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Preface

Life insurance has undergone enormous change in the last two to three decades.
New and innovative products have been developed at the same time as we have
seen vast increases in computational power. In addition, the field of finance
has experienced a revolution in the development of a mathematical theory of
options and financial guarantees, first pioneered in the work of Black, Scholes
and Merton, and actuaries have come to realize the importance of that work to
risk management in actuarial contexts.

Given the changes occurring in the interconnected worlds of finance and life
insurance, we believe that this is a good time to recast the mathematics of life
contingent risk to be better adapted to the products, science and technology that
are relevant to current and future actuaries.

In this book we have developed the theory to measure and manage risks that
are contingent on demographic experience as well as on financial variables. The
material is presented with a certain level of mathematical rigour; we intend for
readers to understand the principles involved, rather than to memorize methods
or formulae. The reason is that a rigorous approach will prove more useful in
the long run than a short-term utilitarian outlook, as theory can be adapted to
changing products and technology in ways that techniques, without scientific
support, cannot.

We start from a traditional approach, and then develop a more contempo-
rary perspective. The first seven chapters set the context for the material, and
cover traditional actuarial models and theory of life contingencies, with mod-
ern computational techniques integrated throughout, and with an emphasis on
the practical context for the survival models and valuation methods presented.
Through the focus on realistic contracts and assumptions, we aim to foster a
general business awareness in the life insurance context, at the same time as
we develop the mathematical tools for risk management in that context.

Xiv



Preface XV

In Chapter 8 we introduce multiple state models, which generalize the life—
death contingency structure of previous chapters. Using multiple state models
allows a single framework for a wide range of insurance, including benefits
which depend on health status, on cause of death benefits, or on two or more
lives.

In Chapter 9 we apply the theory developed in the earlier chapters to prob-
lems involving pension benefits. Pension mathematics has some specialized
concepts, particularly in funding principles, but in general this chapter is an
application of the theory in the preceding chapters.

In Chapter 10 we move to a more sophisticated view of interest rate mod-
els and interest rate risk. In this chapter we explore the crucially important
difference between diversifiable and non-diversifiable risk. Investment risk rep-
resents a source of non-diversifiable risk, and in this chapter we show how we
can reduce the risk by matching cash flows from assets and liabilities.

In Chapter 11 we continue the cash flow approach, developing the emerging
cash flows for traditional insurance products. One of the liberating aspects
of the computer revolution for actuaries is that we are no longer required to
summarize complex benefits in a single actuarial value; we can go much further
in projecting the cash flows to see how and when surplus will emerge. This is
much richer information that the actuary can use to assess profitability and to
better manage portfolio assets and liabilities.

In Chapter 12 we repeat the emerging cash flow approach, but here we look
at equity-linked contracts, where a financial guarantee is commonly part of
the contingent benefit. The real risks for such products can only be assessed
taking the random variation in potential outcomes into consideration, and we
demonstrate this with Monte Carlo simulation of the emerging cash flows.

The products that are explored in Chapter 12 contain financial guarantees
embedded in the life contingent benefits. Option theory is the mathematics
of valuation and risk management of financial guarantees. In Chapter 13 we
introduce the fundamental assumptions and results of option theory.

In Chapter 14 we apply option theory to the embedded options of financial
guarantees in insurance products. The theory can be used for pricing and for
determining appropriate reserves, as well as for assessing profitability.

The material in this book is designed for undergraduate and graduate pro-
grammes in actuarial science, and for those self-studying for professional
actuarial exams. Students should have sufficient background in probability to
be able to calculate moments of functions of one or two random variables, and
to handle conditional expectations and variances. We also assume familiarity
with the binomial, uniform, exponential, normal and lognormal distributions.
Some of the more important results are reviewed in Appendix A. We also assume
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that readers have completed an introductory level course in the mathematics of
finance, and are aware of the actuarial notation for annuities-certain.

Throughout, we have opted to use examples that liberally call on spreadsheet-
style software. Spreadsheets are ubiquitous tools in actuarial practice, and it is
natural to use them throughout, allowing us to use more realistic examples,
rather than having to simplify for the sake of mathematical tractability. Other
software could be used equally effectively, but spreadsheets represent a fairly
universal language that is easily accessible. To keep the computation require-
ments reasonable, we have ensured that every example and exercise can be
completed in Microsoft Excel, without needing any VBA code or macros.
Readers who have sufficient familiarity to write their own code may find
more efficient solutions than those that we have presented, but our principle
was that no reader should need to know more than the basic Excel func-
tions and applications. It will be very useful for anyone working through
the material of this book to construct their own spreadsheet tables as they
work through the first seven chapters, to generate mortality and actuarial
functions for a range of mortality models and interest rates. In the worked
examples in the text, we have worked with greater accuracy than we record, so
there will be some differences from rounding when working with intermediate
figures.

One of the advantages of spreadsheets is the ease of implementation of numer-
ical integration algorithms. We assume that students are aware of the principles
of numerical integration, and we give some of the most useful algorithms in
Appendix B.

The material in this book is appropriate for two one-semester courses. The
first seven chapters form a fairly traditional basis, and would reasonably con-
stitute a first course. Chapters 8—14 introduce more contemporary material.
Chapter 13 may be omitted by readers who have studied an introductory course
covering pricing and delta hedging in a Black—Scholes—Merton model. Chapter
9, on pension mathematics, is not required for subsequent chapters, and could
be omitted if a single focus on life insurance is preferred.
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1

Introduction to life insurance

1.1 Summary

Actuaries apply scientific principles and techniques from a range of other dis-
ciplines to problems involving risk, uncertainty and finance. In this chapter we
set the context for the mathematics of later chapters, by describing some of the
background to modern actuarial practice in life insurance, followed by a brief
description of the major types of life insurance products that are sold in devel-
oped insurance markets. Because pension liabilities are similar in many ways
to life insurance liabilities, we also describe some common pension benefits.
We give examples of the actuarial questions arising from the risk manage-
ment of these contracts. How to answer such questions, and solve the resulting
problems, is the subject of the following chapters.

1.2 Background

The first actuaries were employed by life insurance companies in the early
eighteenth century to provide a scientific basis for managing the companies’
assets and liabilities. The liabilities depended on the number of deaths occurring
amongst the insured lives each year. The modelling of mortality became a
topic of both commercial and general scientific interest, and it attracted many
significant scientists and mathematicians to actuarial problems, with the result
that much of the early work in the field of probability was closely connected
with the development of solutions to actuarial problems.

The earliest life insurance policies provided that the policyholder would pay
an amount, called the premium, to the insurer. If the named life insured died
during the year that the contract was in force, the insurer would pay a predeter-
mined lump sum, the sum insured, to the policyholder or his or her estate. So,
the first life insurance contracts were annual contracts. Each year the premium
would increase as the probability of death increased. If the insured life became
very ill at the renewal date, the insurance might not be renewed, in which case
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no benefit would be paid on the life’s subsequent death. Over a large number
of contracts, the premium income each year should approximately match the
claims outgo. This method of matching income and outgo annually, with no
attempt to smooth or balance the premiums over the years, is called assess-
mentism. This method is still used for group life insurance, where an employer
purchases life insurance cover for its employees on a year-to-year basis.

