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PREFACE

It is generally well known that the Fourier-lLaplace trans-
form converts a linear constant coefficient PDE P(D)u=f on " to
an equation P(E)u (§)=f" (E), for the transforms u , £ of u and £,
so that solving P(D)u=f just amounts to division by the polynomial
P(E). The practical application was suspect, and ill understood,
however, until theory of distributions provided a basis for a log-
ically consistent theory. Thereafter it became the Fourier-Laplace
method for solving initial-boundary problems for standard PDE. We
recall these facts in some detail in sec's 1-4 of ch.O.

The technique of pseudodifferential operator extends the
Fourier-Laplace method to cover PDE with variable coefficients,
and to apply to more general compact and noncompact domains or
manifolds with boundary. Concepts remain simple, but, as a rule,
integrals are divergent and infinite sums do not converge, forcing
lengthy, often endlessly repetitive, discussions of 'finite parts'
(a type of divergent oscillatory integral existing as distribution
integral) and asymptotic sums (modulo order -«).

Of course, pseudodifferential operators (abbreviated Ydo's)
are (generate) abstract linear operators between Hilbert or Banach
spaces, and our results amount to 'well-posedness' (or normal sol-
vability) of certain such abstract linear operators. Accordingly
both, the Fourier-Laplace method and theory of ydo's, must be seen
in the context of modern operator theory.

To this author it always was most fascinating that the same
type of results (as offered by elliptic theory of ydo;'s) may be
obtained by studying certain examples of Banach algebras of linear
operators. The symbol of a ydo has its abstract meaning as Gelfand
function of the coset modulo compact operators of the abstract ope-
rator in the algebra.

On the other hand, hyperbolic theory, generally dealing with
a group exp(Kt) (or an evolution operator U(t)) also has its mani-
festation with respect to such operator algebras: conjugation with
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exp(Kt) amounts to an automorphism of the operator algebra, and
of the quotient algebra. It generates a flow in the symbol space
essentially the characteristic flow of singularities. In [C ],
[C:] we were going into details discussing this abstract approach.

We believe to have demonstrated that ydo's are not necessary
to understand these fact. But the technique of Yydo's, in spite of
its endless formalisms (as a rule integrals are always 'distribut-
ion integrals', and infinite series are asymptotically convergent,
not convergent), still provides a strongly simplifying principle,
once the technique is mastered. Thus our present discussion of
this technique may be justified.

On the other hand, our hyperbolic discussions focus on in-
variance of ydo-algebras under conjugation with evolution opera-
tors, and do not touch the type of oscillatory integral and fur-
ther discussions needed to reveal the structure of such evolution
operators as Fourier integral operators. In terms of Quantum mecha-
nics we prefer the Heisenberg representation, not the Schroedinger
representation.

In particular this leads us into a discussion of the Dirac
equation and its invariant algebra, in ghapter.X. We propose it as
algebra of observables.

The basis for this volume is (i) a set of notes of lectures
given at Berkeley in 1974-80 (ghapbers.I-LV) published as preprint
at U. of Bonn, and (ii) a set of notes on a seminar given in 1984
also at Berkeley (chabbsksI-IX). The first covers elliptic (and
parabolic) theory, the second hyperbolic theory. One might say
that we have tried an old fashiened PDE lecture in modern style.

In our experience a newcomer will have to reinvent the theo-
ry before he can feel at home with it. Accordingly, we did not try
to push generality to its limits. Rather, we tend to focus on the
simplest nontrivial case, leaving generalizations to the reader.
In that respect, perhaps we should mention the problems (partly of
research level) in ¢hapters I-ILV, pointing to manifolds with coni-
cal tips or cylindrical ends, where the 'Fredholm-significant sym-
bol' becomes operator-valued.

The material has been with the author for a long time, and
was subject of many discussions with students and collaborators.
Especially we are indebted to R. McOwen, A.Erkip, H. Sohrab, E.
Schrohe, in chronclogical order. We are grateful to Cambridge Uni-
versity Press for its patience, waiting for the manuscript.

Berkeley, November 1993 Heinz 0. Cordes



Chapter 0. INTRODUCTORY DISCUSSIONS.

In the present introductory chapter we give comprehensive
discussions of a variety of nonrelated topics. All of these bear
on the concept of pseudo-~differential operator, at least in the
author's mind. Some are only there to make studying ydo's appear
a natural thing, reflecting the author's inhibitions to think
along these lines.

In sec.! we discuss the elementary facts of the Fourier
transform, in sec.'s 2 and 3 we develop Fourier-Laplace trans-
forms of temperate and nontemperace distributions. In sec.4 we
discuss the Fourier-laplace method of solving initial-value pro-
blems and free space problems of constant coefficient partial
differential eguations. Sec.5 discusses another problem in PDE,
showing how the solving of an abstract operator egquation together
with results on hypo-ellipticity and "boundary-hypo-ellipticity"
can lead to existence proofs for classical solutions of initial-
boundary problems. Sec.6 is concerned with the operator eLt , for
a first order differential expression L . Sec.'s 7 and 8 deal with
the concept of characteristics of a linear differential expression
and learning how to solve a first order PDE. Sec.9 gives a mini-
introduction to Lie groups, focusing on the mutual relationship
between Lie groups and Lie algebras. (Note the relation to ydo's
discussed in ch.8).

We should expect the reader to glance over ch.0 and use it
to have certain prerequisites handy, or to get oriented in the
serious reading of later chapters.

0. Some special notations.

The following notations, abbreviations, and conventions will
be used throughout this book.

= -n/2 - -
(a) K= (27) . X = Kndxldxz...dxn = Kndx .

(b) (%) = (1+]x|®)172 , (&) = (1+]e]%H) /2, etc.



2 0. Introductory discussions

(c) Derivatives are written in various ways, at convenience:

: a a o o
For u=u(x)=u(xl,...,xn) we write u( )=axu=axlax,...u =

1 a
=% sax™ ...9 "sax Mu. or, Uy =3, u, |y to denote the n-vector

J 3

with components ul Viu for the k-dimensional array with compo-

%5

nents ulx . For a function of (x,E)=(xl,..,xn,§l,..,En)

12
it is often convenient to write u§g;=a“aﬁ

(d) A multi-index is an n-tuple of 1ntegers a-(a reee O ) .
We write |a|=|a, [+.cotlo ], at=a;t o0t , (ﬁ) (l3 )°°°(ﬁ ).

a a
x%= % 1...xn B, ete., ¥7={all multi-indices}

(e) Some standard spaces: 2" = n-dimensional Euclidean space
B"=directional compactification of ) 3 (one infinite point ox added
in every direction (of a unit vector x).

(f) Spaces of continuous or differentiable complex-valued
functions over a domain or differentiable manifold X (or sometimes
only X=Rn): C(X) = continuous functions on X ; CB(X)= bounded con-
tinuous functions on X; CO(X)= continuous functions on X vanishing
at «© ; CS(X) = continuous functions with dlrectlonal limits; C (X)
= continuous functions with compact support; c (X)= functions w1th
derivatives in C, to order k, (incl. k=x). CB (X)—"all derivatives
exist and are bounded". The laurent~Schwartz notations D(X)—C (X),
E(X)=C (X) are used. Also S= S(R )= "rapidly decreasing functlons"
(All derivatives decay stronger as any power of x). Also, distri-
bution spaces D', E', S!'.

(9) Lp—spaces: For a measure space X with measure dp we wri-
te Lp(X)=Lp(X,du)={measurab1e functions u(x) with |u|p integrable}
for l=p<owo; Lw(x)={essentia11y bounded functions}.

(h) Maps between general spaces: C(X,Y) denotes the conti-
nuous maps X-»Y . Similar for the other symbols under (f), i.e.,
CB(X,Y) ,e0ee

(i) Classes of linear operators (X= Banach space) : L(X)
(K(X))= continuous (compact) operators; GL(X) (U(H)) = invertible
(unitary) operators of L(X) (of L(H), H=Hilbert space); Un=U(¢n).
For operators X-» Y, again, L(X,Y), etc.

(j) The convolution product: For u,v € Ll(kn) we write w(x)

=(u*V)(x)=Kndeu(X-y)V(y) (Note the factor Kn=(2n)-n/2).

