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PREFACE 

I n  t h i s  volume w e  a r e  i n t e r e s t e d  mainly w i t h  t o p o l o g i c a l  
v e c t o r  spaces  (ove r  va lued  d i v i s i o n  r i n g s )  and w i t h  some o t h e r  
a l g e b r a i c  s t r u c t u r e s  equipped  w i t h  s u i t a b l e  t o p o l o g i e s  rtlaking the 
a l g e b r a i c  o p e r a t i o n s  con t inuous  mappings.  I n  t h e  a p p l i c a t i o n s  of 
t h e  g e n e r a l  t h e o r y ,  t h e  a l g e b r a i c  s t r u c t u r e s  ( v e c t o r  s p a c e s  , 
a l g e b r a s  and r i n g s )  c o n s i d e r e d  a r e  sets of  f u n c t i o n s  d e f i n e d  on 
a t o p o l o g i c a l  space  X and hav ing  v a l u e s  e i t h e r  i n  a v a l u e d  d i -  
v i s i o n  r i n g  (F,l-l), o r  i n  a t o p o l o g i c a l  v e c t o r  s p a c e ,  a l g e b r a  
o r  r i n g  ( E , T ) .  Th i s  s e t  o f  f u n c t i o n s  receives t h e  a l g e b r a i c  
s t r u c t u r e  g iven  by p o i n t w i s e  o p e r a t i o n s  and ,  most  of  t h e  t i m e ,  
t h e  topology of compact convergence .  

I n  t h e  f i r s t  c h a p t e r  w e  s t u d y  t h e  p r o p e r t i e s  of v a l u e d  d i -  
v i s i o n  r i n g s  (F, I * 1 )  t h a t  are needed i n  t h e  subsequen t  chapters. 
I t  p resupposes  o n l y  a b a s i c  knowledge of  d i v i s i o n  r i n g s ; i n  fac t ,  
v e r y  l i t t l e  b e s i d e s  t h e  a c t u a l  d e f i n i t i o n  of a d i v i s i o n  r i n g  o r  
of a f i e l d .  A f t e r  e s t a b l i s h i n g  t h e  e l emen ta ry  p r o p e r t i e s  of an  
a b s o l u t e  v a l u e  A + 1 A I , w e  p r e s e n t  Kap lansky ' s  Lemma (see Lemm 
1 . 2 3 )  f o r  non-archimedean va lued  d i v i s i o n  r i n g s ,  which i s  t h e  
main t o o l  f o r  c j e t t i ng  S tone -Weie r s t r a s s  t ype  theorems.  The proof  
of Kap lansky ' s  Lemma t h a t  w e  have p r e s e n t e d  i s  due to  Chernof f ,  
Rasa l a  and Waterhouse [14]. Kaplansky ' s  Lemma appea red  i n  
Kaplansky [381 . 

The g e n e r a l  t heo ry  o f  t o p o l o g i c a l  v e c t o r  s p a c e s  , o v e r  non- 
t r i v i a l l y  va lued  d i v i s i o n  r i n g s ,  i s  t h e  s u b j e c t  of  c h a p t e r  2 .  
Three main r e s u l t s  a r e  d e a l t w i t h  i n  t h i s  c h a p t e r :  t h e  c l o s e d  
graph  theorem, t h e  open mapping theorem and the Banach-S t e i n h a u s  
theorem. We ex tend  t h e  b a s i c  n o t i o n  of  a " s t r i n g "  (see d e f i n i -  
t i o n  2 . 2 9 )  of Adasch, E r n s t  and K e i m  [ 1 ] to  t o p o l o g i c a l  v e c t o r  
s p a c e s  ove r  n o n - t r i v i a l l y  va lued  d i v i s i o n  r i n g s .  A s  i n  t h e  c a s e  

