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INTRODUCTION

Buckling of circular cylindrical shells has posed baffling 

problems to engineering for many years. In the elastic domain 

the problem may now be considered to be solved completely, 

thanks to the efforts of numerous authors including the writer 

of the present book Professor Yamaki who has contributed the 

most extensive and accurate theoretical and experimental data 

up to the present time. His work will be the standard reference 

for elastic stability, buckling and post-buckling behaviour of 

isotropic circular cylindrical shells for many years to come.

W.T. Koiter

v
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PREFACE

For the design of light-weight structures, it is of great 
technical importance to clarify the elastic stability of circu
lar cylindrical shells under various loading conditions. Hence, 
numerous researches have been made on this subject since the 
beginning of this century along with the development of air
craft structures. In the early stage of the relevant research
es, only approximate solutions were obtained under special 
loading and boundary conditions, owing to the inherent mathe
matical difficulty and physical complexity. Experimental stud
ies had also been conducted with thin-walled metal test cylin
ders, but the results were not precise enough to examine and to 
improve the corresponding theoretical analyses, due to the de
teriorating effect of both initial imperfections and plastic 
deformations.

With the advent of high-speed digital computers in the 1960s, 
it became possible to solve the buckling problem with suffi
cient accuracy and effects of boundary conditions and further 
those of prebuckling edge rotations have been pursued under 
various loading conditions. Experimental techniques have also 
made a great progress , and nearly perfect test cylinders as 
well as highly elastic cylinders sustainable fairly large de
formations became available , leading to the verification of 
reasonable agreement between theory and experiment , not only 
for the buckling problem but also for the postbuckling behav
iors .

This book presents a comprehensive treatise on the elastic 
stability of circular cylindrical shells, which represents the 
sum of the past 17 years of research conducted at the Institute 
of High Speed Mechanics, Tohoku University . Only the static 
conservative problems are treated concerning the unstiffened 
cylinders made of homogeneous, isotropic elastic material with 
constant thickness. Both theoretical and experimental studies 
were performed on the buckling, postbuckling and initial-post-

v i i
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buckling problems under typical single or combined loadings, 

paying due attention to the effect of boundary conditions. Em 

phases were placed on the accurate analyses, precise tests and 

extensive presentations of both theoretical and experimental 

results, to provide fundamental data for the basic problems on 

the elastic stability of cylindrical shells . No attempt is 

made to give a complete bibliography, but only the papers 

closely related to the specific problems studied in the book 

are cited at appropriate places.

In the first chapter, typical nonlinear theories of circular 

cylindrical shells are described which constitute the theoreti

cal foundations of the ensuing analyses throughout the book. 

Chapter 2 deals with the buckling problem. First, the basic 

equations, the homogeneous linear equations for the eigenvalue 

problem, are derived on the basis of the relevant nonlinear 

theories, which are applied to the buckling of cylindrical 

shells subjected to one of the three fundamental loads, i.e., 

the torsional, pressure and axially compressive loads. Eight 

sets of boundary conditions are considered and the critical 

load and corresponding mode are clarified for a wide range of 

the shell geometry, taking the effect of prebuckling edge rota

tions into consideration. Most of the analyses are based on the 

Donnell equations , the validity of which is examined through 

application of the Flügge equations.

Chapter 3 is devoted to the postbuckling problems of com

pletely clamped cylindrical shells subjected to one of the

three fundamental loads. In each case, experimental results 

are first presented, carefully conducted by using six polyester 

test cylinders, and then the corresponding theoretical results 

are given , obtained by applying the Galerkin method to the 

Donnell nonlinear equations. Reasonable agreements between the

ory and experiment are revealed. Analyses for the initial post- 

buckling behaviors and imperfection sensitivities corresponding 

to the same cases as in the foregoing are presented in Chapter

4. Under each loading condition, the problem is first solved

by applying the Galerkin procedure directly to the Donnell non

linear equations and then asymptotic solutions are obtained
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through a perturbation procedure, thus clarifying the degrading 

effect of initial imperfections in the shape of the buckling 

mode as well as the range of applicability of the so-called 

initial postbuckling theory originated by Koiter and developed 

by Budiansky.

