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ELEMENTS OF STRING COSMOLOGY

The standard cosmological picture of our Universe emerging from a “big bang”
leaves open many fundamental questions: Is the big bang a true physical singu-
larity? What happens to the Universe at ultra-high energy densities when even
gravity should be quantized? Has our cosmological history a finite or infinite past
extension? Do we live in more than four space-time dimensions? String theory, a
unified theory of all forces of nature, should be able to answer these questions.

This book contains a pedagogical introduction to the basic notions of string
theory and cosmology. It describes the new possible scenarios suggested by
string theory for the primordial evolution of our Universe. It discusses the main
phenomenological consequences of these scenarios, stresses their differences from
each other, and compares them with the more conventional models of inflation.

The first book dedicated to string cosmology, it summarizes over 15 years of
research in this field and introduces current advances. The book is self-contained
so it can be read by astrophysicists with no knowledge of string theory, and high-
energy physicists with little understanding of cosmology. Detailed and explicit
derivations of all the results presented provide a deeper appreciation of the subject.
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Preface

The aim of this book is to provide an elementary, but detailed, introduction to
the possible impact of string theory on the basic aspects of primordial cosmo-
logy. The content of the book includes a discussion of the new models of the
Universe obtained by solving the string theory equations, as well as a systematic
analysis of their phenomenological consequences, for a close comparison with
more conventional inflationary scenarios based on the Einstein equations.

The book is primarily intended for graduate students, not necessarily equipped
with a background knowledge of cosmology and string theory; but any reader
in possession of the basic notions of general relativity and quantum field theory
should be able to benefit from the use of this book (or, at least, of a great part
of it). Some chapters (in particular, Chapters 1, 7 and 8) could also be used
as a “soft” introduction to modern cosmology for string theorists, while other
chapters (in particular, Chapters 2 and 3) as a soft introduction to string theory for
astrophysicists; however, all readers are strongly advised to refer to other, more
specialized books for a rigorous (independent) study of cosmology and string
theory. It should be stressed, also, that this book is not aimed as a comprehensive
and up-to-date review of all research work available in a string cosmology context:
it only provides a pedagogic introduction to the basic ideas and theoretical tools,
hopefully useful to the interested reader as a starting point towards more advanced
research topics currently in progress in this field.

This book grew out of lectures given in May 2001 at the First International
Ph.D. Course on “Gravitational Physics and Astrophysics”, jointly organized by
the Universities of Berlin, Portsmouth, Potsdam, Salerno and Zurich. The style
is that of class lectures: I have tried to be self-contained as much as possible,
and I have not hesitated to insert many computational details and explanations,
which may even appear to be trivial to the expert reader, but which may result
in being of crucial importance for many students, as I have personally verified
during the lectures. Besides organizing known material in a form appropriate to

xi



xii Preface

a pedagogic presentation, the book also presents explicit calculations never seen
in the literature; in addition, it contains new results obtained through simple gen-
eralizations of previous studies. In particular, all topics are discussed (whenever
possible) in the general context of a �d + 1�-dimensional space-time manifold:
known results in d = 3 are thus extended (some of them for the first time) to a
generic number d of spatial dimensions.

A possible objection concerning the explicit absence of exercises and problems
can be preempted by noting that the main text of the various chapters is literally
“filled” with solved exercises, in the sense that all computations are displayed
in full details, including all the explicit passages required for a reader’s easy
understanding. In view of such a large “equation density” in all sections and
appendices, the inclusion of additional exercises seemed to be inappropriate.

Another warning concerns the appendices. In contrast with the common use of
presenting technical details and computations (and with the exception of Appendix
2A), here the appendices are devoted to a self-contained discussion of specific
topics which are closely related to the subject of the chapter, but which are not
essential for the understanding of other chapters, and can be skipped in a first
reading.

It should be explained, finally, why some chapters are characterized by a list of
references much longer than others. The reason is that in some cases (for instance
in Chapters 2 and 3) one can conveniently refer to existing books, which provide
an excellent discussion of the subject; in other cases (for instance in Chapters 7,
8 and 10), no such book is presently available, and one has to resort to a more
detailed bibliography with explicit references to the original papers on the subject.
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Notation, units and conventions

Unless otherwise stated, we adopt the following conventions:
– spatial indices: i� j� k� � � � = 1� � � � � d�

– space-time indices: ��	��� � � � = 0� 1� � � � � d�

– metric signature: g�	 = diag�+�−�−�−� · · · �;
– Riemann tensor: R�	�


 = ���	�

 +��


�	�
 − �� ↔ 	�;

– Ricci tensor: R	� = R�	�
�;

– covariant derivatives: ��V � = ��V � +��

�V 
; ��V� = ��V� −���


V
.
Covariant objects are referred to the symmetric, metric-compatible Christoffel
connection,

��

� = 1

2
g�	

(
��g
	 + �
g�	 − �	g�


)
� (1)

satisfying ��g�	 = 0. We use natural units � = c = kB = 1, where kB is the
Boltzmann constant. The fundamental string mass, Ms, and string length, �s, are
thus related to the string tension T = �2��′�−1 by

M2
s = �−2

s = �2��′�−1� (2)

The four-dimensional (reduced) Planck mass MP, and the Planck length �P, are
related to the Newton constant G (in d = 3 spatial dimensions) by

M2
P = �−2

P = �8�G�−1� (3)

The current experimental value G � 6�709×10−39 GeV−2 [1] then leads to

MP = �8�G�−1/2 � 2�43×1018 GeV (4)

(note the difference from an alternative – often used – definition, MP = G−1/2 �
1�22 × 1019 GeV). In a manifold with D = d + 1 space-time dimensions Eq. (3)
becomes

Md−1
P = �1−d

P = �8�GD�−1� (5)
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where GD is the D-dimensional gravitational coupling constant, and MP, �P are
gravitational scales, possibly different (in principle) from the numerical value (4)
determined by four-dimensional phenomenology. If the geometry of the higher-
dimensional manifold has a factorized, Kaluza–Klein structure, then GD is related
to the four-dimensional Newton constant G through the proper volume of the
internal space �d−3 as follows:

�8�GD�−1Vd−3 = �8�G�−1� Vd−3 =
∫

�d−3

√�g� dd−3x� (6)

The relative strength of Ms and MP is controlled by the scalar dilaton field �,
defined in such a way that, at the tree-level, and in d spatial dimensions,

(
Ms

MP

)d−1

= e�� (7)

Masses, energies and temperatures are usually expressed in eV (or multiples of
eV), and distances in cm (or eV−1), using the equivalence relations:

�1 eV�−1 � 1�97×10−5 cm � 6�59×10−16 s � 8�6×10−5 kelvin−1� (8)

The Planck length, defined as in Eq. (3), corresponds to

�P = �8�G�−1/2 � 8�1×10−33 cm� (9)

The curvature scale of the cosmological manifolds, parametrized by the Hubble
parameter H , is often expressed in Planck units, and the energy densities in units
of critical density c = 3H2/8�G. For the present Universe, in particular,

H0 = 3�2h×10−18 s−1 � 8�7h×10−61MP� (10)

where h = H0/�100 km s−1 Mpc−1�. Recent observations suggest

h = 0�73+0�04
−0�03 (11)

as the current standard [1]. The corresponding critical density is

c�t0� = 3H2
0

8�G
= 3H2

0 M2
P � 1�88h2 ×10−29 g cm−3 � 2�25h2 ×10−120M4

P � (12)

Reference

[1] Particle Data Group webpage at pdg.lbl.gov/





1

A short review of standard and
inflationary cosmology

In this chapter we will recall some basic notions of standard and inflationary
cosmology that will be used later, in a string cosmology context. We will assume
that the reader is already familiar with the geometric formalism of the theory of
general relativity, and with the main observational aspects of large-scale astro-
nomy and astrophysics. We will discuss, in particular, the various assumptions
of the so-called standard cosmological model, the problems associated with its
initial conditions, and the basic aspects of its “inflationary” completion driven by
the potential energy of a cosmic scalar field (further details on the inflationary
scenario will be supplied in Chapter 8). This presentation aims at a self-contained
study of the early cosmological dynamics: for a more detailed introduction, and
a deeper analysis of the topics discussed in this chapter, we refer the interested
reader to [1, 2, 3] for the standard cosmological model, and to [4, 5, 6] for the
inflationary scenario.

1.1 The standard cosmological model

The standard cosmological model, developed during the second half of the last
century, was inspired by two fundamental observational results: the recession of
galaxies, discovered by Hubble [7], and the presence of the Cosmic Microwave
Background (CMB), discovered by Penzias and Wilson [8]. The model relies
upon a number of hypotheses – also motivated by direct and indirect observations
– that we now list, with some illustrative discussion.

1.1.1 Einstein equations

The first assumption is that the gravitational interaction, on cosmological scales
of distance, is well described by the classical theory of general relativity,

1



2 A short review of standard and inflationary cosmology

and in particular by the equations derived from the effective four-dimensional
action

S = − 1
16� G

∫
d4x

√−gR+S� +
∫

d4x
√−g�m� (1.1)

Here S� is the Gibbons–Hawking boundary term [9], required in order to repro-
duce the standard Einstein equations, and �m is the Lagrangian density of the
matter fields, acting as gravitational sources. The variation of the action (1.1) with
respect to the metric g�� yields (see Chapter 2 for an explicit derivation)

G�� ≡ R�� − 1
2
g��R = 8�GT��� (1.2)

where G�� is the so-called Einstein tensor, and T�� is the (dynamical) energy-
momentum tensor of the matter sources, defined by the variation (or functional
differentiation) of the matter action as

�g 	
√−g�m
 = 1

2
√−g T�� �g

��� (1.3)

The right-hand side of Eq. (1.2) represents all the sources gravitationally coupled
to the metric, and therefore includes the possible contribution of the vacuum
energy density associated with a cosmological constant �, and described by the
effective energy-momentum tensor T�� = �g��.

1.1.2 Homogeneity and isotropy

A second assumption is that the spatial sections of the Universe, on large
enough scales of distance, can be described as homogeneous and isotropic (three-
dimensional) Riemann manifolds, geometrically represented by maximally sym-
metric spaces where rotations and translations form a six-parameter isometry
group.