v i  i 
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o f  [ 1 1 , where  t h e  v a l u e d  f i e l d s  are  IR a n d  w i t h  their usual 
a b s o l u t e  v a l u e s ,  t h e  i m p o r t a n c e  o f  s t r i n g s  stems from t h e  f a c t  
t h a t  t h e y  p e r m i t  t o  d e v e l o p  " d u a l i t y  f r e e "  a r g u m e n t s  t o  e s t a b -  
l i s h ,  i n  a "non convex" s e t t i n g ,  t w o  o u t  o f  t h e  t h r e e  so-called 
"fundamenta l  p r i n c i p l e s  of f u n c t i o n a l  a n a l y s i s " .  (The t h i r d  one, 
t h e  Hahn-Banach theorem,  w i l l  b e  t a k e n  up i n  c h a p t e r  4 . )  These 
theorems are b e s t  u n d e r s t o o d  when t h e  classes o f  s p a c e s  f o r  which 
t h e y  h o l d  t r u e  are i n t r o d u c e d .  W e  e x t e n d  W a e l b r o e c k ' s  r e s u l t  
c h a r a c t e r i z i n g  b a r r e l l e d  s p a c e s  a s  t h o s e  f o r  which t h e  u n i f o r m  
boundedness  p r i n c i p l e ,  i . e .  t h e  Banach-Ste inhaus  t h e o r e m ,  h o l d s  
t r u e .  The n o t i o n  o f  s t r i n g s  a l l o w s  a v e r y  n a t u r a l  d e f i n i t i o n  of  
t w o  o t h e r  classes of t o p o l o g i c a l  vector  s p a c e s :  t h e  bornologica l  
and  t h e  q u a s i - b a r r e l l e d  o n e s .  I t  s h o u l d  be remarked  t h a t  i n  t h e  
l a n g u a g e  of  t h e  o l d e r  l i t e r a t u r e  t h e y  s h o u l d  b e  ca l l ed  u l t r a -  
b a r r e l l e d ,  u l t r a b o r n o l o g i c a l  and q u a s i - u l t r a b a r r e l l e d .  W e  have  
f o l l o w e d  [ 1 ] by d r o p p i n g  t h e  p r e f i x  " u l t r a " .  

I n  c h a p t e r  3 w e  s t u d y  non-archimedean spaces: t h o s e  for which 
a f u n d a m e n t a l  s y s t e m  of n e i g h b o r h o o d s  V of t h e  o r i g i n  s a t i s f y -  
i n g  V + V C V c a n  b e  found.  They a re ,  i n  a c e r t a i n  s e n s e ,  t h e  
a n a l o g u e  of t h e  l o c a l l y  convex  s p a c e s  over IR or  C ,  when t h e  
a b s o l u t e  v a l u e  of t h e  d i v i s i o n  r i n g  F of s ca l a r s  i s  n o n - a r c h i -  

medean , i . e . 

for  a l l  A ,  p E F.  When (F, 1 . 1 )  i s  n o t  t r i v i a l l y  v a l u e d ,  t h e  
n o t i o n s  of  non-archimedean and l o c a l l y  F-convex s p a c e s  coincide.  
There  i s  a v e r y  e x t e n s i v e  l i t e r a t u r e  o n  t h e  s u b j e c t  of l o c a l l y  
F-convex s p a c e s  and w e  c o n f i n e d  o u r  a t t e n t i o n  o n l y  to  t h o s e  re- 
s u l t s  needed  i n  t h e  a p p l i c a t i o n  w e  had i n  mind ( a p p r o x i m a t i o n  
t h e o r y )  , or  t o  t h o s e  r e s u l t s  n o t  c o v e r e d  i n  t h e  l i t e r a t u r e .  The 
r e a d e r  w i l l  n o t i c e  t h a t  t h e  b e a u t i f u l  " d u a l i t y  thmry" of Van Tie l  
[ 9 2 ]  i s  a b s e n t  f rom o u r  p r e s e n t a t i o n .  The r e a s o n  f o r  t h i s  i s  
t w o f o l d .  F i r s t l y ,  it is n o t  needed  f o r  S t o n e - W e i e r s t r a s s  t y p e  
r e s u l t s ,  and s e c o n d l y ,  w e  c o u l d  n o t  g i v e  a be t t e r  exposi t ion than 
t h a t  of Van T i e l  h i m s e l f .  