Buckling and postbuckling problems under combined loads are 
treated in Chapter 5, in which the combined actions of hydro
static pressure together with the torsional, axial and trans
verse edge loads, respectively, are considered. Finally, effects 
of the contained liquid on the buckling and postbuckling of 
clamped cylindrical tanks under each of the three fundamental 
loads are examined in Chapter 6. In each case above stated, 
the buckling problem is theoretically analysed and experimental 
results are presented for typical postbuckling behaviors check
ing the accuracy of the critical load theoretically determined. 
Both theoretical and experimental results are given for the 
postbuckling problems under the first two loading conditions in 
Chapter 5, demonstrating fairly good agreement between theory 
and experiment.

Thin-walled circular cylindrical shells have been more and 

more extensively used in many different branches of engineering 

as most efficient structural members, and the author hopes this 

book to be beneficial to deepen the basic understanding of the 

complex stability characteristics of this structure and to as

sess the validity of other numerical procedures such as those 

utilizing the finite element method.

The author wishes to acknowledge his sincere gratitude to 

Professors Koiter and Budiansky , Editors of the North-Holland 

Series in Applied Mathematics and Mechanics, for their sugges

tion to write this volume and for their kind remarks on the 

manuscript. He is also thankful to Drs. Sevenster, Mathematical 

Editor at North-Holland, for his courteous and efficient col

laboration .

The author is indebted to all of his associates, staffs and 

students for their contributions, cooperations and assistances 

during the past two decades. He appreciates the collaborations 

of Drs. J. Tani, S. Kodama and H. Doki, in writing the portions
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o f  the book r e l a t e d  to  s e c t io n s  4 .4  and 4 .5  , 5 .2  through 5 .7  

and 6 .2  through 6 .7  , r e s p e c t i v e l y .  He is  e s p e c i a l l y  th a n k fu l  

to  Messrs. K. Otomo and T. Sato f o r  p r e p a r in g  the  draw ings, to  

Mr. K. Asano f o r  making the photographs, to  Mrs. K. Tsuch iya  

and Miss H. Hoshi f o r  ty p in g  the m anu scrip ts  and to  Messrs.

S. Kodama, K. Otomo and T. Sato f o r  t h e i r  h e lp  in  e d i t i n g  the  

f i n a l  m an u s c r ip t .

Noboru YAMAKI
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CHAPTER 1

NONLINEAR THEORY OF CIRCULAR CYLINDRICAL SHELLS

1 . 1  I N T R OD U CT I ON

When an e l a s t i c  body is  s u b je c te d  to  a sm al l  d e fo rm a t io n  in  

which d isp lacem ents  as w e l l  as d e r i v a t i v e s  o f  d isp lacem ents  

are  s m a l l ,  t h a t  i s ,  d e fo rm a t io n  w i t h  sm al l  r o t a t io n s  and sm all  

s t r a i n s ,  we w i l l  have l i n e a r  express io n s  f o r  both  d isp lacem ent  

- s t r a i n  r e l a t i o n s  and s t r a i n - s t r e s s  r e l a t i o n s  and the  e q u i l i b 

r ium  c o n d i t io n s  can be d e r iv e d  a t  th e  o r i g i n a l  undeformed s t a t e  

n e g l e c t i n g  the  e f f e c t  o f  d is p la c e m e n ts .  Thus, th e  b a s ic  equa

t io n s  govern ing  the  d e fo rm a t io n  o f  th e  body become l i n e a r  in  

terms o f  d is p la c e m e n t ,  r e s u l t i n g  in  th e  c l a s s i c a l  l i n e a r  th e o ry

o f  e l a s t i c i t y  [ 1 , 2 ] .  When the  body is  s u b je c te d  to  a la r g e  or

f i n i t e  d e fo rm a t io n  in  which  e i t h e r  th e  r o t a t i o n s  o r  s t r a i n s  a re  

n o t  sm all  enough in  comparison w i t h  u n i t y ,  th e  above a s s e r t io n s  