It may be noted that, on scales much smaller than the Hubble radius H−1
0 �

0�9h−1 × 1028 cm, the distribution of visible matter seems to follow a “fractal”
distribution (see for instance [10]), and that it is not very clear, at present, at
which scale the (averaged) matter distribution becomes really homogeneous and
isotropic. The hypothesis of homogeneity and isotropy refers, however, to the
full set of cosmic gravitational sources (including, as we shall see, radiation, dark
matter, dark energy, � � �), and is quite powerful, since it allows a simplified cosmo-
logical description in which the space-time geometry can be parametrized by the
so-called “comoving” chart (or set of coordinates). In that case, the fundamental
space-time interval reduces to

ds2 = b2	t
dt2 −a2	t
d�2	�r
 � (1.4)



1.1 The standard cosmological model 3

where a	t
� b	t
 are generic functions of the time coordinate, and d�2 is the line-
element of a three-dimensional space with constant (positive, negative or zero)
curvature K. Using a set of stereographic coordinates x1� x2� x3�, the metric of
such a maximally symmetric space can be parametrized as [1]

d�2 = dxi dxi +K
	xi dxi
2

1−Kxix
i
� (1.5)

where scalar products are performed with the Euclidean metric �ij .
An important property of the comoving chart is the fact that static observers,

with four-velocity u� = 	u0� �0
, are also geodesic observers. The normalization
condition g��u

�u� = 1, with the metric (1.4), gives indeed u0 = b−1	t
 and

du0

d�
= − ḃ

b3
� �00

0	u0
2 = ḃ

b3
� (1.6)

which implies that the field u0 satisfies the geodesic equation

du0

d�
+�00

0	u0
2 = 0� (1.7)

Here � is the proper time (related to the coordinate time t by d� = √
g00dt =

b	t
dt), and the dot denotes differentiation with respect to t. In addition, if ui = 0,
then

dui

d�
= −�i

00	u
0
2 = − 1

2b2
gij
(
2�0gj0 − �jg00

)≡ 0� (1.8)

Thus, in the absence of non-gravitational forces, static observers are always at rest
with respect to comoving coordinates, even if the geometry is time dependent.

The existence of such observers provides a natural reference frame for syn-
chronizing clocks, and suggests the use of a convenient time coordinate, the
so-called cosmic time, which corresponds to the proper time of the static observ-
ers. The choice of this time coordinate leads to the synchronous gauge, defined
by the condition g00 = 1. It is also convenient to parametrize the maximally
symmetric space of Eq. (1.5) with spherical coordinates r� ����. By setting
x1 = r sin � cos�, x2 = r sin � sin�, x3 = r cos�, and differentiating to compute
d�2, in the synchronous gauge of the comoving chart, one finally arrives at the
well-known Robertson–Walker metric, defined by

ds2 = dt2 −a2	t


[
dr2

1−Kr2
+ r2	d�2 + sin2 � d�2


]
� (1.9)

Here t is the cosmic-time coordinate, and the constant K (with dimensions L−2)
controls the intrinsic curvature of the space-like t= const hypersurfaces, represent-
ing three-dimensional sections of the space-time manifold. With our conventions
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the function a	t
, called the “scale factor”, is dimensionless, while the comoving
radial coordinate r has conventional dimensions of length.

Another choice of time coordinate (often used in this book) is the so-called
conformal gauge, defined by the condition g00 = a2. The time parameter of this
gauge, usually denoted by �, is thus related to the cosmic time t by dt = ad�.
The choice of the conformal gauge is particularly convenient for spatially flat
manifolds (K = 0), whose metric can then be written in conformally flat form,
using cartesian coordinates, as

ds2 = a2	�

(
d�2 −dxi dxi

)
� (1.10)

A space-time described by the Robertson–Walker metric is characterized by a
number of interesting kinematical properties concerning the motion of test bodies
and the propagation of signals (see for instance [1]). For the purposes of this book
it will be enough to recall two effects.

The first effect concerns the spectral shift of a periodic signal, a shift originating
from the well-known temporal slow-down produced by gravity. Indeed, at any
given time t, all points of the three-dimensional spatial sections at constant
curvature will be affected by exactly the same gravitational field, so that any local
process will be equally slowed-down with respect to the same process occurring
in the flat Minkowski space, quite independently of its spatial position. However,
if the scale factor a	t
 varies with time, then the curvature radius of the spatial
sections (and the associated intensity of the local effective gravitational field) will
also vary with time. This will produce a difference in the local gravitational field
(and in the local “slow-down”) between the time tem of emission of a periodic
signal of pulsation �em, and the time tobs > tem when the same signal is observed
with pulsation �obs. The ratio of the two pulsations will be clearly proportional
to the ratio of the local gravitational intensities at tem and tobs, and thus inversely
proportional to the spatial curvature radius.

For a more precise computation of the spectral shift �em/�obs we may consider
a photon of four-momentum p�, traveling along a null geodesic of a spatially
flat Robertson–Walker metric. In the cosmic-time gauge such a null path has
differential equation dt = âni dxi, where n̂ is a unit vector (�̂n� = 1) specifying the
photon direction; the null photon momentum is, in this gauge, p� = p0	1� n̂ i/a
,
with g��p

�p� = 0. The momentum is parallelly transported along the geodesic,
and for the energy p0 we have, in particular,

dp0 = −���
0 dx�p� = �0

ij dxipj

= −ȧp0n̂i dxi = − ȧ

a
p0 dt� (1.11)
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The integration gives p0 = �/a	t
, where the integration constant � represents
the proper frequency of the photon in the Minkowski space locally tangent to the
given cosmological manifold.

The local frequency measured by a static, comoving observer u� is thus time
dependent, being determined by the projection p�u� = �/a	t
. A photon emitted
at t = tem and received at t = tobs, even in the absence of a (possible) Doppler
effect due to the relative motion of source and emitter, will be characterized by
the spectral shift

�em

�obs
= 	p�u�
em

	p�u�
obs
= aobs

aem
(1.12)

(see also Eqs. (8.172)–(8.173), and the discussion of Section 8.2). If the Uni-
verse is expanding, then aobs > aem for tobs > tem, and the Robertson–Walker
metric produces an effective redshift of the signals received from distant sources,
i.e. �obs < �em. In particular, since observations are carried out at the present
time, tobs = t0, it may be useful to introduce a redshift parameter z	t
 defined as

1+ z	t
 = a	t0


a	t

≡ a0

a	t

� (1.13)

which controls the relative “stretching” of the wavelengths of the received radi-
ation,

z = ��

�
= �obs −�em

�em
� (1.14)

A second important feature of the Robertson–Walker kinematics, which we
recall here for later applications, is the possible existence of “horizons”, i.e. of
surfaces with relevant causal properties. For any given observer we may consider,
in particular, the particle horizon, which divides the portion of space-time already
observed from the one yet to be observed, and the event horizon, which divides the
observable portion of space-time from the one causally disconnected [11]. For their
precise definition we must refer to the limiting times tm and tM corresponding,
respectively, to the maximum past extension and future extension of the time
coordinate on the given cosmological manifold.

Let us consider a signal propagating towards the origin along a null radial
geodesic of the metric (1.9) (ds2 = 0, d� = 0 = d�), satisfying the equation
dt/a = dr/

√
1−Kr2, and received by a comoving observer at rest at the origin

of the polar coordinate system. A signal emitted from a radial position r = r1, at
a time t = t1, will be received at r = 0 at a time t = t0 > t1, such that

∫ r1

0

dr√
1−Kr2

=
∫ t0

t1

dt
a	t


� (1.15)
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The considered signal was emitted at a proper distance d	t
 from the origin which,
at time t0, is determined by

d	t0
 = a	t0

∫ r1

0

dr√
1−Kr2

= a	t0

∫ t0

t1

dt
a	t


� (1.16)

In the limit t1 → tm we then define the “particle horizon”, for the given observer
at time t0, as the spherical surface centered at the origin r = 0 with proper radius

dp	t0
 = a	t0

∫ t0

tm

dt
a	t


� (1.17)

This surface encloses the maximal portion of space physically accessible to direct
observation from the origin of the coordinate system at the time t0. Points located
at a proper spatial distance d > dp	t0
 cannot be causally connected with the
given observer at the given time t0 (they may become causally connected at later
times, at least in principle).

Consider now a radial signal emitted towards the origin at time t0, from a point
located at a comoving position r2, and received at the origin at a time t2 > t0.
The proper distance of the emitter from the origin, at time t0, is then

d	t0
 = a	t0

∫ r2

0

dr√
1−Kr2

= a	t0

∫ t2

t0

dt
a	t


� (1.18)

In the limit t2 → tM we can then define the “event horizon”, at the time t0, as
the spherical surface centered at the origin with proper radius

de	t0
 = a	t0

∫ tM

t0

dt
a	t


� (1.19)

Signals emitted from points located at a proper distance d > de	t0
 will never be
able to reach the origin. In other words, points with spatial separations d > de

will never become causally connected, even extending the time coordinate to the
extremal future limit allowed by the given cosmological manifold.

The above horizons exist if the integrals of Eqs. (1.17) and (1.19) are con-
vergent, of course. Consider, for instance, a cosmological solution describing a
Universe expanding for ever from an initial singularity, and parametrized in cos-
mic time by the power-law scale factor a	t
 = t�, with � > 0, and 0 ≤ t ≤ 	:
it can be easily checked that the particle horizon exists if 0 < � < 1, while the
event horizon exists if �> 1. For � = 1 neither the particle horizon nor the event
horizon exists. The definitions of horizon given here will be used in the follow-
ing chapters, and will be applied in particular in Section 5.3 to illustrate some
important differences between standard and string cosmology models of inflation.
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1.1.3 Perfect fluid sources

A third assumption (or set of assumptions) of the standard cosmological
model refers to the gravitational sources that we need to specify in order to
solve the Einsten equations. According to the standard model the sources of
the cosmological gravitational field on large scales, after averaging over pos-
sible spatial fluctuations, can be represented as a barotropic, perfect fluid with
energy-momentum tensor

T�
� = 	�+p
u�u

� −p���� (1.20)

where the energy density � and pressure p depend only on time, and are related
by the equation of state

p

�
= � = const� (1.21)

In addition, the fluid is assumed to be at rest in the comoving frame. Thus, in
the synchronous gauge, u� = 	1� �0
 and T�

� becomes diagonal,

T 0
0 = �	t
� T

j
i = −p	t
�

j
i � (1.22)

With the given sources we are now able to write explicitly the Einstein equations
(1.2), using the following (more convenient, but equivalent) form:

R�
� = 8�G

(
T�
� − 1

2
T���

)
� (1.23)

For the Robertson–Walker metric (1.9) the non-zero components of the Ricci
tensor, in mixed form, depend only on time, and are given by

R1
1 = R2

2 = R3
3 = − ä

a
−2
(
H2 + K

a2

)
�

R0
0 = −3

ä

a
�

(1.24)

where H = ȧ/a (the dot indicates the derivative with respect to cosmic time).
The time and spatial components of Eqs. (1.23) then provide, respectively, the
following independent equations:

ä

a
= −4�G

3
	�+3p
 �

ä

a
+2
(
H2 + K

a2

)
= 4�G	�−p
�

(1.25)
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Combining them in order to eliminate ä/a, and differentiating the energy density
� with respect to time, leads to the system of first-order differential equations:

H2 + K

a2
= 8�G

3
� � (1.26)

�̇+3H	�+p
 = 0 � (1.27)

The last equation can also be directly obtained from the covariant conservation of
the energy-momentum tensor, �� T

�
� = 0, which is a consequence of the contracted

Bianchi identity �� G
�
� = 0 (see Eq. (1.2)).

