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Preface

Although the theory of harvesting populations has a
number of different traditions drawn from fisheries, for-
est, and wildlife management, a common demographic
thread runs through these various applications. Trees and
many vertebrates reproduce on a seasonal basis so that
their populations consist of cohorts of similarly aged in-
dividuals (age classes). Thus discrete age- and, more gen-
erally, stage-structured (e.g., size classes) population equa-
tions are appropriate for modeling the dynamical aspects
of both animal and plant populations.

One of the aims of this book is to draw together the
theory of discrete stage-structured population models as
developed in the fisheries, forestry, population harvesting
and general demography literature. We do this in the spe-
cific context of biological resource management. The dis-
ciplines of fisheries, forest-stand, pest, and wildlife man-
agement have their own unique problems, but common
economic and demographic notions pervade the mathe-
matical analyses of these problems. We hope, by unifying
some of these notions across the various areas of appli-
cation, that this book will encourage a cross-fertilization
of ideas between professional fisheries, forest, pest, and
wildlife management scientists, as well as population biol-
ogists and demographers.

A second aim of this book is to present a comprehen-
sive account of our recent investigations into the theory
of nonlinear stage-structured population harvesting mod-
els and its application to fisheries and forest-stand man-
agement problems. The linear theory of age-structured
population growth is embodied in life-table analysis (static
viewpoint) and Leslie matrix theory (dynamic viewpoint).
Nonlinearities, however, are an essential aspect of biolog-

xiii



PREFACE

ical systems, the most obvious being increases in mortal-
ity and reduction in fecundity rates as population density
increases in a resource-limited environment. Because a
general linear theory is sufficiently extensive to warrant a
book on its own, we only summarize this theory in Chapter
2 and provide the material necessary to achieve continuity
with the applications presented in Chapters 4 to 6 and the
nonlinear theory presented in Chapter 3.

Most of the advanced material presented here appears
or will appear in the recent literature and references are
provided, although a small percentage of the material is
not published elsewhere. Our treatment assumes that the
reader is comfortable with basic notions in calculus, ma-
trix algebra, and complex number theory. Discrete mod-
els allow us to avoid some of the more difficult aspects of
mathematical analysis associated with systems of differen-
tial and integro-differential equations. As this is an ad-
vanced rather than an introductory text, we assume that
the reader is familiar with the basic elements of matrix
algebra and complex numbers. We do lead the reader
through a cursory treatment of matrix diagonalization
(eigenvectors and eigenvalues) and the solution to linear
matrix equations, but expect those readers who have diffi-
culty with the concepts to supplement their reading using
the references provided. We cover some aspects of linear
and nonlinear programming, including a discrete version
of Pontryagin’s Maximum Principle, but only the mini-
mum necessary to provide a self-contained presentation
of the material in this book.

The material in this book should be accessible to those
forest and fisheries economists and modelers who have
read such books as Clark (1976) or Johansson and Lofgren
(1985). We hope, however, that this book will be of value
to population and wildlife biologists who only have an
elementary background in calculus and matrix algebra,
but are motivated to work hard and insert supplementary

xiv



PREFACE

readings when the going gets rough. In particular, these
readers can omit the more difficult sections, 2.4 and 3.3 to
3.6, and still follow and appreciate much of the material
presented in Chapters 4 to 6. We also hope that this work
motivates applied mathematicians interested in resource
management and/or population harvesting to study some
of the more general properties of discrete nonlinear stage-
structured models.

The ideas in this book draw strongly from our collabo-
rations with colleagues. In particular, WM.G. is indebted
to R. C. Francis and G. L. Swartzman for many stimulat-
ing discussions over the past eight years while working on
joint fisheries projects supported by the Northwest and
Alaska Fisheries Center of the National Marine Fisheries
Service. R.G.H. is indebted to D. Brodie and D. W. Hann
for supervising his dissertation research which led directly
to the forest management studies described in Chapter 5.

We typed this manuscript using IATEX, a macro pack-
age written by L. Lamport for the TEX typesetting system
developed by D. E. Knuth. To these two people, we are
indeed grateful. We are also indebted to M. E. Bergh,
L. W. Botsford, D. Goodman, J. E. Hightower, J. Schnute,
B. Solberg, G. L. Swartzman, and D. Wear for critically
reviewing drafts or portions of this manuscript. Of course
all errors and omissions remain our own responsibility. We
thank Nancy Munro for drafting the figures.

We would like to thank Judith and Robert May, our ed-
itors at Princeton, for their support and help in getting
this book published.

