Cambridge Studies in Advanced Mathematics 55

Automorphic
Forms and
Representations

CAMBRIDGE



This page intentionally left blank



CAMBRIDGE STUDIES IN
ADVANCED MATHEMATICS: 55

EDITORIAL BOARD
W. FULTON, D.J.H. GARLING, K. RIBET,
P. WALTERS

AUTOMORPHIC FORMS AND
REPRESENTATIONS



CAMBRIDGE STUDIES IN ADVANCED MATHEMATICS 55

Already published
2 K. Petersen Ergodic theory
3 PT. Johnstone Stone spaces
4 W.H. Schikhof Ultrametric calculus
5 J.-P.Kahane Some random series of functions, 2nd edition
7 J.Lambek & P.J. Scott Introduction to higher-order categorical logic
8 H. Matsumura Commutative ring theory
9 C.B. Thomas Characteristic classes and the cohomology of finite groups
10 M. Aschbacher Finite group theory
11 J.L. Alperin Local representation theory
12 P.Koosis The logarithmic integral I
13 A, Pietsch FEigenvalues and s-numbers
14 S.J. Patterson An introduction to the theory of the Riemann zeta-function
15 H.J.Baues Algebraic homotopy
16 V.S. Varadarajan Introduction to harmonic analysis on semisimple Lie groups
17 W.Dicks & M. Dunwoody Groups acting on graphs
18 L.J.Corwin & FEP. Greenleaf Representations of nilpotent Lie groups and their applications
19 R. Fritsch & R. Piccinini  Cellular structures in topology
20 H.Klingen Introductory lectures on Siegel modular forms
21 P Koosis The logarithmic integral 11
22 M.J.Collins Representations and characters of finite groups
24 H. Kunita Stochastic flows and stochastic differential equations
25 P Wojtaszczyk Banach spaces for analysts
26 J.E.Gilbert & M.AM. Murray Clifford algebras and Dirac operators in harmonic analysis
27 A.Frohlich & M.J. Taylor Algebraic number theory
28 K. Goebel & W.A. Kirtk Topics in metric fixed point theory
29 J.F Humphreys Reflection groups and Coxeter groups
30 D.J.Benson Representations and cohomology I
31 D.J.Benson Representations and cohomology Il
32 C. Allday & V. Puppe Cohomological methods in transformation groups
33 C.Soule, etal. Lectures on Arakelov geometry
34 A Ambrosetti & G. Prodi A primer of nonlinear analysis
35 J.Palis & F. Takens Hyperbolicity, stability and chaos at homoclinic bifurcations
37 Y.Meyer Wavelets and operators 1
38 C.Weibel An Introduction to Homological Algebra
39 W.Bruns & J. Herzog Cohen Macaulay rings
40 V. Snaith Explicit Brauer induction
41 G.Laumon Cohomology of Drinfeld modular varieties: Part ]
42 E.B.Davies Spectral theory of differential operators
43 J. Diestel, H. Jarchow & A. Tonge Absolutely summing operators
44 P.Mattila Geometry of sets and measures in Euclidean spaces
45 R.Pinsky Positive harmonic functions and diffusion
46 G. Tenenbaum Introduction to analytic and probabilistic number theory
47 C.Peskine Complex projective geometry
48 Y. Meyer & R. Coifman Wavelets and Operators 11
49 R. Stanley Enumerative combinatorics
50 I Porteous Clifford algebras and the classical groups



AUTOMORPHIC FORMS AND
REPRESENTATIONS

DANIEL BUMP
Stanford University

¥ CAMBRIDGE
@ UNIVERSITY PRESS




PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE
The Pitt Building, Trumpington Street, Cambridge CB2 1RP

CAMBRIDGE UNIVERSITY PRESS
The Edinburgh Building, Cambridge CB2 2RU, United Kingdom
40 West 20th Street, New York, NY 10011-4211, US
10 Stamford Road, Oakleigh, Melbourne 3166, Australia

© Cambridge University Press 1998
This book is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without
the written permission of Cambridge University Press.

First published 1996
First paperback edition 1998

Library of Congress Cataloging-in-Publication Data is available.
A catalog record for this book is available from the British Library.
ISBN 0 521 55098 X hardback
ISBN 0 521 65818 7 paperback

Transferred to digital printing 2004



Preface

Contents

Advice to the Reader
Prerequisites

Notations

1 Modular Forms

1.1
12
1.3
14
1.5
1.6
1.7
1.8
1.9

Dirichlet L-Functions

The Modular Group

Modular Forms for SL(2, Z)

Hecke Operators

Twisting

The Rankin-Selberg Method

Hecke Characters and Hilbert Modular Forms
Artin L-Functions and Langlands Functoriality
Maass Forms

1.10 Base Change

2 Automorphic Forms and Representations of GL(2, R)

2.1
22
23
24
25
2.6
2.7
2.8
29

Maass Forms and the Spectral Problem
Basic Lie Theory

Discreteness of the Spectrum

Basic Representation Theory

Irreducible (g, K)-Modules for GL(2, R)
Unitaricity and Intertwining Integrals
Representations and the Spectral Problem
Whittaker Models

A Theorem of Harish-Chandra

EEer

EEEREEEERR EEgEaERG . -



vi

Contents

3 Automorphic Representations

3.1
32
33
34
35
36
3.7
3.8
39

Tate’s Thesis

Classical Automorphic Forms and Representations
Automorphic Representations of GL(n)

The Tensor Product Theorem

Whittaker Models and Automorphic Forms
Adelization of Classical Automorphic Forms
Eisenstein Series and Intertwining Integrals

The Rankin-Selberg Method

The Global Langlands Conjectures

3.10 The Triple Convolution
4 Representations of GL(2) Over a p-adic Field

4.1 G L (2) Over a Finite Field
42  Smooth and Admissible Representations
4.3  Distributions and Sheaves
44  Whittaker Models and the Jacquet Functor
4.5  The Principal Series Representations
4.6  Spherical Representations
47  Local Functional Equations
4.8  Supercuspidals and the Weil Representation
49  The Local Langlands Correspondence
Bibliography
Index

EE EEEEEERREE EEEEEEEEERE



Preface

The theory of automorphic forms, rightly or wrongly, has a reputation of being
difficult for the student. I felt that there was a need for a book that would
present the subject in a style that was accessible yet based on complete proofs
and revealed clearly the uniqueness principles that underlie the basic construc-
tions. I have been lecturing on automorphic forms and representation theory
at Stanford and the Mathematical Sciences Research Institute since 1990, and
this book is the end result.

The level of this book is intermediate between an advanced textbook and a
monograph. I hope that it will be interesting to experts as well as graduate
students. Its aim is to cover a substantial portion of the theory of automorphic
forms on G L(2). Both the “classical” and “representation theoretic” viewpoints
are covered.

There are significant omissions from my treatment, most seriously the Selberg
trace formula. Ithas not been my aim to achieve complete coverage of the topics
treated or to write a reference book. I feel that the existing reference material
is adequate, and that it was not feasible to cover any single topic with the
thoroughness I would have liked. I hope that the reader will begin studying the
reference material (such as the Corvallis volume (Borel and Casselman, 1979)
and above all Jacquet and Langlands (1970)) in the course of reading this book.
If I have done my job well, the task of approaching Jacquet and Langlands
should be made easier by the current volume.

I can imagine a useful sequel to this book. A second volume is therefore a
possibility, but not for several years.

1 would like to thank William Banks, Antonia Bluher, Aleksandr Brener,
David Cardon, Jim Cogdell, Anton Deitmar, David Feldman, Solomon Fried-
berg, Masaaki Furusawa, Steve Gelbart, Tom Goetze, David Goldberg, Jiandong
Guo, Jeffrey Hoffstein, Ozlem Imamoglu, David Joyner, Chris Judge, Par Kurl-
berg, Annette Klute, David Manderscheid, Greg Martin, Andrei Paraschivescu,
Ralph Phillips, Freydoon Shahidi, Tom Shemanske, Trask Stalnaker, Steve
Rallis, Ken Ribet, Dinakar Ramakrishnan, Julie Roskies, San Cao Vo, James
Woodson — and probably others I've forgotten — for helpful comments, cor-
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rections, discussions, or other feedback. Thanks also to Lauren Cowles of
Cambridge University Press for her interest in the manuscript and for her guid-
ance, to Ellen Tirpak and the staff at TechBooks for their expert treatment of
the manuscript, to Reid Augustin for helping me set up my Linux machine, and
to the MSRI for their help and support during 1994-1995. And thank you, my
wife Kathi, and my parents Kenneth and Ellen Bump, for your support, which
was always there when I needed it most.

Parts of this book were written with the support of the American Mathe-
matical Society Centennial Research Fellowship and grants from the National
Science Foundation.



Advice to the Reader

It has not been my intention to write a reference book on automorphic forms. 1
have cut corners in many places. Forexample, although I treat the representation
theory of GL(2, R) from the viewpoint of (g, K)-modules with some degree
of completeness, I ignore GL(2, C) completely. In laying the foundations for
automorphic representations, I have concentrated on the cuspidal representa-
tions and given only indications of what happens with the continuous spectrum.
I do discuss the theory of Eisenstein series but only in so far as necessary for
my limited goals — I want to discuss the Rankin—Selberg method, and I want
to show how the intertwining integrals that pervade the local theory arise from
the constant terms of the Eisenstein series. My proofs of some foundational
results in Section 3.3 are complete only when the ground field is Q. I feel that
despite these omissions, I have been able to treat my subject matter with some
degree of depth.

In some places I have left details to the reader in the form of exercises. If the
result of an exercise is required in the text, I have usually provided enough in
the way of hints that the reader will be able to fill the gaps. Hints are enclosed in
square brackets, sometimes explicitly labeled as such, sometimes not. Some ex-
ercises are trivial and some (those not needed for the text) are genuinely difficult.

Each of the four chapters is itself a complete course. The material of the
four chapters is complementary, but each can be studied on its own. However,
Chanter 3 should be read after Sections 1-4 of Chanter 2. Also, Chapter 3
makes use of results on the representation theory of GL(2, F), where F is a
non-Archimedean local field, whose proofs are postponed until Chapter4. The
reader may take these on faith during a first reading of Chanter3, Chapter.3 may
be more difficult than Chapter4. Some readers will want to start with Chanterd,

I have tried to write in a style that encourages the reader to skip around or
to start in the middle. Definitions are sometimes repeated, and there is a lot of
cross referencing.

Chapter 1 is written in the classical language. It is based on the paper of Doi
and Naganuma (1969) which exhibits a rich variety of ideas and techniques. The
chapter contains an introduction to the Langlands conjectures, which are taken

ix



X Advice to the Reader

up from a more sophisticated point of view later in the book. The phenomenon
of base change, which was discovered by Doi and Naganuma, is an example of
alifting of automorphic forms. Such liftings are systematically predicted by the
conjectures of Langlands. The method by which Doi and Naganuma proved
their result is also suggestive — it is based on the Rankin—Selberg method and
the converse theorem, a pleasant combination of techniques that is at the heart
of the present-day project of Piatetski~Shapiro and his collaborators to prove
liftings of automorphic forms from classical groups to GL(n).

The reader approaching this subject for the first time might want to read
Sections L1-14 16, and L8, skimming Sections 1.5 and L before attacking
Section 1.8. Sections 1.7, 1.9, and L10 are more difficult, and the details of
how the approach to base change laid out in Sectian 1.8 are carried out are only
important if you care about them. Be aware that the rest of the book is largely
independent of Chapter 1

There is an apparent dichotomy in our field between the “classical” and
“representation theoretic” approaches. But in fact this dichotomy is illusory,
and it is important for the worker to understand both languages. Although
Chapter.1 could be skipped by the reader, it is included for a good reason. The
adele group is a large and complex object, and we derive our intuition to a
large extent from the example of G L(2, R). Moreover, adelic statements often
reduce in the end to classical ones.

Chapter 2 marks the introduction of representation theory into the study
of automorphic forms. There are two types of classical automorphic forms,
namely, Maass forms and modular forms. This dichotomy reflects the fact
that the irreducible representations of SL(2, R) fall into two main classes — the
principal series and the discrete series. In Chanter?2 we study the representation
theory of GL(2, R) and the spectral theory of compact quotients of the upper
half plane and make clear the relationship between these two topics.

Chapter 2 ends with two special results that are needed for Chapter.3, namely,
the uniqueness of Whittaker models and a theorem of Harish-Chandra. We do
not discuss the representation theory of G L(2, C), though it is in many respects
simpler than the representation theory of GL(2, R).

In Chapter 3, we introduce the adeles and the modern approach to automor-
phic forms. We cover Tate’s thesis, the discreteness of the cuspidal spectrum,
the tensor product theorem of Flath, and, following Jacquet and Langlands
(1970), the implications of the uniqueness of Whittaker models—the strong
multiplicity one theorem and the construction of L-functions. We consider the
standard L-functions, the Rankin—Selberg L-functions, and (briefly) the triple
L-functions. We discuss the Eisenstein series in enough detail for our study of
the Rankin-Selberg method, but we do not prove much about the continuous
spectrum.