In order to solve the above system of equations for the three unknown functions
a	t
, �	t
, p	t
, it is necessary to use the equation of state p = p	�
, which in our
case corresponds to the barotropic condition (1.21). In general, the gravitational
sources of the standard cosmological model can be represented as a mixture of
barotropic perfect fluids,

� =∑
n

�n� p =∑
n

pn� pn = �n�n� (1.28)

with no energy transfer between the different fluid components, so that the
energy-momentum tensor of each fluid is separately conserved. Equation (1.27)
then yields, for each component,

�n	t
 = �n	t0


(
a

a0

)−3	1+�n


� (1.29)

where �n	t0
 is an integration constant. Since the energy density of the different
components has a different time behavior, the evolution of the Universe will then
be characterized by different phases, each of them dominated by different fluid
components.

In each cosmological phase the time evolution of the scale factor can be
obtained by substituting Eq. (1.29) into (1.26), and solving the corresponding
differential equation for a	t
. If, in particular, we are interested in the very early
time evolution we can neglect the spatial curvature term (see below), and we
obtain the scale factor

an	t
 =
(

t

t0

)2/3	1+�n


� �n 
= −1� (1.30)

where t0 is an integration constant. The case �n = −1 corresponds to the
energy-momentum tensor of a cosmological constant

T�
� = ����� (1.31)
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which describes an effective fluid with equation of state pn = −�n = −� = const
(see Eq. (1.22)). In this case Eq. (1.29) is still valid, and the integration of
Eq. (1.26) (with K = 0) gives the exponential solution

an	t
 = exp�H	t− t0
�� H =
(

8�G�

3

)1/2

= const� (1.32)

The standard cosmological model, in its original formulation [1], assumes that
the cosmic fluid consists of two fundamental components: incoherent matter (�m)
with zero pressure pm = 0, and radiation (�r ) with pressure pr = �r/3. The
radiation component of the cosmic fluid represents the contribution of all massless
(or very light) relativistic particles (photons, gravitons, neutrinos, � � �), while the
pressureless matter component takes into account the large-scale contribution
of the macroscopic gravitational sources (galaxies, clusters, interstellar gas, � � �),
and the contribution of cosmic backgrounds of heavy, non-relativistic particles
(baryons, as well as other, more exotic, possible dark-matter components). As
we shall see later in more detail (see Eq. (1.39)), the present energy density of
incoherent matter is roughly of the same order of magnitude as the critical density,
�m	t0
 ∼ �c	t0
, where [12]

�c	t0
 = 3H2
0

8�G
= 3H2

0M
2
P � 2�25h2 ×10−120M4

P� (1.33)

and is thus much greater than the radiation energy density today, since [12]

�r	t0
 � 4�15h−2 ×10−5�c	t0
� (1.34)

Therefore, according to the standard cosmological model, the present scale factor
(assuming negligible spatial curvature) should evolve in time as a	t
 ∼ t2/3.

As the Universe expands, however, the energy density of the matter component
decreases in time as the inverse of the proper volume, �m ∼ a−3, i.e. more slowly
than the radiation component, �r ∼ a−4 (see Eq. (1.29)). Going backwards in time
one thus necessarily reaches the so-called equality time, t = teq, characterized by
the same amount of matter and radiation energy density, �m	teq
 = �r	teq
. At
earlier times, t < teq, the standard model then predicts the existence of a primordial
phase where the radiation is the dominant component of the total energy density,
and the scale factor evolves with different kinematics, a	t
 ∼ t1/2, according to
Eq. (1.30).

It is worth stressing that both the matter-dominated and the radiation-dominated
regimes, according to the standard model, correspond to a phase of expansion
which is decelerated and has decreasing curvature, i.e. satisfies

ȧ > 0 � ä < 0 � Ḣ < 0 � (1.35)
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as one can easily verify by differentiating Eq. (1.30) for � = 0 and � = 1/3 (with
a power-law scale factor, we can take H as a good indicator of the time behavior
of the space-time curvature scale). However, the recent large-scale observations
concerning both the Hubble diagram of Type Ia Supernovae [13, 14] and the
harmonic analysis of the CMB anisotropies [15, 16, 17] seem to indicate, with a
growing level of precision and confidence [18, 19, 20], that the present Universe
is undergoing a phase of accelerated expansion, ä > 0.

Such observations are thus compatible with the first of Eqs. (1.25) only if the
sources of cosmic gravity are presently dominated by a component with negative
enough pressure (i.e. �+3p < 0), so as to produce a kind of “cosmic repulsion”
on large scales. Adding explicitly this new source �q (dubbed “quintessence”, or
“dark energy”) to the usual dust matter sources �m, Eq. (1.26) becomes

H2 + K

a2
= 8�G

3
	�m +�q
 � (1.36)

where �q > �m, and pq/�q ≡ �q < −1/3. Dividing by H2 we can then obtain a
relation between the various components of the cosmic fluid in critical units, i.e.

1 = �m +�q +�K� (1.37)

where

�m = �m

�c
� �q = �q

�c
� �K = − K

a2H2
� (1.38)

The simplest model of dark energy is a cosmological constant, �q = � = const
(which corresponds to �q = −1). In this case, replacing �q with �� = �/�c, the
results of present observations can be summarized as follows [12]:

�m = 0�24+0�03
−0�04� �� = 0�76+0�04

−0�06� (1.39)

These results refer to the particular case K = 0, but can be consistently applied
to the present cosmological state where the allowed deviations of �m +�� from
1 are very small: indeed,

�K = −0�015+0�020
−0�016 (1.40)

according to a recent combination of supernovae and CMB data [20].
The experimental results are not very different from those of Eq. (1.39) even if

�q does not correspond to a cosmological constant, but represents the contribution
of some weakly coupled, time-dependent field, as will be discussed in Section 9.3.
In such a case, the effective equation of state �q = pq/�q of the dark-energy
component is presently constrained by the limits

�q = −0�97+0�07
−0�09� (1.41)
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obtained by combining supernovae and CMB data [20] (and assuming K = 0). In
any case, it may be noted that the dilution of the dark-energy density due to the
expansion of the Universe, �q ∼ a−3	1+�q
, is much slower than the corresponding
dilution of the matter component, �m ∼ a−3. Therefore, going backward in time,
the dominance of �q and the associated cosmic acceleration tend to disappear
quickly. In a decelerated Universe, on the other hand, the contribution of the spatial
curvature decreases as �K	t
 ∼ 	aH
−2, going backward in time. Considering
the present limits (1.40) we are thus fully entitled to neglect the spatial curvature
during the early stages of the standard cosmological evolution.

It is also worth mentioning that the addition of �q (with negative pressure) to
the Einstein equation (1.36) may drastically change the conventional, well-known
picture (see for instance [1]) where a Universe with positive spatial curvature
�K < 0 (also called a “closed” Universe) will collapse in a finite time with
a future “big crunch”, while a Universe with �K > 0 (also called an “open”
Universe) will expand forever. If �q 
= 0 there are indeed closed models with
�m +�q > 1 which are of the “hyperbolic” type, and evergrowing, and open
models with �m+�q < 1 which are of the “elliptic” type, and recollapsing. This
possibility can be easily explored by assuming for instance �q =�, and performing
the numerical integration of Eq. (1.36) for various different initial values of
�m and �q (see for instance [21]). If, in addition, �q 
= −1, and/or �q is time
dependent, we can find different types of singularities eventually characterizing
the future configuration of our Universe: “big rip” singularities [22] and “sudden”
singularities [23].

In order to obtain experimental information on the parameters characterizing
our present cosmological state, such as �m	t0
, �q	t0
, �q, H0, we can use two
important quantities which can be directly confronted with observations: (1) the
so-called “age of the Universe”, t0, and (2) the luminosity distance, dL	t0
.

(1) The first parameter t0 simply (and more properly) represents the time scale
of our present cosmological state, and can be defined starting from Eq. (1.36).
Expressing the scale factor in terms of the redshift parameter (1.13), i.e. a	t
 =
a0	1+z
−1, and using the explicit time evolution (1.29) of the �m��q components,
Eq. (1.36) can then be recast in the form

	1+ z
−2
(

dz
dt

)2

= H2	z
� (1.42)

where

H	z
 = H0

[
�m	t0
	1+ z
3 +�q	t0
	1+ z
3+3�q +�K	t0
	1+ z
2]1/2

= H0	1+ z

{
1+ z�m	t0
+�q	t0


[
	1+ z
1+3�q −1

]}1/2
� (1.43)
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(We have used the definitions (1.38) and, in the second line of the equation,
we have eliminated �K through Eq. (1.37).) Let us now integrate Eq. (1.42)
from t = 0 to t = t0, assuming that z → 	 for t → 0 (in other words, we are
extrapolating the standard model up to the so-called “big bang” singularity a = 0
at t = 0). We obtain

t0 =
∫ 	

0

dz
	1+ z
H	z


� (1.44)

which defines t0 as a function of the four parameters H0, �m	t0
, �q	t0
 and �q.
The precision of this definition can be improved by inserting into Eq. (1.43) the

contribution of the radiation energy density, which scales as �r ∼ 	1 + z
4, and
becomes important at earlier epochs than equality (i.e. for z >∼ 104, see below). In
any case, because of our ignorance about the very early cosmological evolution,
one cannot determine t0 from any direct observation; however, given the age of
some component of our present Universe, one can put lower limits on t0, and
then derive indirect constraints on the dark-matter and dark-energy parameters.

