operators, respectively. The OLS
estimator of V(8) is given by

V) = V(@) + V(B) + 2Cov(&, B).
The relevant test-statistic for testing 8 = 0 against 8 7 0 is now given by
5 a+p—1
J1é 1@+ v + 200, By

tr =

s (3.23)

and, under § = 0, has a t-distribution with T — 3 degrees of freedom. An alternative method for
testing§ = 0 is the regression method. This starts with (3.21) and replaces B (or t) in terms of §
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and « (or B). Using (3.22) we have
B=§—a+1.
Substituting this in (3.21) for B now yields
LY, — LL; = a + a(LK; — LL;) 4+ 8LL; + u,
or
Zy = a+ aW; + SLL; + uy, (3.24)
where Z; = log(Yy/L¢) = LY; — LL; and Wy = log(K;/L;) = LKy — LL;. A testof § = 0
can now be carried out by first regressing Z; on Wy and LL; (including an intercept term), and then
carrying out the usual t-test on the coefficient of LL; in (3.24). The t-ratio of § in (3.24) will be

identical to t; defined by (3.23). We now apply the two methods discussed above to the historical
dataon’Y, K, and L used originally by Cobb and Douglas (1928), covering the period 1899-1922.

The following estimates of &, B and of the variance covariance matrix of (&, B ) can be obtained:

& = 023305, B = 0.80728,
V@ - Cov (56; ﬂ) _ [ 0004036  —0.0083831
T | —0.0083831  0.021047
Using the above results in (3.23) yields

0.23305 + 0.80728 — 1
t; = = 0.442. (3.25)
/0.004036 + 0.021047 — 2(0.0083831)

Comparing ty = 0.442 and the S per cent critical value of the t-distribution with T — 3 = 24 —
3 = 21 degrees of freedom (which is equal to 2.080), it is clear that since t; = 0.442 < 2.080,
then the hypothesis 6 = 0 or o« + 8 = 1 cannot be rejected at the S per cent level. Implementing
the regression approach, we estimate (3.24) by OLS and obtain estimates for the coefficients of
W, and LL; of 0.2330(0.06353) and 0.0403(0.0912), respectively. (The figures in brackets are
standard errors.) Note that the t-ratio of the coefficient of the LL variable in this regression is equal
t0 0.0403/0.0912 = 0.442, which is identical to t; as computed in (3.25). It is worth noting that
the estimates of o and B, which have played a historically important role in the literature, are very
‘fragile’, in the sense that they are highly sensitive to the sample period chosen in estimating them.
For example, estimating the model (given in (3.21)) over the period 1899-1920 (dropping the
observations for the last two years) yields & = 0.0807(0.1099) cmd,B = 1.0935(0.2241).

3.7 Joint tests of linear restrictions

So far we have considered testing a single linear restriction on the regression coeflicients. Suppose
now that we are interested in testing two or more linear restrictions, jointly. One simple example
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is the joint test of zero restrictions on the regression coeflicients:

Ho:py=pB,=0,
Hy:B,#0 and/or By #O.

Note that this joint hypothesis is different from testing the following two hypotheses separately.

{H{J;ﬂlzo, {H(I)I:,Bzzo,
I or I
H : B, #0. HI: By #0.

The latter tests are known as separate induced tests and could lead to test outcomes that differ
from the outcome of a joint test.

The general procedure for testing joint hypotheses in regression contexts is to construct
the F-statistic that compares the sum of squares of residuals (SSR) of the regression under
the restrictions (i.e,, under Hy) with the SSR under the alternative hypothesis, H;, when the
parameter restrictions are not applied. This procedure is valid for a two-sided test. Carrying
out one sided tests in the case of joint hypotheses is more complicated and will not be

addressed here.

The relevant statistic for the joint test of r < k different linear restrictions on the regression

coeficients is
T—k—1 SSRr — SSR
F= R ), (3.26)
r SSRy

where

SSRr = Restricted sum of squares of errors (residuals)
SSRy = Unrestricted sum of squares of errors

k = Number of regression coeflicients, excluding the intercept term
T  =Number of observations
r = Number of independent linear restrictions on the

regression coeflicients.
Under the null hypothesis, the above statistic, F, has an F-distribution with rand T — k — 1
degrees of freedom.
Consider now the application of this general procedure to the problem of testing 8, =8,=0.