W.M.G. would like to acknowledge the National Science
Foundation (Grant DMS-8511717) and the Alfred P. Sloan
Foundation (Grant No. 86-6-18) for support towards the
research and writing of this book. R.G.H. would like to
acknowledge support of an S. V. Ciriacy-Wantrup Postdoc-
toral Fellowship administered by the Graduate Division at
the University of California, Berkeley.
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CHAPTER ONE

Introduction

1.1 SCOPE
1.1.1 Preview

This book is about resources that are managed by har-
vesting cohort-structured biological populations. This in-
cludes fisheries, forest-stand, and wildlife management
problems, as well as mass rearing of insects for biologi-
cal control. Our aim in writing this book is to present a
unified approach to modeling and managing such resource
systems.

In this age of environmental crises we need to meet the
challenge of managing biological resources in an efficient
and minimally disruptive manner. This requires that we
be precise about what we are doing; and to be precise we
need to model the management process. In mathemat-
ical terms, efficient management typically translates into
maximizing some suitably defined performance index, of-
ten net revenue. Precision requires that we model the
dynamic response of the underlying population to man-
agement actions.

Population modeling is an inexact science. Populations
are part of complex systems that defy the taming teth-
ers of “physical laws.” Thus there is little to prevent a
piecemeal approach to cohort-structured resource man-
agement, with each subdiscipline developing its own meth-
ods. To a large extent this has happened, and communi-
cation among scientists working on conceptually similar
problems in different areas of applications has been hin-
dered. Communication among scientists working on man-
aging cohort-structured populations, albeit as different as
trees, fish, mammals, and insects, can only be beneficial.

3



CHAPTER ONE

We hope this book will encourage communication among
scientists working in different areas of application.

The first requirement in solving the communication
problem is to develop a common language, especially in
the context of population modeling, where the greatest
barrier exists. We do this by adopting a neutral math-
ematical notation: the notation of mathematical systems
theory. This has the added advantage of using a notation
that is more suitable for the mathematical analysis of man-
agement problems than notations that are currently often
used in the applied fields.

The second requirement in solving the communication
problem is to develop a modeling framework that can be
applied to any cohort-structured resource management
problem. This facilitates comparative analyses of con-
ceptually similar problems in the different areas of ap-
plication, preventing duplication of effort and enhancing
our general understanding of resource management is-
sues. In the theory sections of this book, we develop an
approach that allows us to incorporate such nonlinearities
as density-dependent reproduction and survival, while re-
taining most of the clarity associated with linear popula-
tion models. Such clarity is not apparent in current non-
linear approaches.

The various areas of resource management remain dis-
tinct not only because of differences in the biological
species comprising the resource, but because each area
of application poses a different set of problems. A ma-
jor emphasis in fisheries science has been on the prob-
lem of estimating current and past population levels (i.e.,
stock abundance) using catch levels and fishing effort data
(see Cushing, 1981; Gulland, 1983; Schnute, 1985). Many
fish populations, especially those in which individuals live
no more than several years, exhibit wide and largely un-
predictable fluctuations in the number of young fish (i.e.,
recruits) joining that part of the stock that is vulnera-
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INTRODUCTION

ble to fishing each year. Thus stochasticity is a critical
aspect of analyzing the stock dynamics in most fisheries.
This stochasticity, primarily due to environmental changes
and the problems associated with estimating population
abundance and age structure, poses severe constraints on
our ability to develop appropriate management policies.
These difficulties have led to a dichotomy in methodology,
namely “cohort” and “surplus production” approaches to
yield or catch analysis.

Origination of the “cohort” approach is largely due
to Beverton and Holt (1957), who developed a method
of analysis in which the age of the fish play a central
role. Beverton and Holt’s approach was essentially a de-
terministic equilibrium analysis which assumed constant
recruitment. This approach has been extended to include
nonlinear recruitment (Getz, 1980a,b; Reed, 1980), and
dynamic (Getz, 1985, 1988) and stochastic (Reed, 1983;
Getz, 1984a) analyses, but the multidimensional charac-
ter of the models (model variables are age classes) makes
the analysis complicated.

The “surplus production” approach typically ignores
age by focusing on a single harvestable stock biomass
variable (single variable models are sometimes referred
to as “lumped-variable” models). The analysis leads to
the derivation of a scalar catch equation (Baranov, 1925)
that is more readily embedded into a nonlinear stochas-
tic setting (Schnute, 1985). Although cohort structure
is essentially ignored, the value of this approach lies in
being able to analyze highly stochastic management sit-
uations (see Walters, 1986). There are some important
drawbacks, however, to ignoring cohort structure when
undertaking a detailed stochastic analysis. The market
value of individual fish and our ability to catch them
may vary quite considerably with age (or its correlate,
size). Although we take a cohort approach through-
out this book, in the fisheries chapter (Chapter 4) we

5



CHAPTER ONE

will demonstrate a link between cohort-structured and
lumped-variable models.