(2) What can be directly measured is the correlation between the luminosity
and the redshift of signals received from very distant sources. To obtain such a
correlation we can consider a signal propagating towards the origin along a null
radial geodesic, and satisfying the differential condition

dr√
1−Kr2

= dr[
1+a2

0H
2
0�K	t0
r

2
]1/2 = dt

a
= 	1+ z


a0
dt = dz

a0H	z

(1.45)

(we have used the definitions of �K and of z, and Eq. (1.42) for dt/dz). Suppose
that the signal was emitted at a distance r from the origin: by integrating between
0 and r the first term of the above equation, taking into account the intrinsic sign
of �K , and using the elementary results

∫ dx√
1+�x2

=

⎧
⎪⎨
⎪⎩

x� � = 0�

�−1/2 sinh−1	
√
�x
� � > 0�

�−1/2 sin−1	
√
�x
� � < 0�

(1.46)

we can then obtain from Eq. (1.45) the comoving distance of the source as a
function of the redshift of the received signal, r	z
, as follows:

a0 r	z
 =

⎧
⎪⎪⎨
⎪⎪⎩

∫ z
0

dz′
H	z′
 � K = 0�

H−1
0 ��K�−1/2 sinh

[
H0 ��K�1/2 ∫ z

0
dz′

H	z′


]
� K < 0�

H−1
0 ��K�−1/2 sin

[
H0 ��K�1/2 ∫ z

0
dz′

H	z′


]
� K > 0�

(1.47)

where H	z
 is defined by Eq. (1.43).
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The above relation for r	z
 cannot be directly applied to observations, however,
because we do not know the comoving radial distance of the various astrophysical
sources. For pratical applications we must use, instead of the radial distance, the
notion of apparent and absolute magnitude, commonly used to set the distance
scales of astronomical observations. Let us consider, for this purpose, a source of
massless radiation located at a distance rem from the origin, with absolute emitting
power (or luminosity) Lem = 	dE/dt
em. The energy flux received at r = 0, per
unit of time and surface, at time t = t0, is then given by

L0 = 1

4�d2
0

(
dE
dt

)

0
� (1.48)

where

d0 ≡ d	t0
 = a	t0

∫ rem

0

dr√
1−Kr2

≡ a0 rem	z
 (1.49)

is the proper distance of the source at time t0, expressed as in Eq. (1.47). Because
of the frequency shift (1.12), the received energy will be shifted by the factor
	dE
0 = 	dE
em	aem/a0
. The time intervals will also be shifted, for the same
reason, as 	dt
0 = 	dt
em	a0/aem
. Taking into account the total shift of the
received power, we can thus express the apparent luminosity L0, for a source at
a distance r, at the time t0, as

L0 = Lem

4�d2
0

(
aem

a0

)2

= Lem

4�a2
0r

2
em	1+ zem


2
� (1.50)

We can now introduce the so-called “luminosity distance” of the source, defined
as the proper distance dL	z
 such that Lem/L0 = 4�d2

L	z
. For a source located
at a distance r	z
 we obtain, using Eq. (1.47),

dL	z
 = a0 r	z
	1+ z
 = 	1+ z


H0 ��K�1/2 �

[
H0 ��K�1/2

∫ z

0

dz′

H	z′


]
� (1.51)

where the function � is defined as � 	x
 = sinh x if �K > 0, � 	x
 = sin x

if �K < 0, and � 	x
 = x if �K = 0. The conventional astronomical unit of
luminosity is the apparent magnitude m, defined by

m = −2�5 log10 L0 + const� (1.52)

where the constant is conventionally fixed by defining the apparent magnitude of
the pole star to be m = 2�15. Comparing Eqs. (1.50) and (1.52) we finally obtain

m	z
 = 5 log10 dL	z
+ cM� (1.53)

where cM is a z-independent quantity related to the absolute magnitude M (i.e. to
the absolute luminosity) of the source (see also [1]).
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Fitting the experimental data for m	z
 in terms of the curves generated by
the theoretical predictions (1.51) and (1.53) it becomes possible, in principle, to
determine the parameters H0, �m	t0
, �q	t0
 and �q contained in H	z
. This
analysis is usually performed using the luminosity distance of the various models,
computing the so-called “distance modulus”, i.e. the difference between the appar-
ent and absolute magnitude m−M , and finally plotting the difference �	m−M


between the distance modulus of a given model and the distance modulus of the
hyperbolic empty model with �m = 0 = �q.

This last special model is characterized by �K = 1, and corresponds to the well-
known Milne parametrization of the globally flat Minkowski space, represented
in Robertson–Walker form by a linear (cosmic time) evolution, a = t/t0, and
by spatial sections with constant negative curvature K = −1/t2

0. The luminosity
distance for such a model, according to Eqs. (1.51) and (1.43), is given by

d0
L	z
 = 	1+ z


H0
sinh ln	1+ z
 = z	2+ z


2H0
� (1.54)

A convenient phenomenological representation of the distance–redshift relation
is then obtained through the variable

�	m−M
 = 5 log10 dL	z
−5 log10 d
0
L	z


= 5 log10

{
2	1+ z


z	2+ z
 ��K�1/2�

[
H0 ��K�1/2

∫ z

0

dz′

H	z′


]}
� (1.55)

where H	z
 is given by Eq. (1.43). Note that such a relation can be easily extended
to a generic model containing an arbitrary number of sources �n	t
, evolving
independently according to Eq. (1.29), provided we replace H	z
 with the more
general expression

H	z
 = H0

[
�K	t0
	1+ z
2 +∑

n

�n	t0
	1+ z
3+3�n

]1/2

� (1.56)

1.1.4 Thermal equilibrium

Another important assumption of the standard cosmological model concerns the
spectral distribution of the radiation fluid. Following present observational evid-
ence, the radiation is assumed to be in a state of thermodynamic equilibrium
at a proper temperature T , with a Planck or Fermi–Dirac distribution according
to the bosonic or fermionic character of the various radiation components. The
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energy distribution, per unit volume and per unit logarithmic frequency, can then
be written in the form

d�	�� t


d log�
≡ �

d�
d�

= N

2�2

�4

e�/T ±1
(1.57)

(see [1, 5]), where the + and − signs correspond to the fermionic and bosonic
cases, respectively, and N is the number of independent polarization states (for
instance, N = 2 for photons, ultrarelativistic electrons and positrons, N = 1 for any
relativistic neutrino/antineutrino species). Integrating over all modes we obtain
the total energy density, which is given by

�b	t
 = �2

30
Nb T

4
b (1.58)

for pure bosonic radiation, and by

�f 	t
 = 7
8
�2

30
Nf T

4
f (1.59)

for pure fermionic radiation. For a thermal mixture of Nb bosonic and Nf fermionic
states the total energy density can then be written as

�r = �2

30
N T

4 � (1.60)

where

N =∑
b

Nb

(
Tb

T

)4

+ 7
8

∑
f

Nf

(
Tf

T

)4

(1.61)

is the total effective number of degrees of freedom in thermal equilibrium at
temperature T .

It may be useful, for later applications, to recall that the entropy S of a system
in thermal equilibrium at temperature T , characterized by proper volume V ∼ a3,
pressure p, and energy density �, must satisfy the differential thermodynamic
condition

dS = 1
T
�d	�V
+pdV� � (1.62)

It follows that the thermal entropy S is exactly conserved during the standard cos-
mological evolution, thanks to the conservation equation (1.27), which (multiplied
by V ) can be rewritten in differential form as

V d� = −3
da
a
	�+p
V = −	�+p
dV� (1.63)

Substituting into Eq. (1.62) this condition leads in fact to dS = 0, which implies
an exact adiabatic evolution for each decoupled component of the cosmic fluid in
thermal equilibrium.
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Using T and V as independent variables, differentiating Eq. (1.62) twice, and
imposing the integrability condition �2S/�V �T = �2S/�T �V , one also obtains [1]

T dp = 	�+p
dT � (1.64)

which allows one to rewrite Eq. (1.62) as

dS = 1
T
�d	�V
+d	pV
−V dp� = d

[
V

T
	�+p


]
� (1.65)

The integration provides the entropy density � , for a generic equation of state
p = ��,

� = S	T�V


V
= 1+�

T
�� (1.66)

For a radiation fluid, in particular, � = 1/3 and � = 4�/3T , a result valid for
bosons as well as for fermions. For a thermal mixture, with Nb bosonic and Nf

fermionic states, we can use Eqs. (1.58) and (1.59) to obtain

�r	t
 = 2�2

45
g T

3 � (1.67)

where

g =∑
b

Nb

(
Tb

T

)3

+ 7
8

∑
f

Nf

(
Tf

T

)3

(1.68)

is the effective number of degrees of freedom contributing to the thermal entropy
density at a given time t. It is important to stress that this number, as well as
the number N of Eq. (1.61), is in general time dependent in a cosmological
context, and that a change in g (due for instance to the disappearance of some
degrees of freedom from the thermal mixture) must necessarily be accompanied
by a corresponding variation of the temperature, in order for the total entropy to
be conserved.

The direct integration of Eq. (1.64) provides another important relation between
� and T for a fluid in thermal equilibrium, namely

T ∼ ��/	1+�
� (1.69)

The time evolution of �, on the other hand, is determined by the solution (1.29)
of the conservation equation. The combination of these two results implies that
the proper temperature of the thermal mixture is not a constant in the Robertson–
Walker geometry, but evolves in time as

T	t
 ∼ a−3�� (1.70)

A radiation fluid, in particular, has � = 1/3 and T	t
 ∼ a−1	t
. It follows that the
radiation temperature is redshifted by the cosmological expansion exactly as the
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proper frequency �	t
 (see Eq. (1.12)). The same conclusion can be reached by
combining Eqs. (1.60) and (1.29).

Thus, although the radiation becomes colder because of the expansion, the ratio
�/T is constant, and the shape (1.57) of the (bosonic and fermionic) spectral
distributions does not change in time (even if the overall height of the peak of the
distributions decreases, being controlled by T 4). This means that the condition
of thermal equilibrium is preserved in the course of the standard cosmological
expansion: as a consequence, one can take the CMB temperature T� as a useful
evolution parameter – like the cosmic time, or the space-time curvature radius –
to which to refer the various phases of the history of our Universe. Using as a
reference the present value of the CMB temperature [12],

T0 ≡ T�	t0
 = 2�725±0�001 K ∼ 2�3×10−4 eV� (1.71)

one can compute, for instance, the temperature at the epoch of matter–radiation
equality, t = teq, when �m = �r . From the Einstein equations we have �r/�m ∼
a−1	t
, hence,

�r	t0
/�m	t0


�r	teq
/�m	teq

= aeq

a0
= 1

1+ zeq
� (1.72)

From the condition of thermodynamic equilibrium, on the other hand, 	1+zeq

−1 =

T0/Teq. We can therefore write

Teq = T0 	1+ zeq
 = T0
�m	t0


�r	t0


� 0�7×104T0h
2
(
�m

0�3

)
� 1�6h2

(
�m

0�3

)
eV

� 2×104h2
(
�m

0�3

)
K� (1.73)

where we have used Eqs. (1.34) and (1.71), and a typical value of the matter
density suggested by the present data (see Eq. (1.39)).