(k) Special notation: " X CC Y " means that X is contained
in a compact subset of Y .



0.1. The Fourier transform 3

(1) For technical reason we may write lims*oa(e) = .':a.ls_,o .

(m) Abbreviations used: ODE (PDE) = ordinary (partial) diff-
erential equation (or "expression"). FOLPDE (or folpde)= first or-
der linear partial differential equation (or "expression"); ydo=
pseudodifferential operator.

(n) Integrals need not be existing (proper or improper) Rie~
mann or Lebesgue integrals, unless explicitly stated, but may be
distribution integrals By this term we mean that either (i) the in-
tegral may be interpreted as value of a distribution at a testing

function-the integrand may be a distribution, or (ii) the limit of
Riemann sums exists in the sense of weak convergence of a seqguence
of (temperate) distributions, or (iii) the limit defining an impro-
per Riemann integral exists in the sense of weak convergence, as
above, or (iv) the integral may be a 'finite part! (cf. I,4).

(o) Adjoints: For a linear operator A we use 'distribution
adjoint' A" and 'Hilbert space adjoint' A*, corresponding to trans-

pose AT and adjoint Al=p" , 1n case of a matrix A=((a. i) ) respecti-
vely. For a symbols a(x,E), a (or a ) may denote the symbol of
the adjoint ydo of a(x,D) , as specified in each section.

(p) supp u (sing supp u (or s.s.u)) denotes the (singular)
support of the distribution u.

l. The Fourier transform; elementary facts.

Let u € Ll(ln) be a complex-valued integrable function.
Then we define the Fourier transform u'= Fu of u by the integral

(1.1) w (x) = f Aeu)e ™y er,
R

with x§=x.§=§g=lxj§j, an existing lLebesgue integral. Clearly,

(1.2) lw (x)] = Jul, = I n#x|u) |
1 R
Note that u* is uniformly continuous over 2" : We get

(1.3) Jut (x)-ur (y) ] = 2f¢§Isin(x-y)E/2llu(E)l

s NIX‘YHIullLl + 2II§|2N dE|u(g) | .

where the right hand side is <¢ if N is chosen for f|§|ZN <€ /4,



4 0. Introductory discussions

and then [x-y|< &/(2N|lu]| (). Moreover, we get uw' € co(x™), i.e.,
L

lim »(x)=0, a fact, known as the Riemann-Lebesgque lemma.

|x|+w
To prove the latter, we reduce it to the case of u € c:(nn):

The space Cz is known to be dense in Ll . By (1.1) we get

(1.4) Jur (x)=v* (x)] s [u=v] ( <t/2,asVE C: , lha-vif (<e/2.
L L

Hence limlxl*«y‘(x)=o implies |u*| s |u=v| + |v*| < & whenever
x is chosen according to |v:| < g/2 .
But for v € Cz the Fourier integral extends over a ball |E]

= N only, since v=0 outside. We may integrate by parts for

(1.5) x| 2u (x) =-IA§(e‘iXE)v(§)¢§ =—f¢§e'ix§(Av)(§) =—(AV)* (x) ,

with the Laplace differential operator A§ = §g=la§ 2, Clearly we
]
have Av € c: C L1 as well, whence (1.1) applies to Av , for
(1.6) |v* (x)] = fAv] 1/|x|2 >0, as |x| » o,
L

completing the proof.

The above partial integration describes a general method to
be applied frequently in the sequel. (1.6) may be derived under
the weaker assumptions that vE Cz, and that all derivatives v(a),
|ajs2 , are in L1 (cf. pbm.5). On the other hand, there are simple
examples of u¢ L such that u* does not decay as rapidly as (1.6)
indicates. In particular, u€ L' exists with wé& L' (cf.pbm.4).

This matter becomes important if we think of inverting the
linear operator F:L1 + CO defined by (1.1), because formally an
inverse seems to be given by almost the same integral. Indeed,

1

define the (complex) conjugate Fourier transform F:L~ = CO by

Fu = (Fu) , or, w' = Fu , where

(1.7) w (x) = fd&eixgu(g) L uent@®) .

Then, in essence, it will be seen that F is the inverse of
the operator F. More precisely we will have to restrict F to a
(dense) subspace of Ll, for this result. Or else, the definition

of the operator F must be extended to certain non-integrable func-
tions, for which existence of the Lebesgue integral (1.7) cannot
be expected. Both things will be done, eventually.
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It turns out that F induces a unitary operator of the Hil-
bert space Lz(Rn): We have Parseval's relation:

(1.8) f x| (x)]2 = f ndxlu(x)lz , for all u € i (@)@ .
R R

Formula (1.8) is easier to prove as the Fourier inversion

formula, asserting u''=u'*=u for certain u: We may write
- - N ix.(Ei-n.)
(1.9) f gx (x)v* (%) = fd&dnu(&)v(n)n9= f e ) Jax, .,
Qy =t _y j

assuming that u,vE Ll(Rn) , with the 'cube’ QN={|xj|sN,j=1,..,N} .
some integer N>0. Indeed, the interchange of integrals leading to
(1.9) is legal, since the integrand is L‘(Qannxnn) .

N . .
Note that J eStat = 2§5§—§§ , 8#0 , = 2N , s=0, allowing
-N

evaluation of the inner integrals at right of (1.9). With [d&idn =
SgEfd , andn =E -C/N , dh = N , (1.9) assumes the form

(1.10) fQNdeAcx)v*(x> = fd&ﬁ(a)Jdtv(&-@/n)n§=lm(cj) .
1/2 sin t
t

where @(t) = (2/xn) , t#0, continuously extended into t=0.
For vE& C(Rn), as N»» , the function v(&-L/N) will converge

to v(E), independent of § . Thus one expects the inner integral at

right of (1.10) to converge to v(§)fﬂ?=1¢(§j)¢§j = v(E) , since

(1.11) f sin t dat/t = n/2 .
0

Legalization of this argument will confirm Parseval's rela-
tion, since the right hand converges to the right hand side of
(1.8), as N»c, With u€ L' and vE c‘: (setting @, (C)=Tkp(L,)) write

(1.12) fd&ﬁ(e>f¢cmn(§><v(§-c/N)-v(§>) = JQNdeAvA - fRndxﬁv .

To show that the inner integral at left goes to 0 as N»» it is
more skilful to use the integration variable 6={/N, dz=N"d8. For

n=1 , Jsin NO (V(E-G)-V(E))de/ﬁ = f|6|56 + f[elzf) = IO + IOo .
Here we get (with w(0) = (v(E-0)-v(E))/0 )
|Io| sOHV'HLw, IMF%((W(9)°°S(N9)132§5 + flelzacos(NG)wle(G)de).
The latter gives I_ = %E(HVH ooF vl ) » with a constant ¢, only
L L

depending on the volume of supp v, i.e., it is fixed after fixing
v . The estimates imply the inner integral to go to 0, uniformly
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as x€ R". For uE I' the Lebesgue theorem then implies the left
hand side of (1.12) to tend to 0, as N»» , for each fixed vE C: .
For general n the proof is a bit less transparent, but remains
the same: Split the inner integral into a sum of integrals over a
small neighbourhood of 0 and its complement. In the first term use
differentiability of v; in the second an integration by parts.
We now have a 'polarized' Parseval relation, in the form

(1.13) f dxur vt = f dxuv , foruetl , vec®.
n n 0
R R
For u € 1lr? pick a sequence u.&C” with |u-ui| > 0, |u-u.| .=> O,
7o J Ll 31742

o0 2 .
CL®, (1.13) with u=v=u_.-v,

+ 0, j,1 » o, In other words, uj and

as is possible. Then, since u.-ulE c

implies HujA-ulAllL2=||uj-ul||L2
u.* both converge in 12 . Clearly, u,"+ u". Indeed, initially we

showed uniform convergence over &", while the I? -limit z=linm ujA

satisfies (u*,m)=f§mdx for all @& c:. This yields f(uA-z)mdx=0 for

all such ¢, hence u =z (almost everywhere), since C: is dense in

1? . Substituting u=sv=u, in (1.13), letting j»w, it follows that
(1.8) is valid for all u € Llrmz , confirming Parseval's relation.