The restricted sum of squares of errors (SSRR) for the problem is obtained by imposing the
restrictions 8, = 8, = 0 on (3.17) and then by estimating the restricted model

e = PBo + ur.

This yields Bo = yand hence

SSRp =Y (n —3)" = Sw.
t
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The unrestricted sum of squares of errors is given by
R n R 2
SSRu =Y (7= Bo = Brsn — Byxa)
t
Y
t

Hence

P T—3> (Syy—ztﬁtz
S\ 2 > )
which under the null hypothesis Hy : 8; = B, = 0, has an F-distribution with2 and T — 3

degrees of freedom. The joint hypothesis is rejected if F is larger that the (1 — &) per cent critical
value of the F-distribution with 2 and T — 3 degrees of freedom.

3.8 Testing general linear restrictions

All the above tests can be derived as a special case of tests of the following r general linear
restrictions

HO : Rﬂ - d0= O,
Hl H Rﬂ - d.o7é 0,

where Ris an r X k matrix of known constants with full row rank given by r < k,anddisanr x 1
vector of constants. The different hypotheses considered above can be obtained by appropriate
choice of R and dy. For example, if the object of the exercise is to test the null hypothesis that
the first element of B is equal to zero, then we need to set R = (1,0, .. .,0), and dp=0. To test
the hypothesis that the sum of the first two elements adds up to 2 and the sum of the second two
elements of 8 adds up to 3 we set

1 1.0 0 ... 0 2
R_(o 110 .. 0)’d°_<3>'
The F-statistic for testing Hy is given by

(R[B - d0>/ [Rx'x) 'R (RB - do)

A2 J
ro

F = (3.27)

where B is the unrestricted OLS estimator of 8, and 6% = (y — XﬂA)/(y — XﬂA) /(T — k) is the
unbiased estimator of o2, Using the distributional results obtained in Chapter 2, in particular
the result given by (2.28), it follows that under Hy the F statistic given by (3.27) has a central
F-distribution with rand T —k degrees of freedom. This result of course requires that the classical
normal regression assumptions A1-AS set out in Chapter 2 hold.
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3.8.1 Power of the F-test

To obtain the power of the F-test defined by (3.27), consider the alternative hypothesis, Hj,
where R = d;, and recall that Ris an r X k matrix of constants with full column rank r. Note
that, under Hy,
RB — dy =RB — dy + RX'X)"'X'u
= 8§ + RX'X) X'u ~ N§,0 ' RX'X)'R),

where § = d; — dy. Hence

. (Rii - do)/ [R(x’yi)z—lk’]‘1 (RB - do) . 02

where x 2()) is a non-central chi-square variate with r degrees of freedom and the non-centrality
parameter!

/ vy—1p/]1 ! -
A= ¥ [RXX) 'R 8 =4 [RVar(ﬁ)R’] 13. (3.29)

o2

Furthermore, from (2.27) we know that X, = (T — k) & 2 Jo? ~ x %"—k' Using a similar line of
reasoning as in Chapter 2, it is easily seen that X; (defined by (3.28)) and X; are independently
distributed, and hence under H; the F-statistic given by (3.27) is distributed as a non-central
F-distribution with r and T — k degrees of freedom, and the non-centrality parameter, A, given
by (3.29). For given values of r and k, the power of the F test is monotonically increasing in A.
It is clear that the power is higher the greater the distance between the null and the alternative
hypotheses as measured by 8, and the greater the precision with which the OLS estimators are

estimated, as measured by the inverse of Var(f).

3.9 Relationship between the F-test and the coefficient
of multiple correlation

The relationship between the correlation coeflicient and the t-statistic discussed earlier
can be readily extended to the multivariate context. Consider the multivariate regression
model

k
yt:ﬂ0+2ﬁjxtj+ut; t=12,...,T,
j=1

1 For further information regarding the non-central chi-square distribution see Section B.10.2 in Appendix B.
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and suppose we are interested in testing the joint significant of the regressors x¢1, %2, . . . , X¢k.
The relevant hypothesis is

Ho:B1 =By =P =0,
Hy: By #0,6, #0,--- B #0.

The F-test for this test is given by

- <T—k—l) (syy—ztfg)
k )

The multiple correlation coefficient is defined by (see (2.30))

M

Syy

() () - () (R

which yields the generalization of the result (3.7) obtained in the case of the simple
regression.