The radical development in the later eighteenth century was the level pre-
mium contract. The problem with assessmentism was that the annual increases
in premiums discouraged policyholders from renewing their contracts. The
level premium policy offered the policyholder the option to lock-in a regular
premium, payable perhaps weekly, monthly, quarterly or annually, for a number
of years. This was much more popular with policyholders, as they would not
be priced out of the insurance contract just when it might be most needed. For
the insurer, the attraction of the longer contract was a greater likelihood of the
policyholder paying premiums for a longer period. However, a problem for the
insurer was that the longer contracts were more complex to model, and offered
more financial risk. For these contracts then, actuarial techniques had to develop
beyond the year-to-year modelling of mortality probabilities. In particular, it
became necessary to incorporate financial considerations into the modelling of
income and outgo. Over a one-year contract, the time value of money is not a
critical aspect. Over, say, a 30-year contract, it becomes a very important part
of the modelling and management of risk.

Another development in life insurance in the nineteenth century was the
concept of insurable interest. This was a requirement in law that the person
contracting to pay the life insurance premiums should face a financial loss on
the death of the insured life that was no less than the sum insured under the
policy. The insurable interest requirement disallowed the use of insurance as a
form of gambling on the lives of public figures, but more importantly, removed
the incentive for a policyholder to hasten the death of the named insured life.
Subsequently, insurance policies tended to be purchased by the insured life,
and in the rest of this book we use the convention that the policyholder who
pays the premiums is also the life insured, whose survival or death triggers the
payment of the sum insured under the conditions of the contract.

The earliest studies of mortality include life tables constructed by John Graunt
and Edmund Halley. A life table summarizes a survival model by specifying the
proportion of lives that are expected to survive to each age. Using London mor-
tality data from the early seventeenth century, Graunt proposed, for example,
that each new life had a probability of 40% of surviving to age 16, and a proba-
bility of 1% of surviving to age 76. Edmund Halley, famous for his astronomical
calculations, used mortality data from the city of Breslau in the late seventeenth
century as the basis for his life table, which, like Graunt’s, was constructed by
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proposing the average (‘medium’ in Halley’s phrase) proportion of survivors
to each age from an arbitrary number of births. Halley took the work two steps
further. First, he used the table to draw inference about the conditional survival
probabilities at intermediate ages. That is, given the probability that a new-
born life survives to each subsequent age, it is possible to infer the probability
that a life aged, say, 20, will survive to each subsequent age, using the condition
that a life aged zero survives to age 20. The second major innovation was that
Halley combined the mortality data with an assumption about interest rates to
find the value of a whole life annuity at different ages. A whole life annuity is a
contract paying a level sum at regular intervals while the named life (the annui-
tant) is still alive. The calculations in Halley’s paper bear a remarkable similarity
to some of the work still used by actuaries in pensions and life insurance.

This book continues in the tradition of combining models of mortality with
models in finance to develop a framework for pricing and risk management of
long-term policies in life insurance. Many of the same techniques are relevant
also in pensions mathematics. However, there have been many changes since
the first long-term policies of the late eighteenth century.

1.3 Life insurance and annuity contracts
1.3.1 Introduction

The life insurance and annuity contracts that were the object of study of the early
actuaries were very similar to the contracts written up to the 1980s in all the
developed insurance markets. Recently, however, the design of life insurance
products has radically changed, and the techniques needed to manage these
more modern contracts are more complex than ever. The reasons for the changes
include:

o Increased interest by the insurers in offering combined savings and insurance
products. The original life insurance products offered a payment to indemnify
(or offset) the hardship caused by the death of the policyholder. Many modern
contracts combine the indemnity concept with an opportunity to invest.

e More powerful computational facilities allow more complex products to be
modelled.

o Policyholders have become more sophisticated investors, and require more
options in their contracts, allowing them to vary premiums or sums insured,
for example.

o More competition has led to insurers creating increasingly complex products
in order to attract more business.

o The risk management techniques in financial products have also become
increasingly complex, and insurers have offered some benefits, particularly
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financial guarantees, that require sophisticated techniques from financial
engineering to measure and manage the risk.

In the remainder of this section we describe some of the most important
modern insurance contracts, which will later be used as examples in the book.
Different countries have different names and types of contracts; we have tried
to cover the major contract types in North America, the United Kingdom and
Australia.

The basic transaction of life insurance is an exchange; the policyholder pays
premiums in return for a later payment from the insurer which is life contin-
gent, by which we mean that it depends on the death or survival or possibly
the state of health of the policyholder. We usually use the term ‘insurance’
when the benefit is paid as a single lump sum, either on the death of the pol-
icyholder or on survival to a predetermined maturity date. (In the UK it is
common to use the term ‘assurance’ for insurance contracts involving lives,
and insurance for contracts involving property.) An annuity is a benefit in the
form of a regular series of payments, usually conditional on the survival of the
policyholder.

1.3.2 Traditional insurance contracts

Term, whole life and endowment insurance are the traditional products, pro-
viding cash benefits on death or maturity, usually with predetermined premium
and benefit amounts. We describe each in a little more detail here.

Term insurance pays a lump sum benefit on the death of the policyholder,
provided death occurs before the end of a specified term. Term insurance
allows a policyholder to provide a fixed sum for his or her dependents in
the event of the policyholder’s death.

Level term insurance indicates a level sum insured and regular, level
premiums.

Decreasing term insurance indicates that the sum insured and (usu-
ally) premiums decrease over the term of the contract. Decreasing term
insurance is popular in the UK where it is used in conjunction with a
home mortgage; if the policyholder dies, the remaining mortgage is paid
from the term insurance proceeds.

Renewable term insurance offers the policyholder the option of renew-
ing the policy at the end of the original term, without further evidence
of the policyholder’s health status. In North America, Yearly Renewable
Term (YRT) insurance is common, under which insurability is guaranteed
for some fixed period, though the contract is written only for one year
at a time.
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Convertible term insurance offers the policyholder the option to con-
vert to a whole life or endowment insurance at the end of the original
term, without further evidence of the policyholder’s health status.

Whole life insurance pays a lump sum benefit on the death of the policy-
holder whenever it occurs. For regular premium contracts, the premium
is often payable only up to some maximum age, such as 80. This avoids
the problem that older lives may be less able to pay the premiums.

Endowment insurance offers a lump sum benefit paid either on the death of
the policyholder or at the end of a specified term, whichever occurs first.
This is a mixture of a term insurance benefit and a savings element. If the
policyholder dies, the sum insured is paid just as under term insurance; if
the policyholder survives, the sum insured is treated as a maturing invest-
ment. Endowment insurance is obsolete in many jurisdictions. Traditional
endowment insurance policies are not currently sold in the UK, but there
are large portfolios of policies on the books of UK insurers, because until
the late 1990s, endowment insurance policies were often used to repay
home mortgages. The policyholder (who is the home owner) paid interest
on the mortgage loan, and the principal was paid from the proceeds on
the endowment insurance, either on the death of the policyholder or at
the final mortgage repayment date.

Endowment insurance policies are becoming popular in developing
nations, particularly for ‘micro-insurance’ where the amounts involved
are small. It is hard for small investors to achieve good rates of return on
investments, because of heavy expense charges. By pooling the death and
survival benefits under the endowment contract, the policyholder gains
on the investment side from the resulting economies of scale, and from
the investment expertise of the insurer.