Clearly (1.13) also holds for all u,vE L' (L*>. We use it to
prove the Fourier inversion Let n=1. For vE L'(L?, u=x[0'x°], some
Xo >0 apply (1.13). Confirm by calculation of the integral that

(1) 2m 2w = @™o et = b (1), x £ 0,
hence

on J -
(1.15) v(x)dx = dxv*(x)th(x)dx .

0

The Fourier inversion formula is a matter of differentiating
(1.15) for x under the integral sign, assuming that this is legal
Consider the difference quotient:

Xo +0 s :
(1.16) (20! f v(x)dx = J’dva (x)eixxs sin dx
Xo =

Assuming only that v , v* both are in Ll , it follows indeed that

(1.17) 1im§ao(26)'an v(x)dx =f¢va(x)eixx°= (V') (%), % € BV,
Xe ,

(Actually, our proof works for n=1 , x > 0 only , but can easily
be extended to all x , and general n . One must replace the deri-
vative d/dx. by a mixed derivative an/(aXol...aXon). ) Indeed,
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letting 6»0 in (1.17) we obtain (1.15), using that sin(dx) /(dx)
» | uniformly on compact sets, and boundedly on R , as 00 .

If v is continuous at X then clearly the left hand side
of (1.17) equals v(X ) , giving the Fourier inversion formula, as
it is well known. For n=!, if v has a jump at x then the left
hand side of (1.17) equals the mean value (V(xXo+0)+v(x0 =0))/2 .

Again for n=1 a limit of (1.16), as 0+0 exists, if only

f+a
(1.18) 1imaaw v (x)dx |,
-Q

the principal value, exists (cf. pbm.6), without requiring v*€ L'
We summarize our results thus far:

Proposition 1.1. The Fourier transform u* of (l1.1) and its com-

plex conjugate w =(u*) are defined for all u € Ll(nn) , and we
have u* , uw € CO(Rn) . For u € Ll(Rn)sz(Rn) we have Parseval's
relation (1.8) . If both u € 1!(2") and v € rL!(2") hold, then we
have u*' (x) = u'*(x) = u(x) for almost all x € " .

It is known that the Banach space Ll(kn) is a commutative
Banach algebra under the convolution product

(1.19) ukv = w , w(x) = fdyu(X-y)W(y) = fﬁYV(X-Y)u(Y) .
Indeed,
(1.20) MwHL1=IIW(X)Idx s andxde|u(X-Y)||V(Y)[ = KnHuHL1HVHL1 .

Prop.1.2, below, clarifies the role of the Fourier transform F for
this Banach-algebra: F provides the Gelfand homomorphism.

Proposition 1.2. For u,v €L' let w = u*v ., Then we have

(1.21) w(E) = w (E)v'(E) , & ER™ .
Proof. We have
w (E) = f¢xe‘ix§f¢yu(x-y)v(y> - fdye'iy’éfdxu(x-y)e'i""Y’E .

The substitution x-y=z , dy=dz thus confirms (1.21), g.e.d.
The importance of the Fourier transform for PDE's hinges on

Proposition 1.3. If u(ﬁ) e 1! for al1 f= a then

(1.22) wl® gy = il9eg% ) , 8 e .
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Proof.Partial integration gives Idxe-lxgu(a)(§)=(-l)lalfdxag(elxg)

(with vanishing boundary integrals), implying (f.21), g.e.d.
Given a linear partial differential equation

(1.23) P(D)u=£f , P(D) = a,Dy
jafsN
where f€ Ll(mn), D, =-iax , one might attempt to find solutions by
j j

taking the Fourier transform. With proper assumptions (1.21) gives

(1.24) P(E)u (E) = £~ (E) .

Assuming that e = (——i-)v exists, (1.24) will assume the form
g B(x)

(1.25) u () = e (§)E () ,
which by prop.1.2 (and Fourier inversion) is equivalent to

(1.26) u(x) = fdye(X-y)f(y) .

Presently, (1.26) can only have a formal meaning, since nor-
mally (1/P)¢ L', or £ ¢ L' , or u¢ I', in practical applications.

However, as to be discussed in the sections below, the Four-
ier transform may be extended to more general classes of functions
and to generalized functions. Then (1.26) yields a powerful tool
for solving problems in constant coefficient PDE's (cf. sec.4).

Problems. 1) For n=1 obtain the Fourier transforms of the

functions a) (a2+x2)'1, a>0; b) (sinzax)/xz, a>0; c) 1/cosh x .

2
2) For general n obtain the Fourier transform of e~ X

3) Obtain the Fourier transform of £(x) = (1+[x|2)_ , where v>n/2
(Hint: A knowledge of Bessel functions is required for this pro-
blem). 4) Construct a function f(x) € Ll(mn) such that £+ & Ll
5)The Riemann-Lebesgue lemma states that f* € CO whenever f € L1 .
Is it true that even fA(x) = 0((x)'£) for each £ € L! with some
€>0 ? 6) Combining some facts, derived above, show that, for n=1,

, >0 .
v

every piecewise smooth function f(x) € LI(R) has a Fourier trans-
form satisfying f(x) = o(l/x) , as |x| is large, and satisfying

o :
(1.27) (£(x+0)+£(x-0))/2 =lim f daye®e (y) . xER .
-a

Here 'piecewise smooth' means, that R may be divided into finitely
many closed subintervals in each of which f is c1 , possibly after
changing its value at boundary points.
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2. Fourier analysis for temperate distributions on o

We assume that the reader is familiar with the concept of
distribution, as a continuous linear functional on the space
D(Rn) = cz(n“) . A linear functional f:D » T is said to be conti-
nuous if (f,@.)~0 whenever ¢.»0 in D. The latter means that (i) £,
€D, j=1,2,..., (ii) supp ¢.€ KCC R™ , K independent of j, (iii)
sup{|¢(a)(x) T xXE Rn} + 0, as j»»o, for every o. The space of dist-
ributions on R is called D'=D'(Rn). The space Llloc(mn) of local-
ly integrable functions is naturally imbedded in D' by defining

1

(2.1) (f,9) = ff(x)w(x)dx , for £E L7, o

The derivatives f(a)=6§f of a distribution f € D' are defined by
(2.2) (£, = (-plelig, oy | oen,
the product of a distribution £ € D' and a Cw(kn) function g by

(2.3) (gf,¢) ={(f,99) , ¢ ED ,
Thus Lf is defined for any distribution f& D'(Rn) and linear dif-
ferential operator L=2haag with coefficients aa(x) S Cw(mn) .

While the value f(x) of a distribution at a point x is a
meaningless concept, one may talk about the restriction f|Q of f€
D'(Rn) to an open subset © , and its properties: First of all, the
space D'() of distributions over 2 consists of the continuocus lin-
ear functionals on D(Q)=c:(n), with continuity defined as for &".
For fc& D'(Rn), the restriction f£|D(Q) defines a distribution of
D' (), denoted by f|n. Thus, for example, it is meaningfullto say
that f& D'(Rn) is a function (a ck(n)-function, etc.) in an open
set QC " - it means that f|e has this property. For a distribut-
ion f€ D'(Q) on an open set the derivatives and product with g&
Cw(a) is defined as in (2.2) , (2.3) . The support supp f (singu-
lar support sing supp £) of f€ D' is defined as the smallest clo-
sed set E (intersection of all closed sets E) such that £=0 (such
that £ is ¢* ) in the complement of E .

The concept of Fourier transform can be generalized to distri-
butions on Rn, with multiple benefit: Some non-L'-functions will
get distributions as Fourier transforms. Certain distributions
will get functions as Fourier transforms. The Fourier inversion
formula and many assumptions (limit interchanges) will simplify.
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We used the Fourier integral of (1.1) only for uc L‘(Rn).

It is practical to introduce a growth restriction for uE D'(Rn) if
we want u* to be a distribution again. Later on (sec.3) we also
define u* for general u€ D' (R™) , but it no longer will be a dist-
ribution in D'(R"). We follow [Schwl] here, but [GS] in sec.3.

The growth restriction is imposed by requesting that u&€ D'
allows an extension to a larger space of testing functions called
S. Here S - the space of rapidly decreasing functions- consists of
all ¢E Cw(kn) such that for all multi-indices o and k=i,2,...,

(2.4) oM (x) = o(xn ¥ .