R?=1

Hence

3.10 Joint confidence region

To construct a joint confidence region of size (1 — o) x 100 for (,31, Bo-oos ﬁk), we first
note that the combination of the confidence intervals (3.16) constructed for each ﬂj sepa-
rately does not yield a joint confidence region with the correct size (namely 1 — «). This is
because of dependence of the estimated regression coefficients on each other. Only in the case
where Cov (Bi, B]) = 0 for all i # j, the joint confidence region of (,81, Bo-oos ,Bk) coin-
cides with the intersection of the confidence intervals obtained for each regression coefficient
separately. The appropriate joint confidence region for By, B,, ..., B is constructed using the
F-statistic.

The (1 — «) X 100 per cent joint confidence region for 8, and f, in the three variable regres-
sion model (2.15) is an ellipsoid in the 8, and B, plane. The shape and the position of this ellip-
soid is determined by the size of the confidence region, 1 — c, the OLS estimates ,3 1 and Bz and
the degree of the statistical dependence between the estimators of 8, and 8,. In matrix notations
the formula for this ellipsoid is given by

Fy T —3) = (/5 —ﬁ)/[Con (B)]fl (ﬂ —ﬁ), (3.30)
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!/
where f = (/31,,82) ,
Var (/31) Cov (ﬂl,ﬂz)
Cov(Bupy)  ar ()

and Fy (2, T — 3) isthe (1 — o) x 100 per cent critical value of the F-distribution with 2 and
T — 3 degrees of freedom.

6&(,;) -

3.11 The multicollinearity problem

Multicollinearity is commonly attributed to situations where there is a high degree of intercorre-
lations among the explanatory variables in a multivariate regression equation. Multicollinearity
is particularly prevalent in the case of time series data where there often exists the same com-
mon trend in two or more regressors in the regression equation. As a simple example consider
the model

¥t = Bo + Bixen + Boxer + uy, (3.31)

and assume for simplicity that (x¢1, x4 ) have a bivariate distribution with the correlation coeffi-
cient, p1,. That is

Cov (%41, x2)

[Var (x¢1) Var (xtl)]% '

P12 =

It is clear that as p approaches unity separate estimation of the slope coeflicients 8, and 3,
becomes more and more problematic. Multicollinearity (namely a value of p, near unity in the
context of the present example) will be a problem if x4 and x, are jointly statistically significant
but neither is statistically significant when taken individually. Put differently, multicollinearity
will be a problem when the hypothesis ; = 0and B, = 0 can not be rejected when tested
separately, while the joint hypothesis that 8; = 8, = 0is rejected. This clearly happens when
x41 (or x4 ) is an exact linear function of x4, (or x¢; ). In this case x5 = x4 and (3.31) reduces
to the simple regression equation

Y=o+ (ﬂl + 1323’) X1 + Uy,

and it is only possible to estimate 8, + 3 8,. Neither 8, nor 8, can be estimated (or tested) sep-
arately. This is the case of ‘perfect multicollinearity’ and arises out of faulty specification of the
regression equation. One important example is when four seasonal dummies are included in a
quarterly regression model that already contains an intercept term. In general the multicollinear-
ity problem is likely to arise when ,0%2 is close to 1.

The multicollinearity problem is also closely related to the problem of low power when test-
ing hypotheses concerning the values of the regression coefficients separately. It is worth not-
ing that no matter how large the correlation coeflicient between x;; and x¢,, so long as it is not
exactly equal to £1, a test of 8; = 0 (or 8, = 0) will have the correct size. The high degree of
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correlation between x4 and x4 causes the power of the test to be rather low and as a result we
may end up not rejecting the null hypothesis that 8, = 0 even if it is false.

Example 7 To demonstrate the multicollinearity problem and its relation to the problem of low power,
using Microfit 5.0 we generated 1,000 observations on x1, x, and y in the following manner.

x1 ~N(0,1),

x) = x1 + 0.15v,
v~N(,1),
y=Bo+ Bix1+ Byxa tu,
u~N(0,1),

with By = B, = B, = 1 and where x, v and u were generated as independent standardized
normal variates using respectively the ‘seeds’ of 123, 321 and 4321 in the normal random generator.
The Microfit batch file for this exercise is called MULTL.BAT and contains the following instruc-
tions:

SAMPLE 1 1000;
XI1=NORMAL(123);
V=NORMAL(321);
U=NORMAL(4321);
X2 =X1+0.15*V;
Y=1+X1+X2+U;