Chapter 4 is independent of the first three chapters, and some readers will
want to begin with it. In contrast to Chapter 3, I tried for some measure of com-
pleteness in Chanter 4, which is devoted to the representation theory of GL(2)
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over a local field. I begin the chapter with a long section on the representation
theory of G L(2) over a finite field, where complete proofs may be given in just
a few pages. The exercises for Section 4.1 emphasize the Weil representation
and the philosophy of cusp forms, where representations are built up from cusp-
idal atoms by parabolic induction. Turning to G L(2) over a non-Archimedean
local field, I follow Bernstein and Zelevinsky (1976) in emphasizing sheaves
and distributions in the proofs, among other things. I prove the uniqueness of
Whittaker models and the fact that the character of a representation is invariant
under transpose. As in Bernstein and Zelevinsky (1976), I treat the character
as a distribution, without establishing its nature as a locally integrable func-
tion. I give fairly complete discussions of the principal series and spherical
representations, including the Macdonald formula for the spherical function
and the explicit formula for the spherical Whittaker function, which I prove by
the method of Casselman and Shalika (1980). I show how the local functional
equations follow from a uniqueness principle and how supercuspidal represen-
tations may be constructed by means of the Weil representation. I also prove
the multiplicativity of the local e-factors by means of the Weil representation.
My discussion of the Weil representation is based on Jacquet and Langlands
(1970). The chapter ends with a discussion of the local Langlands conjectures.

The reader may take the chapters in any order. Because Chapter.3 contains
forward references to Chapter 4 (which is independent of Chapter 3), the logical
sequence of the chapters is 1, 2, 4, then 3. However, there is a rationale for
putting Chapter 3 ahead of Chapter4. This is that the motivation for many of
the topics in Chapter 4 comes from automorphic forms.

I would appreciate any comments that you may have. I may be able to
take them into account in revising this text some day. Particularly, if you
find mistakes — whether typographical errors or more serious mathematical
or historical mistakes — I would like to be informed. My e-mail address is
bump@math.stanford.edu. I intend to maintain a list of errata on my web
page athttp://math.stanford.edu/ bump.



Prerequisites

We assume a basic knowledge of algebraic number theory, the representation
theory of finite groups, and of Fourier analysis on locally compact abelian
groups (Pontriagin duality). Moreover, we will assume the existence and basic
properties of Haar measure on locally compact groups. On the other hand, we
develop all the Lie theory and much of the functional analysis that we need
from scratch, and the prerequisites from Fourier analysis are reviewed as they
arise.

In Chapter 2, Section 9, we use the fact that a solution to an elliptic differ-
ential equation is analytic. In Chapter 3, Section 4, we expect the reader to
consult Knapp and Vogan (1995) for the properties of a certain Hecke algebra
of distributions.
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Notations

We have attempted to write in a style that allows the reader to start in the
middle if desired. Definitions are sometimes repeated, and there is a lot of
cross referencing. We attempt to avoid “global” notations that are defined
throughout the book. We did compromise on this point in the matter of matrix
transposes. If g is a matrix, 'g is its transpose.

We may denote the identity matrix as either 7 or 1. We will often omit zero
entries from a matrix. Thus

(2) e (22)

Occasionally, we will denote an “arbitrary” matrix entry with an asterisk. Thus

for example
y * — S
f ( y! ) Iyl

means that this identity is true regardless of the value of .

“Almost all” means for all but finitely many.

If G is an affine algebraic variety, particularly an affine algebraic group,
defined over a field F, and if A is a commutative ring containing F, we will
denote by G(A) or G4 the points of G with coordinates in A. Some affine
varieties, such as G L(n), are really defined over Z. Thus GL(n, A) is defined
if A is any commutative Z-algebra, that is, any commutative ring. We will
encounter mostly affine algebraic varieties. Our notations for affine algebraic
varieties are discussed in more detail at the beginning of Section.3.3,

A character of a group is a continuous homomorphism into the group of
complex numbers of absolute value 1. A continuous homomorphism into C*
is called a quasicharacter.

A global field F is by definition an algebraic number field, or else a “function
field,” which is a finitely generated field of transcendence degree 1 over a finite
field. If v is a place of F, we will denote by F, the completion of F at v.
If v is non-Archimedean, we will denote the ring of integers in F by o,, its

xiii



Xiv Notations

maximal ideal by p,,, and the cardinality of o, /p, by ¢,. By w,, we will denote
an arbitrarily selected generator of p,. We will denote by ord : F* — Z the
valuation, so that ord(ew,') = m when € € 0.

Let F be a global field and A its adele ring. We will use the notationa = (a,)
for elements of A. This notation means that for each place v of F, a, is the
vth component of the adele a. Thus a, € F, and a, € o, for almost all v.
Similarly, if G is an affine algebraic variety, we will denote elements of G(A)
by g = (gv), where g, € G(F,) and g, has coordinates in o, for almost all
v. This notation requires some explanation. Let us assume that G is the locus
in affine n-space of some system of equations. Then a priori an element of
g is an n-tuple (g!,---, g") with g’ = (g') € A. For each v, we find that
& = (gl’ -+, gy) € G(F,), and we write g = (g).

If R is a topological ring, then for a € R, we will denote by |a| the module
of the endomorphism x — ax of R, namely, the factor by which this trans-
formation multiplies the additive Haar measure. Thus if R = R, then | | is
the usual absolute value, while if R = C, then | | is the square of the usual
absolute value. Also for a topological ring R, we will denote the additive Haar
measure by dx and the multiplicative Haar measure by d*x. These are subject
to normalizations that will be discussed when they arise. We will use these
notations if R is a local field or the adele ring of a global field.

If F is a local field, we will often denote by ¥ : F — C a fixed nontrivial
character of the additive group F. Alternatively, if A is the adele ring of a global
field F, we will denote by v a fixed nontrivial character of A that is trivial on
F. In either case, we will normalize the additive Haar measure on F or A to be
self-dual for Fourier transform with respect to . That is, if f is a compactly
supported continuous function on F or A, define its Fourier transform

fw = [ 1w a.
The Fourier inversion formula asserts that

Fo) = f(=x),

and this is true for a unique choice of Haar measure. This is the Haar mea-
sure that we will usually use. With this normalization in the global case, the
Haar volume of the compact quotient A/F is one, as is proved in Proposi-
tion 3.1.3.

If G is a topological group, we will always denote the left Haar integral by

dg.

fGThe end-of-proof symbol is B, and we will also use 1 to indicate the end
of the proof of a iemma that is interpolated in the middle of another proof.



1

Modular Forms

In this chapter, we will introduce the study of modular forms through the paper of
Doi and Naganuma (1969). This paper gave one of the first historical examples
of a functorial lifting of automorphic forms, a phenomenon now codified in
Langlands’ important functoriality conjecture. The paper also uses (following
a suggestion of Shimura) a beautiful L-function technique based on the Rankin—
Selberg method and the so-called converse theorem for GL(2). Though this
method has been somewhat eclipsed by the trace formula, it is still being used
to good effect by 1. Piatetski-Shapiro and his coworkers in constructing liftings
from classical groups to GL(n).

The unifying theme of this chapter and those that follow will be L-functions.
Briefly, an L-function is a Dirichlet series, that is, a series of the form

oo

¢(s) =) cmyn™,

n=1

which has an Euler product and a functional equation. We may illustrate this
with two examples. The first is the Riemann zeta function

HOED I
n=1

which is convergent for re(s) > 1 and has meromorphic continuation to all s,
with just a simple pole at s = 1. The Euler product expresses this as a product
over all primes p:

1 -1
o-1(-2)"

P

The functional equation asserts that if
s
56 =77"T(5) ),

1



2 1 Modular Forms
then
E(s) =81 —s).
The second example is due to Ramanujan (1916), who defined a certain

function t(n) by equating the coefficients in the series

o0

g[Ja-g"=> mq" ©.1)

n=1

Thus 7(1) = 1, t(2) = =24, 7(3) = 252, etc. Ramanujan’s intuition had led
him to a function with very remarkable properties. To begin with, the coeffi-
cients are multiplicative: if (n, m) = 1, then 7(nm) = t(n) v (m). Ramanujan
considered the Dirichlet series

o0

L(s,A) =Y t(n)n™.

n=1
He conjectured, and Mordell (1917) later proved, that
L(s, A) = H (1—t(p) p~* + p'==)~L.
14

This is the Euler product. As for the functional equation, L(s, A) has analytic
continuation to all s, with no poles, and if we define

A, A) = 2a)*T(s) L(s, A),
we have
A(s, A) = A2 -y, A).

The explanation of these formulas is connected with the fact that the coef-
ficients t(n) are the Fourier coefficients of a modular form. Let z = x + iy
where x, y € R, y > 0. Then with g = €272, (0.1) becomes a function of z:

o0
A(Z) — eZNiZ H(l — e271inZ)24.

n=1

This function, Ramanujan’s discriminant function is a modular form of weight
12, which means that

az+b\ 12
A(cz+d)_(cz+d) A(2)

fora,b,c,d € Z, ad — bc = 1. It turns out that there are lots of modular
forms besides A; associated with such modular forms are L-functions having
Euler products and functional equations. We will study the modular forms by
studying their L-functions.



1.1 Dirichlet L-Functions 3

We will begin by studying a more basic type of L-function than those asso-
ciated with modular forms; these are the L-functions associated with Dirichlet
characters, of which the Riemann zeta function may be regarded as the proto-
type. Proving the Euler products and functional equations of these L-functions
is the subject of Section.1.1.

Sections 1.2-1.4 form a basic course in modular forms, culminating with the
Hecke theory. There are many exercises, particularly in Section 1.3, and this
part of the book could be studied by an advanced undergraduate. Section 1.5
has as its goal Weil’s converse theorem, which allows us to assert the existence
of an automorphic form if sufficiently many functional equations can be proved,
and though this particular theorem is not needed in the remainder of the book,
variants of it are applied in Sections 1.9 and L.10 to prove the existence of au-
tomorphic forms. Still, the proof of Weil’s theorem could be skipped without
loss of continuity. Sections. 1.6 and LZ introduce tools we need, the Rankin—
Selberg method and Hilbert modular forms, and at the end of Section. 1.7, the
result of Doi and Naganuma is formulated. This result asserts that given a
modular form for SL(2, Z), there exists a Hilbert modular form — the base
change lift — whose L-function is described in terms of the L-function of the
given modular form for SL(2, Z). Section.l.8 explains how this result fits into
the very general functoriality conjecture of Langlands. To apply the converse
theorem, the functional equations of many L-functions must be proved. Sec-
tions 1.9 and L.10, which are more technical than the rest of the chapter, carry
out this program by constructing certain nonholomorphic automorphic forms
(the first application of a converse theorem). They then form Rankin-Selberg
convolutions of these auxiliary forms with the given one in order to prove the
functional equations that are needed to conclude (in the second application of
a converse theorem) that the base change lift exists.

1.1 Dirichlet L-Functions

The results of this section will be generalized in Section 1.7, and again in
Section.3.1.

Let N be an integer. A Dirichlet character modulo N is a function x : Z —
C, which is periodic with period N, such that

1 it Ny =1,
x| = {0 otherwise,

and such that x (nm) = yx (n) x (m). To obtain a Dirichlet character, start with
a character of the finite Abelian group (Z/NZ)*, and extend it to a function
on all of Z/NZ by making it zero on the residue classes not prime to N; then
compose this function with the canonical map Z — Z/NZ.

If Ny|N, there are canonical maps Z/NZ — Z/N\Z and (Z/NZ)* —
(Z/N\Z)*. If x is a Dirichlet character modulo Ny, we may take the cor-
responding character of (Z/N,Z)*, pull it back to (Z/NZ)*, and obtain a



4 1 Modular Forms

Dirichlet character modulo N. If x is obtained this way from a character
modulo a proper divisor Ni of N, then x is called imprimitive. If x is not
imprimitive, it is called primitive. If x is primitive modulo N, we say that N
is the conductor of x.

If x is a Dirichlet character, whether primitive or not, we may define an
L-function

Lis, ) =Y _ x(mn™.

n=1

By comparison with the Riemann zeta function, it is absolutely convergent for
re(s) > 1. It has an Euler product, as we can see as follows. We will prove
that for re(s) > 1, we have

-1
L, 0=]] (1 _ X;f)) . (1.1)

p

Indeed, expanding a geometric series, each individual Euler factor
-1 o0
x(p) -
(1— : ) =Y x(p.
p k=0

Now for any positive integer n, there is exactly one way to write n~* as a product

of factors p~*; soif n = [ p:"' , on expanding

I xw*p™,

p k=0

the coefficient of n™ is

[ x@% = xm).

Hence the right side of Eq. (1.1) is equal to the left side, as required.

Dirichlet L-functions have another, deeper property, namely analytic con-
tinuation and a functional equation, which may be regarded as aspects of the
interplay between additive and multiplicative Fourier analysis. The functional
equation only works well for primitive characters. The remainder of this section
will be devoted to developing the functional equations of Dirichlet L-functions.

It is a useful property of primitive characters that there is a convenient way
to interpolate the character, originally defined on Z, to a smooth function on R.
To this end, we introduce Gauss sums.

Let x be a primitive character modulo N. The Gauss sum t(x) or t, is
defined by the formula

=Y, xme V. (12)

nmod N
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We will prove that

> xm) e N = myT(x). (1.3)
nmod N

There are two cases. If (m, N) = 1, we have |x (m)| = 1. Making the change
of variables n —> nm, we see that

() = E x (nm) e2minm(N _ x(m) Z x(n) eZninm/N’

nmod N nmod N

and multiplying by x (m)~! = x (m), we obtain Eq. (1.3).