- the derivatives of ¢ decay faster than every power (x)-k .
Note that, eqguivalently, we could have prescribed that for eve-
ry a one (and the same) of the following conditions be satisfied:

(x)ku(a)(x) (for every k=1,2,..), or xBu(a)(x) (for every B),
(2.5) or (xﬁu(x))(a) (for every B), is o(1) , or is o(l) , or is

CB , or CO , or L2 , Oor 1P (for some l<p=») ,

Indeed, for a given o one of these conditions may be weaker
or stronger than the other. However for all a simultaneously all
conditions are equally strong. One must use Leibniz' formula to
handle interchanges of ag and multiplications (cf. lemma 2.8).

The above at once gives the following:

Theorem 2.1. We have SC Ll(Rn), so that u* of (1.1) (and w') are
defined on S. Moreover, for u€ §, we have u*, wWeE€ S, and

(2.6) (U ) (x) = (u)*(x) =u(x) , x ER" .

The Fourier transform and its conjugate therefore define bijec-
tive linear maps § «S , inverting each other.
Proof. Using repeated partial integration and xae'lx§=i|a|0ge_ixg.

aﬁe-ix§=i- 1BleBemixE gor f axe~1XE 0 (B) 4y g |l agfdxe-ixau(ﬁ) (x)
119141813 faxe 80y, ence

(2.7) Pu @y @) = alalH 1Bl (5)) B

In fact, we get xBu(a) e L1 , for every o,f , by the equivalence
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(2.5) , for u €S . Therefore the right hand side is in cO0 , for
every o, , so that uww€ S , again by the equivalence (2.5). Thus
we get u* €S for all u €S . Similarly for " " . Also, the Fou-
rier inversion formula holds for u € § , and the left hand side of
(1.17) equals v(x). This implies (2.5), also by taking complex
conjugates. The bijectivity then follows at once, g.e.d.

Following Schwartz we introduce distributions with controlled
growth at infinity - so called temperate distributions - over a=2"
as continuous linear functionals over S. The space of all tempera-
te distributions is denoted by S'. Clearly, $ 2D , so that a func-
tional u over S induces a functional over D - its restriction u|D.

Definition 2.2. A sequence of functions ¢, € § is said to converge
to 0 (in S) if for every multi-index o and k = 0,1,2,... the

sequence (x)kmj(a)(x) converges to zero uniformly for all x € " .

Definition 2.3. A linear functional u over S is said to be conti-

nuous if @.€ S , ¢j+’o in § implies (u,mj) -0 .
Temperate distributions are distributions. More precisely
speaking: For uE S' the restriction u|D determines u uniquely, and
u|be D'(Rn). To confirm this we must prove:

Lemma 2.4. a) If ¢je D, mj* 0 in D, then we also have ¢j+ 0 in S.
b) For 9E S there exists a sequence ¢.&€ D such that ¢-¢.+0 in § .
From lemma 2.4 it follows that for u€ §' the restriction v=
u|D is continuous over D : If ¢.>0 in D , then ¢.»0 in § (by (a)),
hence (v,¢.)=(u,¢j) »0. Hence VE D', Furthermore, if u, wE S' have
u|D=w|D=vE D', then for ¢ S let ¢, be a sequence of (b) above.
Get u-wE S', (u-w,m-mj) »0. Hence 0=(u-w,mj)=(v—v,¢j)+(u-w,@), im-
plying that {(u,9)=(v,9) for all ¢€ S, or u=v, so that indeed uc §'
is uniquely determined by its restriction v=u|DE D' .
Proof of lemma 2.4. (a): If ¢.€ D, ¢.,~0 in D then supp ¢(a) C RCC
2", while the functions (x)k are bounded in K. Thus the aniform
convergence (x)kw.(a)(x)»o in ®" follows from the uniform conver-

gence @, a (x)»0 in " , and we have ¢.> 0 in S, proving (a).

To prove (b), let x(x)E C?(Rn) satisfy x(x)=1 near 0. For a
9E § define ¢j(x)=¢(x)x(x/j), j=1,2,... , so that ¢.€ D. Setting
o, (x)=1-x(x/3), get wj=¢-¢j=¢w.=o in |x|sl for large j. Note,

J
(x>kw§a) is a linear combination of eﬁy j=(x)ktp(ﬁ)wj(y), B+y=a ,

where sup{leﬁy’j(x) ix €27} = sup{ij(y)l}sup{(x)kw(ﬁ):|x|zl} .
Since ¢€ S the second sup at right goes to 0 as l»x (i.e,,as j»x).
Also, sup{|wj(y)|}=j-|y|sup{w(x):xe ®"}s c. Thus Wj*o in §, g.e.d.
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Note that polynomials, and delta functions B(a)(x-a) are ex-
amples of temperate distribution. However, X ¢ S(R) (pbms.2,3).
To generalize F we still require the following.

Corollary 2.5. The transforms F and T both have the property that

ij S, s> 0 in & implies Fg.> 0 Fp,> 0 in § .
It is sufficient to prove this for F. Again we need an equi-

valence like (2.2), now for the property 'wj*o in s' :

Proposition 2.6. Let 9. €S8 , j=1,.... . Then '¢.> 0 in § ' is
equivalent to each of the following conditions:

(X)k¢j(a) + 0, or xﬁmj(“) >0, or (xﬁ¢j)(d) -0
(2.8) for all multi-indices a , B , or k=0,1,2,..., in one (and

the same) of the norms of CB(Rn) or Lp(kn) , lspso ,

For the proof cf. lemma 2.8.
Using prop.2.6, lemma 2.5 is a matter of (1.2), and (2.7).
Indeed, if ®5> 0 in § , we have Hxﬁwj(a)ﬂ (>0, 3>, hence
L

Ix%5 ) P> 0, implying ¢y > 0, q.e.a.
For a given u € §' , observe that u* , defined by

(2.9) (v ,9) ={(u,9) , pES,

defines a functional in S§', since ¢.» 0 in § implies ¢.,*> 0 in §
(by cor.2.5) , hence (u,¢") >0 . If u € Ll(Rn) then it follows
that u € ' (cf. pbm.3). In that case we have

(2.10)  (u,@) = j¢xu(x)]¢&m(§)e‘ix§ - <f¢§e‘ix§u(§),q» ,9ES,

by Fubini's theorem, since the integrand is L'(Rzn). Thus, for uc
L', (2.10) implies that the functional (2.9) coincides with that
of the Fourier transform u* of (1.1). Accordingly, for a general u
€ S' we define the Fourier transform u* as the functional of (2.9)
and the conjugate Fourier transform u' by

(2.11) (w.,9) =(u,9) , pES .
It is clear at once that we have

Theorem 2.7. The (conjugate) Fourier transform coincides with the
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(conjugate) Fourier transform previously defined for Ll-functions

(cf.(1.1), and (1.7)) . We have the Fourier inversion formula
(2.12) (ur) = (u )" =u, for all u € 8§"'.

Also, for u € S' we have x u(B) €8' , and (2.7) holds as well.
Prop.2.6 and (2.2) follow from the (evident) lemma, below.
Lemma 2.8. a) We have (using Leibniz' formula and its adjoint)

(2.13) (xau)(ﬁ) = EcaBYXG-Yu(ﬁ'Y) , xau(ﬁ) = Edaﬁy (xa'Yu)(ﬁ'Y)

, d

with finite sums and constants c .
afy afy
b) We have
(2.14) |x°‘|s(x)|°‘l . and (x)ksc |x®| with a constant ¢, .
k k
jal=k
¢) We have
=k k.
(2.15) fall = 1(x) ™0 _I{(x) ™l , , 1sp<= , k>n/p .
P 2 L
d) We have
1
lall geelw | scll(t+x™ w | ge 3 Ix% |
(2.16) L L L ja|sn+l L

=c 3 J®)yp _sc 3 mwwﬂ

|o|sn+1 L |a|=n+1

Problems: 1) Show that the following functionals define distribu-
tions in D' (&™): a) (f,¢)=¢(a)(x°), for given multiindex a and x°