Now running the regression of y on x1 and x, (including an intercept term) using only the first fifty
observations yields

yr= 09047 + 10950 x4+ 08719 xp -+  t=12,...,50, (3.32)
(0.1299) (1.0403) (1.0200)

R? = 0.8498, & = 0.8890, Fa 47 = 132.98, (3.33)

The standard errors of the parameter estimates are given in brackets, R is the multiple correlation
coefficient, & is the estimated standard error of the regression equation, and F 47 is the F-statistics
for testing the joint hypothesis

H): B, =B, =0,
against
Hy: By #0, By #0.
The t-statistics for the test of the separate induced tests of

H):B,=0
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against

H{ 11 #0,
and of

H{)I 1B, =0,
against

HY : B, #0,

It is firstly clear that since the value of the F-statistic (Fa,47 = 132.98) for the test ofH(]) : B =
B, = 0iswell above the 95 critical value of the F-distribution with 2 and 47 degrees of freedom, we
conclude that the joint hypothesis B, = B, = 0 is rejected at least at the 95 per cent significance
level. Turning now to the tests of B, = 0 and B, = 0 separately, (i.e. testing the separate induced
null hypotheses H) and HYI ), we note that the t-statistics for these hypotheses are equal to tp, =
1.0950/1.0403 = 1.0S and tp, = 0.8719/1.0200 = 0.85, respectively. Neither is statistically
significant and the null hypothesis of B, = 0 or 8, = 0 can not be rejected. There is clearly a
multicollinearity problem. The joint hypothesis that B, and B, are both equal to zero is strongly
rejected, but neither of the hypotheses that B, and B, are separately equal to zero can be rejected.
The sample correlation coefficient of x1 and x, computed using the first SO observations is equal to
0.99316 which is apparently too high, given the sample size and the fit of the underlying equation,
for the B and B, coefficients to be estimated separately with any degree of precision. In short, the
separate induced tests lack the necessary power to allow rejection of B; = 0and B = 0 separately.
The relationship between the F-statistic used to test the joint hypothesis f, = B, = 0, and the
t-statistics used to test B; = 0 and B, = 0 separately, can also be obtained theoretically. Recall

from Section 3.7 that
T3\ [(Syy— D, i
F= ( ) < LS %f“t). (3.34)
2 Zt Uy

Denote the t-statistics for testing 8, = 0 and 8, = 0 separately by t| and t,, respectively. Then

A2
> B .
=7 _ ji=1,2.

=0)

But using results in Example 1 (Chapter 2)

A2
N o 822
)= 52
S11822 — S15
)
N o 811
Var <,32) =< <
S1182 — 87,
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where as before Sj; = ), (xtj - o_c,-) (xts — x;). Also since yy —y = fjl (xp1 — x1) +
B, (xi2 — &) + fi we have?

Syy = Z (e —3)" = B?Sn + 3;522 +2B1B2S1 + Zﬁf
t t

Using these results in the expression for the F-statistic in (3.34) we obtain:

B4+ 2000
2 (1 - :0%2)

, (3.35)

where p 1, is the sample correlation coefficient between xy1 and xy.3 This relationship clearly shows
that even for small values of t| and t, it is possible to get quite large values of F so long as p, is
chosen to be close enough to 1.

The above example considers the simple case of a regression model with two explanatory
variables. In case of regression models with more than two regressors the detection of the multi-
collinearity problem becomes more complicated. For example, when there are three regressors
with the coefficients 8, 8, and B3, we need to consider all the possible combinations of the
coefficients, namely testing them separately: 8; = 0, 8, = 0, 83 = 0; in pairs: B; = B, =0,
By = B3 =0,B; = B3 = 0; andjointly: 8, = 8, = B3. Onlyin the case where the results of
separate induced tests, the ‘pairs’ tests and the joint test are free from contradictions can we be
confident that multicollinearity is not a problem.