On the other hand, if (m, N) > 1, we have y(m) = 0, so it is sufficient to
show the left side of Eq. (1.3) vanishes. Suppose thatm = dM and N = dN,
where d > 1. Let us show first that the primitivity of x implies that there exists
¢ = lmod N; such that (c, N) = 1 and x(c) # 1. If not, x(c) = 1 forall ¢
prime to N such that ¢ = 1 mod N;, which implies that x (n) = x (n') whenever
n,n’ are prime to N and n = n’ mod Ny. Hence y is well defined modulo Ny,
a proper divisor of N, and x is the pullback of a character under the canonical
map (Z/NZ)* — (Z/N1Z)*, contradicting the primitivity of x. Now observe
that the left side of Eq. (1.3) equals

Z X('l) e27rinM/N| = Z Z X('l) e27rirM/N1. (14)

nmod N rmod N, nmod N
n=rmodN,

Now the substitution n — cn permutes the residue classes n mod N such that
n = r mod N; amongst themselves, so

Yooaxm= ) xem=x@ Y. x;

nmod N nmod N nmod N
n=rmodM n=rmod N n=rmod N

as x(c) # 1, this expression must equal zero. Hence Eq. (1.4) vanishes,
completing the proof of Eq. (1.3).
Now we need to know that t(x) # 0. In fact, we will prove that

lt(x)l = +/N. (1.5)

Because

x (n) e2ninm/N — x(n) e—2ﬂinm/N’

we have
2

Z X(") e2ninm/N

nmod N

Yo xm)xmperienTrImiN,

ny,nymod N
(nin2, Ny =1
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By Eq. (1.3), this equals |t(x)|? if (m, N) = 1 and zero if (m, N) # 1.
Summing over all m modulo N, we obtain

d(N) |7(X)|2 = Z Z X(nl)x(nz)ez”"(”"'“)'”/”,
mmodN ni,n;mod N
(nynz, N) =1

where ¢ is the Euler totient function: ¢ () is the number of residue classes
modulo N prime to N, or in other words, the cardinality of (Z/NZ)*. Because

Z riam/N _ N if Nla,
0 otherwise,
mmod N

only terms with ny = n, mod N contribute; for these, x (n,)x (n2) = 1, so we
obtain

s lt()P= ), N=@¢N)N.

ny, namod N
(niny, N) =1
n EnszdN

Hence we have Eq. (1.5).
Now that we know the Gauss sums do not vanish, we may explain how to

interpolate a primitive Dirichlet character between the integers. Replace x by
X and rewrite Eq. (1.3) as follows:

x(n) = —1: X (my e2minm/N | (1.6)
t(X) mmod N

so by Eq. (1.5) and Exercise 1.1.1, we have

Xy = KEEL 5~ sy gaminmin, )
mmod N

Observe that the right-hand side is defined when n is an arbitrary real number.
‘We have therefore obtained our goal of finding a natural way of interpolating a
primitive Dirichlet character to an arbitrary real argument.

We now require the Poisson summation formula. Let f be a function on R
that is sufficiently well behaved. For example, it is sufficient if f is piecewise
continuous with only finitely many discontinuities, of bounded total variation,
satisfies

f@=3|lim f(x)+ lim f (x)]
for all a, and

|F(x)| < ¢ min(1, x™%)
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for some ¢; > 0, ¢, > 1. We define the Fourier transform

o0
o= [ roremay. (1.8)
—00
The Poisson summation formula asserts that
o o] e o]
Yo fm= Y fo. (1.9)
n=-—oQ n=—0od
To prove this, let
o
Fy= ), fx+n).
n=—0od

Then F(x) is periodic with period 1, is of bounded variation, and satisfies
F@)=1 [ lim F(x)+ lim F(x)] .
x—=>a— x—>a+

It is a standard theorem from Fourier analysis that F (x) has a Fourier expansion
that represents it for all values of x:

o0
F(x) — Zam eZﬂimx.
—0o0

(This follows, for example, from Whittaker and Watson (1927, 9.42 on p. 175))
The constants a,, are computed in the usual way, by orthogonality:

1 1

Ay = /F(x) e—2m’mx dx =/ Z fx+n) e—27rimx dx.
0

0 n=-—00

Because e27im* = ¢27imG+n) this equals

oo
n=—0co

1 0
/f(x +n) e—2m'm(x+n) dx = / f(x) e—2m‘mx dx,
0 —o0

SO ay, = f(—m). Thus

Y fm=FO =Y a= Y fo,

n=—00 n=-—00 n=-—00

as required.
Actually, we require a slight generalization of the Poisson summation for-
mula, which we call twisted Poisson summation; the formula is like the usual
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Poisson formula, except that it is “twisted” by a Dirichlet character. Let x be
a primitive character modulo N. We will prove that

b ~1 .
> xw fon =20 S SG femy. o)

n=-00 n=-o0
To prove this, let us observe that by Eq. (1.7), the left side of Eq. (1.10) equals
> fi(n), where

x(=Dz(x)

fix) = N

Z x(m) eZnixm/N f(x)

mmod N

‘We may thus apply the Poisson summation formula. It is easy to check that

A x(=Dz(x) — (Nx+m
fix) = ———— x(m)f( )
N m%N N

Thus the left side of Eq. (1.10) equals

x(=Dt(x) >
2

mmod N n=—00

(N
x(m)f( n+m)-

N

Because x (m) = x(Nn 4 m), and because Nn + m runs uniquely through Z
when m runs through a set of residue classes modulo N and n runs through Z,
this equals the right side of Eq. (1.10). This completes the proof of the twisted
Poisson summation formula.

Now we need to compute the Fourier transform of the Gaussian distribution.
Let ¢ have positive real part, and let

fix) =™, (1.11)

Then f; is of faster-than-polynomial decay as x — +o00. We will prove that

. 1
fr= jfm. (1.12)

Because both sides are analytic functions of ¢ defined when the real part of ¢
is positive, it is sufficient to prove Eq. (1.12) when ¢ is real, which we now
assume. Completing the square

o0 ox
7o) = / A=) gy, it / Ty gy,
—00 —00

Now we may use Cauchy’s theorem to shift the path of integration with respect
to y vertically by a constant distance depending on x, amounting to replacing
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yby y+ix/t. Thus

o0
Frx) = e / e dy = % e (1.13)
—00
where
o0
c= /e‘"”2 dy.
—00

It is well known that ¢ = 1; in fact, we may prove that right now by applying
Eq. (1.13) twice to obtain
c

a a 2
Jfi= ﬁfllt =cfi.
We recall the Fourier inversion formula

F&x)=f(=x),

which is valid if f is any continuous function such that both f and f are in
LY(R). (SeeAKatznelson, 1976, V1.1.12.) Applying this to the even function
fi» we have f, = f,. Therefore ¢*> = 1. Evidently, ¢ > 0, and so ¢ = 1, from
which we get Eq. (1.13).

Now we may construct some theta functions. Let x be a primitive character
modulo N. First assume that x (—1) = 1, and define

o0

60) =1 3 x(me™ = Lx@+ > x(n)e™™” (1.14)

n=—00 n=1

when ¢ has positive real part. (Here x(0) = O unless N = 1 because y is
primitive.) Using Eq. (1.12) and the twisted Poisson summation formula, we
obtain the functional equation:

T(x) 1
0,() = ——=60x{—). 1.15
x(®) NJt "(N%) (1.15)
Now suppose that x (—1) = —1. In this case, we cannot use the definition

Eq. (1.14); the terms for n and —n cancel, so Eq. (1.14) is zero in this case. So
we must do something else. Let

2 1 df;
gxX)=xe ™ = —— (d_f> (x). (1.16)

2nt x

We will prove that

R i
8:(x) = =75 8- (1.17)
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We have, by definition of the Fourier transform
0
2i(x) = = (df’ ) () dy.

2w ) \dy

—00

Integrating by parts, this equals
. o0
ix ;
T / ft(y) e2mxy dy,
—00

which by Eq. (1.12) equals the right side of Eq. (1.17), which is now proved.
Now if x(—1) = —1, we define

o0 o0
0 ) =1 nxme™ =3 nxme™" (1.18)
n=-00 n=1
Applying twisted Poisson summation to g;, we obtain
—it(x) 1

Now we may prove the functional equations of Dirichlet L-functions.

Theorem 1.1.1 Let x be a primitive Dirichlet character with conductor N,
and let € = 0 or 1 be chosen so that x(—1) = (—1)°. Let

AGs, x) = =6+ r(%’—e) L(s, x).

Then A(s, x) has meromorphic continuation to all s; indeed, if x # 1, it is
entire, while if x = 1, it is analytic for all s except s = 1 or s = 0, where it
has simple poles. We have the functional equation

AGx)=CEFEDTQONTAA—5,7). (1.20)

Proof We will considerthe case where x # 1. If x is the trivial character, then
the primitivity of x implies that N = 1, and L(s, x) is just the Riemann zeta
function; we leave this case to the reader (Exercise 1.7). Because x(0) = 0,
the series 6, (¢) is a sum of terms of the form n* x (n) e™™ "'t with |n] > 1, each
of which is of very rapid decay as t — oo; combining Egs. (1.15) and (1.19),

we have
(=) t(x) IR
QX ®) = N1+€ pe+1/2 97 N2 )’
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this implies that 6, (¢) is also of very rapid decay as t — 0. Therefore the
Mellin transform

oo

t
/ 0, () z‘”‘)/sz 1.21)
0

is convergent for all s. If the real part of s > 1, we may use the identity

00
/e—mn2 (+e)/2 _‘_i_t = g~ 6+)/2p (ﬂ) ns—¢
t 2

to see that Eq. (1.21) equals A(s, x). Because the integral Eq. (1.21) is con-
vergent for all s, and clearly defines an analytic function, this gives the ana-
lytic continuation of A(s, x). Now substituting Eq. (1.15) or Eq. (1.19) into
Eq. (1.21) and making the change of variables ¢ > 1/N?t, Eq. (1.21) equals

dt

o0
(_l)e t(X) N—S /ef(t) t(l—.\‘+€)/2 _t_
[

Hence we obtain Eq. (1.20). =

Exercises

Exercise 1.1.1 Let x be a primitive character modulo N. Show that 7(}{) =
x(=Dz(x).

Exercise 1.1.2: Dirichlet (a) Show that the identity

o0 xn
§:—=—1 1—1x),
- og(l —x)

n=1

valid if |x] < 1, remains true if |x] = 1 and x # 1, in which case the series is
conditionally convergent.

(b) Let x be a nontrivial primitive character modulo N. Assume N > 1, so
that x is nontrivial. Use Eq. (1.7) to prove that

o) 1 _ .
L, x)= Z Xf,n) — x( A)IT(X) Z x(m) log(1 — ez’”m/N)-
n=1 mmod N (1.22)
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From this, deduce that

~ IS X logll - 2N x(-1) =
mmodN

b0 = mr(x) . _
Zx(m)m if x(—=1) = —1.

Recall that for the character x modulo N to be quadratic means that x (n) =
for all (n, N) = 1, but that x is not identically one.

Exercise 1.1.3 Let p be an odd prime.

(a) Prove that there is a unique quadratic character y modulo p.
(b) Prove that the number of solutions to x> = a mod p equals 1 + x(a).
(c) Show that

p—1
T(x) = Zez”i"z/l’.

n=0

Exercise 1.1.4 Lett = x + iy, where x,y € Rand y > 0. Letk be an
integer greater than or equal to 2. Define

f@)=@—-1)7*

Use the residue theorem to show that

Foy = 2mi res(€¥™ (4 — ) |uze ifv>0;
0 ifv<O.
Hence
f(v) _ ((Ifzilg)"! vk—l eZnivr ifv > 0;
0 ifv <0
Conclude that
o0
2
Z (n —‘[)_k ( nli)' Z k—1 2mnr
n=-—0C

The Quadratic Reciprocity Law 1 will state without proof this fundamental
theorem of Gauss. If p is an odd prime, the Legendre symbol

1 if x* = a mod p has two solutions;
a U .
(——) ={ -1 if x* = a mod p has no solutions;
p 0 if 2 = Omod p.
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The definition is extended so that ( %) is defined whenever b is an odd positive

III——I[‘ f— (11>
( ) i=1

where py, - -+, p, are primes. Extended in this way, the symbol is called the
Jacobi symbol. The basic properties of the Jacobi symbol are as follows:

@) (%) = (%) if a = a' modb.
g (5)=6)(5)
(2)-@) (@)

-1 1 if b = 1 mod4;

. o 1\®=D/2 _ >
(iv) (—b ) = (=1 = {_1 if b= —1mod4.
2 . 1 ifb=+1mods;
“\ _ -8 ’
v) <b) =(=D —{—1 if b= +3mod8.

If a and b are both odd positive integers, we have
b

o () = (_1)3@D56-D (.’Z) _ {‘b(i) ifa=b=—lmod4;

a (%) otherwise.

Part (vi) is the quadratic reciprocity law.

Exercise 1.1.5: Quadratic Fields 1If X is a quadratic extension of Q, let ox
denote the ring of integers in K. Then ox = Z & Z as an Abelian group. Let
o, B be a Z-basis of 0. The discriminant of K is by definition

L
a/ ﬂ/
where x > x’ denotes conjugation, that is, the nontrivial Galois automorphism

of K over Q. Show that this definition is independent of the choice of basis
and that D € Z.

2
Dg =

3

Exercise 1.1.6: Fundamental Discriminants Part (c) of this exercise as-
sumes the quadratic reciprocity law, and part (d) assumes the definition of a
discriminant of a quadratic field.