€®"; b) (£f,9)= | { ¢(x)ds, dS=surface measure ; C) (p.v.%,¢)=
x|=1

lim c:p(x)‘iz (for n=1). 2) Obtain the first partials of the
'r]->0 | x]2n X

distributions of pbm.l. 3) Show that distributions £ € D'(R) are
: 1

defined by <f:’¢>=lims+o,s>o _I m(x);:zg. Relate f, with p.v.: of

pbm.1. 4) The distribution derivative satisfies Leibniz' formula

and its adjoint (cf. [C:i],I,(1.23)). 5) Show that a distribution £
€ p'(9) with £{%e c(), |a|sk is a function in c¥(a). 6) Let Lll)ol
be the class of all u€ Llloc(mn) with (x)-kuE ' (&) for some k=

1
k(u). Show that Lpol

a 1
C §'. 7) Show that p(x)= %;maax € Lpolc ST,

1

ax
pol’ 1sps», 8) Show that e

Also that cB(R")C Léol, and tP(z2™)C L
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€ D'(R), but e®*¢& ', as Re a #0. 9) Let T__. be the class of all

pol

k
a€ ¢®(a") with a(a)(x)=o((x) %y, for some k,E I, for every a. Show

that differentiation and multiplication by a€ T

1 -
pol leaves S' inva

riant. That is, for ue s' , aeE Tpol’ o zﬁ we have au€ S¢, u(a)G
S'. 10) Obtain the Fourier transform of the following distribu-
tions (If necessary, show, they are in S§'): a) x*, o€ z?; b)

5., (P, pe 1l ; o) &1, ac 2™ 11) obtain (p.v.D)*, for the ais-
tribution of pbm.1. 12) Define a distribution p'v'ETHE-E'E s,

using the same kind of 'principal-value integral' as in pbm 1.
Calculate (P°V°§I%H‘§)“ . 13) Obtain the Fourier transform of a

2n-periodic cw(m)- function a(x). Hint: Use that a(x) has a uni-

27
. _ imx _ 1 f -imx
formly convergent Fourier series a(x)—z_mpme ¢ Ap=m— : ae dx

14) Let f(x)=|sin x| . Show that fE S' and evaluate f*.

3. The Paley-Wiener theorem; Fourier transform of a general uE€ D'.

The support of a distribution u€ D' was defined as smallest
closed set Q with u=0 in Q\Q. We now consider u with supp uCC .

A simple but important remark is that a compactly supported
distribution u€ D'(Q), as linear functional over D(Q), admits a
natural extension to the larger space E=Cw(a). (The notation was
introduced by Schwartz again.) Indeed, for a given yx(x)&E C:(Q)
with x(x)=1 near supp u, define the extension of {(u,.) to E by

(3.1) (u,9) = (u,xg) , for all ¢ € E(2) = C(Q) .

This defines an extension: if ¢€ D(2), then (1-x)¢E D(2), and
supp (1-x)9C supp (l-x) is disjoint from supp u, hence (u,(l-x)¢)=
0, or, {u,p)=(u,x9). The extension is independent of the choice

of x. If 6€ DP() has the property of ) then t-y=0 near supp u, =

(3.2) {(u,0¢) (u,x9) , for all ¢ € E(Q) .

The class of all distributions u€ D'(n) with compact support
is commonly denoted by E'(f2). We have seen that E'(Q) is naturally
identified with a class of linear functionals on the space E(Q).

Proposition 3.1. The set E'(2) of all (above extensions of) com-
pactly supported u€ D'() coincides with the set of continuous lin-
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ear functionals over E() (i.e., the functionals u over E(Q) such
that ¢.€ E, ¢.~0 in E implies (u,mj)*o). Here ¢.»0 in E means that
mj(a)(x) + 0 uniformly on compact sets of ©, for all a .

Clearly the extension (3.1) to E of u€ D' with supp u CC @
is a continuous linear functional over E, in the above sense: If
¢je E, 9> 0 in E , then X¢.» 0 in D, as a consequence of Leibniz'
formula. Vice versa, for a continuous linear functional u over E
the restriction v=u|D is a distribution in D', since ¢.E D, mj*o
in D trivially implies ¢.» 0 in E. Prop.3.1 follows if we can
show that supp v CC Q. Suppose not, then a sequence of balls B
may be constructed such that u=0 in B,, whilg every set KCC @ is
disjoint from all but finitely many of the BJ. construct ¢€ED ,
supp ij Bj with (u,wj)=l . Observe that P4 0 in E while 2u,¢j)
=1 does not tend to zero, a contradiction. Q.E.D.

For a compactly supported distribution on 2" we always have
a Fourier transform in the sense of sec.2, i.e.,we get E'(kn)C St

Theorem 3.2. All compactly supported distributions over R" are
temperate. Moreover, for u€ E'C S', u* is a c®-function given by

(3.3) u (%) = Id&e'ix&

u(g) = (ue) , e () = e X5,

with a distribution integral, given by the third expression (3.3).
In fact, the function u* (x) is entire analytic, in the n
complex variables x., in the sense that v(z)=(u,ez), ez(x)=e'
is meaningful for all zE e, (not only "), and defines an exten-
sion of u* of (3.3) to et having continuous partial derivatives in
the complex sense with respect to each of the variables ZireeerZpe
Note that formula (3.3) is meaningful only by virtue of
our extension (3.1) of u €E E' to all of E .
Proof. For uc D'(Rn), supp u CC Rn, the natural extension to E may
be restricted to S again to provide a continuocus linear functional
on §, since "g.,> 0 in § " implies "¢.»0 in E". Hence u€E S'. The
function v(z) indeed is meaningful for all zE€ e™. Existence of
dv/dz. is a matter of the continuity of the functional u over E:
For a fixed z , h € €", form the difference quotient

izx
’

(3.4) w, = (v(z+eh)-v(z))/e = <u'(ez+eh'ez)/8> , € >0,

For the directional derivative Vhez of e, at z , we get

(3.5) Y, = (ez+eh' ez)/e - Vhez » 0 in E ,

Indeed, this only means that agﬂ%* 0 uniformly on KCC 2", as rea-
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dily verified for ez(g). Continuity of u then implies

(3.6) lim, L5 eno¥e = (u,Vhez .

confirming that v(z) is analytic for all z. Formally we then get

(3.7 {uw,q) = (u,fdéegep(ﬁ)) = ,[si‘é(u,eg)q)(‘é) = deV(E)cp(E) ,

with v(x) as defined, where the interchange of limit leading to
the second equality remains to be confirmed. Clearly (3.7) implies
uw=v, i.e., (3.3) and thm.3.2 follows. For the interchange of
limit show existence of the improper Riemann integral f¢§e§¢(§)

in the sense of convergence in E: For KCC &" we must show that

IKdgeE¢(§)-Sk*0 in E, as k-»», Here S is any sequence of Riemann
sums, with maximum partition diameter tending to 0 as k»x. Also,
that f dte.p(E)»0, as K runs through a sequence K, with (K ,=R",

RA\K = & ] ]

again, with convergence in E. Again, convergence in E just means
local uniform convergence with all derivatives. One confirms easi-
ly the local unifory convergence in the parameter x , since the
function eg(x) = e'lx& is continuous. Similarly for the x-deriva-
tives, again continuous in x and & . This, and the fact that the
x-derivatives of the Riemann sums are Riemann sums again, indeed
allows to confirm the desired convergences. Q.E.D.

As examples for Fourier transforms of compactly supported
distributions we mention those of the delta-function and its
derivatives. As seen in 2,pbm.5 we get Go(a)“= ilalxnxa . In fact,
this is an immediate consequence of (3.3), above.

We observe that the entire analytic function u* (z) of (3.3),
as a function of complex arguments z , has a growth property which
characterizes the Fourier transforms of compactly supported distri~
butions. The result is called the Paley-Wiener theorem.

Theorem 3.3. An entire analytic function v(z) over g” is the Fou-
rier transform of a compactly supported distribution u€ D'(Rn) if
and only if there exists an integer k > 0 and a real n>0 such that

(3.8) v(z) = 0((z)keTIIIm zI) for all z € ¢" , (z)=(1+2|zj|2)1/2.