During the radiation-dominated epoch the temperature is directly related to
another important evolution parameter, the curvature scale H	t
. Indeed, using
Eqs. (1.26) and (1.60), and neglecting the contribution of the spatial curvature,
one obtains

H	t
 =
(
�2N 

90

)1/2
T 2	t


MP
� (1.74)

As a simple application, also useful for future discussions, this equation can be
used to estimate the curvature scale at the epoch of matter–radiation equality,
when the radiation temperature is given by Eq. (1.73).
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For a precise computation of N we need to take into account that the cosmic
radiation fluid at t = teq, according to the standard model of particle interactions,
should contain two bosonic degrees of freedom, associated with the polarization
states of the photon, and six fermionic degrees of freedom, associated with the
three neutrino flavors and the corresponding antineutrinos (we are neglecting
other, possibly sub-leading, contributions such as that of gravitons, see Chapter 7).
However, neutrinos are slightly colder than photons, since the photon gas has
been heated up by the annihilation of the electron/positron pairs taking place well
before teq, at a temperature of about 0�43 MeV [1]. Indeed, at the epoch of electron
annihilation, the conservation of the entropy associated with the thermal mixture
of photons (�) and electron/positron (e±) pairs has caused a jump in the electro-
magnetic temperature, from an initial value identical to the neutrino temperature,
T = T�, to a new value T = T� such that �	�
=�	�� e±
. Taking into account that
the e± pairs contribute to the fermionic degrees of freedom before annihilation,
and using Eqs. (1.67) and (1.68), one obtains from entropy conservation

g 	�
T
3
� = 2T 3

� = g 	�� e±
T 3
� =

(
2+ 7

8
×4
)
T 3
� � (1.75)

from which

T� =
(

11
4

)1/3

T�� (1.76)

Let us now consider the total radiation energy density (1.60), where we take T�

as the reference temperature. After the e± annihilation epoch we have Nb = 2,
Nf = 6, so that

N =∑
b

Nb + 7
8

∑
f

Nf

(
T�

T�

)4

= 2+ 42
8

(
4
11

)4/3

� 3�36 � (1.77)

At the time of matter–radiation equality, neglecting the spatial curvature and a
possible dark-energy contribution, the total energy density is �	teq
 = �m +�r =
2�r	teq
. Using Eqs. (1.60), (1.73) and (1.77) one finally obtains

Heq =
(

3�36�2

45

)1/2 T 2
eq

MP
� 3�7×10−55h4

(
�m

0�3

)2

MP� (1.78)

This value is still a very tiny fraction of the Planck mass, but is nevertheless
much greater than the present curvature scale [12]:

H0 � 8�7h×10−61MP � 2�35×10−6Heq

(
0�3
�m

)2

h−3� (1.79)

The two curvatures H0 and Heq will be used as convenient reference scales in
the following chapters.
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The standard cosmological model provides a detailed thermal history of the
Universe [1, 5], and suggests an evolution scenario where an initially hot, dense
and highly curved configuration expands, becoming cooler and flatter. This scen-
ario is in excellent agreement with important observational data referring to our
present cosmological state, such as those concerning the galactic recession velo-
cities and the relic background of microwave radiation. It is also consistent with
the primordial mechanisms of nucleosynthesis and baryogenesis, which can only
take place in the presence of a sufficiently high temperature.

The cosmological solutions of the standard model, however, cannot be ex-
tended indefinitely backward in time. In the radiation-dominated solution, for
instance, the energy density and the temperature diverge at a fixed instant of time,
conventionally chosen to coincide with t = 0:

t → 0 ⇒ � ∼ T 4 ∼ a−4 ∼ t−2 → 	 � (1.80)

At the same instant of time the curvature invariants also diverge:

t → 0 ⇒ (
R��R

��
)1/2 ∼

(
R����R

����
)1/2 ∼ H2 ∼ t−2 → 	 � (1.81)

This singularity is a consequence of rigorous theorems formulated within the
theory of general relativity (see for instance [24]), and cannot be removed even by
abandoning the symmetry hypotheses underlying the Robertson–Walker metric
(see for instance the discussion of the Kasner solution in [2]). It can be shown, in
particular, that a geodesic time-like curve of the standard model, evolved backward
in time from any given finite epoch t0, reaches the singularity at t = 0 in a finite
value of its affine parameter (i.e. in a finite proper time interval). At the classical
level, the space-time cannot be extended beyond a singuarity, and this implies
that the time t = 0 (the so-called “big-bang” singularity) should be interpreted,
within the standard cosmological model, as the beginning of space-time, and as
the birth of the Universe itself.

This conclusion could be avoided if some drastic modification of the standard
scenario were to take place before reaching the initial singularity. After all, the
standard cosmological model is based on general relativity, i.e. on a classical
theory which is not guaranteed to be valid when the space-time curvature becomes
large in Planck units, and the Universe enters the quantum gravity regime.

On the other hand, as already stressed in this section, recent observations
indicate that the standard cosmological model has to be modified even at the
present low-curvature scales, in order to account for the “cosmic repulsion”
producing an accelerated space-time expansion. In addition, as we shall see in the
next section, there are many valid reasons (other than the existence of a singularity)
why the standard cosmological model should be modified when the curvature
reaches high enough scales (i.e. at early enough cosmological epochs). These
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primordial modifications lead to the introduction of the so-called inflationary
scenario, which will be illustrated in the next section.

1.2 The inflationary cosmological model

The present observed values of the cosmological parameters, if taken as initial
conditions to evolve our Universe backward in time according to the standard
picture, lead us to a primordial state characterized by somewhat “unnatural”
properties, even without reaching the initial singularity. A dynamical explanation
of such peculiar properties of the primordial Universe is possible, provided the
epoch of standard (decelerated) expansion is preceded by an appropriate phase
of accelerated evolution, dubbed “inflation” [25, 26, 27]. We start this section by
presenting simple arguments that motivate the introduction of such a phase.

1.2.1 Standard kinematic problems

A first argument is based on the so-called “flatness problem”. As already pointed
out in Section 1.1, the spatial curvature today provides only a small, sub-dominant
contribution to the total space-time curvature (see Eq. (1.40)). This contribution,
however, is not a constant,

��K� ∼ 	aH
−2 ≡ r2	t
� (1.82)

being controlled by the parameter r	t
 which is a monotonically increasing func-
tion of time in the standard cosmological model. For an expanding, power-law
scale factor, a	t
 ∼ t�, with 0 < �< 1 and t → 	, one obtains

t → 	 ⇒ r	t
 = 	aH
−1 = ȧ−1 ∼ t1−� → 	� (1.83)

so that r	t
 is increasing in both the matter-dominated (� = 2/3) and radiation-
dominated (� = 1/2) eras. This implies that the contribution of the spatial
curvature becomes less and less significant as we go back in time, according to
the standard-model equations.

Let us consider, for instance, the Planck epoch t = tP, defined as the time when
H =MP and �= �c = 3M4

P. Using the kinematic properties of the standard model
(a∼H−2/3, a∼H−1/2 for the matter- and radiation-dominated eras, respectively),
we can rescale the parameter r	t
 to the time tP as follows:

rP

r0
≡ r	tP


r	t0

= 	aH
0

	aH
eq

	aH
eq

	aH
P
=
(

H0

Heq

)1/3(
Heq

MP

)1/2

� (1.84)
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Using Eqs. (1.78) and (1.79) for the values of H0 and Heq, and adopting the
conservative constraint ��K	t0
� < 0�1, we obtain

��K	tP
� = ��K	t0
�
(
rP

r0

)2
<∼ 10−60� (1.85)

Such a large suppression of the spatial curvature with respect to the space-time
curvature represents a rather unnatural initial condition, and requires a significant
amount of fine-tuning. Also, what makes the problem even more serious is the fact
that a violation of the above upper limit by only a few orders of magnitude would
be enough to forbid the formation of our present cosmological configuration. In
that case the Universe would enter (much before the present epoch) a curvature-
dominated phase (��K� ∼ 1), which would lead to a subsequent collapse if K >

0, and which would not be appropriate to sustain the formation of large-scale
structures if K< 0.

The initial condition (1.85) can be dynamically explained, however, if the
phase of standard evolution is preceded by a primordial phase during which
the function r	t
 decreases in time (instead of growing, as in Eq. (1.83)). It
then becomes possible to start from a “natural” set of initial conditions for this
primordial epoch, characterized by r ∼ 1, provided that the decrease of r during
such an epoch is large enough to compensate the subsequent growth produced
by the standard evolution.

As an example of this non-standard phase let us consider again a power-law
scale factor, a	t
 ∼ t�, with t → 	. If � is large enough (in particular, � > 1),
then the function r	t
 decreases in time:

t → 	 ⇒ r	t
 = ȧ−1 ∼ t1−� → 0� (1.86)

It is straightforward to check that such a scale factor describes accelerated expan-
sion,

ȧ

a
= �

t
> 0 �

ä

a
= �	�−1


t2
> 0 � (1.87)

hence the term inflation used to denote this phase, complementary to the decel-
erated evolution of the standard cosmological model (see Chapter 5 for a general
classification of the various classes of inflationary kinematics). As will be shown
later, this kind of accelerated expansion can be obtained from the Einstein equa-
tion using, as gravitational source, a scalar field with an appropriate exponential
potential (see Eqs. (1.120) and (1.121)).