(a) Prove that if ¢ is a prime power, then there exists a primitive quadratic
character modulo g if and only if ¢ equals 4, 8, or is an odd prime; in each of these
cases there is precisely one primitive quadratic character, except that if g = 8,
there are two, one satisfying x (—1) = 1 and one satisfying x (—1) = —1.
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(b) Show that if (m, n) = 1, then
(Z/mnZ)* = (Z/mZ)* x (Z/nZ)>,

and deduce that there exists a primitive quadratic Dirichlet character modulo
a positive integer d if and only if d is the product of relatively prime factors,
each of which is an odd prime, or else equals 4 or 8.

(c) Show that if D is an integer, positive or negative, and if there exists a
quadratic character x that is primitive modulo |D| such that the sign of D is

equal to x(—1), then
x(n) = <2>
n
for odd positive integers n.

The integers D satisfying the condition of (c) are called fundamental dis-
criminants. They are in one-to-one correspondence with the primitive quadratic
characters.

The restriction to odd n in (c) is undesirable; it is sometimes removed by
employing Kronecker’s modification of the Jacobi symbol, in which (%) is
sometimes defined even when b is even. Using the Kronecker symbol, one may
say that the unique quadratic character modulo | D|, where D is a fundamental
discriminant, isn — (%) . This has some disadvantages; for example, (i) above
is no longer true for the Kronecker symbol. (Shimura (1973) has proposed
yet another modification of the quadratic symbol.) We will avoid using the
Kronecker symbol. If D is a fundamental discriminant, we will denote the
unique primitive quadratic character modulo | D| such that x (—1) has the same
sign as D by xp.

(d) Prove if K is a quadratic extension of Q, there exists a unique fundamental
discriminant D such that K = Q(\/B); thus the fundamental discriminants are
in one-to-one correspondence with quadratic fields.

(e) Prove that if D is a fundamental discriminant, then D = 0 or 1 mod 4, and
that the ring of integers in K = Q(vD) is Z & Zt where

VD if D = 0mod4;
T iWD+1)  if D=1mod4.

Conclude that D is the discriminant of K. Hence the fundamental discriminants
are precisely the discriminants of quadratic fields.

(f) Let D be a fundamental discriminant, p a prime, and K = Q(JB). Show
that

p splits in K if and only if xp(p) = 1;
p remains prime in K if and only if xp(p) = —1;
p ramifies in K if and only if xp(p) = 0.

(Use the quadratic reciprocity law. The case p = 2 must be handled separately.)
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Exercise 1.1.7 Explain how to modify the proof of Theorem 1.1 to handle the
case where N = 1, so that x = 1 and L(s, x) is the Riemann zeta function.

Exercise 1.1.8: Riemann (1892) Riemann gave two proofs of the functional
equation of ¢, each important in its own way. The proof based on taking
the Mellin transform of a theta function as in the proof of Theorem 1.1 is
Riemann’s second proof. (It was extended to L-functions by Hecke (1918)
and (1920)). This exercise, based on Riemann’s first proof of the functional
equation, leads to a determination of the values of ¢(s) at the negative odd
integers or equivalently, at the positive even integers. Riemann’s paper is
discussed at length in Edwards (1974). For the extension to L-functions, see
Chanter.d of Washington (1982).

(a) The Hankel Contour C begins and ends at oo, circling the origin counter-
clockwise:

Prove that if re(s) is large

o0
/(—x)“1 e~ dx = —=2i sin(rs) /t“"l et dt
C 0
= —2i sin(mrs) I'(s).

In this integration, we define (—x)°~! to be e~ 8% where we choose
the branch of log that is real when (—x) is real and positive. In view of the
well-known identity

rs)ra-s)= m,

this may be rewritten

1 i s—1 ,—x
F(—l—:-;)- = -2; /(—X) e “dx.
C

Although we proved this only for re(s) large, observe that the integral is con-
vergent for all s, so by analytic continuation, this formula is valid for all s.
(b) Use the geometric series identity
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valid if re(x) > 0, and adapt the calculation of (a) to show that

_ sl
() = — S)/(x)

e —1

This formula is valid for all s.
The Bernoulli numbers are defined by the identity

-1 Z

n=0
We have By = 1, By = —1/2, B, = 1/6, and By = —1/30. It is not hard to
see that B, = 0 if n is odd and greater than 1; if n is even, it is clear that B, is
rational, and it will follow from (d) below that the sign of B, is —(—1)*/2.
(c) Use the functional equation to show that ¢ vanishes at the negative even
integers. Use the residue theorem to show that if n is a positive even integer,
then ¢ (1 — n) = —B,/n.
(d) Use the functional equation to deduce that if n is a positive even integer

2n—1 " (_l)n/l Bn
n! )

{n)=—

Exercise 1.1.9 We return to the setting of Exercise 1.2(b). Assume that
is quadratic, so its conductor N = |D|, where D is a fundamental discrim-
inant. Then x is the quadratic character attached to the quadratic extension

= Q(~/D). We recall the factorization of the Dedekind zeta function
¢k (s) = ¢(s) L(s, x) (see Lang (1970, Theorem XII.1, p. 230)). Thus L(1, x)
is the residue at s = 1 of {g, which is computed classically as in Lang (1970,
Theorem XIIL.2, p. 259). Suppose that x(—1) = —1 so that K is imaginary
quadratic. Then

2 h
w+/[D]’

where D is the discriminant of K, A is its class number, and w is the number
of roots of unity in K (two unless D = —4 or —3.) Thus by Exercise 1.2(b),

L1, x) =

D
h=it(x)w|D|7?271 3" x(m)ym.

m=1

But t(x) = i+/D. (See Washington (1982, Corollary 4.6, p. 35) for the
evaluation of quadratic Gauss sums. Also, compare Eq. (9.15) in section 1.9.)
We obtain Dirichlet’s class number formula

2|D| Zx(m)m (1.23)
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Exercise 1.1.10 (a) Let x be a primitive character modulo N. Prove, using
the functional equation, that L(s, x) has a simple zero at s = Q0 if x(—1) =1
and is nonzero at s = 0 if x(—1) = —1.

(b) Stark (1971), (1975), (1976) and (1980) has conjectured that if p :
Gal(Q/Q) — GL(n,C) is a Galois representation such that the Artin L-
function L(s, o) has a zero of order r at s = 0, the leading coefficient in
its Taylor expansion is essentially an r x r “Stark regulator” of units in some
number field. The simplest open cases of the conjecture are whenr = 1. Artin’s
reciprocity law allows us to consider y to be a Galois character, namely, it gives
a character of Gal(Q(?)/Q) = (Z/NZ)*, { = e*™'/N, where a € (Z/NZ)*
corresponds to o, € Gal(Q(¢)/Q), 0,(¢) = ¢°. With this identification,
reinterpret (a) to show thatr = 1if x(—1) = 1l,andr =0if x(—1) = —1.
(c) Assume that x(—1) = 1. In this case Exercise 1.2(b) verifies the Stark
conjecture because it shows that

L(l,x>=—%"—) 3" xm) loglenl, (1.24)

mmod N

where €, = (1 — eZ*"/N) /(1 — e¥*!/N). Note that if m and N are coprime, ¢,,
is a unit in Z[¢].

1.2 The Modular Group

In this section, let G = SL(2, R) and let H be the Poincaré upper half plane
consisting of z = x + iy where x, y € R, and y > 0. G acts on H via linear
fractional transformations:

a b , az+b
8—(c d)'z"g(Z)—cz+d' @1

It is easy to check that this is a bona fide group action, that is, (g,82)(z) =
g1 (gz (z)). This action is not quite faithful because —1I acts trivially, / being
the identity matrix. If we wish to work with a group having a faithful action, we
may pass to the group PSL(2, R) = G/{=+I}, which may be identified with a
group of transformations of H. If I' C G is any group, we will denote by T its
imagein G = PSL(2,R). ThusT =T'/{+I}if -] e T,orT = Tif-1 ¢ T.
We may sometimes extend the action of SL(2, R) to the group GL(2, R)* of
2 x 2 nonsingular matrices with positive determinant by the formula (2.1). Of
course, the scalar matrices act trivially.

More generally, we allow SL(2,C) (or GL(2, C)) to act on the Riemann
sphere P1(C) = C U {oo} by linear fractional transformations using the same
formula (2.1). The subgroup of SL(2, C) that maps the subspace H C P!(C)
onto itself is just SL(2, R).

The action of G on 'H is transitive because in fact the subgroup B of upper
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triangular matrices acts transitively. Indeed,

1/2 -1/2
(y xyy_m) i > x+iy,

so every element of H is in the orbit of i. The stabilizer of i is the subgroup

s0(2)={(_"b Z)|a2+b2=1}.

Recall thatif X is any set, and if G is a group acting transitively on X, we may
identify X with the set of cosets G/ G, where G, is the stabilizer of some fixed
point x € X. In the particular case where G = SL(2,R), X = H, and x =i,
we see that we may identify H with the space of cosets G/SO(2). Because,
as we have just seen, B acts transitively on H, it acts transitively on G/SO(2),
and so we obtain a geometric proof that G = B - SO(2). This relation is known
as the Iwasawa decomposition for SL(2, R).

We will be particularly interested in the subgroup I'(1) = SL(2,Z) of
SL(2, R) and certain subgroups that are called congruence subgroups. Let

I'(N) = {(‘; Z) € I‘(l)'a =d=1modN,b Z—CEOmodN}

Note that I'(N) is the kernel of the canonical map I'(1) — SL(2,Z/NZ).
Because this is a finite group, we see that I'(N) is normal in I'(1) and of finite
index. A subgroup of SL(2, Z) is called a congruence subgroup if it contains
I'(N) for some N.

The identity

im (g(z)) = ez +d|™%y 2.2)
a b .
forg = c d e SL2,R), z=x+iyeH

is readily confirmed (Exercise 1.2.1). If I' is a subgroup of G, we say that the
action of I" on H is discontinuous if for any two compact subsets Ky, K, C H,
the set

{r eTIK2Ny(K) # D}
is finite. As a first application of Eq. (2.2), let us prove the following:

Proposition 1.2.1 The group I'(1) acts discontinuously on 'H.

It may be shown more generally that a subgroup I' C SL(2, R) acts discon-
tinuously on H if T is discrete in the topology that it inherits from SL(2, R).
For our purposes, however, Proposition 2.1 is sufficient.
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Proof Let K; and K, be compact subsets of H. There exists a constant € > 0
such that im(w) > € for all w € K,. Now for fixed z = x + iy € K,
note that (c,d) — |cz + d|? is a positive definite quadratic form. Applying
Eq. (2.2), there is a constant R(z) such thatim (g(z)) = |cz+d|~2y < € unless
lcl, [d| < R(z). Because K, is compact, R = max{R(z)|z € K } < 00, and
K> Ny(K;) = @ unless |c|, |d] < R. This proves that there are only a finite
number of possible bottom rows of y € I'(1) such that K, Ny (K;) # ©. We
must therefore show that given c, d, there are only a finite number of possible y
with given bottom row (c, d) with K; Ny (K1) # D. If y1 and y, have the same
bottom row, then y» = ypy1 where y; has the form (l 'l' ) . The effect of the matrix
yo is therefore translation by an integer distance n: y4(z) = z + n. For fixed
1, there can clearly be only finitely many j; such that yo(y1 (K 1)) NK, # Q.

To summarize, there are only finitely many possible bottom rows (¢, d) of
y such that y (K1) N K3 # @, and for each (c, d) there are only finitely many
possible ¥ with the prescribed bottom row such that y (K;) N K5 # ©. Hence
the action of I'(1) is discontinuous. W

As a second application of Eq. (2.2), we will determine a fundamental do-
main for T'. If T C SL(2, R) is a subgroup acting discontinuously on H, a
Sfundamental domain for I' will be an open subset F C H such that (i) for
every z € H, there exists ¥ € T such that ¥ (z) is in the closure F; and (ii) if
21, 22 € F, and y(z1) = z2 for some y € I', then z; = 23, and y = *1.

Let F={z=x+iyeHl—-1<x <4, ]zl >1)}.

Proposition 1.2.2 The set F is a fundamental domain for SL(2, Z).

Proof Letz € H. Because (¢, d) — |cz + d|? is a positive definite quadratic
form, it has a minimum value as (¢, d) runs through the pairs of relatively
prime integers. It follows from Eq. (2.2) that im (y(z)) has a maximum with
y € SL(2,Z), so let y € I'(1) maximize im (y(z)). Now we can find n € Z
so that ¥ (z) + n has a real part with absolute value < 1/2; replacing y by
(! 1) ¥, we see that there exists y such that [re (y(z))| < 1/2 and im (y(2)) is
maximal for y € SL(2, Z). This implies that |y(z)| > 1, because otherwise
the imaginary part of y; (z) would be larger, where

_ -1 . _ im y(z)
"= (1 )y’ im (@) = ly @R

This shows that every I"'(1) orbit intersects the closure of F establishing prop-
erty (i) in the definition of a fundamental domain.