Moreover, the constant n may be chosen as the radius of the
smallest ball |x|sr containing supp u . Furthermore, u€ D(R") if
and only if (3.8) holds for all k with m=max{|x

¢ XE supp u} .
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Proof. For u € E' we must have
(3.9) [{u, 9| = ¢ sup{lw(a)(x)lz x €EK, |ajsk } .

for some c, k, and some compact K D supp u and all ¢€ E. Otherwise
for every c=k=j and |x|sj there exists ¢=¢p.€ E with (u,9.)=1 , and

">" holds in (3.9). Or, Iwga)(x)|s % for all |a|sj , |xfsj . J=t,
2,... , implying uniform convergence ¢ja (x)> 0 ,j»» , a contra-
diction, since l=(u,¢j) does not tend to 0.

We get u* (z)=(u,x,e,) , x=x(lz|(|x|-n)) where x€& c®(r) ,
x(t)=1 , t<% , =0, t>1 , x decreasing. It follows that supp Xg C
{]xlsn+T%T} so that (xzez)(a)(x)= 0(en|Isz+1(z)k). Combining this
with (3.9) we get (3.8) with the proper constant n .

Next assume uE c:(n). We trivially get (3.9) with k=0 and K=
supp u CC 2, since uc Ll. Similarly for u(a). Accordingly, for all

a we get IzauA(z)|=|(u,e;a))|=0(enIIm zl), hence (3.8) for all k.

Vice versa, (3.8) for all k implies xav|RnG L'C S'., Then v
is given by the conjugate Fourier integral. We have u=(v|kn)V€ co,

and even u(a)e co, i.e., ue cw(Rn). To show that supp uCC R® write

(3.10) wte) = Jaeet v
If 8 €&" is given arbitrary then we also may write (3.10) as
(3.11) u(x) = J¢§eix(§+i9)v(§+ie) .

Indeed, this is a matter of Cauchy's integral theorem, applied for
a rectangle in the complex T _.-plane with s;des Re T.=xA, Im . =0
or Oj. In such a rectangle the integrand elXCV(C) is holomorphic
as a function of [. for constant other variables, so that the com-
plex integral over the boundary vanishes. For A-»» the integrals
over Re {.=xA, 0<Im cj<ej, tend to zero, in view of (3.8) for k=-2
for example. The integration pathes have length 0. and the inte-
grand is o((A)'ze(n'x)lel). The integral (3.10) may be written as
n-fold iterated integral over R. The above proceedure allows the
transfer of the integration from R to the line {§j+iej: ij R} .
Next let us estimate (3.11):

(3.12) u(x) = o(f;zgeme"xe(gue) “ky = o(eNl®1-x8,

setting k=n+! (it holds for every k), and using that (&+if) = (E).
The 'Q(.)- constant' is independent of 6. Hence we can set 0=tx,
t>0, for u(x)=0(et|x|(n-|x|)). The exponent is <0 as |[x|>n, and
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u(x)=0 follows. Thus supp uC {|x|=n}, uE D, if (3.8) for all k.
Finally, if (3.8) holds for some k, let x(x)E D, supp x C
{]x|s1}, x(x)=20, fx(x)dx=1. For £>0 let xs(x)=£"nxc§). Note that
Xg‘(§)=x‘(5§)*X“(°)=1: as £»0. Moreover, for any ¢E § get ¢x€*-¢*0
in S. Since supp XeC {|x|se} we have (3.8) for xs‘(t) with n rep-
laced by ¢ for all k. Hence the product v(z)xs*(z) satisfies (3.8)
with n replaced by n+¢ again for all k. It follows that vy *=u*
with u € D, supp u C {|x|sn+s}. Also (u£,¢}=(u8*,¢V}=(v,x8‘¢‘)
+>{v,9')=(u,9), for all o€ S. The latter implies that supp uC
{|x]|sn+e}, all €>0. It follows that u€ E, supp uC {|x|sn}, q.e.d.
Let Z denote the space of all entire analytic functions v(z)
=v(zl,...,zn) in n complex variables such that for k=0,1,2,...,
and some M=0 we have (3.8) satisfied. We shall say that a sequence
v, €Z tends to 0 in Z if (i) estimates (3.8) hold with constants
independent of j, and (ii) mj=Max{|vj(x)|: x € ’"}>0, as j>o.

Corollary 3.4. The Fourier transform F: u » u* establishes a li-
near bijection D <« Z which is continuous in either direction, in

the sense that uj+ 0 in D holds if and only if uj“a 0inz .

Proof. After thm.3.3 we focus on continuity only. If u,» 0 in D
then supp uj C {|x|=a} for a independent of j . This yields (3.8)
with n=a independent of j, by thm.3.3. Inspecting the first part
of thm.3.3's proof we also find the O(.) constant independent of j,
Vice versa, if v.»0 in Z, then (3.8) with n independent of j
implies supp u,* C {Ixfsn}. But (3.8), for real z=x, implies v.=
o((x)'k), uniformly in x and j, for every k. Thus conclude from
cdn. (ii) that HxaijLl+ 0, as j» o, For the inverse Fourier trans-

form u.=v.* we get Hu.(a)H > 0, so that indeed u,»0 in D. Q.E.D.
73 3o j

Following [GS] we now define a Fourier transform of a gene-
ral distribution £ € D'(Rn) regardless of growth at infinity, as
a continuous linear functional f* :2»{. Here of course "f* contin-
uous" means that "(fA,¢j)*0, whenever ¢j*0 in 2", We define f* by

(3.13) (£*,9) = (f,9*) , for all ¢ €2 ,

taking into account that ¢* = (§) €D for p €2 .

This definition is compatible with the earlier ones. Indeed,
we have Z C S , in the sense that for uE€ Z the restriction ul]kn
determines u uniquely and is contained in S . Moreover, Z is dense

in S, since Z=D* , and D is dense in S while F and F are continu-



0.3. The Paley-Weiner theorem 19

ous maps S»S. Also ¢.»0 in Z implies ¢.» 0 in §. For uE S' the res-
triction u|Z determines u and we have u|2€ Z'. Hence get a natural
imbedding S'+2Z'. For uE S'C Z' we earlier defined (u*,q)=(u,¢")
for ¢ §. The restriction u" |Z gives our present functional,q.e.d.
Notice that u* , for u€ D' in general is not a distribution,
as defined in sec.2. It is a linear functional on Z , not on D .
Recall that for a function £ € L', _(R) with £=0 in x<0 and
f=0(ecx) , some c, one commonly defines the laplace transform by

o] .
(3.14) £ (8)= f dxe~1Ce(x) , m T < -,
)

where the integral exists and defines a holomorphic function in
the complex half-plane Im { <-¢ (we have modified the standard
definition, by a factor i). The inverse transform then is given by

+ootiy ;
(3.185) £(x) = f ate¥Ce (t)
—oot1y

with a complex curve integral along the parallel Im { =y <-c .

We now will identify £~ with the Fourier transform f£*€ Z' of
the distribution fE€ D', For ¢€ D , supp ¢ C {|x|sn} , we know that
¢* is entire analytic, satisfying (3.8). For y<-c we have

(3.16) Z £ (C)e (£)A = ) gxf(x) fe‘i"‘;qrmdc = (f,¢) .
ImC=y o ImG=y

The integral dxd|{| exists absolutely, hence the interchange, by

Fubini's theorem. Also, we get f = IR , at right, by the pro-
ImC=y

perties of the (analytic) integrand. Then (3.16) follows from

Fourier inversion for functions in D. Or, £ € Z' may be written as

(3.17) (£ ,9) = f £ (0)e(z)at , 9€ Z ,
Imf=y

where we must choose y < -c¢ with ¢ of (3.14) (for f) .

1oc(R) of exponential growth and =0
in x<0 the Fourier transform f* is given as the complex integral
(3.17) involving the Laplace transform £~ of f .