I n  c h a p t e r  4 w e  come to  t h e  t h i r d  bas i c  p r i n c i p l e  of func-  
t i o n a l  a n a l y s i s :  t h e  Hahn-Banach Theorem. The main r e s u l t  h e r e  
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i s  I n g l e t o n ' s  c h a r a c t e r i z a t i o n  of t h o s e  n o n - t r i v i a l l y  va lued  
non-archimedean d i v i s i o n  r i n g s  f o r  which t h e  Hahn-Banach Theorem 
on t h e  e x t e n s i o n  of l i n e a r  f u n c t i o n a l s  i s  t r u e ,  

I n  f a c t ,  I n g l e t o n ' s  r e s u l t  d e a l s  w i t h  t h e  problem of charac- 
t e r i z i n g  more g e n e r a l l y  t h o s e  non-archimedean normed s p a c e s  
( E ,  II - It ) which have t h e  "norm-preserv ing  e x t e n s i o n  p r o p e r t y " .  
The n o t i o n  of s p h e r i c a l  comple teness  i n t r o d u c e d  by I n g l e t o n  f o r  
t h i s  purpose  h a s  t h e  c h a r a c t e r  of an  i n t e r s e c t i o n  p r o p e r t y :  i t  

i s  t h e  ana logue ,  i n  non-archimedean f u n c t i o n a l  a n a l y s i s ,  o f  t h e  
" b i n a r y  i n t e r s e c t i o n  p r o p e r t y "  of  L .  Nachbin.  I n  [ 6 0  ] , Nachbin 

had c h a r a c t e r i z e d  t h o s e  normed s p a c e s  ( E ,  II * I /  ) o v e r  t h e  reals 
which have t h e  norm-preserving e x t e n s i o n  p r o p e r t y  by mans of the 
b i n a r y  i n t e r s e c t i o n  p r o p e r t y :  eve ry  f a m i l y  of  c l o s e d  b a l l s  such 

t h a t  any two o f  them meet has  non-void i n t e r s e c t i o n .  
I n  c h a p t e r  5 w e  c o n s i d e r  t h e  s p a c e  C ( X , E )  of a l l  c o n t i n u o u s  

f u n c t i o n s  from a t o p o l o g i c a l  space  X i n t o  a t o p o l o g i c a l  v e c t o r  

space  ( E , r )  o v e r  a non-archimedean va lued  d i v i s i o n  r i n g  (F,l*/). 
W e  endow i t  w i t h  t h e  compact-open topology and prove  a S tone-  
Weierstrass Theorem, i .e.  w e  c h a r a c t e r i z e  t h e  c l o s u r e  i n  t h e  
compact-open topology of a v e c t o r  subspace  M C C ( X ; E )  which i s  
an  A-module o v e r  a s u b a l g e b r a  A C C(X;F) of scalar-valued func-  
t i o n s  (be ing  a n  A-module means t h a t  f g  E M f o r  a l l  f E A and 
g E M). A s  a C o r o l l a r y  w e  g e t  Kap lansky ' s  S tone -Weie r s t r a s s  
Theorem [38  I f o r  s u b a l g e b r a s .  W e  emphasize t h a t  d e a l i n g  w i t h  
modules ove r  a l g e b r a s  p r e s e n t s  no more d i f f i c u l t i e s  than dealing 
d i r e c t l y  w i t h  a l g e b r a s  and p r e s e n t s  many advan tages  i n  t h e  ap- 

p l i c a t i o n s .  I n  f a c t ,  s i n c e  E has  no m u l t i p l i c a t i o n ,  w e  c o u l d  
n o t  c o n s i d e r  C(X;E) a s  an  a l g e b r a  and t h e n  t a k e  subalgebras. But 
even  i n  t h e  case E = F, when C(X;F) i s  n a t u r a l l y  an  a l g e b r a ,  

t h e  module theorem i s  ex t r eme ly  u s e f u l .  Given a n y  v e c t o r  s p a c e  
M C C ( X ; E )  t h e r e  i s  always a s u b a l g e b r a  A C C(X;F) o v e r  which 
M i s  a module: d e f i n e  

A = { f  E C(X;F) ;  f g  € M f o r  a l l  g E M I .  