In contrast to fisheries, individuals in a forest stand can
be seen and counted, and tree attributes such as stem di-
ameter, height, and volume are readily measured. In ad-
dition, the time units associated with birth, growth, and
death processes for trees are at least an order of mag-
nitude larger than for fish populations. Thus, density-
dependent models for projecting stands of trees are based
on short-term growth observations in a cross section of
stands with a wide range of ages, densities, and environ-
mental conditions.

The relative ease of measuring and harvesting trees has
resulted in a variety of stand management systems and as-
sociated models for predicting growth and determining
harvest policy. Models for projecting stand growth span
the range from single-variable models for single-species
even-aged stands to single-tree simulators for mixed-
species uneven-aged stands. The stage-class model that we
apply to forest stand projection has an intermediate level
of biological detail and complexity. The stage-class model
includes the important demographic processes such as
species- and size-dependent birth, growth, and death pro-
cesses. As a result, the same stage-class model can be used
to project the effects of harvesting in either even-aged or
uneven-aged stands with one or many species. Equally im-
portant, the stage-class model is simple enough for math-
ematical analysis and numerical optimization. Thus, the
economic efficiencies of different timber harvesting sys-
tems can be evaluated and compared.

The utility of the stage-class model in forestry research
is illustrated by the development of the theory associated
with uneven-aged stand management. Prior to the appli-
cation of stage-class models in forestry, uneven-aged man-
agement problems were formulated only in a steady-state
framework because of the limitations of growth and yield

6



INTRODUCTION

models in use. Univariate models did not give realistic
portrayals of stand dynamics in uneven-aged stands, and
single-tree simulators were too complicated to analyze in
a dynamic framework. The steady-state analyses often
concluded that clearcutting and plantation management
were the most efficient management system. In contrast
to univariate models and single-tree simulators, the stage-
class model provided a means to formulate and solve a dy-
namic harvesting problem. Results from the application
of the dynamic model, as discussed in Chapter 5, show that
clearcutting and even-aged management are just a special
case of the more generally formulated uneven-aged man-
agement problem and are less efficient in the long term.

The problem of counting and measuring large-mammal
populations (both terrestrial and marine') lies somewhere
between fish and tree populations. One can more easily
count mammals than fish and one can more easily esti-
mate the size of individual mammals than trees. Of course,
different mammal populations present different problems.
Pinnipeds (seals, sea lions, walruses), for example, are eas-
ily observed only during their breeding season when they
congregate in specific areas.

Insects present an altogether different challenge. Many
species have multiple generations per year, where the
length of each generation is strongly linked to the am-
bient temperature of its habitat. Survival rates fluctuate
dramatically with environmental conditions so that pop-
ulations in the field can exhibit dramatic changes from
week to week. The methods of analysis described in this
book are largely unsuitable for addressing insect pest man-
agement problems, although we illustrate how they can be
applied to insect populations reared under controlled lab-
oratory conditions.

! Exploitation of a marine mammal population is traditionally
referred to as a fishery, although we treat the problem separately
in this book.
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CHAPTER ONE

As previously stated, the common thread running
through managing fisheries and forest stands, exploiting
large mammals, and mass rearing insects is the harvesting
of populations that have a cohort structure. In analyzing
the growth of these fish, tree, mammal, and insect popula-
tions, we usually categorize individuals by age or size and
collect data to construct an age- or size-specific life table.
One limitation with the age-specific approach, however, is
that it is not always possible to determine the correct age
of an individual. Thus size may often be a more appro-
priate variable,

In forest-stand management, in particular, individuals
are assigned to size or ‘“‘stage classes” rather than age
classes. A size-specific analogue of a life table can be con-
structed for such populations, but this introduces other
complications such as assessing the rate at which individu-
als move from one size class to the next. The application
of age-specific life tables to certain insect populations also
presents special problems. Holometabolous insects, such
as flies, moths, butterflies, beetles, bees, ants, and wasps,
have distinct life stages (egg, larval, pupal, adult) with,
for example, very different feeding behaviors in each life
stage. Because not all individuals spend the same period
of time in each life stage, a more general age-stage life
table is required.

In this book we focus on age- and stage-structured ap-
proaches to modeling populations and their application
to problems in fisheries and forest-stand management, in
harvesting large mammals, and in mass rearing insects.
Although we do not deal with lumped population mod-
els (i.e., models in which all age classes are lumped to-
gether), we show how to collapse age-structured models
to lumped-variable stock-biomass models that relate stock
levels at several points in the past to current stock lev-
els. These models are so-called discrete-delay difference
equations. Since they capture certain essential features

8



INTRODUCTION

of age-structured models, some of their theoretical prop-
erties and their application to fisheries problems are dis-
cussed in this book.