With-profit insurance
Also part of the traditional design of insurance is the division of business
into ‘with-profit’ (also known, especially in North America, as “participating’,
or ‘par’ business), and ‘without profit’ (also known as ‘non-participating’ or
‘non-par’). Under with-profit arrangements, the profits earned on the invested
premiums are shared with the policyholders. In North America, the with-profit
arrangement often takes the form of cash dividends or reduced premiums. In
the UK and in Australia the traditional approach is to use the profits to increase
the sum insured, through bonuses called ‘reversionary bonuses’ and ‘terminal
bonuses’. Reversionary bonuses are awarded during the term of the contract;
once a reversionary bonus is awarded it is guaranteed. Terminal bonuses are
awarded when the policy matures, either through the death of the insured, or
when an endowment policy reaches the end of the term. Reversionary bonuses
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Table 1.1.
Bonus on original
Year sum insured Bonus on bonus  Total bonus
1 2% 5% 2000.00
2 2.5% 6% 4620.00
3 2.5% 6% 7397.20

may be expressed as a percentage of the total of the previous sum insured plus
bonus, or as a percentage of the original sum insured plus a different percent-
age of the previously declared bonuses. Reversionary and terminal bonuses are
determined by the insurer based on the investment performance of the invested
premiums.

For example, suppose an insurance is issued with sum insured $100 000. At
the end of the first year of the contract a bonus of 2% on the sum insured and
5% on previous bonuses is declared; in the following two years, the rates are
2.5% and 6%. Then the total guaranteed sum insured increases each year as
shown in Table 1.1.

If the policyholder dies, the total death benefit payable would be the original
sum insured plus reversionary bonuses already declared, increased by a terminal
bonus if the investment returns earned on the premiums have been sufficient.

With-profits contracts may be used to offer policyholders a savings ele-
ment with their life insurance. However, the traditional with-profit contract
is designed primarily for the life insurance cover, with the savings aspect a
secondary feature.

1.3.3 Modern insurance contracts

In recent years insurers have provided more flexible products that combine
the death benefit coverage with a significant investment element, as a way of
competing for policyholders’ savings with other institutions, for example, banks
or open-ended investment companies (e.g. mutual funds in North America,
or unit trusts in the UK). Additional flexibility also allows policyholders to
purchase less insurance when their finances are tight, and then increase the
insurance coverage when they have more money available.

In this section we describe some examples of modern, flexible insurance
contracts.

Universal life insurance combines investment and life insurance. The poli-
cyholder determines a premium and a level of life insurance cover. Some
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of the premium is used to fund the life insurance; the remainder is paid
into an investment fund. Premiums are flexible, as long as they are suffi-
cient to pay for the designated sum insured under the term insurance part
of the contract. Under variable universal life, there is a range of funds
available for the policyholder to select from. Universal life is a common
insurance contract in North America.

Unitized with-profit is a UK insurance contract; it is an evolution from the
conventional with-profit policy, designed to be more transparent than the
original. Premiums are used to purchase units (shares) of an investment
fund, called the with-profit fund. As the fund earns investment return,
the shares increase in value (or more shares are issued), increasing the
benefit entitlement as reversionary bonus. The shares will not decrease
in value. On death or maturity, a further terminal bonus may be payable
depending on the performance of the with-profit fund.

After some poor publicity surrounding with-profit business, and, by
association, unitized with-profit business, these product designs were
withdrawn from the UK and Australian markets by the early 2000s.
However, they will remain important for many years as many compa-
nies carry very large portfolios of with-profit (traditional and unitized)
policies issued during the second half of the twentieth century.

Equity-linked insurance has a benefit linked to the performance of an
investment fund. There are two different forms. The first is where the
policyholder’s premiums are invested in an open-ended investment com-
pany style account; at maturity, the benefit is the accumulated value of
the premiums. There is a guaranteed minimum death benefit payable if
the policyholder dies before the contract matures. In some cases, there is
also a guaranteed minimum maturity benefit payable. In the UK and most
of Europe, these are called unit-linked policies, and they rarely carry a
guaranteed maturity benefit. In Canada they are known as segregated
fund policies and always carry a maturity guarantee. In the USA these
contracts are called variable annuity contracts; maturity guarantees are
increasingly common for these policies. (The use of the term ‘annuity’
for these contracts is very misleading. The benefits are designed with a
single lump sum payout, though there may be an option to convert the
lump sum to an annuity.)

The second form of equity-linked insurance is the Equity-Indexed
Annuity (EIA) in the USA. Under an EIA the policyholder is guaranteed
a minimum return on their premium (minus an initial expense charge). At
maturity, the policyholder receives a proportion of the return on a specified
stock index, if that is greater than the guaranteed minimum return.

EIAs are generally rather shorter in term than unit-linked products, with
seven-year policies being typical; variable annuity contracts commonly
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have terms of twenty years or more. EIAs are much less popular with
consumers than variable annuities.

1.3.4 Distribution methods

Most people find insurance dauntingly complex. Brokers who connect individ-
uals to an appropriate insurance product have, since the earliest times, played
an important role in the market. There is an old saying amongst actuaries that
‘insurance is sold, not bought’, which means that the role of an intermediary in
persuading potential policyholders to take out an insurance policy is crucial in
maintaining an adequate volume of new business.

Brokers, or other financial advisors, are often remunerated through a com-
mission system. The commission would be specified as a percentage of the
premium paid. Typically, there is a higher percentage paid on the first premium
than on subsequent premiums. This is referred to as a front-end load. Some
advisors may be remunerated on a fixed fee basis, or may be employed by one
or more insurance companies on a salary basis.

An alternative to the broker method of selling insurance is direct marketing.
Insurers may use television advertising or other telemarketing methods to sell
direct to the public. The nature of the business sold by direct marketing methods
tends to differ from the broker sold business. For example, often the sum insured
is smaller. The policy may be aimed at a niche market, such as older lives
concerned with insurance to cover their own funeral expenses (called pre-need
insurance in the USA). Another mass marketed insurance contract is loan or
credit insurance, where an insurer might cover loan or credit card payments in
the event of the borrower’s death, disability or unemployment.

1.3.5 Underwriting

It is important in modelling life insurance liabilities to consider what happens
when a life insurance policy is purchased. Selling life insurance policies is a
competitive business and life insurance companies (also known as life offices)
are constantly considering ways in which to change their procedures so that they
can improve the service to their customers and gain a commercial advantage
over their competitors. The account given below of how policies are sold covers
some essential points but is necessarily a simplified version of what actually
happens.

For a given type of policy, say a 10-year term insurance, the life office will
have a schedule of premium rates. These rates will depend on the size of the
policy and some other factors known as rating factors. An applicant’s risk level
is assessed by asking them to complete a proposal form giving information on
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relevant rating factors, generally including their age, gender, smoking habits,
occupation, any dangerous hobbies, and personal and family health history. The
life insurer may ask for permission to contact the applicant’s doctor to enquire
about their medical history. In some cases, particularly for very large sums
insured, the life insurer may require that the applicant’s health be checked by a
doctor employed by the insurer.

The process of collecting and evaluating this information is called under-
writing. The purpose of underwriting is, first, to classify potential policyholders
into broadly homogeneous risk categories, and secondly to assess what addi-
tional premium would be appropriate for applicants whose risk factors indicate
that standard premium rates would be too low.

On the basis of the application and supporting medical information, poten-
tial life insurance policyholders will generally be categorized into one of the
following groups:

o Preferred lives have very low mortality risk based on the standard infor-
mation. The preferred applicant would have no recent record of smoking;
no evidence of drug or alcohol abuse; no high-risk hobbies or occupations;
no family history of disease known to have a strong genetic component; no
adverse medical indicators such as high blood pressure or cholesterol level
or body mass index.