There exist a number of measures in the literature that purport to detect and measure the
seriousness of the multicollinearity problem. One commonly used diagnostic is the condition
number defined as the square root of the ratio of the largest to the smallest eigenvalue of the
matrix X'X, where the columns of X have been re-scaled to length 1 (namely, the elements of the
jth column of X have been divided by s; = (Zthl x%j)l/z, forj = 1,2,...,k). The condition
number detects whether the matrix X'X has a small determinant, namely if it is ill-conditioned.
The larger the condition number, the more ill-conditioned is the matrix, and difficulties can be
encountered in calculations involving (X'X)~!. Values of condition number higher than 30 are
suggested as indicative of a problem (see Belsley, Kuh, and Welsch (1980) for details). Another
diagnostic used to detect multicollinearity is the variance-inflation factor (VIF), defined as VIF; =
1 - Rjz)_1 , for the jth regressor, where R? is the squared multiple correlation coefficient of the
regression of x;; on all other variables in the regression. A high value of VIF; suggests that x;; is
in some collinear relationship with the other regressors. As a rule of thumb, for scaled data, a
VIF; higher than ten indicates severe collinearity (see Kennedy (2003)). We remark that these
measures only examine the inter-correlation between the regressors, and at best give a partial
picture of the multicollinearity problem, and can often ‘lead” to misleading conclusions.

2 Note that the OLS residuals are orthogonal to the regressors.

3 In the simulation exercise we obtained t; = 1.05,f, = 0.85 and p1, = 0.99316. Using these estimates in (3.35)
yields F = 131.50, which is of the same order of magnitude as the F-statistic reported in (3.34). The difference between
the two values is due to the error of approximations.
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A useful rule of thumb which goes beyond regressor correlations is to compare the squared
multiple correlation coefficient of the regression equation, R%, with Rjz. Klein (1962) suggests

that collinearity is likely to be a problem and could lead to imprecise estimates if R* < R]-z, for
somej=1,2,...,k

Example 8 To illustrate the problem return to the simulation exercise, and use the first S00 obser-
vations (instead of the first SO observations) in computing the regression of y on x1 and x3. The
results are

yr= 09307 + 11045 x4+ 093138 xp+i  t=1,2,...,500,
(0.0428) (0.28343) (0.27081)

R? = 0.8333, 6 = 0.95664, Fa 497 = 1242.3.

As compared with the estimates based on the first SO observations [see (3.32) and (3.33)], these
estimates have much smaller standard errors and using the 95 percent significance level we arrive
at similar conclusions whether we test B; = 0 and B, = 0 separately or jointly. Yet the sam-
ple correlation coefficient between x;1 and xy, estimated over the first SO0 observations is equal to
0.9895 which is only marginally smaller than the estimate obtained for the first SO observations. By
increasing the sample size from S0 to S00 we have increased the precision with which 8, and B,
are estimated and the power of testing 8, = 0 and B, = 0 both separately and jointly.

The above illustration also points to the fact that the main cause of the multicollinearity prob-
lem is lack of adequate observations (or information), and hence the imprecision with which
the parameters of interest are estimated. Assuming the regression model under consideration
is correctly specified, the only valid solution to the problem is to increase the information on
the basis of which the regression is estimated. The new information could be either in the form
of additional observations on y, x1 and 3, or it could be some a priori information concerning
the parameters. The latter fits well with the Bayesian approach, but is difficult to accommodate
within the classical framework. There are also other approaches suggested in the literature such
as the ridge regression, and the principle component regression to deal with the multicollinear-
ity problem. For a Bayesian treatment of the regression analysis see Section C.6 in Appendix C.
However, in using Bayesian techniques to deal with the multicollinearity problem it is important
to bear in mind that the posterior means of the regression coefficients are well defined in small
samples even if the regressors are highly multicollinear and even if X'X is rank deficient. But in
such cases the posterior mean of 8 can be very sensitive to the choice of the priors, and unless
T~1X'X tends to a positive definite matrix the Bayes estimates of B could become unstable as
T — o0.

Example 9 As an example consider the following Fisher type explanation of nominal interests esti-
mated on US quarterly data over the period 1948(1)-1990(4) using the file USGNPFIT provided
in Microfit S:

R, = —00381 + 12606 R,_; —.61573 Rr_»+ 0.6073 Ri_3 —
(0.1295) (0.0754) (0.1144) (0.1208)