Now suppose that z = x + iy € F and that y = (*2) e I'(1) such that
w=yE) € F.Ifc=0,theny = :I:(l']') forsomen € Z,and z, y(z) € F
implies that n = 0, so z = y(2), in accordance with (ii) in the definition of
a fundamental domain. Thus we may assume that ¢ # 0. Observe that every
element of F has imaginary part greater than V3/2. Also, clearly |cz+d]| > cy.
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We therefore have the inequalities

< L 1 < 2
+d|2_ 23

Hence c? < 4/3, implying that ¢ = 1. Suppose that ¢ = 1. Because y and
—y have the same action on H, we may assume without loss of generality that
¢ = 1. Then ad — bc = 1 implies that

~( - D60

Now let z; = z + d and w; = w — a. Because |re(z)] < 1/2, we have
|zil = |z] > 1, and similarly |w;| > 1, yet wy = (1'1)(7,1). This is a
contradiction. This proves that F satisfies (ii) in the definition of a fundamental
domain. B

§<im( (z))—

It is often convenient to have generators for the group SL(2, Z). Let

() s e

Proposition 1.2.3 SL(2,Z) is generated by S and by T.

The method of proof generalizes easily to give generators for other discon-
tinuous groups. See Exercise 1.2.3(b) for an example.

Proof Let I' be the subgroup of I'(1) generated by S and 7. We will show
that I' = I'(1). Because —I = S? € T, it is sufficient to show that the images
T =T(1)in PSL(2,R). Let y € I'(1); we will describe a process by which
y may be reduced to a product of elements of the form S, T, and T-!. We
do not distinguish now between matrices A and — A because these are equal in
PSL(2, R) and have the same effect on H.

Because F is a fundamental domain for I'(1), H is the union of the closure
¥ (F) with y € T'(1), and these sets have disjoint interiors. We may therefore
find a sequence y, - -+, ¥, € T'(1) such that y1(F) = F and y,(F) = y(F),
and each y;(F) is adjacent to y;.; (F). Of course, this implies that y; = [
and y, = y. Observe that the domains y F that are adjacent to F are precisely
T(F), T~'(F), and S(F) (cf. Eigure.L)

Because y; (F ) is adjacent to Y4 (F), we must have yk yk.,.] (F) ad_]acent to
F, andsoyk Vi1 equals S, T, or T~!. Thus y = 3~ Yy = Hyk Vsl €T,
asrequired. W

What is the “boundary” of the Poincaré upper half plane? If we embed
H in the Riemann sphere P!(C) = C U {00}, the topological boundary is
P!(R) = R U {oo}. The point co should be regarded as no different from the
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TP F | T(F)

S(F)

Figure 1

other boundary points. For example, the group SL(2, R) acts transitively on
R U {oo}. Another way of seeing this is to use the Cayley transform C, which
maps H to D, the unit disk, defined by
z—i

C@) = T 24
(Clearly z € H if and only if z is closer to i than to —i, i.e., if and only if
C(z) € D.) Then C maps R U {oo} onto the unit circle. This shows again that
the points of R U {oo} should be considered equivalent to each other. To give
an example, the image under the Cayley transform of the fundamental domain
F for SL(2, Z) described above looks like that shown in Eigure 2.

If I is a discontinuous group acting on H, let '\’ be the quotient space
consisting of the orbits of elements of H under the action of I'. We topologize
['\'H as a quotient: This means that a subset of I'\'’H is open if and only if its
preimage in ‘H under the canonical map H — I'\'H is open.

Figure 2
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Figure 3

We now consider the cusps of a congruence group I'. (We will extend
this discussion shortly to the case of a discontinuous group I' such that '\'H
has finite volume with respect to the measure introduced in Exercise 1.2.6.)
Intuitively, the cusps are the places where a fundamental domain for I" touches
the boundary of H. For example, in Eigure 2, we see that SL(2, Z) has one
cusp. On the other hand, I'(2) has three. Indeed, its fundamental domain looks
like that shown in Eigure 3 (Exercise 1.2.3).

Its image under the Cayley transform looks like the region shown in Figure 4,
Evidently, there should be three cusps, if we can give the correct definition.

Figure 4

Let P (Q) = QU{oo} be the projective line over Q; SL(2, Z) acts transitively
on P!(Q), so a subgroup of finite index can have only finitely many orbits on
this set. An orbit of I" in P!(Q) is called a cusp of I". In practical terms, these
are the points where a fundamental domain for I must touch the boundary of H.

More generally, if T is not assumed to be a congruence subgroup, but only
a discontinuous group acting on H with I'\’H having finite volume, the term
cusp refers to either (i) a point of a € P!'(R) = R U {00} such that I" contains a
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parabolic element y # I with y (a) = a, or (ii) an orbit of such points under the
action of I'. (We recall from Exercise 1.2.7(c) that y # I is called parabolic if
[tr(y)| = 2.) See Exercise 1.2.10 for the relationship of this definition to the
one previously given for congruence subgroups.

We now show how I'\'H, for I" a congruence group, may be compactified
to give a compact Riemann surface by adjoining a finite number of points;
indeed, by adjoining precisely one point for each cusp. Again, the discussion
generalizes easily to a discontinuous group I' where I'\'H has finite volume.
We start with the topological space H* = H U Q U {oc}. (For a general
discontinuous group I', we would take H* to be the union of ‘H and the cusps
of I' in P! (R).) We topologize H* as follows. The set H is to be an open set
with its usual topology. We must describe the topology in the neighborhood
of a point a € QU {o0}. If a = oo, we take as a neighborhood base at a the
sets of the form {00} U {z|im(z) > C} for 0 < C € R. On the other hand,
if a € Q, we take as a neighborhood base at a the sets {a} U U, where U is
the interior of a circle contained in H, tangent to the real line at the point a.
With H* topologized in this way, we give I'\H* the quotient topology. This is
a manifold. We will now specify charts around each point, which will give it a
complex structure.

Around “most” points ¢ € I'\'H, we may simply take a neighborhood of
a in H to be a chart. Certain points must be treated carefully: These are the
elliptic points. We call a point a € 'H an elliptic point if there exists a nontrivial
subgroup T, of the image T of T" in SL(2, R)/{<£1} that stabilizes a. Such a
group is necessarily cyclic (Exercise 1.2.4). Its order is called the order of a.

For example, if I' = I"(1), the I'-orbits of elliptic points are represented by
i, withT; = <(1 '1)>, and by p = e*™/3, with T, = <(1 _i)> The orders of
these points are 2 and 3, respectively. Most congruence subgroups do not have
elliptic points.

Suppose that a is an elliptic point. How are we to construct a chart in a
neighborhood of a? We use the modified Cayley transform

zZ—a

> —.
z—a

This maps H to the unit disk D but maps a to zero. Conjugation by this modified
Cayley transform maps T, to the group of rotations of the unit disk in angles that
are a multiple of 27 /n, where n is the order of a (Exercise 1.2.5(c)). If w is the
coordinate function on D, it is easy to see that z — w” maps a neighborhood of
a in I'\'H* homeomorphically onto a neighborhood of the origin in C, and we
take this map to be a coordinate chart near a. This takes care of the remaining
points in H.

As for the cusps, if a € QU {oo}, let p € SL(2, Z) such that p(a) = 00. Let
T, be the stabilizer of @ in T. Now pI'p—! is a subgroup of finite index in T'(1),
and the stabilizer of oo in this group is pI",p~!. Hence this is a subgroup of
finite index in the stabilizer of infinity in I'(1). The image of this stabilizer in
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PSL(2, R) is the infinite cyclic group generated by z — z+1. Thus pT'zp~tis
an infinite cyclic group generated by z +— z +n for some n. Itis not hard to see
then that z —> ¢****®/" maps a neighborhood of a in I'\’¥* homeomorphically
onto a neighborhood of the origin in C, and we take this map to be a coordinate
chart near a.

We have specified a coordinate chart near each point of I'\'H*, which thus
becomes a compact Riemann surface.

Exercises

Exercise 1.2.1 Prove Eq. (2.2).

Exercise 1.2.2 Let I be a discontinuous subgroup of SL(2, R), and let T’ be
a subgroup. Let F be a fundamental domain for I', and let y4, - - -, ¥, be a set
of coset representatives for I'"\I'; that is, I' = |JI'y; disjointly. Prove that
U i (F) is a fundamental domain for I"'.

Exercise 1.2.3 (a) Prove that a fundamental domain for I'(2) consists of x +iy
suchthat -1/2 < x <3/2,|z4+1/2} > 1/2,1z—1/2}| > 1/2and |z —3/2| >
1/2 (cf. Figure 3), [HINT: construct first a fundamental domain by means of
Exercise 2.2, then modify it to obtain the domain in question.]

(b) Use the method of Proposition 2.3 to prove that I'(2) is generated by (1 f)

1
and ().
Exercise 1.2.4 Prove that the stabilizer of an elliptic point is cyclic.

Exercise 1.2.5 (a) Let SL(2, C) act on P! (C) by linear fractional transforma-
tions as in Eq. (2.1). Prove that the subgroup that maps the unit disk D onto

l —

(b) Prove that the group SU (1, 1) is conjugate to SL(2, R) in SL(2, C). [HINT:
use the Cayley transform.]
(c) Prove that the subgroup of SU(1, 1) fixing 0 € D is the group of rotations

21012
( e-i0/2> .

Exercise 1.2.6 (a) Bruhat decomposition: Prove that if B is the Borel sub-
group of SL(2,R) consisting of upper triangular matrices and § = (, ),
then

SL(2,R)=BUBSB,

and the union is disjoint. Thus SL(2,R) is generated by matrices of the
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following types:

G G F (]

(Making use of the identity (IV.1.16) below, it is possible to dispense with the
diagonal matrices here.)

(b) Show that the measure |y|~% dx dy is invariant under the action of SL(2, R)
by checking that it is invariant under generators in part (a).

(c) Show that the volume of I'(1)\'H is finite with respect to this invariant
measure.

Exercise 1.2.7 Let £1 # y € SL(2,R) acting on the Riemann sphere
PY(C) = C U {o0}.

(a) If | tr(y)| < 2, show that y has two fixed points in P!(C): one in  and its
complex conjugate. Such an element is called elliptic.

() If | tr(y)| > 2, show that y has two fixed points in P! (R) and no other fixed
points in P!(C). Such an element is called hyperbolic.

(c) If | tr(y)| = 2, show that y has a single fixed point in P!(R) and no other
fixed points in P*(C). Such an element is called parabolic. If tr(y) = 2, then
both eigenvalues of y are one, in which case the matrix y is called unipotent.
If y is parabolic, then either y or —y is unipotent.

Exercise 1.2.8 (a) Let ' C SL(2,R) be a discontinuous group, and let
+7 s y € T'. Show that y is elliptic if and only if it has finite order. In
this case, we call the fixed point of y in ‘H an elliptic fixed point for I".

(b) Show that there are only two orbits of elliptic fixed points for SL(2, Z), rep-
resented by i and 27i/3, respectively. [Prove this by examining the fundamental
domain.]

Exercise 1.2.9 letT" C SL(2,R) be a discontinuous group such that the
quotient I'\’H has finite volume (cf. Exercise 2.6(c)). Show that I"'\'H is compact
if and only if I contains no parabolic elements.

Exercise 1.2.10 Let I" be a congruence subgroup of SL(2, Z). Prove that if
a € P'(R) = R U {oc}, then there exists a parabolic element y € T such that
y(a) = a if and only if a € P1(Q) = Q U {o0}.

Exercise 1.2.11 Lety € I'(1) be ahyperbolic element. Show that there exists
a real quadratic field K = Q(+/D) with D > 0 such that the fixed points and
eigenvalues of y liein K. Show that the eigenvalues of y are a conjugate pair of
units of norm one in K. Make the following assumption about K : assume that
the ring generated by the units of norm one in K is the full ring of integers. This
may or may not be true. Let ¢, €’ be the eigenvalues of y. If a is a fractional
ideal of K, then a is a free Z-module of rank 2; let {a;, a;} be a basis. Then
there exists an element y € SL(2, Z) such that €(ay, a3) = (az, a3)y. Show
that the G L (2, Z)-conjugacy class of y depends only on the ideal class of a, and
that the GL(2, Z)-conjugacy classes of hyperbolic elements with eigenvalues
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€ and €’ are thus in bijection with the ideal classes of K. For a fuller discussion
of the hyperbolic conjugacy classes in SL(2, Z), see the references in Volume I
of Terras (1985, p. 273).

1.3 Modular Forms for SL(2, Z)

Modular forms are certain holomorphic functions on H that have in common
with Dirichlet characters the remarkable property of being associated with Euler
products having functional equations. We will consider first the case of a
modular form for I'(1) = SL(2, Z).

Let k be an even nonnegative integer. A modular form of weight k for
SL(2, Z) is a holomorphic function f on H, which satisfies the identity

az+b k a b
f(cz+d> =(cz+d) f(z) for(c d) e (1) 3.1)
and which is holomorphic at the cusp oo. The latter condition requires some
discussion. Recall from the end of the previous section that we may choose
the quantity ¢ = e?** as a coordinate function near oo in I'(1)\'H*. Because
(') € I'(1), Eq. (3.1) implies that f(z + 1) = f(z), and thus any function
satisfying Eq. (3.1) has a Fourier expansion

F@ =3 ae™ =3 aq" (32)

n=—00 n=—00o

If for some sufficiently large N the coefficients a, are zero forn < —N, we
say the function f is meromorphic at oco. If a, = 0 forn < 0, we say that f is
holomorphic at oo. If f is holomorphic at oo and furthermore ap = 0, we say
f vanishes or is cuspidal at co.

A modular form for SL(2,Z) that vanishes at oo is called a cusp form.
We denote the space of modular forms of weight k for I'(1) = SL(2,7Z) as
M, (T'(1)), and the space of cusp forms as S (I'(1)). Our first objective is to
prove that these spaces are finite dimensional.