Most resources are derived from populations that ex-
hibit cyclic reproduction. For these populations, systems
of discrete-time difference equations provide a more ap-
propriate model of the resource than systems of contin-
uous time differential equations. Compared with differ-
ential equations, difference equations are easier for the
nonmathematician to construct and simulate on the com-
puter. Thus we will not attempt to extend any of the
theory presented here to continuous system models.

1.1.2 Focus

The field of biological resource management draws its
tools of analysis from mathematics, statistics, computer sci-
ence, and engineering. Thinking in this field is influenced
by economists and other social scientists. Economically im-
portant resource systems include both plants and animals,
in both marine and terrestrial environments.

The various resource management professions (fish-
eries, forestry, and wildlife management) are distinct from
one another. Resource economists and modelers, how-
ever, provide a bridge between these professions (see
Clark, 1976). The same mathematical and statistical tech-
niques are often employed in different areas of applica-
tions (e.g., mathematical programming), although each
area has its own distinct flavor. For example, multidimen-
sional models and linear and nonlinear programming tech-
niques are used extensively in forest management, while
dynamic scalar models and statistical estimation theory
are important tools in fisheries management. Thus re-
source managers in different areas of application have a
different quantitative training; and this tends to keep man-
agers, and even scientists, working in these different ar-
eas further apart than they should be. Additionally, even

9



CHAPTER ONE

within specific areas of application, some researchers are
concerned primarily with the statistical problems associ-
ated with estimating model parameters, while other re-
searchers are concerned with determining harvest rates
and the dynamic response of the population to manage-
ment.

The material in most resource management books is a
vertical slice through the field in that it deals with a single
area of application such as fisheries (e.g., Cushing, 1981;
Gulland, 1983; Rothschild, 1986) or forests (e.g., Husch
et al., 1982; Johansson and Lofgren, 1985). Examples of
books taking a horizontal slice are Clark’s development
of bioeconomic principles (Clark, 1976), Mangel’s synthe-
sis of uncertain resource systems management (Mangel,
1985), and Walters’ exposition on the adaptive manage-
ment of resource systems (Walters, 1986). This book is
horizontal since its general theme is harvesting of age-
and stage-structured populations. Our models are nonlin-
ear extensions of discrete-time, age- or stage-class matrix
models that can be traced back to Lewis (1942) and Leslie
(1945, 1948). In Chapters 2 and 3 respectively we develop
linear and nonlinear mathematical techniques of analysis
and derive a small number of theoretical results. In Chap-
ters 4 and b respectively we develop models for application
in fisheries and forest-stand management, and include a
number of literature case studies to illustrate how various
types of resource management problems are approached.
In Chapter 6 we illustrate how age- and stage-structured
models have been applied to a few selected animal re-
source and pest management problems.

We have limited the scope of the book to dealing with
questions that relate only to harvesting, and then only in
populations where age or stage structure is regarded as an
essential component of the management problem. This
was done to keep the book a manageable size, but as a
result we do not present any of the theory relating to re-
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INTRODUCTION

source models in which populations are represented by a
scalar population-biomass or population-numbers variable
(i.e., lumped-variable models). For a treatment of this the-
ory the reader is referred to Clark (1976, 1985). We also
do not deal with the extremely important issue of how to
estimate model parameters. Such questions rely heavily on
both statistical analyses and the biology of the populations
involved. Many of these questions are more appropriately
dealt with in an application-specific vertical text. Further,
the difficult statistical questions are best treated in a book
that includes sufficient statistical background material to
assist the reader with the development of the more so-
phisticated techniques. Here we only provide background
material in discrete dynamic systems and age- and stage-
structured models. We do include techniques for mod-
eling and analyzing stochastic problems, but our stochas-
tic treatment is limited to modeling questions. Stochastic
analyses of structured systems present a major challenge,
although some progress has been made (for example, see
Horwood, 1983; Horwood and Shepherd, 1981; Reed,
1983; Nisbet and Gurney, 1982). A deep understanding
of the influence of stochastic processes on harvesting is
difficult to obtain in multidimensional models. Most of
our understanding stems from simulation studies. The in-
fluence of stochastic processes is better understood in the
framework of scalar or lumped-variable models (for ex-
ample, see Beddington and May, 1977; May et al., 1978;
Ludwig and Walters, 1981; Walters and Ludwig, 1981),
although this material is not presented here because the
corresponding deterministic models are outside the scope
of this book.