The preferred life category is common in North America, but has not yet
caught on elsewhere. In other areas there is no separation of preferred and
normal lives.

o Normal lives may have some higher rated risk factors than preferred lives
(where this category exists), but are still insurable at standard rates. Most
applicants fall into this category.

o Rated lives have one or more risk factors at raised levels and so are not
acceptable at standard premium rates. However, they can be insured for a
higher premium. An example might be someone having a family history of
heart disease. These lives might be individually assessed for the appropriate
additional premium to be charged. This category would also include lives
with hazardous jobs or hobbies which put them at increased risk.

o Uninsurable lives have such significant risk that the insurer will not enter
an insurance contract at any price.

Within the first three groups, applicants would be further categorized accord-
ing to the relative values of the various risk factors, with the most fundamental
being age, gender and smoking status. Most applicants (around 95% for tra-
ditional life insurance) will be accepted at preferred or standard rates for the
relevant risk category. Another 2-3% may be accepted at non-standard rates
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because of an impairment, or a dangerous occupation, leaving around 2-3%
who will be refused insurance.

The rigour of the underwriting process will depend on the type of insurance
being purchased, on the sum insured and on the distribution process of the
insurance company. Term insurance is generally more strictly underwritten than
whole life insurance, as the risk taken by the insurer is greater. Under whole
life insurance, the payment of the sum insured is certain, the uncertainty is in
the timing. Under, say, 10-year term insurance, it is assumed that the majority
of contracts will expire with no death benefit paid. If the underwriting is not
strict there is a risk of adverse selection by policyholders — that is, that very
high-risk individuals will buy insurance in disproportionate numbers, leading to
excessive losses. Since high sum insured contracts carry more risk than low sum
insured, high sums insured would generally trigger more rigorous underwriting.

The marketing method also affects the level of underwriting. Often, direct
marketed contracts are sold with relatively low benefit levels, and with the
attraction that no medical evidence will be sought beyond a standard ques-
tionnaire. The insurer may assume relatively heavy mortality for these lives to
compensate for potential adverse selection. By keeping the underwriting rela-
tively light, the expenses of writing new business can be kept low, which is an
attraction for high-volume, low sum insured contracts.

It is interesting to note that with no third party medical evidence the insurer
is placing a lot of weight on the veracity of the policyholder. Insurers have
a phrase for this — that both insurer and policyholder may assume ‘utmost
good faith’ or ‘uberrima fides’ on the part of the other side of the contract. In
practice, in the event of the death of the insured life, the insurer may investi-
gate whether any pertinent information was withheld from the application. If
it appears that the policyholder held back information, or submitted false or
misleading information, the insurer may not pay the full sum insured.

1.3.6 Premiums

A life insurance policy may involve a single premium, payable at the outset of
the contract, or a regular series of premiums payable provided the policyholder
survives, perhaps with a fixed end date. In traditional contracts the regular
premium is generally a level amount throughout the term of the contract; in
more modern contracts the premium might be variable, at the policyholder’s
discretion for investment products such as equity-linked insurance, or at the
insurer’s discretion for certain types of term insurance.

Regular premiums may be paid annually, semi-annually, quarterly, monthly
or weekly. Monthly premiums are common as it is convenient for policyholders
to have their outgoings payable with approximately the same frequency as their
income.
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An important feature of all premiums is that they are paid at the start of each
period. Suppose a policyholder contracts to pay annual premiums for a 10-year
insurance contract. The premiums will be paid at the start of the contract, and
then at the start of each subsequent year provided the policyholder is alive. So,
if we count time in years from ¢ = 0 at the start of the contract, the first premium
is paid at t = 0, the second is paid at # = 1, and so on, to the tenth premium
paid at + = 9. Similarly, if the premiums are monthly, then the first monthly
instalment will be paid at t = 0, and the final premium will be paid at the start
of the final month at t = 9% years. (Throughout this book we assume that all
months are equal in length, at % years.)

1.3.7 Life annuities

Annuity contracts offer a regular series of payments. When an annuity depends
on the survival of the recipient, it is called a ‘life annuity’. The recipient is
called an annuitant. If the annuity continues until the death of the annuitant, it
is called a whole life annuity. If the annuity is paid for some maximum period,
provided the annuitant survives that period, it is called a term life annuity.

Annuities are often purchased by older lives to provide income in retirement.
Buying a whole life annuity guarantees that the income will not run out before
the annuitant dies.

Single Premium Deferred Annuity (SPDA) Under an SPDA contract,
the policyholder pays a single premium in return for an annuity which
commences payment at some future, specified date. The annuity is ‘life
contingent’, by which we mean the annuity is paid only if the policyholder
survives to the payment dates. If the policyholder dies before the annuity
commences, there may be a death benefit due. If the policyholder dies
soon after the annuity commences, there may be some minimum payment
period, called the guarantee period, and the balance would be paid to the
policyholder’s estate.

Single Premium Immediate Annuity (SPIA) This contract is the same as
the SPDA, except that the annuity commences as soon as the contract
is effected. This might, for example, be used to convert a lump sum
retirement benefit into a life annuity to supplement a pension. As with
the SPDA, there may be a guarantee period applying in the event of the
early death of the annuitant.

Regular Premium Deferred Annuity (RPDA) The RPDA offers a deferred
life annuity with premiums paid through the deferred period. It is
otherwise the same as the SPDA.

Joint life annuity A joint life annuity is issued on two lives, typically a
married couple. The annuity (which may be single premium or regular
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premium, immediate or deferred) continues while both lives survive, and
ceases on the first death of the couple.

Last survivor annuity A last survivor annuity is similar to the joint life
annuity, except that payment continues while at least one of the lives
survives, and ceases on the second death of the couple.

Reversionary annuity A reversionary annuity is contingent on two lives,
usually a couple. One is designated as the annuitant, and one the insured.
No annuity benefit is paid while the insured life survives. On the death
of the insured life, if the annuitant is still alive, the annuitant receives an
annuity for the remainder of his or her life.

1.4 Other insurance contracts

The insurance and annuity contracts described above are all contingent on death
or survival. There are other life contingent risks, in particular involving short-
term or long-term disability. These are known as morbidity risks.

Income protection insurance When a person becomes sick and cannot
work, their income will, eventually, be affected. For someone in regu-
lar employment, the employer may cover salary for a period, but if the
sickness continues the salary will be decreased, and ultimately will stop
being paid at all. For someone who is self-employed, the effects of sick-
ness on income will be immediate. Income protection policies replace
at least some income during periods of sickness. They usually cease at
retirement age.

Critical illness insurance Some serious illnesses can cause significant
expense at the onset of the illness. The patient may have to leave employ-
ment, or alter their home, or incur severe medical expenses. Critical illness
insurance pays a benefit on diagnosis of one of a number of severe con-
ditions, such as certain cancers or heart disease. The benefit is usually in
the form of a lump sum.

Long-term care insurance This is purchased to cover the costs of care in
old age, when the insured life is unable to continue living independently.
The benefit would be in the form of the long-term care costs, so is an
annuity benefit.

1.5 Pension benefits

Many actuaries work in the area of pension plan design, valuation and risk
management. The pension plan is usually sponsored by an employer. Pension
plans typically offer employees (also called pension plan members) either lump
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sums or annuity benefits or both on retirement, or deferred lump sum or annuity
benefits (or both) on earlier withdrawal. Some offer a lump sum benefit if
the employee dies while still employed. The benefits therefore depend on the
survival and employment status of the member, and are quite similar in nature
to life insurance benefits — that is, they involve investment of contributions long
into the future to pay for future life contingent benefits.