03168 Ry_4+ 0.13198 DM;_; + 0.1072 DM;_, + i,
(0.0782) (0.1075) (0.1064)
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R? = 0.9520, R* = 0.9503, 6 = 0.7086, Fe 165 = 545.83,

where Ry = nominal rate of interest, DMy = the growth of money supply (M, definition). In this
regression, the coefficients of the lagged interest rate variables are all significant, but neither of the
two coefficients of the lagged monetary growth variable is statistically significant. The t-ratios for
the coefficients of DMy and DM;_, are equal to 1.23 and 1.01, respectively, while the 95 percent
critical value of the t-distribution with 165 (namely T — k = 172 — 7) degrees of freedom is
equal to 1.97. As we have seen above, it would be a mistake to necessarily conclude from this result
that monetary growth has no significant impact on the nominal interest rates in the US. The sta-
tistical insignificance of the coefficients of DMy, and DM;_,, when tested separately may be due
to the high intercorrelation between the regressors. Also we are not interested in testing the statis-
tical significance of individual coefficients of the past monetary growth rates. What is of interest is
the sum of the two coefficients of the lagged monetary growth rates, and not the individual coeffi-
cients, separately. Denote the coefficients of DMy_1 and DM;_» by v | and y , respectively, and let
8 =y + v, Wehave

8§ =7,47,=01319 +0.1072 = 0.2391

To compute the estimate of the standard error of 8 we recall that
Var (8> = Var (7,) + Var (7,) +2Cov (91, 7,),
and using the Microfit package we have

Var (71) = 001156,  Var (,) = 001132,  Cov (P, 7,) = —0.00854

and hence | Var (3) = 0.0762, and ts = 0.2391/0.0762 = 3.14 which is well above the 95

percent critical value of the t-distribution with 165 degrees of freedom. Therefore, we strongly reject
the hypothesis that monetary growth has no effect on the nominal interest in the US. We also note
that for every one percent increase in the growth of money supply there is around 0.24 of one percent
increase in nominal interest within the space of two quarters. The long-run impact of money supply
growth on nominal interest is much larger and depends on the magnitude of the lagged coefficients
of the nominal interest rates.

3.12 Multicollinearity and the prediction problem
Consider the following regression model
Y=X1191 +XB, tu=XB +u,

wherey = (y1,¥2, . - -,y1), X and X, are T x kj and T x k, regressor matrices that are perfectly
correlated, namely

X, = XA/,
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and A is a ky x k| matrix of fixed constants. Further assume that X/1X1 is a positive definite matrix.
Consider now the forecast of yr conditional onxr41 = (x/1 T X/ZT)/ which is given by*

T4 = X/T-HﬂT = X/T+1(X/X)+X/Yr
where (X'X) T is the generalized inverse of X'X, defined by (see also Section A.7)
(xX'x) XX (X'X) = (X'X).

It is well known that (X'X) " is not unique when X'X is rank deficient. In what follows we show
that 71 is unique despite the non-uniqueness of (X'X)*. Note that

x’x:( X\X;  X[X;A

_ / /
AX[X; AX|X;A’ ) = HX, X, H,

where His a k X k; matrix (k = k; + ky):

Also
X'y = HX)y, and X’T+1 =xH.
Hence
1 = Xpy XXXy = x| H (HX, X, H') " HX y.
Since X} X] is a symmetric positive definite matrix, then
+

jrer =xr (%%:) 77 (xx0) B (1 (xx0) 7 (x%0) ' )

—1/2

H (X)) (xi%) Xy,

or

—1/2

jreon =7 (X)) 6 (66) " 6 (xix1) Xy,

where
G=H(Xx)".

+

Consider now the k; X k; matrix G (G’ G) G’ and note that from properties of generalized

inverse we have

# A general treatment of the prediction problem is given in Chapter 17.
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(6G) (GG ™ (GG') = (GG').
Pre- and post-multiplying the above by G" and G, we have

(G'G)G'(GG) "G (G'G) = (G'G) (GG).

But
GG = (x\x))"*HH (X/x,)"?,
and since
HH =1, + A'A,
then

GG = (Xx1)"? (1, +A'A) (X[x,)"?,

(3.36)

is a nonsingular matrix (for any A) and has a unique inverse. Using this result in (3.36) it now

follows that
GGG G =1,
and hence
Sra =xp (XX) 76 (66) T 6 (X(x)) T Xy
= X7 (XiX1) " Xy,

which is unique and invariant to the choice of the generalized inverse of X'X.