Thus for a function f€ L1

Problems. 1) Obtain the Laplace transforms of the following func-
tions (Each is extended zero for x<0). a) xk k=0,1,..., b) eax;
c) cos bx ; d4) e®*sin bx : e) §i§—§ . In each case, discuss the
Fourier transform - i.e., the linear functional on Z. 2) Obtain
the inverse Laplace transform of a)V?éE” b) log(1+%7). (In each
case specify a branch of the (multi-valued) function well defined

in a half-plane Im z < y .) 3) For u€ D'(R") with supp uC {x =0}=
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Ri and &%®

uE S', for some ¢, show that u* may be defined by a
complex integral like (3.17), with u” replaced by ut~ , Mah=trn
with respect to (xz,...,xn). 4) The convolution product w=u*v, so
far defined for u,vE L‘(nn), by (1.19), may be defined for general
distributions u,ve D'(mn) under a support restriction -for example

(i) if supp ucC &%, supp v general, or (ii) if supp vC {x: =0},
supp v C {|x]|scxi} . One then defines (w,w}=ffdxdyu(x)v(y)¢(x+y),

with a distribution integral (for precise definition cf.[Schwl],
or, [¢:],I,(8.1)). Show that (1.21) is valid for this convolution
product as well, assuming in case (ii) the cdns. of pbm.3 for u,v.
5) Let Ty be the space of all entire functions Y% (z) satisfying
(3.8) for some k. Show that x9E Z, for £ Z , XE T, - Moreover,
show that f€ Z' allows definition of a product xf€ 2' , setting
{(xf,9)=(£,x9), o€ Z . All polynomials p(x) belong to T, . 6) Show

A
that (1.22) is valid for general distributions u € D'(Rn) .

4. The Fourier-Laplace method; examples.

We now will discuss the 'Fourier-Laplace method' for 'free
space'-problems of the following constant coefficient operators:

(4.1) A= §g=1axj2 (the Laplace operator) ,
(4.2) A + x? (the Helmholtz operator) ,
(4.3) H = ax» - A= at - A (the heat operator) ,
(4.4) O = Bon - A= ai- A (the wave operator) ,
(4.5) O + m2 (the Klein-Gordon operator) .

The last 3 operators act on the n+! variables x°=t, (xl,...,xn)=x.
The first two act on x only, distinguishing x. from the others.
The discussion around (1.23)-(1.26) was a formal attempt to
solve constant coefficient PDE in free space (in all Rn). We found
e= (P(}l())v , for a P(D), of special interest. Now we are prepared
to implicate this technigue, called the Fourier-lLaplace method.

Certain initial-boundary problems may be converted into free
space problems: (a) An initial-value problem for (4.3),(4.4), or
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(4.5) seeks to find solutions u of P(D)u=f in some half-space,
say, t=x0>0, where f is given in t=0, together with initial data
of u at t=0. Such problem may be written as a free space problem
by extending u=0 and f=0 into t<0, letting v and g be the exten-
ded functions. We will not have P(D)v =g then, but, rather, P(D)v
=g+h , with a distribution h, supp hC {t=0}, since normally v will
jump at t=0. The initial conditions on u often are well posed if
they allow to determine h, making the initial-value problem equiva-
lent to the free space problem P(D)v=g+h , where g+h is given.

(b) Another example: If Au=f (A of (4.1)) is to be solved
in a half-space under Dirichlet bondary conditions - say, Au=f in

x>0, u=0 as x;=0, then consider the odd extensions of u and f to
" v(xl,...,xn)=u(x), x>0, =-u(-xl,x2,...,xn), % <0, similarly
g extending f. It follows that Av=g in &", again converting the
half-space Dirichlet problem of A to a free space problem over &".
Similarly for the Neumann problem, using even extensions.

Technique (a) works as well for a more general initial sur-
face t=0(x) , x€ B". Both techniges may be combined to reduce cer-
tain initial-boundary problems to free space problens.

The above will emphasize the power of the Fourier Laplace
method. (4.1)=(4.5) are a crossection of popular PDE's. We control
parabolic and hyperbolic initial value problems, elliptic boundary
problems and initial-boundary problems in half spaces, etc., with
Green's (Riemann) functions, using results on special functions.

From now on interprete the equation P(D)v=g , xXE ", as a
PDE involving distributions v,g€ D'(Rn). The Fourier transform ex-
ists without restrictions: Using 3,pbm.6, we get P(X)v*=g* , where
v, g*E€ 2', If ec D'(Rn) solves P(D)e=(2n)n/26 we get P(x)e*=l1.

In the cases corresponding to (4.1)-(4.5) we get, respectively,

2

(4.6) P(x) =-|x|2 , =x3-|x|2 , =it+|x|? , =|x|3-t? , =n%+|x|%-t2,

where t=xo again. Generally, 5%;3 & Llloc' except for (4.3) and
(4.1), nz3, due to zeros of P. Some pbm's of sec's 2,3 (and, more
generally, [C:],II) discuss distributions p.v.a associated to a €&
Llloc' P(x)z2=1 may have many solutions z& D' (or € Z'). For (4.3)-
(4.5) we will be interested in z=e*', P(x)z=1, with supp eC {t=0},
because then supp e*gC {t=0} whenever supp gC {t=0}, so that u=
(e*(g+h)) |{t=0} will solve the initial-value problem for P(D)u=f ,
t=0, we started with in (a) above. Indeed, a proper z exists: In
pbm's 1 and 3 of sec.2 we defined p.v.% , and fz , all 3 distinct,
xf=1. Only £_has its inverse Fourier transform =0 for x<O.
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For (4.3)-(4.5) we will construct such e& D'(Rn+l) solving

P(D)e=V5§n+16 . supp e C {tz0}, using the setup of sec.3, pbm.3:
Such e, if e®¥e€ §', will have a Fourier transform in x=(xi,..)
and a Laplace transform in x. =t. Accordingly we must seek an in-
verse laplace transform of an inverse Fourier transform of a sui-
table solution z of Pz=1, or vice versa, in appropriate variables.
Our proofs will be sketchy, in part, due to overflow of details.
The lemma below is convenient, due to spherical symmetry of P,

Lemma 4.1. Given a spherically symmetric function f(x)=w({|x|) ,
where o(r) € LI(R+,rn'ldr). Then the transforms f* and f' are sphe-
rically symmetric as well: f* (x)=f£' (x)=x(|x]|), where x(r) and o(r)
are related by the Hankel transform Hv B v=%-l. In detail we have

(4.7) e(P=1/2y (1) = Hn/z-l(r(n'l)/zw(r))
r(n'l)/zw(r) - Hn/z_l(r(n-l)/zx(r))
where
(4.8) (M) (p) = omﬁ; 7, (xp) Mx) ar , Rew > -7

with the Bessel function Jv(z) . The second formula (4.7) is valid

if in adaition x €1'(z,,r"lar) .

T
Proof. For an orthogonal nxn-matrix O get £* (OE) = J;xe-ix o‘g-f(‘§)=

PR I ¥ N
fdxe-l(o X) Ew(IOTxl) = fdye-lygf(y)=f“(§). Thus £* has the same
symmetry: £ (E)=¢(]E|), with some y(p). We may set
i ® n-1 i
(4.9) f‘(E)=f‘(I%l,o,-..,0)=f¢xe_lpx’w(r)=Kn f " w(r)[e' TPZi gg
0

where the inner integral I is over the unit sphere |z|=1. Evaluate
this inner integral by converting it to an integral on the n-1-di-
mensional ball |k|2 =1, setting z=(z ,A). We know that dS=VT§§7 .
With a contribution from the upper and lower hemisphere where z.=

+V1-A* , writing ar=0""2doaz, o=|A|, etc., we get
1
I=2fon'27$%g?d2cos(rpvl-o’)=2an_l j on'zvgggrcos(rpVI-oz) .
0
A substitution o= sin 0 of integration variable yields

/2 n-2
(4.10) I = 2a do sin 0 cos(rpcos 6) ,
0

n-1
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. _ 2 (n-1)/2 —1-di
with an—l'fTTE:TT7§7 n , the area of the n-i-dimensional
unit sphere. Using Poisson's formula ([ MOS],p.79) we get

/2
(4.11) J / cos(rpcos8) sin®29 a0 =2n/2-2V5T(£%1)Jn/2_1(rp) .
0

Substituting into (4.10) and I into (4.9) confirm (4.7). No change
if e-ix& in (4.9) is replaced by eixg . Thus lemma 4.1 follows.

Recall also (1.26), now under the aspect of 3,pbm.4. In det-
ails, the convolution product v*w of two distributions v,wE D'(Rn)
may be defined by setting (with a distribution integral)

(4.12)  (v*w,q) = ,[V(X)W(y)cp(xw)dxdy = (v&,§) , Y(x,Y)=(x+y) ,
for all @& D(Rn)=c:(kn) , if v and w satisfy the support condition
(4.13) K,= (supp v x supp w)N{ |x+y|sa} is compact for every a>0 .