There is a related notion of an automorphic function. We call f an automor-

phic function for I if
az+b
f(m+d)_f&)

and f is meromorphic on H and at co. Hence f may be regarded as a mero-
morphic function on the compact Riemann surface I"'(1)\H*. Note that an
automorphic function is allowed to have poles, while a modular form is not.
It is a consequence of the maximum modulus principle that an automorphic
function with no poles is constant. (An automorphic function with no poles is
the same as a modular form of weight zero, so we may equally well state that
a modular form of weight zero is constant.) This simple fact, together with the
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observation that if f, f» € Mk(l‘(l)) then fi/f> is an automorphic function,
is quite a powerful tool that we will use systematically in determining the spaces
M, (T (1)). A first application of this principle is Proposition 1.3.2 below.

Proposition 1.3.1 Let X be a compact Riemann surface, Py, ---, P, € X, and
let ry, - -, ry be positive integers. Let V be the vector space of meromorphic
Junctions on X, which are holomorphic except possibly at the points P,,, and
which are holomorphic or else have poles of order at most r,, at P,,. Then the
space V has dimension at mostry + ...+ r, + 1.

More precise information about the dimension of this space is contained in
the Riemann-Roch theorem.

Proof Wewilldenote r = r; +...+r,. Let us choose a coordinate function
t = t; in a neighborhood of P; with respect to which P; is the origin. If ¢ € V,
it has a Laurent expansion:

o(t) = aj—r; 7+ Qj—ri+1 it +...

We associate with ¢ the vector A(¢) € C" whose coordinates are the r Taylor
coefficients a; _p, 1 <h <r;. If ¢1,---, ¢y € V,and if N > r, we may
find coefficients cj, - - -, cy, not all zero, such that Ecj A(¢;) = 0. This
means that ) c;¢; has no poles. It is a consequence of the maximum modulus
principle that any meromorphic function on a compact Riemann surface having
no poles is automatically constant. Hence any vector subspace of V having
dimension greater than r contains a nonzero constant function. This implies
thatdim V <r+1. ®

Proposition 1.3.2  The space My (T(1)) is finite dimensional.

Proof Let fy be a nonzero element of My (I'(1)). Let X be the compactifica-
tion of I'(1)\'H described in the previous section. Let Py, - - -, Py, be the zeros
of fo, and letry, - -, r,, be the orders of vanishing of f; at these points. (Ac-
tually, we must count the order of vanishing at an elliptic fixed point carefully.
The order of vanishing of a function on H at an elliptic point a whose stabi-
lizer T, has order e will be e times the order of vanishing of the corresponding
function on X.) If f € M(T'(1)), then f/fo is an automorphic function, and
indeed, f > f/fp is an isomorphism of M (T'(1)) with the vector space V in
Proposition 3.1. Thus M (I"(1)) has dimension atmostr + 1. B

We would like to know, on the other hand, that modular forms do exist. A
convenient construction is by means of Eisenstein series. Let us assume that k
is an even integer > 4. Define

Ex(z) =1} Z (mz+n)7*k. (3.3)
mnez
(m,n) # (0,0)
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The series is absolutely convergent (Exercise 1.3.1). Let us show that E;(z) is
a modular form of weight k. We have

+b

mnel
(m, n) # (0,0)

=(cz+d*} D (ma+noz+ (mb+nd)*.

m,ne€Z
(m, n) # (0,0)

Observe that because ¢ and d are coprime, (m,n) — (ma + nc, mb + nd)
permutes the nonzero elements of Z x Z amongst themselves, so we see that
E; satisfies Eq. (3.1). To show that it is analytic at 0o, let us compute its Fourier
expansion. Firstly, the sum of the terms with m = 0 is clearly just ¢ (k). For
the terms with m # 0, because k is even, the terms %1 contribute equally, and
we may consider only m > 0. By Exercise 1.1.4, these contribute

Qmi)* {2 k=1 2minmz
nfle .
k—1! —

If r is a complex number, let us define the divisor sum

o,(n) = Zd’.

dln

We see that the Fourier expansion of E; has the form

2 k 1k/2 o0 )
B = £0 + I

Note that by Exercise 1.1.8, the Fourier coefficients of G (z) = ¢(k)~! Ex(z)
are rational numbers.

For given k, either S¢(I'(1)) = Mi(T'(1)) or else dim M(I'(1)) =
dim Sk(l‘(l)) + 1, because if there exists a modular form of weight £ with
nonvanishing constant Fourier coefficient, we may subtract a suitable multiple
of that from any given modular form to obtain a cusp form. Because there exist
Eisenstein series with nonvanishing constant coefficient for k£ > 4, we see that

dim M (T'(1)) =dim S (I'(1)) +1  fork > 4. (3.5

Although we have now constructed some modular forms, we still have not
constructed cusp forms. This may be accomplished as follows. The modular
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forms form a graded ring, because if f € M(I'(1)), g € M;(T(1)), then
fg € My (l"(l)). One may thus construct a large number of modular forms
by ring operations. For example, we see that

Gi@) =1+240) Jo3(n)q",  Ge(x) =1~-504 os(n)q".

n=1 n=1

From these we may compute the Fourier coefficients of G3 — G2, a modular
form of weight 12. We find that

A2(G3— G2 =q — 244> +2524° — 14724* + 4830¢° + ... .

We have constructed a nontrivial cusp form of weight 12. This modular form
is denoted A(2).

We will obtain another formula for A(z), due to Ramanujan (1916). It will
be useful to have at our disposal a famous formula from the theory of elliptic
functions, Jacobi’s triple product formula:

e

Y. " =[[a-g™0+g" DA +g"x7h, (36

n=—00 n=1

validif 0 < |q| < 1 and x # 0. A proof of this is sketched in Exercise 1.3.2.
Now in Eq. (3.6), substitute g*/2 for ¢ and —g~'/2 for x. (Because ¢ = €2,
a fractional power g” is naturally interpreted as e272.) We see that

Z (_l)nq(3n2+n)/2 = H(l _ q3n)(1 _ q3n—-1)(1 _ q3n—2) — H(l _ qn)
n=1

n=—0o0 n=1

Now completing the square in this identity, we see that

o) (o2}
Z (=1)" q(6n+1)2/24 =g/ H(l —q". 3.7

n=-—-00 n=1

The function 7(z) = ¢"/** (1 — q") is known as the Dedekind eta function.
Grouping the terms with n positive and negative together, we may rewrite this
formula:

n@ =Y xmq"*, (3.8)

n=1
where x is the primitive quadratic character with conductor 12 (Exercise 1.1.6).
We have

1 ifn=+1mod12;
x(n) =< -1 if n = £5mod 12;
0 otherwise.
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Now we show that if y = (i:) € T'(1), there exists a 24th root of unity €(y)
such that

b
n(‘cf: d) = e(y) (cz+ D) n(2). (3.9)

(There is an ambiguity in sign in the choice of square root (cz + d)!/2, but
because we are only asserting that €(y) lies in the group of 24th roots of unity,
this is not a problem.)

From Proposition 1.2.3, it is sufficient to check this wheny = T = (1 }) and
y = 8 = (). The transformation property for y = T is clear from the right-
hand side of Eq. (3.7), because under this transformation '/ > ¢%7i/24 g1/24,
On the other hand, if y = §, Eq. (3.8) gives n(z) = 6, (—iz/12) with 8, asin
Eq. (1.14). In Eq. (1.15), we have (x) = 243 and N = 12, so

V=izn(z) = n(—%), (3.10)

so we have Eq. (3.9) in this case also. This completes the proof of Eq. (3.9) for
ally e I"'(1).
Next, we raise Eq. (3.9) to the 24th power to get rid €(y). We see that if

A@ =n@* =q [0 -,

n=1

then A is a cusp form of weight 12. Observe that A is defined by a convergent
infinite product, each of whose factors has no zero on ‘H. Consequently,

AR #0 forz € H.

Proposition 1.3.3 The space Si2 (F(l)) is one dimensional and spanned by
A. In particular

A = 7% (G; — G)). (3.11)

Proof If f € S;2(I'(1)), then f/A is an automorphic function. It clearly
has no poles in H. It is also holomorphic at the cusp because A has only a
first-order zero there, while f also vanishes. Because an automorphic function
without poles is constant, f/A is constant. In particular, ﬁ(Gi -G =cA
for some ¢; examining the Fourier coefficients, we see thatc = 1. =

In general, one may give formulas for the dimensions of spaces of modular
forms starting with either the Riemann—Roch theorem or the Selberg trace
formula. Forthe group SL(2, Z), however, we will obtain complete information
using ad hoc tools.
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Proposition 1.3.4 Suppose that k is an even nonnegative integer. Let k =
12j + r where 0 < r < 10. Then

j+1 ifr=0,4,6,8 or 10;

dim My, (T(D)) = { . (3.12)

j otherwise.

The ring @32, Mk (T (1)) of modular forms is generated by G4 and G.

Proof First let us show that M, (F(l)) is one dimensional and generated by
E.ifk=4,6,80r10. Leth =6(12—k). If f € M, (F(l)) is not in the one-
dimensional space spanned by E;, we may subtract a multiple of E; to cancel
the constant Fourier coefficient, and so we may assume that f is a nonzero
element of S (I"(1)). We consider Ej,(f/A)®. This is an automorphic function
with no poles, and hence is constant. Therefore Ej, = cAS/f for some c. We
see that E, can have no zeros on H. Now A = 12H where H = 1,2,3, or 4.
We consider A /Ej,. This is a nonzero automorphic function with no poles but
with a zero of order H at oo, which is a contradiction. This shows that each of
the spaces My (T'(1)) is one dimensional, spanned by Ey if k = 4,6, 8, or 10.

Now let us show that M, (T"(1)) is zero. Suppose that f is a nonzero element
of this space. Then fE; € Mg(I'(1)), so fE; = cEs for some nonzero
constant ¢. Because E4(p) = 0 with p = ¥*/3 (Exercise 1.3.3), we see
that E¢(p) = 0. Now Eq. (3.11) implies that A(p) = 0, a contradiction.
Hence M,(I'(1)) = 0. Of course My(I'(1)) is one dimensional, comprising
the constant functions. Thus Eq. (3.12) is proved if k¥ < 12.

Ifk > 12, we show that multiplication by A is an isomorphism of M;_;>(I"(1))
with S¢(I"(1)). Indeed, it is an injection of My_1»(T'(1)) into S¢(T'(1)), and if
f € S(I'(1)), then f/A hasno poles, and hence lies in My_12(T'(1)). Formula
(3.12) now follows from Eq. (3.5).

As for the fact that G4 and G¢ generate the ring of modular forms, let R be
the subring generated by these. It follows from the one-dimensionality of Mg
and M) that Eg and E) are constant multiples of E‘% and E4Eq; M, lies in
R for k < 10. Also, Eq. (3.11) implies that A € R. Let k be the first even
positive integer such that M, (l"(l)) is not contained in R; we see that k > 12.
Now R D AM;_12(T'(1)) = S (I'(1)). Moreover, R contains a noncuspidal
modular form in My (T'(1)), namely, E}E, where r and s are chosen so that
4r + 6s = k. Hence by Eq. (3.5), R contains M;. W

There exists a natural inner product on Sy (I'(1)), known as the Petersson

inner product. If f(z), g(z) € S(T'(1)), then it is a consequence of Eg. (2.2)
that

f@g@»
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is invariant under z — ‘c‘;—i";. Hence by Exercise 1.2.6(b), the integral

dxdy
y2

i) = / FRTDN (3.13)

TON\H

is well defined. Becauseifn > 0, ¢" — 0 very rapidly as z — oo, and because
acusp form has a Fourier expansion > _ a,, ¢" witha, # Oonly forn > 0,acusp
form f(z) decays very rapidly as y — oo. Hence the integrand in Eq. (3.13) is
very small near the cusp, and the integral is very rapidly convergent. Evidently,
(f, g) is a positive definite Hermitian inner product.

Let f(z) = Y o2 an q" be an element of My (I'(1)). Let

L(s, )= ia,, n,

n=1

This is known as the L-function of f. We need to know that this series is
convergent for s sufficiently large. For this, the following estimate is sufficient.

Proposition 1.3.5 If f is cuspidal, its Fourier coefficients satisfy a, < C n*/?
Jor some constant C independent of n.

This estimate, called the trivial estimate, is due to Hardy (1927) and (more
simply) Hecke (1937). The correct estimate a, < C n®~1/2+¢ for any € > 0,
was conjectured (for f = A) by Ramanujan (1916); this famous statement,
the Ramanujan conjecture, was finally proved around 1970 by Deligne (1971)
using difficult techniques from algebraic geometry. See Section 3.5 for further
discussion of this conjecture.

Proof 1t follows from Eqs. (2.2) and (3.1) that | £ (z) y*/?| is I"(1) invariant.
Because f is cuspidal, this function decays rapidly as z approaches the cusp,
and so it is bounded on the fundamental domain; consequently, there exists a
constant C, such that | f(z) y*/2| < C; for all z € H. Now for fixed y,

1 1
lan] €2 = | / FGx +iy) e dy| < / £ (x+iy)ldx < Cyy ™2,
0 0

This estimate is independent of n. We choose y = 1/n and obtain
a, < P Cy nk/?

asrequired. W

If f is not a cusp form, this estimate is no longer valid. If f is the Eisenstein
series Ey, the nth Fourier coefficient of f is 0;—1(n), which is bounded by a
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constant times log(n) n*~!. In any case, the L-series L(s, f) is convergent for
re(s) sufficiently large.