3.13 Implications of misspecification of the regression
model on hypothesis testing
Suppose that y; is generated according to the classical linear regression equation
ye = Bo + Brxe + Boze 4y,

but the investigator estimates the simple regression equation

Yt =+ Bx + &4,

(3.37)

(3.38)

which omits the regressor z;. We have seen in Section 2.13 that omitting a relevant regressor,

zt, may lead to biased estimates, unless the included regressor, x;, and the omitted variable, z;,

are uncorrelated. However, even in the case x; and z; are uncorrelated, 8 will not be an efficient
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estimator of 8. This is because the correct estimator of the variance of B requires knowledge of
an estimator of O‘i = Var (ut), namely

. R R 2
52 th‘% _ Zt ()’t—ﬁo_ﬂlxt—ﬂzzt)
T3 T-3 '

with Bo , 31 ,and /§ , being OLS estimators of parameters in (3.37), while the regression with the
omitted variable only yields an estimator of Gg = Var (&¢), namely

~ 2
D o 2 ke,
(e} =

£ T-2 T—-2

)

2

with & and 3 being OLS estimators of parameters in (3.38). Notice that, in general, 62 > & "

and therefore the variance of 8 will be generally larger than the variance of 8. A similar prob-
lem in the estimation of the variance of estimated regression parameters arises when additional
irrelevant variables are included in the regression equation.

3.14 Jarque-Bera’s test of the normality
of regression residuals

In many applications, particularly involving financial time series, it is important to investigate
the extent to which regression errors exhibit departures from normality. There are two impor-
tant ways that error distributions could deviate from normality: skewness and Kurtosis (or tail-
fatness)

2
Skewness = /b; = m3/m3/ s
Kurtosis = by = my4/ m%,

where

T Af
_ Zt:l l'/t
- ’

i=1,2,3,4,
T ]

m;

For a normal distribution v/b; = 0, and by ~ 3. The Jarque—Bera’s test of the departures from
normality is given by (see Jarque and Bera (1980) and Bera and Jarque (1987))

X7 @) =T {3b + 5;(by — 3)*},

if the regression contains an intercept term (note that in that case m; = 0). When the regression
does not contain an intercept term, then m; 7 0, and the test statistic has the additional term

Tbhg =T {3m%/(2m2) — m3m1/m%} ,
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namely

X%«(Z) = T{bo + ébl + 2%‘(172 — 3)2} .

3.15 Predictive failure test

Consider the following linear regression models specified for each of the two sample periods

y1 = X8, +uy; u; ~ N(O, U%In), (3.39)
2 =X, +w;  wy ~ N(0,05Im2), (3.40)

wherey,, X;,r = 1,2,are T, X 1 and T, X k observation matrices on the dependent variable and
the regressors for the two sample periods, and It and It, are identity matrices of order T and
T, respectively. Combining (3.39) and (3.40) by stacking the observations on the two sample

periods now yields
yi |_| X1 Onxmy Br || wm
Y2 X, Inp 1) w |

The above system of equations may also be written more compactly as

yo = XoB; + S$26 + uy, (3.41)

where yo = (y},v,),Xo = (X},X5)/, and S; represents the (T} + T2) X T, matrix of T,
dummy variables, one dummy variable for each observation in the second period. For example,
for observation T + 1, the first column of S, will have unity on its (T + l)th element and zeros
elsewhere. The predictive failure test can now be carried out by testing the hypothesis of § = 0
against § # 0in (3.41). This yields the following F-statistic

P (ugug —ujuy)/Th
PF = —x
wa /(Ty — k)

~ F(T,, Ty — k), (3.42)

where

— g is the OLS residual vector of the regression of yo on X (i.e., based on the first and the
second sample periods together).

- uy is the OLS residual vector of the regression of y; on X; (i.e., based on the first sample
period).

Under the classical normal assumptions, the predictive failure test statistic, Fpr, has an exact

F-distribution with T; and T} — k degrees of freedom.
The LM version of the above statistic is computed as

X3p = ToFpp ~ x*(T2), (3.43)
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which is distributed as a chi-squared with T degrees of freedom for large T (see Chow (1960),
Salkever (1976), Dufour (1980), and Pesaran, Smith, and Yeo (1985), section III.)

It is also possible to test if the predictive failure is due to particular time period(s) by applying
the t- or the F-tests to one or more elements of § in (3.41).

3.16 A test of the stability of the regression coefficients:
the Chow test

This test is proposed by Chow (1960) and aims at testing the hypothesis that in (3.39) and
(3.40) B, = B,, conditional on equality of variances, that is, 07 = 03. In econometrics litera-
ture this is known as the Chow test, and is known as the analysis of covariance test in the statistics

literature (see Scheffe (1959)). The F-version of the Chow test statistic is defined by

_ (ﬁ6ﬁ0 - ﬁllﬁl - ﬁ’zﬁz)/k
(@ +a5u,)/(Ty + T, — 2k)

Fsg ~ F(k, T, + T, — 2k), (3.44)

where

— ug is the OLS residual vector for the first two sample periods together
— uy is the OLS residual vector for the first sample period

- uy is the OLS residual vector for the second sample period.