1.5.1 Defined benefit and defined contribution pensions

Defined Benefit (DB) pensions offer retirement income based on service and
salary with an employer, using a defined formula to determine the pension. For
example, suppose an employee reaches retirement age with n years of service
(i.e. membership of the pension plan), and with pensionable salary averaging S
in, say, the final three years of employment. A typical final salary plan might
offer an annual pension at retirement of B = Sna, where « is called the accrual
rate, and is usually around 1%—2%. The formula may be interpreted as a pension
benefit of, say, 2% of the final average salary for each year of service.

The defined benefit is funded by contributions paid by the employer and

(usually) the employee over the working lifetime of the employee. The con-
tributions are invested, and the accumulated contributions must be enough, on
average, to pay the pensions when they become due.
Defined Contribution (DC) pensions work more like a bank account. The
employee and employer pay a predetermined contribution (usually a fixed per-
centage of salary) into a fund, and the fund earns interest. When the employee
leaves or retires, the proceeds are available to provide income throughout retire-
ment. In the UK most of the proceeds must be converted to an annuity. In the
USA and Canada there are more options — the pensioner may draw funds to live
on without necessarily purchasing an annuity from an insurance company.

1.5.2 Defined benefit pension design

The age retirement pension described in the section above defines the pension
payable from retirement in a standard final salary plan. Career average salary
plans are also common in some jurisdictions, where the benefit formula is the
same as the final salary formula above, except that the average salary over the
employee’s entire career is used in place of the final salary.

Many employees leave their jobs before they retire. A typical withdrawal
benefit would be a pension based on the same formula as the age retirement
benefit, but with the start date deferred until the employee reaches the normal
retirement age. Employees may have the option of taking a lump sum with the
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same value as the deferred pension, which can be invested in the pension plan
of the new employer.

Some pension plans also offer death-in-service benefits, for employees who
die during their period of employment. Such benefits might include a lump
sum, often based on salary and sometimes service, as well as a pension for the
employee’s spouse.

1.6 Mutual and proprietary insurers

A mutual insurance company is one that has no shareholders. The insurer
is owned by the with-profit policyholders. All profits are distributed to the
with-profit policyholders through dividends or bonuses.

A proprietary insurance company has shareholders, and usually has with-
profit policyholders as well. The participating policyholders are not owners,
but have a specified right to some of the profits. Thus, in a proprietary insurer,
the profits must be shared in some predetermined proportion, between the
shareholders and the with-profit policyholders.

Many early life insurance companies were formed as mutual companies.
More recently, in the UK, Canada and the USA, there has been a trend towards
demutualization, which means the transition of a mutual company to a propri-
etary company, through issuing shares (or cash) to the with-profit policyholders.
Although it would appear that a mutual insurer would have marketing advan-
tages, as participating policyholders receive all the profits and other benefits of
ownership, the advantages cited by companies who have demutualized include
increased ability to raise capital, clearer corporate structure and improved
efficiency.

1.7 Typical problems

We are concerned in this book with developing the mathematical models and
techniques used by actuaries working in life insurance and pensions. The pri-
mary responsibility of the life insurance actuary is to maintain the solvency
and profitability of the insurer. Premiums must be sufficient to pay benefits;
the assets held must be sufficient to pay the contingent liabilities; bonuses to
policyholders should be fair.

Consider, for example, a whole life insurance contract issued to a life aged
50. The sum insured may not be paid for 30 years or more. The premiums
paid over the period will be invested by the insurer to earn significant interest;
the accumulated premiums must be sufficient to pay the benefits, on average.
To ensure this, the actuary needs to model the survival probabilities of the
policyholder, the investment returns likely to be earned and the expenses likely
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to be incurred in maintaining the policy. The actuary may take into consideration
the probability that the policyholder decides to terminate the contract early. The
actuary may also consider the profitability requirements for the contract. Then,
when all of these factors have been modelled, they must be combined to set a
premium.

Each year or so, the actuary must determine how much money the insurer or
pension plan should hold to ensure that future liabilities will be covered with
adequately high probability. This is called the valuation process. For with-profit
insurance, the actuary must determine a suitable level of bonus.

The problems are rather more complex if the insurance also covers morbidity
risk, or involves several lives. All of these topics are covered in the following
chapters.

The actuary may also be involved in decisions about how the premiums
are invested. It is vitally important that the insurer remains solvent, as the
contracts are very long-term and insurers are responsible for protecting the
financial security of the general public. The way the underlying investments are
selected can increase or mitigate the risk of insolvency. The precise selection
of investments to manage the risk is particularly important where the contracts
involve financial guarantees.

The pensions actuary working with defined benefit pensions must determine
appropriate contribution rates to meet the benefits promised, using models that
allow for the working patterns of the employees. Sometimes, the employer
may want to change the benefit structure, and the actuary is responsible for
assessing the cost and impact. When one company with a pension plan takes
over another, the actuary must assist with determining the best way to allocate
the assets from the two plans, and perhaps how to merge the benefits.

1.8 Notes and further reading

A number of essays describing actuarial practice can be found in Renn
(ed.) (1998). This book also provides both historical and more contemporary
contexts for life contingencies.

The original papers of Graunt and Halley are available online (and any search
engine will find them). Anyone interested in the history of probability and
actuarial science will find these interesting, and remarkably modern.

1.9 Exercises

Exercise 1.1 Why do insurers generally require evidence of health from a
person applying for life insurance but not for an annuity?
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Exercise 1.2 Explain why an insurer might demand more rigorous evidence of
a prospective policyholder’s health status for a term insurance than for a whole
life insurance.

Exercise 1.3 Explain why premiums are payable in advance, so that the first
premium is due now rather than in one year’s time.

Exercise 1.4 Lenders offering mortgages to home owners may require the bor-
rower to purchase life insurance to cover the outstanding loan on the death of
the borrower, even though the mortgaged property is the loan collateral.

(a) Explain why the lender might require term insurance in this circumstance.

(b) Describe how this term insurance might differ from the standard term
insurance described in Section 1.3.2.

(c) Can you see any problems with lenders demanding term insurance from
borrowers?

Exercise 1.5 Describe the difference between a cash bonus and a reversion-
ary bonus for with-profit whole life insurance. What are the advantages and
disadvantages of each for (a) the insurer and (b) the policyholder?

Exercise 1.6 It is common for insurers to design whole life contracts with
premiums payable only up to age 80. Why?

Exercise 1.7 Andrew is retired. He has no pension, but has capital of $500 000.
He is considering the following options for using the money:

(a) Purchase an annuity from an insurance company that will pay alevel amount
for the rest of his life.

(b) Purchase an annuity from an insurance company that will pay an amount
that increases with the cost of living for the rest of his life.

(c) Purchase a 20-year annuity certain.

(d) Invest the capital and live on the interest income.

(e) Invest the capital and draw $40 000 per year to live on.

What are the advantages and disadvantages of each option?
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Survival models

2.1 Summary

In this chapter we represent the future lifetime of an individual as a random
variable, and show how probabilities of death or survival can be calculated
under this framework. We then define an important quantity known as the force
of mortality, introduce some actuarial notation, and discuss some properties
of the distribution of future lifetime. We introduce the curtate future lifetime
random variable. This is a function of the future lifetime random variable which
represents the number of complete years of future life. We explain why this
function is useful and derive its probability function.