A central issue in applying models to particular prob-
lems is deciding how much biological detail should be in-
cluded in a model. The models presented in this book
include age or stage structure in the population, but ig-
nore specific characterization of interactions between the

11



CHAPTER ONE

population and its predators, competitors, prey, or phys-
ical environment. Is this a reasonable approach? This is
a difficult question to answer. We address this question
below, in a discussion that is intended for readers that
already have some modeling experience. Other readers
should move on to Section 1.2.

1.1.3 Model Resolution

There are two fundamentally different sets of para-
digms associated with modeling the dynamics of biolog-
ical populations: the top-down and bottom-up approaches.
In our discussion of these modeling paradigms we refer
to precision and accuracy, where a lack of precision implies
a large variance associated with model predictions and a
lack of accuracy implies a bias in model predictions. A
key question in modeling is when does increased biolog-
ical detail lead to improved precision and/or improved
accuracy? Intuitively it would seem that by incorporat-
ing additional biological mechanisms we can account for a
greater variance in the population’s behavior and, hence,
construct more precise models. On the other hand, if
some details are incorporated but a major component of
the model is missing, a detailed model may be quite inac-
curate when compared with a less detailed but intrinsically
correct model.

To be more specific, suppose z(t) represents the number
of individuals in a population at time ¢, and let b(t) and
d(t) respectively denote the number of births and deaths
in the population over the time period [t,¢t+ 1]. Then the
number of individuals at time ¢+ 1 is given by the equation

a(t+ 1) = 2(t) + b(t) — d(t). (1.1)

The top-down approach assigns some functional form
to the birth and death processes b(t) and d(t), such as

d(t) = dz(t), (1.2)
12
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where d is a constant per capita death rate. The bottom-up
approach, on the other hand, identifies d(t) as the sum of
all deaths stemming from a number of different sources,
including losses to possibly a number of different preda-
tors, for example, as well as death from a number of dif-
ferent diseases, etc. If an important source of mortality
is omitted in the latter approach, however, then the best
holistic estimate of the overall death rate d in relation-
ship (1.2)2 may provide a more accurate model than the
bottom-up approach.

In general, the bottom-up modeling paradigm focuses
on detail, is problem specific, and, in a sense, is an em-
pirical approach; that is, modeling progresses by using
biomass or energy flow equations to link those and only
those components that are observed to be part of the
system (Forrester, 1961; Odum, 1983; Swartzman and
Kaluzny, 1987). In the bottom-up approach we explicitly
recognize that populations are part of a complex ecosys-
tem and we incorporate underlying ecosystem processes
into a dynamic model of one or more populations of in-
teracting individuals. Models are developed much in the
same way as one develops computer software to solve spe-
cific problems. So-called ecosystem compartmental simu-
lation models are an example of this approach (for specific
examples, see Patten, 1971, 1972). In bottom-up model-
ing one generally opts for realism through detail, but at
the same time one endeavors to simplify a model without
sacrificing accuracy or substantially affecting precision.

In the top-down modeling paradigm we tend to ignore
detail. This approach is more applicable than the bottom-
up approach to addressing a general class of problems
and, in a sense, is a phenomenological approach; that
is, modeling begins by postulating a fundamental growth

2 This estimate is obtained by counting the number of dead in

each time period, or inferring the number that died from past
and present population levels.

13
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law for the population. (Equation (1.2) is a poor exam-
ple of such a law. For better examples see Getz, 1984b,
and Ginzburg, 1986.) In the top-down approach we rec-
ognize that populations are part of a hierarchical system
with ever-increasing levels of complexity. We begin mod-
eling at the simplest of these levels, and usually do not
move beyond one or two additional levels of complexity.
Models are holistic: model building begins by postulating
a basic growth law (Getz, 1984b), employing a conserva-
tion equation (Schnute, 1985, 1987), or describing the de-
mographic processes of mortality and natality in terms of
average rates that summarize the cumulative effects of un-
derlying but unspecified ecological factors. In top-down
modeling one typically explores that trade-off between in-
creased detail (which often results in a loss of compre-
hension) and development of principles (which we hope
enhances our understanding). Certainly, one should not
add details that do not increase the accuracy or precision
of the model.