Cons ider  t h e  p a r t i t i o n  of X by t h e  sets o f  cons t ancy  f o r  A ,  

say  P ,  Then i t  f o l l o w s  from t h e  S tone -Weie r s t r a s s  Theorem f o r  
modules t h a t ,  f o r  any f € C ( X ; E )  , f be longs  to  t h e  c l o s u r e  o f  
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M i f ,  and o n l y  i f ,  i t s  r e s t r i c t i o n  f l y  be longs  t o  the c l o s u r e  
of ~1~ f o r  any y E P .  

Now, i f  E = F and M c o n t a i n s  t h e  c o n s t a n t s ,  t h e n  A C M. 
I f  moreover,  M i s  an  a l g e b r a  c o n t a i n i n g  t h e  c o n s t a n t s ,  t h e n  
A = M and w e  have r ecove red  t h e  S tone -Weie r s t r a s s  Theorem f o r  
u n i t a r y  a l g e b r a s .  

I n  t h i s  c h a p t e r  w e  a l s o  p r e s e n t  a n o t h e r  S tone -Weie r s t r a s s  
Theorem due t o  Kaplansky: i n  t h i s  case ( E , T )  i s  a t o p o l o g i c a l  
r i n g  wi th  u n i t  having  a fundamenta l  sys tem o f  ne ighborhoods  o f  
0 which a r e  i d e a l s  i n  E and X i s  supposed t o  be  a 0-dimnsional 
T1-space.  (See Theorem 5 . 3 1 ) .  

I n  c h a p t e r  6 w e  r e s t r i c t  o u r  a t t e n t i o n  to  normed s p a c e s  
(El 11 * I I ) ,  NOW, i f  X i s  compact,  C ( X ; E )  becomes a normed space  
t o o ,  and g i v e n  M and A as i n  t h e  p r e c e d i n g  c h a p t e r ,  w e  ask for  
a formula g i v i n g  t h e  d i s t a n c e  of  any f E C ( X ; E )  from M .  T h i s  
i s  e s t a b l i s h e d  i n  Theorem 6 . 4 :  

d i s t ( f ; M )  = s u p  d i s t ( f  I ; M y )  
Y YEP 

where P i s  t h e  p a r t i t i o n  of X by t h e  sets  of  cons t ancy  f o r  A .  

The ana logue  o f  B i shop ' s  approximat ion  Theorem i s  a l s o  es- 
t a b l i s h e d  i n  t h i s  c h a p t e r ,  by c o n s i d e r i n g  a d i v i s i o n  s u b r i n g  
G C F and d e f i n i n g  (see D e f i n i t i o n  6 .7)  sets of  an t i symmetry  
f o r  A C C(X;F) w i t h  r e s p e c t  t o  G.  I n  B i s h o p ' s  case, F = C and 
G = IR. Our proof  i s  e s s e n t i a l l y  due do S .  Machado [48 1 , h i s  
v e r s i o n ,  and p r o o f ,  o f  B i shop ' s  g e n e r a l i z e d  S tone -Weie r s t r a s s  
i s  w e l l  s u i t e d  f o r  o u r  pu rposes ,  i t  u s e s  n e i t h e r  measure t h e o r y  
(ou r  F is n o t  l o c a l l y  compact) n o r  Krein-Milman's Theorem (no  
ana logue  for extreme p o i n t s  a v a i l a b l e ) .  

The n e x t  t o p i c  w e  t a k e  up i s  t h e  approx ima t ion  property: over 
a s p h e r i c a l l y  complete  division r i n g  (F, I * 1 )  , a l l  non-archimedean 
normed s p a c e s  have t h e  metric approximat ion  p r o p e r t y .  Th i s  re- 
s u l t  i s  due t o  Monna [58 ] . 