The presence of such an inflationary epoch, besides solving the flatness prob-
lem, also provides a solution to the so-called horizon problem of the standard
cosmological model. The standard cosmological evolution (a∼ t�� �< 1) is char-
acterized, in fact, by the existence of particle horizons (see Section 1.1), which
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control, at any given instant of time, the maximum size of the spatial regions
within which causal interactions take place. The proper size of the particle horizon
is of the order of the Hubble radius H−1, and grows linearly with the cosmic
time, according to Eq. (1.17):

dp	t
 = a	t

∫ t

0

dt′

a	t′

= t

1−�
= �

1−�
H−1	t
� (1.88)

Let us consider the spatial section of the Universe included within our current
particle horizon, namely the portion of space of typical size H−1

0 , currently ac-
cessible to our direct observation. Going backward in time, the proper volume of
this spatial region decreases as a3, and therefore its proper radius decreases as
a∼ t�. The radius of the particle horizon, i.e. of the causally connected portion of
space, also decreases going backward in time, but goes linearly with the cosmic
time (according to Eq. (1.88)), and thus faster than the scale factor (recall that
� < 1). As a consequence, the portion of space that we are currently observing
was, in the past, much bigger than the corresponding extension of the particle
horizon: in other words, many parts of the currently observed Universe were not
causally connected. If we rescale, for instance, the proper size of the present
observable Universe, H−1

0 , down to the Planck epoch t = tP, when the horizon
size was H−1

P = M−1
P , we obtain a proper radius much larger than the horizon:

a	tP


a	t0

H−1

0 = r	t0


r	tP

M−1

P ∼ 1029M−1
P � M−1

P � (1.89)

Given such initial conditions, we are led to the questions: why is the current
Universe so homogeneous and isotropic, or why is the average CMB temperature
everywhere the same, as if all the portions of space we are now observing were
in the past in causal contact, and had time to interact and thermalize?

An interesting solution of this problem arises from noticing that the ratio
between the horizon size (∼ H−1) and the proper size of a spatial region (∼ a) is
governed by the same function r	t
 = 	aH
−1 as controls the ratio between the
spatial curvature and the space-time curvature. A sufficiently long inflationary
phase, which makes r	t
 decreasing and which is able to solve the flatness problem,
can thus simultaneously also solve the horizon problem. Indeed, if r	t
 decreases
as time goes on, the causally connected regions expand faster than the Hubble
horizon: at the end of inflation one then precisely obtains a configuration which
corresponds to the “unnatural” initial conditions of the standard cosmological
scenario (see Fig. 1.1).

How long does the inflationary phase have to be in order to solve the flatness
and horizon problems? The answer depends on both the expansion rate and the
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inflation

standard
evolution

time

t f

t i

t 0

H–1(t)

a(t)

Figure 1.1 Qualitative evolution of the Hubble horizon (dashed line) and of the
scale factor (solid curve). The time coordinate is on the vertical axis, while the
horizontal axes are space coordinates spanning a two-dimensional spatial section
of the cosmological manifold. The inflationary phase extends from ti to tf , the
standard cosmological phase from tf to the present time t0. The shaded areas
represent causally connected regions at different epochs. At the beginning of
the standard evolution the size of the currently observed Universe (bounded by
a	t
) is larger than the corresponding Hubble radius (bounded by H−1); all its
parts, however, emerge from a spatial region that is causally connected at the
beginning of inflation.

beginning of the inflationary epoch. In any case, the decrease of the function
r	t
, from the beginning ti to the end tf of inflation, has to be large enough to
compensate for its subsequent increase from tf to the present time t0. This defines
the following necessary condition to be satisfied by a successful inflationary
epoch:

(
rf

ri

)
<∼
(
r f

r0

)
� (1.90)

where rf ≡ r	tf
, and so on. Assuming for the inflationary phase the power-law
evolution (1.86), one then obtains the condition

(
tf
ti

)1−�

=
(
Hi

Hf

)1−�

<∼
(

rf

req

)(
req

r0

)
=
(
Heq

Hf

)1/2
(

H0

Heq

)1/3

� (1.91)

which determines tf , i.e. the scale Hf at which inflation ends, as a function
of � and ti. It may be useful to notice that, for scale factors following a
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power-law evolution in time, the function r is proportional to the conformal time
coordinate: r ∼ ȧ−1 ∼ � = ∫ a−1 dt. The condition (1.90) then directly provides
the minimum duration of inflation in conformal time, i.e.

∣∣∣∣
�f

�i

∣∣∣∣ <∼
∣∣∣∣
�f

�0

∣∣∣∣ � (1.92)

We have inserted the absolute value because, as we shall see later, inflationary
(accelerated) scale factors are parametrized by a power-law evolution within a
range of negative values of the conformal time coordinate.

The presence of a primordial inflationary phase, characterized by accelerated
kinematics, is today universally accepted as the most natural complement of
the subsequent decelerated expansion, driven by the standard radiation/matter
fluids. The presence of such an inflationary phase allows us to explain the
peculiar initial conditions of the standard cosmological model; in addition, it
provides a dynamical mechanism for the origin of the large-scale structures
and of the small CMB anisotropies (as will be discussed in Chapter 8). It
is therefore natural to try to address in the inflationary context the crucial
problem of the standard cosmological model, i.e. the presence of the initial
singularity.

The premises are encouraging. One of the necessary (although not sufficient)
conditions for avoiding the singularity is the violation of the so-called condition of
“geodesic convergence” [24], for any time-like or null geodesic u�. This condition
reads, in our notations,

R��u
�u� ≥ 0 � u�u

� ≥ 0 � (1.93)

and is also equivalent, using the Einstein equations, to the so-called “strong energy
condition” imposed on the gravitational sources,

T��u
�u� ≥ 1

2
Tu�u

�� (1.94)

For a comoving geodesic u� = 	1� �0
 of the Robertson–Walker metric, and for
a perfect fluid source, the above conditions are violated when p < −�/3, which
implies R0

0 = −3ä/a < 0, i.e. just when the expansion is accelerated (ä > 0),
and hence inflationary. It is worth noticing, at this point, that a typical example
of an inflationary solution (which is also, historically, the first example [25,
28]) is the de Sitter solution, which describes a maximally symmetric, four-
dimensional manifold with constant positive curvature, and which is indeed a
regular solution of the Einstein equations (all curvature invariants are constant
and finite everywhere).
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1.2.2 de Sitter inflation

The matter source for the de Sitter solution corresponds to an effective energy-
momentum tensor of the type (1.31), where the cosmological constant � may
be interpreted as the “vacuum” energy density associated with a scalar field (the
“inflaton”), frozen at the minimum ! = !0 of an appropriate potential. Consider
the action for a self-interacting scalar field !, minimally coupled to gravity,

Sm = 1
2

∫
d4x

√−g
[
g�� ��! ��!−2V	!


]
� (1.95)

The variation of Sm with respect to ! yields the equation of motion

���
�!+ �V

�!
= 0� (1.96)

which admits the constant solution ! = !0, ��!0 = 0, provided !0 extremizes
the scalar potential 	�V/�!
!=!0

= 0. The energy-momentum tensor of the scalar
field,

T�� = ��! ��!− 1
2
g��
[
	�!
2 −2V	!


]
� (1.97)

for !=!0 assumes the form (1.31), with �= V	!0
= const, and the correspond-
ing Einstein equations (1.26) and (1.27) are identically satisfied by the regular de
Sitter solution with constant scalar curvature R = −8�GT = −32�GV	!0
.

Using an appropriate, spatially flat (K = 0) chart, the solution can be represented
in exponential form (see Eq. (1.32)) as

ds2 = dt2 −a2	t
�d�x�2 � a	t
 = eHt �

H =
[
V	!0


3M2
P

]1/2

= const � −	 ≤ t ≤ 	 � (1.98)

This solution describes accelerated expansion at constant curvature, ȧ > 0, ä > 0,
Ḣ = 0. Introducing the conformal time coordinate,

� =
∫ t dt′

a	t′

= −e−Ht

H
= − 1

aH
� −	 ≤ � ≤ 0 � (1.99)

it can be written in a conformally flat form,

ds2 = a2	�

(
d�2 −�d�x�2) � a	�
 = 	−H�
−1� (1.100)

and the condition (1.90) of sufficient inflation becomes

ri

rf
=
∣∣∣∣
�i

�f

∣∣∣∣=
af

ai
= eH	tf−ti
 >∼

r0

rf
� (1.101)
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It can be easily checked, in this form, that a very short duration (in units of H−1)
of the accelerated phase may be enough to compensate for large variations of the
function r, even if inflation occurs at very primordial epochs.

Suppose, for instance, that the inflationary phase ends when Hf = 10−5MP (in
many models, higher values of the curvature scale are inconsistent with CMB
observations, as we shall see in Chapter 7), and that the Universe immediately
enters the radiation-dominated regime. The radiation temperature associated with
tf is then of the order of the grand unification theory (GUT) scale, Tf ∼ 1015 −
1016 GeV, according to Eq. (1.74). For exponential (or quasi-exponential) infla-
tion, on the other hand, the time duration of the accelerated phase �t = tf − ti can
be conveniently expressed in terms of the “e-folding factor”, N = ln	af/ai
. In
terms of N , the condition (1.101) then becomes

N = ln
(
af

ai

)
= H�t

>∼ ln
(
r0

rf

)
= 1

2
ln

(
Hf

Heq

)
+ 1

3
ln
(
Heq

H0

)
(1.102)

(we have used Eq. (1.91)). For Hf = 10−5MP one obtains N >∼ ln 1027 � 62, i.e.
�t >∼ 62H−1, where H is the curvature scale of the de Sitter manifold.

The de Sitter solution may give an appropriate description of the primor-
dial inflationary phase; however, it cannot be extended forward in time towards
“too late” epochs, since the Universe must enter into the standard decelerated
phase that allows nucleosynthesis and the formation of large-scale structures,
and that eventually converges to our present cosmological configuration. The
transition (also called “graceful exit”) between the inflationary and the standard
regime is usually implemented, in conventional models of inflation, by assum-
ing that the scalar field is not exactly constant, frozen at the minimum of its
potential; instead, it is initially displaced from this minimum, and “slow-rolls”
towards it.

1.2.3 Slow-roll inflation

To illustrate this possibility we start by considering the cosmological equations
with the energy-momentum tensor of the scalar field as the only gravitational
source. Also, we assume that we are given an initial spatial domain of size
smaller than (or comparable to) the initial horizon radius H−1, in which the spatial
inhomogeneities of the scalar field are negligible, ��i!� � �!̇�. Restricting to this
spatial domain we can then neglect the spatial dependence of our variables, and
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we can treat the scalar field as a perfect fluid at rest in the comoving frame, with
the following effective energy density and pressure,

� = !̇2

2
+V	!
 � p = !̇2

2
−V	!
 (1.103)

(see Eq. (1.97)), acting as the source of a homogeneous and isotropic Robertson–
Walker geometry. Combining Eqs. (1.25) and (1.26), neglecting K, and using the
identity ä/a = Ḣ +H2, we are then led to the following independent Einstein
equations:

3H2 = 8�G� = 8�G

(
!̇2

2
+V

)
� (1.104)

2Ḣ = −8�G	�+p
 = −8�G!̇2 � (1.105)

We may add to this system the scalar field equation (1.96), which reads

!̈+3H!̇+ �V

�!
= 0� (1.106)

For !̇ 
= 0 this equation is not independent, however, since it can be obtained by
the differentiation of Eq. (1.104) and its combination with Eq. (1.105).