cease to  h o ld  in  g e n e r a l  and the  l i n e a r  th e o ry  becomes in a d e 

q u a te .  In  p a r t i c u l a r  f o r  d e fo rm a t io n  w i t h  sm a l l  s t r a i n s  

b u t  l a r g e  r o t a t i o n s ,  th e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s  remain  

v a l i d  b u t  th e  n o n l in e a r  e f f e c t  o f  r o t a t i o n s  should be c o n s id 

e red  in  the  d is p la c e m e n t - s t r a i n  r e l a t i o n s .  F u r t h e r ,  th e  e q u i 

l i b r i u m  c o n d i t io n s  should be examined a t  the  deformed s t a t e  

c o n s id e r in g  the  e f f e c t  o f  d is p la c e m e n ts .  The r e s u l t i n g  b a s ic  

equa t ion s  w i l l  be n o n l in e a r  in  terms o f  d is p la c e m e n t ,  le a d in g  

to  the  n o n l in e a r  th e o ry  o f  e l a s t i c i t y  [ 3 , 4 ] .  In  c o n t r a s t  to  

the  cases under the  l i n e a r  th e o ry  o f  e l a s t i c i t y ,  uniqueness

o f  s o lu t i o n  as w e l l  as th e  s t a b i l i t y  o f  e q u i l i b r i u m  s t a t e  can

n o t  be g e n e r a l l y  assured  on th e  b a s is  o f  th e  n o n l in e a r  th e o ry  

o f e l a s t i c i t y .  In  o th e r  words, we may have s e v e r a l  d i f f e r e n t  

e q u i l i b r iu m  c o n f ig u r a t io n s  under th e  same lo a d in g  and boundary  

c o n d i t io n s ,  some o f  which  a re  s t a b le  and the  o th e rs  u n s ta b le .



2 CHAPTER 1

Of course only the stable equilibrium state can be realized in 

the physical world. There have been long debates on the classi

fication, definition and criterion of the stability of elastic 

systems [5 ,6 ,7] and although the mathematical theory of elastic 

stability has been established by Liapounov for a discrete 

system, its extension and generalization to a continuous 

system, i.e., elastic bodies, does not seem to have been accom

plished [8 ]. However, in case-when an elastic body is subjected 

to a static conservative load, the so-called energy criterion 

is generally accepted for the verification of stability, which 

requires the total potential energy of the body to assume 

a relative minimum at the equilibrium position.

With the advent of aircraft in the beginning of this century, 

numerous researches have been conducted to develop most effective 

structures in weight and stiffness, leading to the present-day 

light-weight structures which are increasingly used in almost 

every field of industry. In general, the light-weight struc

tures are composed of slender columns and thin-walled plates 

shells, which are stiff in axial or in-plane deformations but 

flexible in bending deformations. Since these structural mem

bers can be easily deformed into states with finite rota

tions within the range of small strains, they are susceptible 

to various instability phenomena. In fact, when they are sub

jected to axial or in-plane forces, they often lose stability 

at fairly low stress levels, resulting in large bending defor

mations. The loss of stability is usually associated with 

either an extremal of the equilibrium load or branching of a 

new equilibrium configuration, which are called limit point 

buckling and bifurcation buckling, respectively . Thus, the 

buckling problem to determine the critical load and to clarify 

the ensuing behavior after buckling has been one of the most 

important problems for the development of light-weight struc

tures .

It is quite difficult to solve the foregoing buckling prob

lem through a direct application of the general nonlinear theo

ry of elasticity. On the other hand, the problem of practical 

interest is generally restricted to comparatively small fi

nite deformation of elastic beams, plates and shells, and for
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each o f  these  s t r u c t u r a l  members, l i n e a r  bending t h e o r ie s  

have b e e n e s t a b l is h e d  fo r  approxim ate  ana lyses  w i t h i n  the sm all  de

fo rm a t io n  range [9 - 1 5 ]  . Hence, as the  b a s ic  eq ua t io n s  f o r  the  

b u c k l in g  problem , th e  co rrespond ing  n o n l in e a r  th e o r ie s  have been 