In population modeling, there is a place for both par-
adigms. The particular approach taken depends on the
objectives of the modeling study. The bottom-up ap-
proach provides a method for structuring and coordinat-
ing ecosystem studies. The top-down approach provides a
method for exploring theoretical questions, for example,
relating to the effects of intra- and interspecific competi-
tion on population growth and stability (Getz, 1984b). It
is one thing to simulate the response of a population to a
number of environmental inputs and another to solve for
optimal harvesting or management strategies. The latter
requires extensive numerical work that is facilitated by
simple models described by mathematical functions that
are, for example, differentiable. Thus top-down models
are going to be more easily applied to resource manage-
ment problems. If we are able to show, as we do in the
forestry chapter (Chapter 5), that a top-down model has

14
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essentially the same precision as a bottom-up model in
predicting management-related variables, such as biomass
yield, then the top-down model is preferable for the man-
agement study.

Because of the management orientation of this book,
we take a top-down approach throughout. In addition
to the greater generality and ease of implementation of
top-down models, the amount of work required to fill in
the biological details of a bottom-up approach would de-
tract from research on management-oriented questions.
Age and/or stage progression of individuals is included
in our population models because such progression is a
general phenomenon that has economic and logistical (im-
plementation of strategies) implications for management.
Details of ecological interactions tend to be case specific.
Thus in the top-down approach it is appropriate to sub-
sume these interactions in the form of density-dependent
relationships and stochastic inputs, and retain some gen-
erality.

This is especially true of resource management studies
where we focus on finding harvesting strategies that satisfy
certain performance criteria rather than on explaining ba-
sic biological processes. In forest-stand management, for
example, the models are not constructed to investigate the
physiology of tree growth for which a bottom-up approach
may be necessary. Rather, they are designed to assess the
response of a stand of trees to various harvesting prac-
tices, and provide a tool for finding “optimal” harvesting
strategies. Suppose a detailed physiological model were
available that could accurately predict the growth of a tree
as a function of its environment. Since every tree grows
under a different set of local conditions ranging from soil
type and water runoff rates to level of competition from
immediate neighbors, a model that includes nutrient up-
take and competition at the individual-tree level is impos-
sible to implement at the stand level without investing a

15
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great deal of time and money just to set up the initial
conditions to begin the simulation. Thus some compro-
mises are required, such as using data that reflect aver-
age growth and survival rates for classes of trees. The
accuracy involved in estimating these averages depends
on both the quantity and quality of data. There is an
obvious marginal value associated with the collection of
such data. Certainly, a manager would not want to in-
vest the value of the stand in collecting data to determine
the optimal harvesting regime. Our experience suggests
that there is a negative marginal utility to assessing more
than an average age- or stage-specific growth and survival
parameter plus a couple of regeneration or reproductive
parameters. The reason for this, as we discuss in Chap-
ter b, is that the relatively simple stage-structured models
presented in this book seem to be indistinguishable from
more detailed single-tree stand-growth simulators in pre-
dicting stand yield, at least at the level of accuracy de-
termined by the quality of the data used to verify these
models.

In fisheries, the limitations on biological detail are even
more severe. The high degree of variability associated
with survival of youngest age class (that is, individuals
in the egg and larval stages) plus the difficulties associ-
ated with estimating the size of a population or even the
age of individuals taken from the population limit the ex-
tent to which detailed age structure can be included in
models. Nevertheless, as previously mentioned, the size
of harvested individuals often has economic ramifications
that cannot be ignored. For this reason, models that have
age structure may prove to be more valuable than lumped
models for making certain types of management decisions.
It should be pointed out, however, that fisheries models
which directly use time series of catch-effort data, say, to
predict future population or yield levels without indepen-
dently assessing model parameter values from biological
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data (e.g., Walters, 1986) are often more robust if age or
stage structure is ignored. Time-series models are central
to the analysis of many resource problems (Schnute, 1985,
1987), but are beyond the scope of this book.

1.2 HOW TO READ THIS BOOK

Since readers of this book will range from quantitative
problem solvers (mathematicians, physicists, engineers) in-
terested in resource management problems to population
biologists interested in a particular resource application,
we feel that it would be useful to have a guide to read-
ing this book. A number of sections were not written for
the general reader. In particular, Section 3.4 is only in-
cluded for the more quantitatively oriented reader, espe-
cially those interested in dynamic optimization. Also, most
of the material in Section 3.5 can be skipped over by those
readers interested in Monte Carlo techniques for simulat-
ing stochastic phenomena, rather than directly modeling
the time evolution of the population distribution or its first
two moments.

The following is a list of selected sections that should
be read by those with one of the identified interests. The
reader interested in fisheries or forest-stand management
should begin, respectively, with a preliminary reading of
Chapter 4 or 5 before earnestly tackling the theory pre-
sented in Chapters 2 and 3. This will give that reader a
feel for where the theory is heading in terms of particular
applications.

e Deterministic harvesting theory: Sections 2.1-2.3; 3.1,
3.2, 3.3%, 3.6; 4.1-4.4, 4.6; (5.1-5.3)* (sections with an
asterisk may be omitted by those readers not interested
in stage-class models).

o Stochastic harvesting theory: To the above sections add
Sections 2.4; 3.5; 4.5.