2.2 The future lifetime random variable

In Chapter | we saw that many insurance policies provide a benefit on the
death of the policyholder. When an insurance company issues such a policy, the
policyholder’s date of death is unknown, so the insurer does not know exactly
when the death benefit will be payable. In order to estimate the time at which
a death benefit is payable, the insurer needs a model of human mortality, from
which probabilities of death at particular ages can be calculated, and this is the
topic of this chapter.

We start with some notation. Let (x) denote a life aged x, where x > 0. The
death of (x) can occur at any age greater than x, and we model the future lifetime
of (x) by a continuous random variable which we denote by 7. This means
that x + T represents the age-at-death random variable for (x).

Let F, be the distribution function of T, so that

Fy(t) = Pr[T, <1].

Then F(f) represents the probability that (x) does not survive beyond age
x + t, and we refer to F as the lifetime distribution from age x. In many life
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insurance problems we are interested in the probability of survival rather than
death, and so we define S, as

Sx(t) =1 = Fy(t) =Pr[T, > 1].

Thus, Sy (¢) represents the probability that (x) survives for at least ¢ years, and
S is known as the survival function.

Given our interpretation of the collection of random variables {7, },>0 as the
future lifetimes of individuals, we need a connection between any pair of them.
To see this, consider Ty and 7, for a particular individual who is now aged x. The
random variable Ty represented the future lifetime at birth for this individual,
so that, at birth, the individual’s age at death would have been represented by
Ty. This individual could have died before reaching age x — the probability of
this was Pr[Ty < x] — but has survived. Now that the individual has survived
to age x, so that Ty > x, his or her future lifetime is represented by T, and the
age at death is now x + T. If the individual dies within ¢ years from now, then
T, < tand Ty < x + t. Loosely speaking, we require the events [T, < ¢] and
[To < x + ¢] to be equivalent, given that the individual survives to age x. We
achieve this by making the following assumption for all x > 0 and forall > 0

]Pr[Tx <1]=Pr[Ty < x +1|Ty > x]. \ 2.1)

This is an important relationship.
Now, recall from probability theory that for two events A and B

Pr[A and B]
Pr[A|B] = W’

so, interpreting [Tp < x + ] as event A, and [Ty > x] as event B, we can
rearrange the right-hand side of (2.1) to give

Prlx < To < x+1t]

Pl =11 = =5 i =
that is,
_ Folx+1)— Fo(x)
Fy(t) = 5009 - (22)
Also, using Sy (1) = 1 — F(1),
So(x +1)
S (1) = ———2, 2.3
()= =5 (2.3)
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which can be written as

[SoCx + 1) = So(x) Sx(0). 24)

This is a very important result. It shows that we can interpret the probability
of survival from age x to age x + ¢ as the product of

(1) the probability of survival to age x from birth, and
(2) the probability, having survived to age x, of further surviving to age x + .

Note that Sy (¢) can be thought of as the probability that (0) survives to at least
age x + ¢ given that (0) survives to age x, so this result can be derived from the
standard probability relationship

Pr[A and B] = Pr[A|B] Pr[B]
where the events here are A = [Ty > x + t] and B = [Ty > x], so that
Pr[A|B] = Pr[Ty > x + t|Ty > x],

which we know from (2.1) is equal to Pr[Ty > t].

Similarly, any survival probability for (x), for, say, t 4+ u years can be split
into the probability of surviving the first ¢ years, and then, given survival to age
x + t, subsequently surviving another u years. That is,

_ So(x+1+u)
St +u) = —So(x)
_ Solx+1) So(x + 1 +u)
= S = S T St D)
= Sx(t +u) = Sy (£)Sxys(u). (2.5)

We have already seen that if we know survival probabilities from birth, then,
using formula (2.4), we also know survival probabilities for our individual from
any future age x. Formula (2.5) takes this a stage further. It shows that if we
know survival probabilities from any age x (> 0), then we also know survival
probabilities from any future age x + ¢ (> x).

Any survival function for a lifetime distribution must satisfy the following
conditions to be valid.

Condition 1. S,(0) = 1; that is, the probability that a life currently aged x
survives 0 years is 1.

Condition 2. lim;_, o, Sy () = 0; that is, all lives eventually die.
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Condition 3. The survival function must be a non-increasing function of ¢; it
cannot be more likely that (x) survives, say 10.5 years than 10 years, because
in order to survive 10.5 years, (x) must first survive 10 years.

These conditions are both necessary and sufficient, so that any function Sy
which satisfies these three conditions as a function of ¢ (> 0), for a fixed x (> 0),
defines a lifetime distribution from age x, and, using formula (2.5), for all ages
greater than x.

For all the distributions used in this book, we make three additional
assumptions:

Assumption 1. S, (?) is differentiable for all # > 0. Note that together with
Condition 3 above, this means that %Sx(t) <Oforallt > 0.

Assumption 2. lim;_, o, 7S,(t) = 0.
Assumption 3. lim;_, o 12 Sy(t) =0.

These last two assumptions ensure that the mean and variance of the distri-
bution of T exist. These are not particularly restrictive constraints — we do not
need to worry about distributions with infinite mean or variance in the context
of individuals’ future lifetimes. These three extra assumptions are valid for all
distributions that are feasible for human lifetime modelling.

Example 2.1 Let
Fo(r) =1— (1 —1/120)"/®  for0 <t < 120.

Calculate the probability that

(a) anewborn life survives beyond age 30,
(b) alife aged 30 dies before age 50, and
(c) alife aged 40 survives beyond age 65.

Solution 2.1 (a) The required probability is
So(30) = 1 — Fp(30) = (1 — 30/120)'/ = 0.9532.

(b) From formula (2.2), the required probability is

F30(20) = %ﬁgm = 0.0410.

(c) From formula (2.3), the required probability is

So(65)
S10(25) = ——= = (0.9395.
40(25) So(20) .
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We remark that in the above example, So(120) = 0, which means that under
this model, survival beyond age 120 is not possible. In this case we refer to 120
as the limiting age of the model. In general, if there is a limiting age, we use
the Greek letter w to denote it. In models where there is no limiting age, it is
often practical to introduce a limiting age in calculations, as we will see later
in this chapter.

2.3 The force of mortality

The force of mortality is an important and fundamental concept in modelling
future lifetime. We denote the force of mortality at age x by w, and define it as

1
wy = lim —Pr[Ty <x+4dx| Ty > x]. (2.6)
dx—0t dx

From equation (2.1) we see that an equivalent way of defining y is

1
= lim —Pr[T, <dx],
e = i, Pl <

which can be written in tems of the survival function S, as

1
e = lim — (1 — Sy(dx)). Q2.7)
dx—0t dx

Note that the force of mortality depends, numerically, on the unit of time; if we
are measuring time in years, then u, is measured per year.