The dynamics of the slow-roll regime can be conveniently illustrated by using
the scalar field as the independent variable (replacing cosmic time) of our differ-
ential equations. Denoting with a prime the differentiation with respect to !, and
dividing Eq. (1.105) by !̇ (assuming a monotonic evolution with !̇ 
= 0), we obtain

2H ′ = −�2
P!̇ (1.107)

(recall that �2
P = 8�G). Inserting !̇ from this equation into Eq. (1.104) we are

led to the first-order equation

H ′2 − 3
2
�2

PH
2 = −1

2
�4

PV� (1.108)

which is equivalent to the Hamilton–Jacobi equation for the gravity-scalar field
system [29]. Let us also define, for later applications, the following useful
parameters:

"H = − Ḣ

H2
= −d lnH

d lna
= 2

�2
P

H ′2

H2
� (1.109)

�H = − !̈

H!̇
= −d ln !̇

d lna
= 2

�2
P

H ′′

H
(1.110)

(we have used Eq. (1.107) to obtain the last equalities of both definitions). The
subscript H makes explicit reference to the Hamilton–Jacobi formalism.
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The so-called slow-roll regime corresponds to a sufficiently slow evolution
of the scalar field, initially dominated by the “geometrical friction” term H!̇,
and characterized by a kinetic energy which is negligible with respect to the
scalar potential. More precisely, the scalar field is slow-rolling if the following
conditions are valid:

!̈ � H!̇ � !̇2 � V � Ḣ � H2� (1.111)

The slow-roll regime is thus implemented in the limit in which the parameters
(1.109) and (1.110) are very small ("H � 1, �H � 1), and very slowly varying
("̇H � 0, �̇H � 0, to first order). In this limit we can immediately integrate
Eq. (1.109) to obtain H = 	"Ht


−1. A second integration leads to the scale factor
a	t
 ∼ t1/"H . Using conformal time,

a	�
 ∼ 	−�
−	1+"H
� (1.112)

One thus obtains an inflationary (i.e. accelerated) scale factor which approximates
the de Sitter metric in the limit "H → 0 (see Eq. (1.100)).

The cosmological dynamics during the slow-roll regime is well described by
the two independent equations

3H2 = �2
PV� 3H!̇ = −V ′� (1.113)

obtained from Eqs. (1.108) and (1.106), respectively, using the conditions "H � 1,
�H � 1. Differentiating with respect to ! the first equation, we obtain

H ′

H
= V ′

2V
� (1.114)

Inserting this condition into the exact definitions (1.109) and (1.110) we are led
to approximate relations defining two new parameters, " and � [30], satisfying

"H � 1

2�2
P

(
V ′

V

)2

≡ "� �H � −"+�� � ≡ V ′′

�2
PV

� (1.115)

and often used for the computation of the spectra of the metric perturbations
amplified by inflation (see Section 8.2). The smallness of these two parameters
guarantees the “flatness” of the potential V	!
, and the consequent slowness of
the motion of ! towards the minimum.

The slow-roll equations (1.113) can be formally integrated, for any given V	!
,
using the exact differential relations da/a = Hdt, dt = d!/!̇, and writing the
scale factor in the form
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a	t
 = ai exp
(∫ t

ti

H dt
)

= ai exp
(∫ !	t


!i

H d!

!̇

)

= ai exp
(

−�2
P

∫ !	t


!i

V

V ′ d!
)
� (1.116)

while !	t
 is obtained by integrating the equation

!̇ = − V ′

3H
= − 1√

3�P

V ′

V 1/2
� (1.117)

This solution is consistent provided the evolution of ! given by Eq. (1.117) is
sufficiently slow (!̇ → 0), and the scale factor (1.116) approximates the expo-
nential de Sitter solution (H → const). A useful parameter, in such a context, is
the number of e-folds N	t
 between a given time t and the end of inflation tf ,

N	t
 = ln
af

a	t

=
∫ tf

t
H dt� (1.118)

Using Eq. (1.116) we can relate N	t
 to the corresponding value of the inflaton
field at the same time t, namely,

N	t
 = N	!	t

 = �2
P

∫ !

!f

V

V ′ d!� (1.119)

This relation will be applied in Chapter 8 to parametrize the primordial spectrum
of metric perturbations obtained in the context of slow-roll inflation.

A simple example of an inflationary solution of the slow-roll type can be
implemented, in practice, using an appropriate exponential potential [31],

V	!
 = V0 e−�P!
√

2/p� (1.120)

where p and V0 are positive parameters. In this case the Einstein equations (1.104)
and (1.105) are solved by the particular exact solution

a = a0t
p�

�P! =√2p ln

[
�Pt

√
V0

p	3p−1


]
� (1.121)

which for p > 1 satisfies the kinematic conditions of power-law inflation (see
Eq. (1.87)). The computation of H , Ḣ , !̇ and !̈ for this solution, together with
the use of the exact definitions (1.109) and (1.110), leads to

"H = �H = p−1� (1.122)

For p� 1 the above solution (1.121) thus describes a phase of slow-roll inflation,
which approaches de Sitter inflation in the limit p → 	.
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Another efficient mechanism for generating slow-roll solutions is based on
simple polynomial potentials of the type V ∼ !n, provided they are flat enough
to satisfy the conditions " � 1 and � � 1 (a typical example is the so-called
“chaotic” inflationary scenario [32], which includes the simplest case n = 2).
For such potentials V ′/V = n/!, and the total e-folding factor (computed from
Eqs. (1.118) and (1.119)) takes the form

N = ln
(
af

ai

)
= �2

P

2n
	!2

i −!2
f 
 � (1.123)

Moreover, V ′′/V ∼ !−2, and the condition � � 1 requires very large values of
the initial inflaton field in Planck units, 	�P!i


2 � 1, for the slow-roll regime
to be valid. But this automatically guarantees an efficient inflationary expansion,
N � 1, according to Eq. (1.123).

It must be noted that the slow-roll parameters associated with a polynomial
potential are (slowly) evolving in time during inflation, in contrast with the case
of the exponential potential where the parameters are constant (see Eq. (1.122)),
and are in principle associated with an “eternal” duration of the phase of inflation.
For models based on polynomial potentials the end of the inflationary phase may
automatically occur as soon as the rolling velocity of the inflation increases,
near to the minimum of the potential. In particular, when the effective mass V ′′
becomes of order H , the inflaton enters a regime of rapid oscillations characterized
by the approximate equality of kinetic and potential energy, �!̇2� � 2�V �. This
regime preludes the inflaton decay and the consequent production of a cosmic
background of relativistic particles, eventually becoming the dominant source of
the standard, radiation-dominated era [5].

1.2.4 Initial singularity

A phase of slow-roll evolution, of the type illustrated by the above examples,
seems to provide a more realistic (and probably even more natural) model of
inflation than the one based upon the de Sitter solution, which requires instead a
scalar field rigidly trapped at the minimum of its potential. Slow-roll solutions,
however, do not describe a regular geometry like the de Sitter manifold, and
therefore do not provide a solution to the singularity problem of the standard
cosmological model. Indeed, the curvature decreases (even if slowly) during
the slow-roll phase and this implies that, going backward in time, the Universe
emerges from a singular state. The suppression of Ḣ during the slow-roll evolution
moves the singularity backward in time towards much earlier epochs than in the
standard scenario, but it does not remove it.
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It should be noted, on the other hand, that even the exact inflationary solution
(1.98), describing exponential expansion at constant curvature, does not com-
pletely remove the initial singularity. This solution, in fact, represents the de Sitter
manifold in a chart that is not geodesically complete: a geodesic observer of such
a coordinate system, starting from the origin, can reach a point at infinite spatial
distance during a finite proper-time interval.

The geodesic incompleteness of the solution (1.98) is shown by recalling
that the four-dimensional de Sitter manifold can be represented [33] as a
pseudo-hypersphere (or hyperboloid) of radius R0 = (

3M2
P/�

)1/2 = H−1 =
const, embedded into a five-dimensional pseudo-Euclidean space with metric
�AB = 	+�−�−�−�−
, spanned by the cartesian coordinates zA = 	z0� z1� � � � z4
.
The hyperboloid has equation

−�ABz
AzB = 	zi
2 + 	z4
2 − 	z0
2 = H−2� (1.124)

where A�B = 0� � � �4, and i = 1�2�3. The metric (1.98) can then be obtained by
defining on the hyperboloid the intrinsic, four-dimensional cartesian chart x� =
	t� xi
, and embedding the hypersurface into the higher-dimensional manifold
through the following parametric equations,

zi = eHtxi�

z0 = 1
H

sinh	Ht
+ H

2
eHtx2

i � (1.125)

z4 = 1
H

cosh	Ht
− H

2
eHtx2

i �

satisfying Eq. (1.124). Differentiating, and substituting into the five-dimensional
form ds2 = �AB dzA dzB, one obtains the line-element (1.98) with exponential
scale factor. However, even for xi and t ranging from −	 to +	, the given
parametrization does not cover the full de Sitter manifold, but only a portion of
it, defined by the condition z0 ≥ −z4 (for t → −	 one reaches the border of the
parametrized region, marked by the null ray z0 = −z4).

A geodesically complete chart, covering the whole de Sitter hyperboloid, is
obtained by considering a solution of Eq. (1.26) with � = −p = � and with
non-vanishing (constant, positive) spatial curvature K = H2 = 	�/3M2

P
. The
corresponding four-dimensional metric can then be written in the form

ds2 = dt2 − cosh2	Ht


[
dr2

1−H2r2
+ r2 d�2

]
� (1.126)

and is related to the five-dimensional hyperboloid through the parametric equa-
tions
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z0 = H−1 sinh	Ht
�

z1 = H−1 cosh	Ht
 cos#�

z2 = H−1 cosh	Ht
 sin# cos�� (1.127)

z3 = H−1 cosh	Ht
 sin# sin � cos!�

z4 = H−1 cosh	Ht
 sin# sin � sin!�

Their differentiation, and substitution into the five-dimensional Minkowski form,
leads to

ds2 = dt2 −H−2 cosh2	Ht

[
d#2 + sin2 #d�2] � (1.128)

which reduces to Eq. (1.126) after setting H−1 sin# = r. It is straightforward to
check that the intrinsic chart x� = 	t�#� ��!
, with −	 ≤ t ≤ 	, 0 ≤ # ≤ �,
0 ≤ � ≤ �, 0 ≤ ! ≤ 2�, provides a full coverage of the hypersurface (1.124) (see
for instance [33]).