Proposition 1.3.6 The L-function L(s, f) has meromorphic continuation to
all s and satisfies a functional equation. In fact, if

AGs, f) = @)~ T'(s) L(s, f) (3.14)

then A(s, f) extends to an analytic function of s if f is a cusp form; if f is not
cuspidal, then it has simple poles at s = 0 and s = k. It satisfies

A, )= (D" Ak =5, f). (3.15)

Proof Inthis proof we will assume that f is a cusp form, leaving the remaining
case to the reader (Exercise 1.3.5). Because f is cuspidal, f(iy) — O very
rapidly as y — oo. When y = S, Eq. (3.1) implies that

f@y) = (=D y7* fa/y), (3.16)
so f(iy) — O very rapidly as y — 0 also. Hence the integral

7 d
/ Fly)y* 7y (3.17)
0

is convergent for all s and clearly defines an analytic function of s. If re(s) is
large, we may substitute the Fourier expansion for f. Noting that

00
d

/e—2nny ¥ ay =Q2mn)"* F(s)er,
y

0

we see that Eq. (3.17) equals A(s, f). Now substituting Eq. (3.16) into
Eq. (3.17) and substituting 1/y for y, we see that Eq. (3.17) equals

7 d
(—1)*2 / FGy) Y& 7y
0

from which we get Eq. (3.15). m

The first historical hint that a Euler product should be associated with
the L-series of a modular form came from Ramanujan’s investigation of A.
The Fourier coefficients of A comprise Ramanujan’s tau function: A(z) =
> 1(n) ¢". Ramanujan (1916) conjectured, and Mordell (1917) proved shortly
afterward, that

oo
YNotwn =[] 1=t p~ +p"*)" (3.18)

n=1 p
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The true explanation of this identity requires the theory of Hecke operators,
which is our next topic. We will give the proof of Eq. (3.18) at the end of
Section 4.

Exercises

Exercise 1.3.1 Verify that the Eisenstein series Eq. (3.3) is absolutely conver-
gentif k£ > 4.

Exercise 1.3.2 This exercise outlines a proof of Jacobi’s triple product formula
(3.7). Let z and w be complex parameters such that z € H. Let A C C be the
lattice {2mz + n|m, n € Z}. We will also let ¢ = ¢?Z and x = e>™¥,

(a) An elliptic function with respect to the lattice A, is meant a meromorphic
function f suchthat f(u + 1) = f(u) for A € A. Use the maximum modulus
principle to show that if f is an elliptic function that has no poles, then f is
constant.

(b) Define
ad 2
Pz, w) = Z q" x",
n=—&0
and let
o0
Piz,wy=[[0+¢" ' x)A+q" " x7").

n=1

Prove that
Yz, w+22) = (qx)“1 ¥ (z, w)

and that

Pz, w+22) = (gx)"! P(z, w).

Hence for fixed z, f(w) = ¥ (z, w)/P(z, w) is an elliptic function.

(c) Prove for fixed z that if P(z, w) = O then either w = % + z 4+ A orelse
w = % — z + A for some A € A. Show that these values of w are also zeros
of ¥(z, w), and conclude that f (w) has no poles, and hence by (a) is constant.
This shows that

3z, w) = ¢(q) P(z, w)

where ¢(q) is independent of w.
(d) The Jacobi triple-sum formula will follow if we know that

o(@) =[Ja-4a™.
n=1

To this end, show that
¥4z, 1/2) = ¥(z, 1/4),
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whereas
P(4z,1/2)/P(z,1/4) = ﬁ(l — g (1 —g>).
Then .
6@ = ST 2 0.

Now show that ¢(q) — 1 as ¢ — 0, and thus evaluate ¢(g).

Exercise 1.3.3 Show that if p = %> € M, and if 3 | k, then f(p) = 0
for any modular form of weight k. [HINT: Observe that y(p0) = p where

y = (_1"), and apply Eq. (3.1).]
Exercise 1.3.4 Show that G4 and G are algebraically independent.

Exercise 1.3.5 Prove Proposition 1.3.6 in the case where f is not necessarily
cuspidal.

Exercise 1.3.6 Show that the inner product Eq. (3.13) is defined if only one
of f and g is cuspidal and the other is an arbitrary modular form. Prove that
the Eisenstein series Ey is orthogonal to the cusp forms (cf. Exercise 1.6.4).

Exercise 1.3.7 (a) Let M be a compact Riemann surface, andlet f : M — C
be a meromorphic function. Assume that f has only one pole, atm € M, which
is simple. Extend f to a mapping M — P'(C) by f(m) = oo. Prove that f is
an isomorphism of Riemann surfaces.

(b) Define a function j : H — C by j(z) = G3/A. Show that j is an
automorphic function for SL(2, Z) with a Fourier expansion

1
i@ = 7 + 744 + 196884 g + 21493760 ¢° + 8642999704° + ... .

Prove that j(i) = 1728 and j(e*/%) = 0. Use part (a) to conclude that j is a
bijection of the compactified space

SL(2, Z)\H U {0} = P (C).

We now recall some elementary facts from the topology of surfaces and
the theory of compact Riemann surfaces, particularly the notions of genus
and ramification. For further information, see Siegel (1969, 1971, and 1973),
Lang (1982), and Gunning (1966).

If X is a (connected) compact Riemann surface, then as a topological space,
X is a compact orientable surface, which is homeomorphic to a sphere with g
handles attached, where the genus g of X is half the rank of the first homology
group Hy(X,Z) = Z?. The second homology group H,(X,Z) = Z. If
f : X — Y is a holomorphic mapping of compact Riemann surfaces, then the
topological degree of f is defined to be the positive integer n such that the map

L=H,(X,Z) > H,(Y,Z) = Z
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induced by f is multiplication by n. Equivalently, f induces an injection of
the field Fy of meromorphic functions on Y into the field Fx of meromorphic
functions on Fy, and # is the field degree [Fx : Fy]. If y is a point of Y in
general position, then the cardinality of the fiber £ ~!(y) is usually n. However,
there can be a finite number of points y such that the cardinality of f~!(y) is
strictly less than n; we say that these points ramify. Intuitively, we think of
the mapping f as a covering of Y by X; however, if ramification occurs, it is
not strictly a covering in the topological sense but a ramified covering. Here
ramification means that some of the points of the fiber can coalesce when a is
specialized to a point that ramifies.

Suppose that y € Y and that xy, - - -, x, are the points of f~!(y). Let ¢; be
the number of points of f~!(n) that are near x; when € Y is a nonramified
point of Y that is near y. Then ¢; is called the ramification index of x;, and
if ; > 1, we say that x; is ramified. 1t is clear that Y ¢; = n. Note that
with this definition, ¢; = 1 if x; is not ramified. We also denote ¢; = e(x;|y).
There is a strong analogy between ramification in this geometric setting and the
ramification of primes in a number field.

We have the Hurwitz genus formula (Lang (1982)). Let gx and gy be the
genera of X and Y, respectively, let n be the topological degree of f, let
Py, ---, P, be the finite number of ramified points in X, and let Q; = f(F;),
their images in Y. Then the genus formula asserts that

2ex —2) =nQgr =2+ Y _ (e(P:1Qi) — 1). (3.19)

Exercise 1.3.8 Apply this now in the case of the canonical map f : ' (N)\'H*
— SL(2, Z)\'H*, with N > 2. Show that the degree n of f is 6if N = 2, and
sN3[1,w(1—p~2)if N > 2. Show that the points of SL(2, Z)\H* that ramify
are i, e*"/3, and 0o. Show that there are n/2 points in the fiber over i, each with
ramification index 2, n/3 points in the fiber over ?*'/3, each with ramification
index 3, and n/N points in the fiber over oo, each with ramification index N.
Hence show that when N = 2 or 3, I'(N)\'H* has genus zero. Confirm this
when N = 2 by examining the fundamental domain in Exercise 1.2.3.

(Note: The fact that all the points in the fiber over the three points that ramify
all have the same ramification index is due to the fact that '(N) is a normal
subgroup of SL(2, Z). This phenomenon does not occur for subgroups that are
not normal.)

Exercise 1.3.9 Show that I'y(11)\’H* has genus one.

Exercise 1.3.10: Picard’s theorem Prove that if ¢ is an entire function on C
such there are two complex numbers a and b such that a, b ¢ ¢ (C), then ¢ is
constant.

[HINT: By Exercise 1.3.8, I'(2) has three cusps and I' (2)\'H* has genus zero.
Consequently, I'(2)\'H is equivalent to the Riemann sphere minus three points,
or C — {a, b}. Making this identification, we may regard f as taking values
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in I'(2)\'H. Now mapping H onto the unit disk by the Cayley transform, we
obtain a bounded entire function, which is therefore constant.]

Now we require some basic facts about (nonramified) covering spaces. This
well-known and important theory has applications to ramified coverings because
if f : X — Y is a ramified covering, and Py, - - -, P, are the points of Y that
ramify, and if Y’ is the (noncompact) space ¥ — {P;} and X’ = f~1(Y’), then
X' is a bona fide covering space of Y'. For the theory of covering spaces, see
Spanier (1966) and Hilton and Wylie (1960), or other standard references on
topology.

Let U be a topological space, x, y € U. A path from x to y is a continuous
map ¢ of the unit interval [0, 1] to U with £(0) = x and (1) = y. x is called
the left endpoint and y is called the right endpoint. U is called path connected
if any two points may be joined by a path. The space U is called contractible
if the identity map U — U is homotopic to a constant map.

We will consider topological spaces U satisfying the following axiom:

Axiom 1.3.1 U is path connected and every point of U has a contractable
neighborhood.

For example, (connected) manifolds have this property. Let U and V satisfy
Axiom 1.3.1, and let p : V — U be a continuous map. We say that p is a
covering or covering map if the fibers p~!(u) are discrete and if every point
u € U has a neighborhood N such that p~!(N) is homeomorphic to a direct
product N x p~!(u) in such a way that the composition

pUNYZNxp'w) > N,

where the second map is projection, coincides with p. Covering maps have the
following important path-lifting property:

Property 1.3.1 Ifu : [0,1] — U is a path, and v € p~'(u(0)), then there
exists a unique path u : [0, 1] — V such that u = p o u and u(0) = v.

This property is crucial in supplying proofs in the theory that we now describe.
One easy consequence of the path-lifting property is that the fibers p~! () all
have the same cardinality. Indeed, if «’ is another point, we choose a path from
u to u’. Now for every v € p~!(u), by lifting this path to V with v as the left
endpoint, the right endpoint of the lifted path is an element of p~!(u'), defining
a bijection between the fibers. The cardinality of the fibers is called the degree
of the covering.

We say a topological space V is simply connected if it is path connected and
if every homeomorphism of the circle into V' is homotopic to a constant map.
If U satisfies Axiom 1.3.1, then U admits a simply connected cover U, called
the universal covering space. To construct it, we fix a base point uy € U;
let U be the space of all paths A : [0, 1] — U such that the left endpoint
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h(0) = ug, modulo the identification of two paths when they can be deformed
one into the other by a homotopy fixing both endpoints. The projection map
p = pu : U — U is given by p(h) = h(1). We may topologize U in a natural
way (we leave this to the reader), and p is a local homeomorphism.

Defining the fundamental group m(U) also requires fixing a base point
ug € U. Then m;(U) may be defined to be the set of all paths 4 ; {0, 1] - U
with both endpoints equal to 4o, modulo the identification of paths that can be
deformed one into the other by a homotopy fixing both endpoints. Thus 7 (U)
is precisely the fiber p~!(uo) inthe map p : U — U. To make 7;(U) a group,
if y1, y» € m(U), we define the product to be the homotopy class of paths
obtained by gluing the right endpoint of y; to the left endpoint of y,. Similarly,
ify € my(U) and h € U, we define yh by gluing the right endpoint of y to the
left endpoint of 4, and we obtain an action of 71 (U) on U, and we may identify
the quotient space '\U = U.

We say that two coveringmaps p : V — U and p’ : V' — U are equivalent
if there exists a homeomorphism ¢ : V — V' such that p = p’ 0 ¢.

Exercise 1.3.11 Prove that there is a bijection between equivalence classes of
coverings of U and conjugacy classes of subgroups of the fundamental group
m1(U), which associates with the subgroup I' C m;(U) the covering map
MU — U induced by projection py : U — U. Show that m(T'\U) = T.

[HINT: using the the path-lifting property, show that any covering map p :
V — U lifts to an isomorphism V — U that is, the existence of the covering
p implies that V may be identified with U in such a way that py = popy. We
assume the base points ug € U and vy € V are chosen so that ug = p(v); then
the fundamental group 7;(V) = ﬁ;’(vo) is a subgroup of 7 (U) = ﬁ[,l(uo).
The flexibility in this construction is that we may change the base point vy to
another element of the fiber p~!(uo); this has the effect of replacing p;l (vg)
by another conjugate subgroup. Conversely, given a subgroup I' of 7, (U), we
define a covering space of U as the quotient space I'\U, where the action of
I' is inherited from the natural action of 71 (U) on U. These two constructions
are inverses of each other.]

Letp:V — Uand p' : V' = U be covering maps. We say that p
dominates p’ if there exists a covering map g : V — V' suchthat p = p’ o q.

Exercise 1.3.12 Letp:V — U and p’ : V' — U be covering maps, and
let T, IV C m(U) be the subgroups associated with these covering maps by
Exercise 1.3.11. Show that p dominates p’ if and only if I" is conjugate in
m1(U) to a subgroup of I'".