17
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e Fisheries management: Skim Chapter 4 and then read
Sections 2.1, 2.2.1-2.2.2; 3.1, 3.2, 3.5.6, 3.6. Reread
Chapter 4.

o Forest-stand management: Skim Chapter 5 and then
read Sections 2.1-2.3; 3.1, 3.3. Reread Chapter 5.

e Animal demography: Chapter 2; Sections 3.1, 3.2;
4.1-4.3; 6.1, 6.2.

The reader should note that theorems, lemmas, and re-
sults are numbered sequentially in the chapter in which
they appear, with reference given to chapter number (e.g.,
Theorem 2.1, Lemma 2.2, Result 2.3). We also present
five problems that are numbered sequentially through-
out the book without reference to the chapter number
in which they appear (e.g., Problem 1, Problem 2, etc.).
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Linear Models

2.1 LIFE TABLES
2.1.1 Scope

Life-table analysis uses the average fecundity and mor-
tality schedule of individuals within a population to study
the growth and cohort or age-structure dynamics of that
population. Classical life tables are constructed under a
number of severe assumptions. Fecundity and mortality
processes are assumed to be unaffected by population den-
sity and to be time invariant (stationary with respect to
time). The reproductive success of females is assumed to
be unaffected by the number of males in the population,
and all individuals are subjected to the same fecundity and
mortality schedules. Let the continuous variable a be used
to denote age. All females in the population are assumed
to be subject to the same

e birth processes, characterized by an age-dependent fe-
male fecundity (natality) rate or force of maternity func-
tion ¢g;

e death processes, characterized by an age-dependent fe-
male mortality rate or force of mortality function p,.

These assumptions can be used to construct a life table
for the female component of the population, or for the
population as a whole if a constant sex ratio is assumed.

In real populations we know that mortality and fecun-
dity rates change with time, depending on environmen-
tal conditions, population density, and the sex ratio in the
population. Insofar as population density and sex ratio can
be assumed to play a minor role in determining mortality
and fecundity schedules, and as time or seasonally related
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variations in parameter values around average values can
be ignored, a deterministic theory of population growth
and age structure can be developed using the functions ¢,
and p, defined above. Since we focus on populations that
live for at least several years and exhibit an annual breed-
ing cycle, it is convenient to select one year (for animals
which live on the order of tens of years) or five years (for
trees which live on the order of hundreds of years) as an
appropriate unit of time, and to discretize the analysis us-
ing an integer index ¢ = 1,...,n, where n is the oldest co-
hort (age category) considered in the analysis. Of course,
other time units have been used, including 2 years for such
long-lived animals as elephants and whales. In the case of
insects, 1 or 2 days is the time unit commonly used.

In this chapter, it is our intention to review only that
part of life-table analysis that relates to the development in
Chapter 3 of a nonlinear demographic theory for the man-
agement of animals and timber. Other texts are available
that treat life-table analysis in the context of classical (hu-
man) demography (Henry, 1976; Keyfitz, 1968; Pollard,
1973), and evolutionary biology (Charlesworth, 1980).

2.1.2  Mortality Column

Suppose that [y individuals are born at time ¢ = 0 (typ-
ically [y is taken as 1000 for the presentation of life ta-
ble mortality data). Then, since the force of mortality
is assumed to be dependent on an individual’s age but
is independent of population density and time—that is,
Wa(t) = Hq 1s the per capita mortality rate for all values of
t—the number of individuals /, in this cohort that live to
time (age) a by definition satisfies the differential equation

dlg
dt
which can be solved to yield at the integer time ¢ = ¢

= ——:ualav

li = loem‘]; Mada.

20



LINEAR MODELS

Since the age-specific mortality rates are assumed to be
stationary with respect to time, it follows that /;/ly is the
proportion of individuals that survives up to exact age 1,
irrespective of whether these individuals were born at time
0 or some arbitrary time ¢. To simplify notation, we will
assume throughout that the mortality schedule /; has been
normalized to directly represent proportions; that is, lp =
1. It also follows that s;, the proportion of individuals
(alive at age ¢) that survives from exact age 7 to exact age
1+ 1 is independent of time ¢ and is given by

b .
’=7ﬂ i=0,1,2,... . 2.1)