Chapter  6 ends  w i t h  some comments on t h e  e q u i v a l e n c e  f o r  
a non-archimedean normed space  ( E l  It - II ) between (a) s p h e r i c a l  
comple teness ;  ( b )  norm-preserving e x t e n s i o n  p r o p e r t y :  (c) normone 
p r o j e c t i o n  p r o p e r t y  ( d )  non-archimedean i n t e r s e c t i o n  p r o p e r t y  
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(see D e f i n i t i o n  6 . 2 9 )  . 
I n  c h a p t e r  7 w e  p r e s e n t  some r e s u l t s  on t o p o l o g i c a l  r i n g s  

and a l g e b r a s  o f  con t inuous  f u n c t i o n s .  The r e s u l t s  7 . 1 1  th rough 
7 . 2 5  a r e  a l l  due  t o  I .  Kaplansky,  w i t h  s o m e  minor mdif icat ions.  
Theorem 7 . 1 1  c h a r a c t e r i z e s  maximal one - s ided  i d e a l s  i n  C (X;E) , 
when X i s  a 0-dimensional  compact T1-space and ( E , - r )  i s  a to -  
p o l o g i c a l  r i n g  w i t h  i d e n t i t y  e ,  which i s  a Q - r i n g  ( i . e .  the set 
of i n v e r t i b l e  e l emen t s  is  open)  and has  c o n t i n u o u s  inverse. Under 
t h i s  h y p o t h e s i s ,  i t  i s  proved t h a t  e v e r y  p r o p e r  one - s ided  ideal 
i n  C ( X ; E )  i s  f i x e d .  (An i d e a l  I i s  f i x e d  i f  t h e r e  e x i s t s  x E X  

such  t h a t  I ( x )  i s  a p rope r  i d e a l  i n  E ) .  

When (El?) i s  a t o p o l o g i c a l  a l g e b r a  (ove r  a v a l u e d  d i v i s i o n  
r i n g  (F ,  1 I ) ,  and e i t h e r  X o r  E i s  0-d imens iona l ,  theorem 7.30 
c h a r a c t e r i z e s  t h o s e  c l o s e d  (under  t h e  compact-open topo logy)  one 
s i d e d  a l g e b r a  i d e a l s  which are  C(X;F)-modules.  Th i s  c l a s s  
i n c l u d e s  a l l  r e g u l a r  i d e a l s .  S i n c e  t h e  k e r n e l  of any a l g e b r a  
homomorphism is a r e g u l a r  i d e a l ,  t h i s  r e s u l t  i s  used  t o  cha rac -  
t e r i z e  t h e  spec t rum of C ( X ; E ) .  I f  ( E , T )  i s  any t o p o l o g i c a l  
a l g e b r a  o v e r  ( F ,  1 - 1 )  t h e  spec t rum of E l  deno ted  by A ( E )  , i s  
t h e  s e t  of  a l l  non-zero con t inuous  a l g e b r a  homomorphisms o f  E 

o n t o  F .  Our main r e s u l t  i s  Theorem 7 . 4 5  e s t a b l i s h i n g  a homeo- 
morphism between X x A (E) and A ( C  ( X ; E )  ) under  v e r y  g e n e r a l  
h y p o t h e s i s :  X i s  any 0-dimensional  T1-space and ( E J )  i s  any 
a s s o c i a t i v e  t o p o l o g i c a l  a l g e b r a  such  t h a t  A ( E )  i s  l o c a l l y  equi- 
con t inuous  when t o p o l o g i z e d  by t h e  r e l a t i v e  weak topo logy .  A s  a 
C o r o l l a r y ,  any two 0-dimensional  T1-spaces X and Y are homeo- 
morphic i f ,  and o n l y  i f  C(X;F) and C(Y;F') are i somorph ic  a s  
t o p o l o g i c a l  a l g e b r a s  under  t h e i r  r e s p e c t i v e  compact-open topo-  
l o g i e s .  