A covering p : V — U is called regular if the group I' C 7y (U) associated
with the covering by Exercise 3.11 is normal. In this case, the quotient group
7 (U)/ T acts on V. Indeed, identifying V with I'\U,if y € T, u € U, let the
coset ¥ of y in w(U)/ " act by yT'u = T'yu. The action of 71(U)/ T com-
mutes with the map p, and hence preserves the fiber p~!(uo) and is transitive
on the fiber.
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Exercise 1.3.13 Conversely, show thatif p : V — U is a covering, and if
there exists a group G of automorphisms of V that commute with p such that G
is transitive on the fiber p~!(uo), then the covering p is regular, and if I" is the
subgroup of w; (U) associated with p by Exercise 1.3.11, then G = 7 (U)/T.

Exercise 1.3.14 Show that every covering is dominated by a regular covering.

A regular covering should be thought of as analogous to a Galois field ex-
tension, and the covering group m;(U)/I" should be thought of as analogous
to the Galois group.

Exercise 1.3.15 shows that there is a close connection between the topology
of covering spaces and holomorphic mappings of compact Riemann surfaces.
The covering map p : V — U is called finite if the fibers p~!(u) are finite for
uel.

Exercise1.3.15 Let X andY be compactRiemann surfacesandlet f : X — Y
be a holomorphic mapping. Let Py, ---, P, € Y be the points that ramify. Let
U=Y—{P,---, P},andletV = f~1(U). Then the restriction of f to V is a
finite covering of U. Conversely, show thatif f' : V' — U is any finite covering
of U, then V' may be identified with an open subset of a compact Riemann
surface X', and f' may be extended to a holomorphic mapping X’ — Y.

[HINT: V' inherits a complex structure from U by the requirement that f' be
a holomorphic mapping. The problem is how to compactify V' by adjoining
points to make up the fiber f' ~!(P) when P is one of the exceptional points
P;. This is a purely local question. First solve the topological problem of
constructing the fiber; what remains then is the analytic problem of imposing
a complex structure in the neighborhood of a point @ € f/~1(P). Lete =
e(Q|P) be the ramification index of Q. Let (U, y) be a chart near P so U is
a small neighborhood of P and y : U — C is a holomorphic equivalence of
U with a domain in C; assume that y(P) = 0. Show on purely topological
grounds that y o f' = x* for a function x defined in the connected component
of f/ ~1(U — P) whose closure contains Q. Now use a theorem on removable
singularities, such as Rudin’s Theorem 10.20 (Rudin, 1974), to extend x to a
chart near Q, making X’ a complex manifold.]

Exercise 1.3.16 In the setting of Exercise 1.3.15, the holomorphic mapping
f : X — Y induces an inclusion Fy — Fy of the fields of meromorphic
functions. Show that the field degree [ Fx : Fy] equals the degree of the cover
V — U and that the cover is regular if and only if Fx/ Fy is a Galois extension,
in which case the group m(I'\U) = T" of Exercise 1.3.11 is isomorphic to the
Galois group Gal(Fx/Fy).

Exercise 1.3.17 Let Y = P!(C), let yp, 1, and y, be three distinct points of
Y,andletU = Y —{yo, y1, yoo}- Prove thatthere exists a regular cover of degree
six of U, which can be extended to a holomorphic mapping f : X — Y of
compact Riemann surfaces, and such that f~!(y) and f~1(y,) each consist of
three points, with ramification index two, and f -1 (¥00) consists of two points,
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each with ramification index three. Use the genus formula (3.19) to show that
X has genus zero. Let p : Z — Y be any holomorphic map from another
Riemann surface to Y. Assume that only yp, y;, and y. ramify, and that the
ramification index of any point in the fiber over y or y; is either 1 or 2 and that
the ramification index of any point in the fiber over y, is either 1 or 3. Prove
that there exists a holomorphic mapping ¢ : X — Z such that f = pogq.

[HINTS: For the first part, note that 7 (U) is a free group with two generators
yo and y;. Here y; is a loop issuing out of the base point and circling the
point y; once counterclockwise before returning to the base point. Let I" be
the smallest normal subgroup of 7 (U) containing by yZ, yZ, and (yoy1)*, and
letV = 1“\(~J . Note that w;(U)/ T is the group with two generators go and g,
subject to the relations

g% =8 =(g8) =1

This group is isomorphic to the symmetric group S3. Extend the cover V — U
to a ramified cover of Y by a Riemann surface X by using Exercise 1.3.15. For
the other part, first construct g over f~!(U) by Exercise 1.3.12, then extend it
by Exercise 1.3.15.]

We now show how these ideas can be applied to the construction of auto-
morphic functions for various groups.

Exercise 1.3.18 Prove that there exists an automorphic function z on I'(2)\'H
that satisfies the polynomial

2 —2zj—16j =0.

[HINTS: By identifying SL(2, Z)\'H with P!(C) by means of the map j as
in Exercise 1.3.7 (b), we may take yp = 0, y; = 1728, and y,, = o0 in
Exercise 1.3.17. If X = I'(2)\'H, the projection

f:T@Q\H - SLQ2,Z)\H

has the ramification described for the map X — P!(C) in Exercise 1.3.17, so
we may identify the covering space X with I'(2)\'H. Check that if j, € C, the
polynomial z* — zjy — 16 has no multiple roots unless jo = 0 or jo = 1728.
(Compute the discriminant of this cubic polynomial.) Define, therefore, a
threefold covering Z — SL(2, Z)\'H by taking

Z = {(z0,7) € C x SLQ, Z)\H|zj — 20j(r) — 16j(t) =0},

with the covering map p : Z — SL(2,Z)\'H being the projection on the
second component. Check that the hypotheses of Exercise 1.3.17 are satisfied,
and conclude that there exists a holomorphic mapping g : X — Z such that
f = p o q. Composing g with the projection on the first component gives the
required holomorphic mapping.]

Exercise 1.3.19 Prove that there exists an automorphic function on I' 3)\'H
whose cube equals j.
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1.4 Hecke Operators

Hecke (1937) introduced a certain ring of operators acting on modular forms.
The commutativity of this ring leads to Euler products associated with modular
forms. In the modern viewpoint, the Hecke ring is seen as a convolution ring
of functions on GL(2, Ag), where Ag is the ring of “finite adeles,” which we
introduce in Section 3.1. We will encounter Hecke operators in various forms
throughout the book.

We are influenced in our treatment of this subject by the discussion in
Shimura (1971). Let us fix a weight k, which is a positive integer. It may
be even or odd.

If f is a holomorphic function on H, and y = (zf,’) € GL(2,R)*, we will
denote by f|y the function

b
(FIV)@) = (det y)2 (cz +d)™* f(‘c’:: d) : @1

That (fly)ly’ = fl(yy’) may be checked, so this is a bona fide right action on
holomorphic functions on H. Note that if k is even, scalar matrices act trivially;
on the other hand, if k is odd,

A _Jr ifA>0;
(" 2)={L mZe

It will be convenient to immediately generalize the definition of modular
forms. Let I' be a discontinuous subgroup of SL(2, R) such that I'\'H has finite
volume with respect to the measure defined in Exercise 1.2.6, for example, a
congruence subgroup of I'(1) = SL(2, Z). We say that a holomorphic function
f on H is a modular form with respect to I if it satisfies Eq. (3.1) forally € T’
and is holomorphic at the cusps of '\'H. Furthermore, it vanishes at all the
cusps, we say it is a cusp form. The notion of holomorphicity or vanishing
at the cusp ¢ € R U {oo} is made precise as follows. Choose p € SL(2, R)
such that p(c) = co. Then f|p~! is modular with respect to the group pI'p~!,
which contains a translation z +> z + ¢ for some real ¢t > 0. Hence f|p~!
has a Fourier expansion Y a, , e?™"%/*. We say f is meromorphic at c if the
coefficientsa, , = Oforn < —C for some constant C; we say itis holomorphic
atcifa, , = 0 for n < 0, and that it vanishes at c if the coefficients a, , = 0
forn <O0.

We note that if —I € T, then Eq. (3.1) is impossible unless k is even.

f

Lemma 1.4.1 Let T be a congruence subgroup of SL(2,Z), and let @ €
GL(2,Q)*. Then there exists an integer M such that " 'Ta D T'(M). Con-
sequently, @« 'Ta N T'(1) is a congruence group.

Proof Let N be such that I'(N) € I'. We may find positive integers M;, M,
such that M o, Maa™! € Maty(Z). Let M = MyM,N. If y € I'(M), write
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y = I + Mg, where [ is the 2 x 2 identity matrix, and g € Mat,(Z). Then
aya~! =1+ N(Ma) g (Mya™"). This is clearly an element of I'(N). =

Now if f is amodular form for a congruence subgroupI',ande € GL(2, Q)™,
then f|o is modular with respect to a~1Ta NT(1), which, we see, is a congru-
ence group. Let us say that f is a congruence modular form or a congruence
cusp form if it is a modular or cusp form, respectively, for some congruence
subgroup of I'(1). We see that the action of GL(2, Q)" preserves the property
of being a congruence modular form or cusp form.

If H is a group acting on the left on a set X, we will denote by H\X the
set of orbits of X under this action. If X is a topological space, then H\X is
given the quotient topology in which a subset is open if and only if its preimage
under the natural map X — H\X is open. The set H\ X is variously known as
a quotient space, homogeneous space, or orbit space — these terminologies are
especially appropriate if X is a topological space but may be used in any case.

For example, if G O H is a bigger group, H acts on G by left translation and
H\G is the set of right cosets Hg for g € G. Similarly, if H acts on X by right
translation, we denote the set of orbits by X/ H, so if G O H is a bigger group,
G/ H is the set of left cosets g H. Of course, this is a group if H is normal, but
otherwise it is just a set. If H; and H, are groups acting on X on the left and
right, respectively, such that the actions are compatible

(hlx)hz = hi(xhy) forh; € H,x € X,hy € Hy,

we again have a set of orbits; x and y will lie in the same orbit if x = h;yh,
for some h, € Hy and hy € H,. The set of orbits in this situation is denoted
H|\X/H,. As a special case, if H; and H, are subgroups of a group G,
H\G/H, is the set of double cosets HygH,. One way to think of this is that
H,; acts on G/H, by left translation, and H,\G/H, is simply the set of orbits
under this action; equivalently, H, acts on Hy\G by right translations, and
H\G/ H; may be equally regarded as the set of orbits under this right action.

We will describe Hecke operators for I'(1) = SL(2,Z), leaving Hecke
operators for congruence subgroups to the exercises. Because —I € SL(2, Z),
as we have already noted, Eq. (3.1) requires that the weight k¥ must be even,
and we assume this for the remainder of this section, excluding the exercises,
where we consider Hecke operators for congruence subgroups.

Proposition 1.4.1 Leta € GL(2,Q)". Then the double coset T (1)al'(1) is
a finite union of right cosets:

N
rMel'(1) = U '(Da;, o € GLQ2,Q)*. (4.2)

i=1

Indeed, the number of right cosets in this decomposition equals [T'(1) : =T (1)
a N T (1)), whick is finite.
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Proof We will show the cardinality of I'(1)\I'(1)aI'(1) is equal to [['(1) :
a~ ' (1)aNT(1)]. (This cardinality is finite by Lemma 1.4.1 because o ~!T°(1)
o NT(1) is a congruence subgroup.) Right translation by «~! is a bijection of
GL(2, Q)" onto itself, which induces a bijection of this set with

T(O\F(Del(De™ = (F(1) NeT(Da~ ol De .

Conjugating by o, this quotient has the same cardinality as (e~'T'()a N
FrMN\FD). =

Ifa € GL(2, Q)", we define the Hecke operator T, = T («) on M; (l"(l)) by

fTe =" fla, 4.3)

with the «; as in Eq. (4.2). Observe that f|7,, is independent of the choice of
representatives ; because f is modular. Moreover f|7, is modular, because
if y € I'(1), it follows from Eq. (4.2) that the cosets I'(1) ¢; are the same as
the I' (1) o; permuted, so there exist y; € I'(1) such that the ¢;y are the y;«;
permuted, and then

(fIT)ly =Y flaiy =Y flvies =Y flo = fITa.

Thus f|7T, is a modular form for I'(1), and 7, is a linear transformation of
M (T'(1)). The space Si(I'(1)) is clearly an invariant subspace.

If o, B € GL2,Q)*, let o; be as in Eq. (4.2) and also T'(1)BT(1) =
JT(1)8; (disjoint). We have

ATAT =) flpy= Y. ml@B;0) flo,

selM(INGLR,Q)*

where o runs through a set of representatives for o € T'(1)\GL(2, @)™, and
m(a, B; o) is the cardinality of the set of indices (i, j) sucho € T'(1)e;; 8;. We
see easily that m(«, B; o) depends only on the double coset I'(1)oT'(1), so we
may rewrite this

FITATs = fleiB; = > m(@, B;0) fIT,,  (44)

ocelM(D\GLQ,Q)*+/T(1)

where o runs through a set of representatives for I'(1)\GL(2, Q)" /I"'(1). This
prompts us to introduce a certain ring R. Let R be the free Abelian group
generated by the symbols 7, = T'(x) as « runs through a complete set for
C(H\GL(2,Q)*/T(1). We define a multiplication in R by

T, Ty = > ma, B;0) T,. 4.5)
oeC(D\GLQR,Q)*/T(1)