Note that the positivity and monotonicity of I; imply
that 0 < s; < 1, for all 7 except the oldest age group. For
the latter, by definition, we have s, = 0. Also, equation
(2.1) leads to the relationship (recalling that [, = 1)

i
ligr =[] 55 (2.2)
7=0
The values ly, 11, ...,1, listed vertically in a life table are

referred to as the survivorship column. (For an example see
Table 6.1). From this column a number of other life-table
entries are generated, including

g =l — li-H)/lia

the proportion of individuals that die between exact age ¢
and exact age ¢+ 1, and (see Emlen 1984 for a derivation)

n
€; = Z lj /li,

j=it1
the life expectancy of an individual at exact age 7 (note
that in the formula for e;, n must be the oldest age be-

yond which no individuals are known to survive). In con-
tinuous time, the values of log!, plotted as a function of
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a are referred to as the survivorship curve for the pop-
ulation in question. Three classes of survivorship curves
are distinguished (Figure 2.1), respectively typified by very
low infant and juvenile mortality rates (e.g., man), con-
stant mortality rates with respect to age (e.g., some birds),
and very high infant mortality rates (marine invertebrates,
many species of fish).

~ 1000

100

Number of Survivors, /, (log scale

o)

Age a

FIGURE 2.1. The logarithm of survivorship curves ls for three
contrasting life histories: A, low infant and juvenile mortality rate;
B, constant mortality rate with age; C, high infant mortality rate.

2.1.3 Reproductive Cycle

Subject to the biological problem of determining the
age of each individual in a population, the population can
be divided into age classes. If populations have a regu-
lar reproductive cycle (usually annual), we can count the
population immediately after births have taken place and
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set the time axis so that births occur at integer values of ¢
(or integer multiples for long-lived species). If this occurs
at time ¢, then the variable z;(¢) can be used to denote
the number in the ith class, ¢ = 0,...,n, at time ¢, where
2o(t) is the number of newborns. Note that n is either the
maximum age to which any individual can live or, more
generally, n represents all the individuals that have just
turned n years and older.

It now follows from our definition of the survival pa-
rameters s; in equation (2.1) that, over the reproductive
cycle [t,t + 1], t = 0,1,2,..., variables z; will satisfy the
relationship

Tip1(t + 1) = siz4(t), 1=0,...,n—2, (2.3)

with this same equation holding for ¢ = n — 1 if 5, = 0,
that is, if no individuals survive beyond age n. If s, > 0,
and it is assumed that s, applies to all individuals older
than n, then the equation for z,, becomes

Tt + 1) = 8,2n({t) + Spn—12Zn—1(). (2.4)

To complete our description of the population projec-
tion process from time t to ¢ + 1, we need to consider the
production of newborns z, at time ¢ + 1. In a continuous
model, we would need to integrate the natality function
¢q with respect to the female age distribution to obtain
the actual rate of births at time t. However, if we as-
sume that females only reproduce on their birthdays, so
to speak (which is a good approximation if the breeding
season is short with respect to the breeding cycle), then
the natality function ¢, is replaced by a set of constants
b; denoting the expected number of females per aged ¢
female (recall that we are either modeling a population
with a constant sex ratio or we are modeling the female
portion of the population under the assumption that there
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are always sufficient males to allow normal levels of repro-
duction). In this case, the number of newborns is given
by the following sum:

zot + 1) =D bizi(t + 1). (2.5)

=1

The system of equations (2.3)—(2.5) thus allows us to
calculate the number of newborns zy(t + 1) and the pop-
ulation vector x(t + 1) = (z1(t + 1),..., 2z (t + 1))/ (that is,
the number of individuals in each cohort) at time ¢ + 1, if
we are given the survivorship and fecundity parameters s;
and b; for all ages 7 and the population vector x(t) at time
t. (Note throughout the text that ’ is used to denote the
transpose of a vector, since the standard representation of
a vector is a column rather than a row of elements.) Al-
ternatively, if the number of individuals zy born at times
t,t —1,...,t —n+ 1 is known, then it follows from the it-
erative application of equation (2.3) and relationship (2.2)
that (recalling Iy = 1)

Tip1t+ 1) =lip1zo(t —4), ¢=0,...,n—-2,  (2.6)

which is another way of projecting zo(t + 1) and x(t + 1).
Note that if equation (2.4) holds with s, > 0, it is not
possible to express z,(t+1) in terms of zo(t —1) (unless zo(t)
is assumed to be constant as in the case of some fisheries
models), since z,(t+1) in fact depends on zo(t—2—1), zo(t—
1 —2),..., etc. On the other hand, if s,, = 0 in (2.4) then
equation (2.4) can be written as

zo(t+1) = ibilizo(t —i41), @.7)

=1

which is an nth order difference equation in the number-
of-births variable 4. Since, for all populations, there ex-
ists some age beyond which no individuals are known to
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