I n  c h a p t e r  8 w e  g i v e  an a c c o u n t  of some r e s u l t s  on t h e  
Banaschewski c o m p a c t i f i c a t i o n  BOX of a 0-dimensionalT1-space 
X .  W e  b e g i n  by r e c a l l i n g  some r e s u l t s  on u l t r a n o r m a l  and ul t ra-  
r e g u l a r  s p a c e s .  The space  B X i s  t h e n  shown t o  be  i n  one-to-one 
cor respondence  w i t h  t h e  set o f  a l l  c h a r a c t e r s  o f  t h e  a l g e b r a  
C*(X;F) ,  t h e  se t  of  a l l  con t inuous  f u n c t i o n s  w i t h  r e l a t i v e l y  
compactrange i n  a non-archimedean va lued  d i v i s i o n  r i n g  F (A 

c h a r a c t e r  of a l i n e a r  a l g e b r a  ove r  F i s  a non-zero a l g e b r a  ho- 
momorphism i n t o  F)  . The r e s u l t  j u s t  ment ioned i sdue  to Bachman, 

0 
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Beckens te in ,  N a r i c i  and Warner [ 3 ] . The s u b s e t  vFX o f  a l l  
x E BOX such  t h a t  ( x )  be longs  t o  F f o r  a l l  f E C(X;F) , 
i s  then  used t o  i d e n t i f y  t h e  s e t  o f  a l l  c h a r a c t e r s  o f  t h e  bigger 
a l g e b r a  C (X;F) . 

Chapter  8 concludes  wi th  some of t h e  e l e g a n t  r e s u l t s  of R .  

L .  E l l i s  on t h e  problem of e x t e n s i o n  of con t inuous  f u n c t i o n s .  
The main t o o l  i n  t h i s  i n v e s t i g a t i o n  i s  E l l i s  r e s u l t  on t h e  pos- 
s i b i l i t y  of e x t e n d i n g  open p a r t i t i o n s  of c l o s e d  s u b s e t s  of u l -  
t r apa racompac t  s p a c e s .  (See Theorem 8 . 2 3 ) .  Using t h i s  r e s u l t ,  
E l l i s  proved t h a t  e v e r y  (bounded) con t inuous  f u n c t i o n  f : A  -+ Y 
h a s  a (bounded) con t inuous  e x t e n s i o n  F : X + Y ,  i f  A C X i s  a 
c l o s e d  s u b s e t  o f  an u l t r a p a r a c o m p a c t  space X and Y i s  any 
comple te  metric space .  (See 8 . 2 6 ) .  When Y i s  s e p a r a b l e ,  t hen  X 

may be an  u l t r a n o r m a l  space .  (See  8 . 2 7 ) .  S i n c e  eve ry  O-dimen- 
s i o n a l  compact T1-space i s  u l t r a n o r m a l ,  and t h e  p -ad ic  f i e l d  i s  
s e p a r a b l e ,  Ellis theorem g e n e r a l i z e s  ThgorGrne 1 of  Dieudonng 

[ 1 8 1 .  
The f i n a l  c h a p t e r  d e a l s  w i t h  t h e  problem of  b e s t  (and b e s t  

s imul t aneous )  approx ima t ion ,  f o r  non-archimedean normed s p a c e s .  
I f  ( E ,  II - 1 1 )  i s  a normed space  o v e r  ( F ,  1 . 1 )  , G C E l  and B C E is 

bounded, t h e  r e l a t i v e  Chebybhev t r a d i u b  o f  B (w i th  r e s p e c t  t o  
G )  i s  t h e  number 

radG(B)  = i n f  s u p  II g - f II . 
ggG fEB 

The e l emen t s  of G where t h e  infimum i s  a t t a i n e d  are  c a l l e d  
r e l a t i v e  Chebydhev c e n t e m  of B ( w i t h  respect t o  G )  and t h e i r  
c o l l e c t i o n  i s  denoted  by c e n t G ( B ) .  When G = E w e  w r i t e  simply 
r a d ( B )  and c e n t ( B )  . Notice t h a t  when B = I f ) ,  rad (B) =dis t ( f ;G)  
and c e n t G ( B )  = P G ( f ) ,  t h e  set  of b e s t  approximants  of  f from 
e l emen t s  of G .  The main problems h e r e  are t h e  f o l l o w i n g  

( i)  g i v e n  GI  de te rmine  t h e  l a r g e s t  class 8 of bounded 

G 

s u b s e t s  of  E such t h a t  c e n t G ( B )  # @ f o r  a l l  B E  8. 