The force of mortality is best understood by noting that for very small dx,
formula (2.6) gives the approximation

Wy dx =~ Pr[Tyg < x+dx| Ty > x]. (2.8)

Thus, for very small dx, we can interpret j,dx as the probability that a life who
has attained age x dies before attaining age x + dx. For example, suppose we
have a male aged exactly 50 and that the force of mortality at age 50 is 0.0044
per year. A small value of dx might be a single day, or 0.00274 years. Then the
approximate probability that (50) dies on his birthday is 0.0044 x 0.00274 =
1.2 x 1075,

We can relate the force of mortality to the survival function from birth, Sp. As

Se(dv) = %
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formula (2.7) gives

1 i So(x) — So(x + dx)
T So(x) dx—0+ dx

_ 1 4
_Sdm<_MO@O'

Mx

Thus,

d

Mx

From standard results in probability theory, we know that the probability den-
sity function for the random variable T, which we denote f;, is related to the
distribution function Fy and the survival function Sy by

t—dFl——dS[
fil) = SF0 = = 55,0,

So, it follows from equation (2.9) that

sy = Jox)
TS0’

We can also relate the force of mortality function at any age x + ¢, r > 0,
to the lifetime distribution of 7). Assume x is fixed and ¢ is variable. Then
d(x +t) = dt and so
1
Solx+1)dx+1)

Mx+r = So(x + 1)

1 d
= L+t
Soc i ety

1 d

= SnGind (So(x)Sx(1))

So(x) d
%@+0E&®

-1 d
“swa

Hence

S0 (2.10)

Hx+r =
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This relationship gives a way of finding u,4+; given Sy(¢). We can also use
equation (2.9) to develop a formula for Sy (#) in terms of the force of mortality
function. We use the fact that for a function 7 whose derivative exists,

il h()_Lih()
dx B T h(x) dx e

so from equation (2.9) we have

d

px = ———1og S (x),

dx

and integrating this identity over (0, y) yields
y
| s = = dogo05) = tog o0
0

As log So(0) = logPr[Tp > 0] =log 1 = 0, we obtain

So(y) = exp {— /y deX} ,
0

from which it follows that

X+t t
S = 20D _ ol f jrdrt = exp | — / fessds . | .11)
So(x) x 0

This means that if we know u, for all x > 0, then we can calculate all the
survival probabilities Sy (¢), for any x and ¢. In other words, the force of mortality
function fully describes the lifetime distribution, just as the function Sy does.
In fact, it is often more convenient to describe the lifetime distribution using
the force of mortality function than the survival function.

Example 2.2 As in Example 2.1, let
Fo(x) =1 — (1 —x/120)'/6

for 0 < x < 120. Derive an expression for fiy.

Solution 2.2 As So(x) = (1 — x/120)/, it follows that

d p—
—=So) = (1 —x/120)7%/° <_ﬁ)

and so

-1 d _ 1
So(x) = 735(1 —x/120)~" =

M= S0 dx>° T 720—6x
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As an alternative, we could use the relationship

d d (1 1
= L oS = -2 (= log(1 —x/120) ) = ———
pa = = logSoto = = <6 og(l =x/ )) 720(1 — x/120)

B 1
720 — 6x°
O

Example 2.3 Let u, = Bc*, x > 0, where B and ¢ are constants such that
0 < B < 1 and ¢ > 1. This model is called Gompertz’ law of mortality.
Derive an expression for Sy (7).

Solution 2.3 From equation (2.11),

X+t
Sy () = exp {—/ Bc’dr} .
X

Writing ¢” as exp{r log c},

x+t X+t
/ Bc'dr = B/ exp{rlog c}dr
X X

B X+t
= exp{rlogc}
log c N
— B (Cx+t _ Cx) ,
log ¢

giving

_ B Xt
Sy(t) = exp 1Ogcc (c—1)%.

d

The force of mortality under Gompertz’ law increases exponentially with age.
At first sight this seems reasonable, but as we will see in the next chapter, the
force of mortality for most populations is not an increasing function of age over
the entire age range. Nevertheless, the Gompertz model does provide a fairly
good fit to mortality data over some age ranges, particularly from middle age
to early old age.

Example 2.4 Calculate the survival function and probability density function
for T, using Gompertz’ law of mortality, with B = 0.0003 and ¢ = 1.07, for
x = 20, x = 50 and x = 80. Plot the results and comment on the features of
the graphs.
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Solution 2.4 For x = 20, the force of mortality is uz0; = Bc?*t! and the
survival function is

S0 (t) = exp { 2t - 1)} )

logc
The probability density function is found from (2.10):

p0e = 220 2 p0t) = pags Sao(0) = B exp {_—Bc”(c’ — 1)} .
So0(1) IOg c
Figure 2.1 shows the survival functions for ages 20, 50 and 80, and Figure 2.2
shows the corresponding probability density functions. These figures illustrate
some general points about lifetime distributions.

First, we see an effective limiting age, even though, in principle there is no
age to which the survival probability is exactly zero. Looking at Figure 2.1, we
see that although Sy (#) > 0 for all combinations of x and ¢, survival beyond age
120 is very unlikely.

Second, we note that the survival functions are ordered according to age, with
the probability of survival for any given value of 7 being highest for age 20 and
lowest for age 80. For survival functions that give a more realistic representation
of human mortality, this ordering can be violated, but it usually holds at ages
of interest to insurers. An example of the violation of this ordering is that So(1)
may be smaller than Sy (1) for x > 1, as a result of perinatal mortality.

Looking at Figure 2.2, we see that the densities for ages 20 and 50 have
similar shapes, but the density for age 80 has a quite different shape. For ages
20 and 50, the densities have their respective maximums at (approximately)

Survival probability

0 T T T T T T T T

1
0 10 20 30 40 50 60 70 30 90 100
Time, t

Figure 2.1 Sx(¢) for x = 20 (bold), 50 (solid) and 80 (dotted).
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0.07
0.06
0.05
0.04
0.03

0.02 1

0 T T ™ T T T T T T 1
0 10 20 30 40 50 60 70 80 90 100
Time, t

Figure 2.2 f;(¢) for x = 20 (bold), 50 (solid) and 80 (dotted).

t = 60 and ¢ = 30, indicating that death is most likely to occur around age
80. The decreasing form of the density for age 80 also indicates that death is
more likely to occur at age 80 than at any other age for a life now aged 80. A
further point to note about these density functions is that although each density
function is defined on (0, 00), the spread of values of f,(¢) is much greater for
x = 20 than for x = 50, which, as we will see in Table 2.1, results in a greater
variance of future lifetime for x = 20 than for x = 50. O

2.4 Actuarial notation

The notation used in the previous sections, Sy(#), Fy(?) and f,(?), is standard
in statistics. Actuarial science has developed its own notation, International
Actuarial Notation, that encapsulates the probabilities and functions of greatest
interest and usefulness to actuaries. The force of mortality notation, u, comes
from International Actuarial Notation. We summarize the relevant actuarial
notation in this section, and rewrite the important results developed so far in
this chapter in terms of actuarial functions. The actuarial notation for survival
and mortality probabilities is

s = PrIT > 1] = $:(0),

2.12)

(2.13)

g =PrT, < 1] = 1 = S,(1) = F.(0),

uhgs =Prlu < Ty Sut =S~ Sw+n.|  @214)
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So

e ;p, is the probability that (x) survives to at least age x + ¢,

e g, is the probability that (x) dies before age x + ,

e 4|:qx is the probability that (x) survives u years, and then dies in the sub-
sequent ¢ years, that is, between ages x + u and x + u + ¢. This is called
a deferred mortality probability, because it is the probability that death
occurs in some interval following a deferred period.

We may drop the subscript ¢ if its value is 1, so that p, represents the probability
that (x) survives to at least age x 4 1. Similarly, g, is the probability that (x)
dies before age x + 1. In actuarial terminology g, is called the mortality rate
at age x.