The LM version of this test statistic is computed as
a
X3s = kFss ~ x*(k). (3.45)

For more details see, for example, Pesaran, Smith, and Yeo (1985, p. 285).

3.17 Non-parametric estimation of the density function

Suppose f(y) denotes the density function of a variable Y at point y, and y1, 3, . . ., yT are obser-
vations drawn from f (.). Two general approaches have been proposed to estimate f(.). The first is
a parametric method, which assumes that the form for (.) is known (e.g., normal), except for the
few parameters that need to be estimated consistently from data (e.g., the mean and variance).
In contrast, the non-parametric approach tries to estimate f(.) directly, without strong assump-
tions on its form. One simple example of such an estimator is the histogram, although it has the
drawback of being discontinuous, and not applicable for estimating the distribution of two or
more variables. The non-parametric density estimator takes the following general form

1T 1 y—y
flv) — — il EAAS
f@)—TghTK( - )
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where K(-) is called kernel function, and hr is the window width, also called the smoothing
parameter or bandwidth. The kernel function needs to satisfy some regularity conditions typical
of probability density functions, for example, K (—00) = K (c0) = 0,and fjoos K(x)dx = 1.
There exists a vast literature on the choice of this function. One popular choice is the Gaussian
kernel, namely

Another common choice is the Epanechnikov kernel

$ (=97 V5 i bl < 5,

0, otherwise.

K(y) =

As also pointed by Pagan and Ullah (1999), the choice of K is not critical to the analysis, and the
optimal kernel in most cases will only yield modest improvements in the performance of f’ ),
over selections such as the Gaussian kernel.

When implementing density estimates, the choice of the window width, i, plays an essential
role. One crude way of choosing hr is by a trial-and-error approach, consisting of looking at
several different plots of f’ (y) against y, whenf(y) is computed for different values of hr. Other
more objective and automatic methods for selecting i1 have been proposed in the literature.
One popular choice is the Silverman rule of thumb, according to which

hgot =09 -A- T3, (3.46)

where A = min (0,R/1.34), o is the standard deviation of the variable y, R is the interquartile
range, and T is the number of observations, see Silverman (1986, p. 47). Another very popular
method is the least squares cross-validation method, according to which the window width is the
value, sy, that minimizes the following criterion

T T
1 — ¥ 2 A
ISE (hy) = TZ_hT E K, (ythT)’ ) - Zf*t ()/t)) (3.47)
t=1

t#s

where K (.) is the convolution of the kernel with itself, defined by

K (y) =/+OOK(t)K(y—t)dt.

—00

and f_; (yt) is the density estimator obtained after omitting the #" observation. We have

1 L. _ 1 TK ye =i
;fit(yt)_T(T—l)hTZ < hr )

t#j

=1
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If K is the Gaussian kernel, then K5 is N(0, 2), or
_ a2
Ky (y) = (4mr) e /Y
for the Epanechnikov kernel we have
= | W6, bl <8
0, otherwise.

For the Gaussian kernel the expression for ISE (hr) simplifies to (see Bowman and Azzalini
(1997, p.37))

ISE (hy) =

1
(T —1) T(T

® (0, ﬁhT) + T;_zl)z XT:¢ ()’t = j «/EhT>
)

T

2

S (e ypha),
T(T — 1) s /

where ¢ (y, o) denotes the normal density function with mean 0 and standard deviation o:

)
$(y,0) = @ro?) Vexp (26_)/2> .

In cases where local minima are encountered we select the bandwidth that corresponds to the
local minimum with the largest value for hi1. See Bowman and Azzalini (1997, pp. 33—4). See also
Pagan and Ullah (1999), Silverman (1986), Jones, Marron, and Sheather (1996), and Sheather
(2004) for further details.

3.18 Further reading

Further material on statistical inference and its application to econometrics can be found in Rao
(1973) and Bierens (2005). See also Appendix B for a review of key concepts from probability
theory and statistics useful for this chapter. For what concerns non-parametric density estima-

tors, further discussion can be found in Horowitz (2009), which contains a treatment of non-
parametric methods within econometrics.

3.19 Exercises
1. Consider the model

logYy = B+ By logL; + B, log K + uy,