(ii) Given 8 ( e . g .  one -po in t  se ts ,  f i n i t e  s e t s ,  precompact 
se ts ,  a l l  bounded se t s )  de te rmine  c l a s s e s  o f  s u b s e t s  
G C E such t h a t  c e n t G ( B )  # @. 

L e t  us  g i v e  two examples o f  s o l u t i o n s  t o  such  problems.  ( i) 
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I f  G C E i s  a s p h e r i c a l l y  comple te  l i n e a r  subspace  of  a non- 
archimedean normed s p a c e  ( E ,  II * II 1 ,  t h e n  t h e  l a r g e s t  c l a s s  8 of 
bounded s u b s e t s  o f  E such t h a t  c e n t G ( B )  # @ f o r  a l l  B E 8 
i s  t h e  c lass  o f  uee bounded s u b s e t s  of  E. (See Theorem 9 . 2 4 ) .  
Th i s  e x t e n d s  Monna's r e s u l t  (Monna 1 5 7 1 )  s a y i n g  t h a t  such  a G 

i s  p rox imina l  i n  E l  i . e .  t h a t  P G ( f )  # @ f o r  a l l  f E E. 

(ii) L e t  X b e  a 0-dimensional  compact T1-space and l e t  
( E l  II . I1 ) be  a s p h e r i c a l l y  complete  Banach s p a c e  o v e r  (F, I * 1 ) .  

L e t  8 be t h e  c l a s s  of  a l l  bounded e q u i c o n t i n u o u s  s u b s e t s  of  
C (X; E )  (equipped  wi th  t h e  sup-norm) . Then e v e r y  Weierstrass-Stone 
subspace  W, C C ( X ; E )  i s  such  t h a t  c e n t  (B) # @ for  a l l  B E  8. 
A Weie r s t r a s s -S tone  subspace  Wn. i s  a c l o s e d  v e c t o r  subspace of 
C ( X ; E )  o f  t h e  form 

w?r 

where TT : X + Y is  a con t inuous  mapping from X o n t o  a n o t h e r  

0-dimensional  compact TI -space  Y .  T h i s  i s  a C o r o l l a r y  t o  Theo- 
r e m  9 . 3 2 ,  s i n c e  by Theorem 9 .24 ,  a s p h e r i c a l l y  comple te  Banach 
s p a c e  ( E ,  II - ll ) admi t s  Chebyshev c e n t e r s ,  i . e .  c e n t E ( B )  # @ f o r  
a l l  bounded B C E ,  

The main t o o l  f o r  g e t t i n g  bo th  r e s u l t s  above i s  a s e l e c t i o n  

theorem due t o  E. Michael [51] . 
Some c h a p t e r s  have a s e c t i o n ,  c a l l e d  "Notes and R e m a r k s "  

where w e  p r e s e n t  some r e s u l t s  which a r e  n a t u r a l  e x t e n s i o n s  o f  
t h o s e  g iven  i n  t h e  main t e x t .  The p r o o f s  o f  t h e s e  r e s u l t s  a r e  
o f t e n  o m i t t e d  and t h e  i n t e r e s t e d  r e a d e r  i s  r e f e r r e d  t o  t h e  ap- 
p r o p r i a t e  b i b l i o g r a p h i c a l  r e f e r e n c e .  

I t  i s  a p l e a s u r e  t o  acknowledge my i n d e b t e d n e s s  t o  many 

f r i e n d s ,  c o l l e a g u e s  and s t u d e n t s .  S p e c i a l  t h a n k s  a r e  due to M i s s  
E l d a  M o r t a r i  who typed  t h i s  volume. 

J .  B .  PROLLA 
Campinas, June ,  1 9  82 .  
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