Here supp v and supp W are regarded as subsets of " of the varia-
bles x and y, respectively (cf. [Schwl] or [cl]’ 1,8).

The distribution v=e*g is defined for e as constructed above
whenever g € E' for (4.1)-(4.3) , and g& D'(Rn+1) , g=0 as t<0 ,
for (4.4) and (4.5) , since condition (4.13) holds under these
assumptions. Moreover, P(D)v=g follows, leading to a solution of
the free space problem, and the related initial-boundary problems.

Now let us attempt a detailed construction of the proper e.

Ia) Consider the operator A of (4.1), i.e., the potential
equation Au=f. For nz=3 the function “Tx[? is Lpol' hence a distri-
bution in §'. This is a homogeneous distribution of degree -2 .
Hence e =-(—iT;)’ is homogeneous of degree 2-n . It is also sphe-
rically symmetric. Conclusion: e(x)=cn|x|2'n

Clearly e € Léol . The constant C, may be evaluated by looking at

, with a constant che

n/2 _ _ f 2-n _ : f d_..2-n
(2n) 9(0)=(e,Ap) = cy Ap(x) | x| dx =c lim . r=8dslcpdrr

=cnan(2-n)¢(o) . It follows that
=1 2-n 2 n
(4.14) e (x) _(————n_z)wn|x| . O =rrarn Ve .
For n=1 we first define a distribution

{
(4.15) e=p.tl =Lpvd,

involving the distribution derivative and p.v.% of pbm.l1,sec.2.
We confirm that e* solves -x’e*=1 ., Using e=e"* one finds that

(4.16) e(x) = Vn/2|x| .
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For n=2 we can define (cf.[Cl],II,(z.ll), for 1=2)

(4.17) e*(x)=-p.f;TiT;=-§§=lcTiTngloglxl)lx_=-%A((log|x|)2) .
j

again with distribution derivatives. However, it is easier to con-
firm directly that

(4.18) e(x) = Klloglxl

is a spherically symmetric Llloc-function satisfying Ae=V2md (just
evaluate the integral (Ae,¢)=(e,Aq), using partial integration).

Ib) Consider (4.2), i.e, the Helmholtz equation (D+A)u=f ,
also known as the time-independent wave equation if x=k2>0, and as
the resolvent equation of the Laplace operator A if AE T, A#K?

In the latter case get e" (X)= (K—lxl “le ¢*n L1 An evaluation

pol’
of e(x) is possible, using lemma 4.1, as long as n<3 . We get
(4.19) ety = 1x112 [ P52 g, telx])
0

For larger n this integral ceases to exist. However, it still
will exist as improper integral in the sense of distributions -

A
that is, as llmA*w I , where the limit exists in weak convergence
0

of D' (i.e., (lim.,¢) = lim{.,¢) ). For odd n the Bessel function
Jn/z-l may be expressed by trigononmetric functions. For example,

in case n=3 we get Jl/z(z) = V2 §$%§i . or,
[=<]
(4.20) e(x) = lexl j-%g%, sinp | x|
We may write A = x2 , picking the root x with Im x>0 . Then

[~ o]
90 ginor = L [0 ginor oL [Teire_dp | _m ix|x|
i g:%g sinpr = 3 R ¥=p Sinpr =7 2 e *=p = -5e . Hence

o8

)
(4.21) e(x) =-VYn/2 eiKle/|X|

(4.21) may be confirmed, noting that e=e’ /r solves (A+A)e=2nd .
For k=k real P(x)=k -|x|2 vanlshes at the set |x|=k, and<é
1
is not L loc * Then look at p.f. (P(x)) Or else, observe that

(4.22) lim = e(x) , eK(x) as e(x) in (4.21) ,

€+0,€>0 ek+i8(x)

in the sense of distributions. This implies that

(4.23) e, (x) = ~Vr/zeikIXl /[y
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both will solve (A+k2)e=(2n)3/26 . The proper sign may be chosen
by imposing a 'radiation condition' at « .

For general nz=2 we still may evaluate the integral (4.19).
Using a formula by Sonine and Gegenbauer (¢f. [MOS], p.105) we get

)n/z-l

(4.24) e(x)=-(-'§T Kn/2-1(K1X]) , k=2 , Re x > 0,

with the modified Hankel function Kv(z). Again get (4.24) more dir-
ectly, observ1ng that e(x)=y(|x|) solves (A+k)e—0 hence y(r) solv-
es the ODE y"+—-—y'-x’y~0 Substltutlng y—r Vs, v-—-l we obtain
the modified Bessel equation 6"+-6'-(1+—T)6 0, show;ng that the
only spherically symmetric solutions of (A+A)u=0 in S' are the

multiples of (4.24). A partial integration shows that fe(A+k)mdx=

9(x) for all ¢€ D , fixing the remaining multiplicative constant.
II) In the case (4 3) of the heat equation Hu—u ~Au=f we may
use (4.24): Applying F to L for the second and thlrd polynomial

(4.6) gives the same result, if we set A=k?=-x?=it. That is, k=

e'in/4V€, Re k¥ >0, in (4.24) will define F;lcé) , and we then
must obtain the inverse Laplace transform.
It is more practical, however, to first obtain F (F)

Note 6(1:)=(i~c:+a)'1 has inverse Laplace transform 04 (t)=VZme 2t

® -at_-itt 1,1
t=0, =0, t<0 , calculating e % 1" at. For e =F~ () get
0

172 -t|x|*

(4.25) e' (t) = (2n) , as t=0 , e (t)=0 , as t<0 .

Recall that (e-lxlz/2 -lx|> /2

integration. Also for the function go(x) = g(ox) we get

)Y =e (in n dimensions), by a complex

v = oDy
(4.26) 95 (x) =0 g'(x/0) , O©ER_,

as shown by an integral substitution. Choosing o=V2t we thus get
(4.27) e(t,x) =fv-§:i‘c.-)-n elxI* 74t | i0, =0, t<o .

This is the well known fundamental solution of the heat opera

tor. It is not Ll(kn+l)

. Use it to solve the initial value problem

(4.28) Hu =9, u-Au=£f , x.20 , u(x,,x) = @(x) ,
X0 0 0
where f,p are given cglfunctions. Setting u and f zero in t<0 to
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obtain functions v and g we get
(4.29) Hv = g + 0(t)®p(x) = h .
Thus v=e*h , or,
(4.30) u(t.x)=xn+1f,st¢t¢ye(t-r.x-y)f(y) * xn+1f¢ye(t,x-y)<p(y).
III) Now we look at (4.4), or, the wave equation
2
(4.31) u= (at - Au=°¢.

We apply the Fourier-Laplace method as for (II): The function

[ 1 1,1 1
(4.32) P = Txpoe [+ ]x] " T-TxD
has inverse laplace transform (in t) given by
(4.33) Ez%fﬂ(e-itlxl-eltlxl) = V2n E&Eﬁ%;%fl , t=0 ,

(and zero for t<0). Looking for F;1 of the function (4.33) we can-

not apply a Fourier integral, since the function (4.33) is not Ll.

First set n=2. Writing F;lw=wA for a moment, we have

(4.34) (e,q) = V2% (S9FEE g 0) = (£,9") , ve 22T, r=lx|

using that (cos |x|t)|t = =|x| sin |x|t . Now the inverse Fourier

integral of f= 995755 may be calculated as improper Riemann

integral 1imA__°J|x|sA , although still that function is not L! :

Using (4.7), (4.8) - where v=% ’ Jv(z)=V5 §5%§£ , for n=3 - we get

o :
fr=o(]x|) , w(r)=(V2n)(¥%) ! VEE(%J S&%FEQ QQ§?2§ dp . or,
© ]
o(r) = %f sin rp cos pt ge =l f (sin p(t-r) - sin p(t+r)) QB
0 P To P
= %{g sgn(t-r) - g} . Conclusion:

(4.35) e(t,x) =T§T d H(t-|x|) , as £>0 , =0 , as t<0 , n=3 ,

with the distribution derivative at , and the Heaviside function

H(t)=1, t=0 , H(t)=0 , t<0. We are tempted to write atH(t-lxl) as

d(t-[x|), but then must remember the proper interpretation.
Converting the Cauchy problem for the wave equation,