By using the regular, complete de Sitter solution to eliminate the initial sin-
gularity we are led to a picture in which the primordial Universe enters a phase
that can be extended (in a geodesically complete way) towards past infinity,
according to the metric (1.126), keeping a constant, finite curvature controlled
by �. However, the kinematic properties of such a phase are determined by
the scale factor a	t
 = cosh	Ht
, describing a Universe which is initially con-
tracting (at t → −	), starting from an infinitely large spatial extension, and
which becomes inflationary expanding only at large enough positive times,
t → +	.

Unfortunately, in models where the complete de Sitter solution is due to the
potential energy of a scalar field satisfying standard causality and weak energy
(� ≥ 0) conditions, it seems impossible (using the Einstein equations) to include
a smooth transition from the contracting to the expanding phase [34, 35]: starting
from the exponentially contracting state, the Universe is doomed to collapse
towards the singularity a → 0, without “bouncing” to reach eventually the phase
of accelerated expansion. In other words, known models of standard, potential-
dominated inflation cannot be “past-eternal” [36].

Thus, for a successful model of de Sitter (or quasi de Sitter) potential-dominated
inflation, the Universe has to enter the exponential regime already in the state of
expansion. Such a state, as we have seen, cannot be arbitrarily extended backward
in time without singularities, even in the case of the exact solution (1.98). We
can say, therefore, that an inflationary phase driven by the potential energy of
a scalar field mitigates the rapid growth of the curvature typical of the standard
cosmological model, and shifts back in time the position of the initial singularity,
without completely removing it, however (see Fig. 1.2)).
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Figure 1.2 Qualitative evolution of the curvature scale in the standard cosmo-
logical model, and in models of de Sitter inflation and slow-roll inflation.

The problem of the initial configuration of the standard cosmological model,
solved by inflation, then reappears (even if in a more relaxed form) for the infla-
tionary phase, whose effectiveness still depends on the choice of an appropriate
initial state. The question that arises is, in particular, the following: does there
exist a dynamical mechanism able to “prepare” the appropriate initial inflation-
ary state, producing (for instance) a homogeneous space-time domain that is
already characterized by an exponential expansion (the “second half” of the de
Sitter solution), and that can smoothly evolve towards the standard cosmological
configuration?

One possible approach to this issue is provided by the methods of quantum
cosmology (see Chapter 6). Using the Wheeler–De Witt equation [37, 38] it is
possible to compute, for instance, the probability that our Universe emerges in
the appropriate inflationary state directly from the vacuum (through a process
conventionally called “tunneling from nothing” [39, 40, 41]). Such a probability,
unfortunately, is strongly dependent on the initial quantum state representing the
Universe before the transition, and this state is unknown, as it should be determ-
ined in correspondence with the initial singularity. There are various possible
prescriptions for choosing the appropriate boundary conditions [39–43]: they are
however “ad hoc”, and lead to different (and strongly contrasting) results, leaving
the debate still open.

Another possible, semiclassical approach is the one based on the “chaotic”
inflationary scenario [32, 44]. In this approach the initial values of the scalar field
are randomly distributed over different space-time regions, and those regions are
characterized by different degrees of homogeneity with respect to the horizon
scale. If, in some region, the scalar field happens to be sufficiently homogeneous,
sufficiently large (in Planck units) and displaced from the minimum, then a phase
of slow-roll inflation is triggered, and that initial region can evolve towards a
configuration similar to the Universe in which we are living. In other space-time
regions, where such conditions are not satisfied, inflation does not occur, and the
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subsequent evolution diverges from the path leading to the present cosmological
state.

We should mention, finally, that even after a satisfactory explanation of the
initial conditions, the scalar potential-dominated inflationary scenario suffers from
other conceptual difficulties (see [45] for a recent discussion), such as the cosmolo-
gical constant problem, the so-called “trans-Planckian” problem (see Section 5.3).
String theory, as we shall see in the following chapters, may support inflationary
mechanisms different from those based on the potential energy of a scalar field.
As a consequence, different primordial scenarios are also possible, based on initial
configurations other than the highly curved, hot and dense state approaching the
initial singularity, typical of the standard model and of the inflationary models
considered in this section.
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2

The basic string cosmology equations

The aim of this chapter is to present the effective string theory equations govern-
ing the low-energy dynamics of the gravitational field and of its sources. Such
equations are not postulated ad hoc but, as we shall see in the next chapter,
they are required for the consistency of a quantum theory of strings propagating
in a curved manifold, and interacting with other fields possibly present in the
background. For a more systematic approach to these equations, the analysis of
this chapter should probably follow the discussion of string quantization and the
computation of the spectrum of the bosonic string states, which will be presented
in Chapter 3. However, in the context of a cosmologically oriented book, we have
preferred to postpone the string theory motivations in favor of a more immediate
presentation of the basic string gravity equations, lying at the foundations of string
cosmology just like the Einstein equations are at the foundations of standard
cosmology.

For our purposes we only need to recall that the exact string theory equations,
for all fields (including gravity) present in the string spectrum, can be approx-
imated by a perturbative expansion, in general in two ways [1]: �i� as a higher-
derivatives expansion (namely, as an expansion in powers of the “curvatures”,
or field strengths), and �ii� as an expansion in powers of the coupling parameter
g2

s , controlling the intensity of the string interactions. This second expansion is
similar to the “loop” expansion of conventional quantum field theory, while the
first one is peculiar to strings, since it is controlled by the fundamental length �s

appearing in the (two-dimensional) string action integral (see Chapter 3); such an
expansion disappears in the point-particle limit �s → 0.

The discussion of this chapter will concentrate on the tree-level equations
for the fundamental massless (boson) fields present in all models of strings
and superstrings [1, 2] (here “tree-level” means that the equations are truncated
to lowest order in both the curvature expansion, controlled by the parameter
2��′ = �2

s , and the loop expansion, controlled by g2
s ). Such equations can be

37
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derived from an effective action which is valid for manifolds with low enough
curvature, �′R � 1, and for fields with weak enough interactions, g2

s � 1 (the
action is valid, therefore, in the low-energy, perturbative regime). Nevertheless,
they can be basic equations even in a primordial cosmological context where
there are scenarios – possibly suggested by string-duality symmetries – with
perturbative initial configurations, well described by the low-energy equations [3]
(see Chapter 4). Also, such equations are used in the context of the so-called
“string gas cosmology” [4] that will be discussed in Chapter 6.

These low-energy equations will be explicitly derived from the action in the
string frame (Section 2.1) and in the Einstein frame (Section 2.2). In the last
section (and in the appendix) we will discuss the possible corrections induced by
the addition of quadratic curvature terms to the effective gravitational equations,
to first order in the �′ expansion.

2.1 Tree-level equations

The gravitational (massless, bosonic) sector of the string effective action contains
not only the metric but also (and even to lowest order) at least one more funda-
mental field: a scalar field �, called the “dilaton”. The corresponding tree-level
action can be written as follows:

S = − 1
2�d−1

s

∫
dd+1x

√�g� e−�
[
R+ ����2

]
+S	 +Sm
 (2.1)

Here S	 is the boundary term required to reproduce the standard Einstein equations
in the general-relativistic limit, and Sm is the action of all other fields, possibly
coupled to � and to g�� as prescribed by the conformal invariance of fundamental
string interactions (see the discussion of the next chapter). Note that we have used
(and we shall often use) the compact notation ����2 = ����

��.
The above equation is written adopting the so-called “string frame” (S-frame)

parametrization of the action, where � is dimensionless, and where the metric
g�� is the same metric to which a fundamental string is minimally coupled, and
with respect to which a free “test” string evolves geodesically. Otherwise stated,
the action (2.1) is parametrized by the same metric field present in the two-
dimensional action integral governing the motion of a fundamental string in a
curved background (as illustrated in Chapter 3).

It should be noted, also, that we have generically considered the action for a
D = �d+1�-dimensional space-time manifold. As we shall see later, the quantum
theory of an extended object like a string can be consistently formulated only
if the number of dimensions is fixed at a critical value D = Dcrit (for instance,
Dcrit = 26 for the bosonic string, Dcrit = 10 for a superstring [1, 2]). We will
often also consider a number of dimensions less than critical – in particular,
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D = 4 – assuming, in that case, that the background fields have a factorizable
structure, that the integral over the remaining Dcrit −D spatial dimensions gives
only a trivial (finite) volume factor, and that such an extra factor has been absorbed
by an appropriate rescaling of the dilaton.

The constant length �s appearing in the action (2.1) represents the character-
istic proper extension of a quantized one-dimensional object like a fundamental
string, and provides the natural units of length (�s) and energy (�−1

s = Ms) for
a physical model based on the S-frame action [5]. The comparison with the
�d+1�-dimensional Einstein–Hilbert action,

S = − 1

2�d−1
P

∫
dd+1x

√�g� R (2.2)

immediately provides the (tree-level) relation between the string length and the
Planck length,

�P

�s
= Ms

MP
= e�/�d−1� (2.3)

which clearly shows how the effective gravitational coupling, 8�GD ≡ �d−1
P , is

controlled by the dilaton, in string units, as 8�GD = �d−1
s exp�.

For a �-independent matter action Sm, the action (2.1) would seem to describe a
scalar-tensor model of gravity of the Brans–Dicke (BD) type, with BD parameter
� = −1. In fact, if we set

e−�

�d−1
s

= �

8�GD

 (2.4)

the gravi-dilaton part of the action can be rewritten in the “canonical” BD form
(see for instance [6]),

SBD = 1
8�GD

∫
dd+1x

√�g�
[
−�R+��−1 ����2

]
 (2.5)

provided � is fixed to the value −1.
Even for the gravi-dilaton sector, however, the analogy with a “pure” BD model

is possibly valid only at the tree-level: in fact, after including the higher-loop
corrections required by string theory in the strong coupling limit, the effective
action may be rewritten in the form (2.5), only at the cost of defining a BD
parameter which is dilaton dependent, � = ���� (see for instance [7, 8]). In
addition, the tree-level analogy with BD models only holds for a particular class
of fields, whose S-frame action Sm is decoupled from the dilaton (for example, for
the bosonic forms present in the Ramond–Ramond sector of type IIA and type IIB
superstrings, see e.g. [1, 2] and Appendix 3B). String theory, in general, predicts
a non-minimal and non-universal coupling of the various fields to the dilaton
(see Chapter 9): it is thus impossible, in principle (even at the tree-level), to