The relationships below follow immediately from the definitions above and
the previous results in this chapter:

tPx + tdx = 1’
ultqx = uPx — u+tDx
t+uPx = tPx uPx+¢  from (2.5), (2.15)
1 d
Uy = ——— —po from (2.9). (2.16)
xPo dx
Similarly,
1 d d
Mx+t = —E Etpx = Etpx = —tPx Mx+i> (2.17)
J(0)
it = o = fr(1) = 1Py peyr from (2.10), (2.18)
Sx(1)
t
tPx = €xp {—f ,uxﬂds} from (2.11). (2.19)
0

As F is a distribution function and f; is its density function, it follows that

t
Fe(@) = / Se(s)ds,
0
which can be written in actuarial notation as
t
19x = / sPx Mx+sds. (2.20)
0

This is an important formula, which can be interpreted as follows. Consider
time s, where 0 < s < r. The probability that (x) is alive at time s is gpy,
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Time 0 s s+ds t
Age x X+s  x+s+ds X+t
Event (x) survives s years (jV)

N ) dies
Probability sPx Ux+sds

Figure 2.3 Time-line diagram for ;g

and the probability that (x) dies between ages x + s and x + s + ds, having
survived to age x + s, is (loosely) pysds, provided that ds is very small. Thus
sDx x+sds can be interpreted as the probability that (x) dies between ages x + s
and x + s + ds. Now, we can sum over all the possible death intervals s to s + ds
— which requires integrating because these are infinitesimal intervals — to obtain
the probability of death before age x + 7.

We can illustrate this event sequence using the time-line diagram shown in
Figure 2.3.

This type of interpretation is important as it can be applied to more
complicated situations, and we will employ the time-line again in later chapters.

In the special case when ¢ = 1, formula (2.20) becomes

1
qx = / sPx Mxtsds.
0

When g, is small, it follows that py is close to 1, and hence gp; is close to 1 for
0 <s < 1. Thus

1
gx ~ / Mxtsds ~ Mx+1/25
0

where the second relationship follows by the mid-point rule for numerical
integration.

Example 2.5 As in Example 2.1, let
Fo(x) =1 — (1 —x/120)'/6

for 0 < x < 120. Calculate both g, and pi,41/2 for x = 20 and for x = 110,
and comment on these values.
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Solution 2.5 We have

_ S+ D) _ (| AN
=0 120—x)

giving g0 = 0.00167 and gq1;0 = 0.01741, and from the solution to
Example 2.2, u,,1 = 0.00168 and w,,,1 = 0.01754. We see that pyy1/2
2 2

is a good approximation to g, when the mortality rate is small, but is not such
a good approximation, at least in absolute terms, when the mortality rate is not
close to 0. m|

2.5 Mean and standard deviation of T,

Next, we consider the expected future lifetime of (x), E[7], denoted in actuarial
notation by Zx. We also call this the complete expectation of life. In order to
evaluate gx, we note from formulae (2.17) and (2.18) that

d

() = 1Px Mayr = — P (2.21)

From the definition of an expected value, we have

ey = /oo 1 f(D)dt
0

00
= / t1Px Mxtedr.
0

We can now use (2.21) to evaluate this integral using integration by parts as
o *® [d
ex = — t| — dt
X /0 <dl‘ th)
00 o
= - <tsz|0 _/ szdt> .
0

In Section 2.2 we stated the assumption that lim;_, , #;px = 0, which gives

° o0
ey = / Pxdt. (2.22)
0
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Similarly, for E[T?], we have
2 5
E[T;] =/ 1°1Dx Mxsrdt
0
= — /OO t2 itpx dt
0 dt
2 ™ >
= - (t tPx - / tPx 2t dt)
0 0

o0
=2 f 1y dt. (2.23)
0

So we have integral expressions for E[7] and E[Tf]. For some lifetime distri-
butions we are able to integrate directly. In other cases we have to use numerical
integration techniques to evaluate the integrals in (2.22) and (2.23). The variance
of T can then be calculated as

2 o \?2
viTd=E[77] - (&)
Example 2.6 As in Example 2.1, let
Fo(x) =1 — (1 —x/120)'/6

for 0 < x < 120. Calculate Ex and V|[T,] for (a) x = 30 and (b) x = 80.

Solution 2.6 As So(x) = (1 — x/120)!/°, we have

_ Sox+1) ; t 176
N 120—x) -

Now recall that this formula is valid for 0 < ¢ < 120 — x, since under this
model survival beyond age 120 is impossible. Technically, we have

1/6
o — (1-mp=)  for x+1<120,
tPx —

0 for x + 1 > 120.

So the upper limit of integration in equation (2.22) is 120 — x, and

. 120—x ¢ 1/6
ey = / 1 - dt.
0 120 — x




2.5 Mean and standard deviation of T 31

We make the substitution y = 1 — ¢/(120 — x), so that t = (120 — x)(1 — y),
giving

1
ey = (120 —x)f y!/6ay
0
= 8(120 —x).
Then e3p = 77.143 and ego = 34.286.
Under this model the expectation of life at any age x is 6/7 of the time to

age 120.
For the variance we require E[sz]. Using equation (2.23) we have

120—x
E [sz] = 2/ 1 pxdt
0

120—x P 1/6
= 2/ t|1-— dt.
0 120 — x

Again, we substitute y = 1 — ¢/(120 — x) giving

1
E[T?] =220~ x)2/ /0 — 371y dy
0

_ (88
=2(120 - x) (7 13).

Then

V[Ty] = E[T?] — (Zx)2 = (120 — x) (2(6/7 —6/13) — (6/7)2>

= (120 — x)? (0.056515) = ((120 — x) (0.23773))>.

So V[T30] = 21.3962 and V[Tso] = 9.509°.

Since we know under this model that all lives will die before age 120, it
makes sense that the uncertainty in the future lifetime should be greater for
younger lives than for older lives. m|

A feature of the model used in Example 2.6 is that we can obtain formulae for
quantities of interest such as ex, but for many models this is not possible. For
example, when we model mortality using Gompertz’ law, there is no explicit
formula for e, and we must use numerical integration to calculate moments of
T,. In Appendix B we describe in detail how to do this.
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Table 2.1. Values of Zx, SDI[T,] and expected
age at death for the Gompertz model with
B =0.0003 and ¢ = 1.07.

x ey SD[T}] X+ ex
0 71.938 18.074 71.938
10 62.223 17.579 72.223
20 52.703 16.857 72.703
30 43.492 15.841 73.492
40 34.252 14.477 74.752
50 26.691 12.746 76.691
60 19.550 10.693 79.550
70 13.555 8.449 83.555
80 8.848 6.224 88.848
90 5.433 4246 95.433
100 3.152 2.682 103.152

Table 2.1 shows values of gx and the standard deviation of 7T, (denoted
SDI[T,]) for a range of values of x using Gompertz’ law, u, = Bc*, where
B = 0.0003 and ¢ = 1.07. For this survival model, 130pg = 1.9 x 10713, so
that using 130 as the maximum attainable age in our numerical integration is
accurate enough for practical purposes.

We see that Zx is a decreasing function of x, as it was in Example 2.6. In

that example gx was a linear function of x, but we see that this is not true in
Table 2.1.

2.6 Curtate future lifetime
2.6.1 K, and e,

In many insurance applications we are interested not only in the future lifetime
of an individual, but also in what is known as the individual’s curtate future
lifetime. The curtate future lifetime random variable is defined as the integer
part of future lifetime, and is denoted by K, for a life aged x. If we let | | denote
the floor function, we have

Ky = [Ty].

We can think of the curtate future lifetime as the number of whole years lived
in the future by an individual. As an illustration of the importance of curtate
future lifetime, consider the situation where a life aged x at time O is entitled to
payments of 1 at times 1,2, 3, ... provided that (x) is alive at these times. Then