developed, ta k in g  the e f f e c t  o f  th e  fo re g o in g  sm all  f i n i t e  de

fo rm a t io n  in t o  c o n s id e ra t io n .  Based on th e s e ,  numerous b u c k l in g  

problems [1 0 ,  1 6 -2 0 ]  as w e l l  as p o s tb u c k l in g  problems [2 1 -2 4 ]  

have been fo rm u la te d  and so lved  under v a r io u s  lo a d in g  and bound

a ry  c o n d i t io n s .  Through these  a n a ly s e s ,  however , th e  g e n e ra l  

th e o ry  o f  the  e l a s t i c  s t a b i l i t y  had n o t  been du ly  e x p lo re d .

I n  1945, K o i t e r  [25 ] o r i g i n a t e d  the  s o - c a l l e d  i n i t i a l  postbuck 

l i n g  th e o ry  concern ing  the  b i f u r c a t i o n  b u c k l in g  o f  e l a s t i c  

bodies  s u b je c te d  to  s t a t i c  c o n s e r v a t iv e  lo ad s . In  t h i s  t h e 

o ry ,  the  s t a b i l i t y  a t  the  b i f u r c a t i o n  p o in t  i s  s y s t e m a t ic a l l y  

c l a r i f i e d  w i t h  th e  a sym p to t ic  a n a ly s is  o f  the  t o t a l  p o t e n t i a l  

energy o f  the  system, through which the  i n i t i a l  p o s tb u c k l in g  

b e h a v io r  as w e l l  as the  e f f e c t  o f  sm al l  i n i t i a l  im p e r fe c t io n s  

on the  c r i t i c a l  load  a re  re a s o n a b ly  p r e d ic t e d .  L a t e r ,  the  t h e 

ory  was f u r t h e r  developed and r e f i n e d  in  co nnect io n  w i th  

e l a s t i c  cont inuous system [2 6 -2 8 ]  as w e l l  as d is c r e t e  sys

tem w i t h  g e n e r a l i z e d  c o o rd in a te s  [2 9 -3 1 ]  , which have been suc

c e s s f u l l y  a p p l ie d  to  c l a r i f y  the  i n i t i a l  p o s tb u c k l in g  b e h a v io r  

to g e th e r  w i t h  the  im p e r fe c t io n  s e n s i t i v i t y  o f  a v a r i e t y  o f  

e l a s t i c  systems.

In  a d d i t i o n  to  the a fo re -m e n t io n e d  t r a d i t i o n a l  b u c k l in g  p ro b 

lems, we have the  s t a b i l i t y  problems under n o n -c o n s e rv a t iv e  loads  

[3 2 ,3 3 ]  as w e l l  as those under v a r io u s  dynamic loads [ 3 4 , 3 5 ] .  

F u r t h e r ,  the  problems a s s o c ia te d  w i th  s o l i d - f l u i d  i n t e r a c 

t i o n  have a t t r a c t e d  in c r e a s in g  i n t e r e s t s  r e c e n t l y  among s t r u c 

t u r a l  re s e a rc h e rs  in  v a r io u s  i n d u s t r i a l  f i e l d s  [3 6 ,3 7 ]  . In  

c o n t r a s t  to  the  problems under c o n s e r v a t iv e  s t a t i c  lo a d in g  f o r  

which th e  s t a t i c  energy method is  a p p l i c a b l e ,  these problems  

should be so lved  by exam ining the dynamic response o f  th e  system 

a f t e r  the  a p p l i c a t i o n  o f  p e r t u r b a t i o n ,  which makes the  a n a ly s is  

much more c o m p lic a te d .  B es id es ,  i t  i s  more d i f f i c u l t  to  d e f in e  

the  s t a b i l i t y  o f  m otion  p r o p e r ly .  In  s p i t e  o f  these  d i f f i 

c u l t i e s ,  lo n g -ra n g e  in t e n s i v e  s tu d ie s  a re  expected  to  c o n t in u e ,  

because o f  th e  p r a c t i c a l  im portance o f  these problem s.
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The purpose o f  t h i s  book is  to  c l a r i f y  the  whole aspect  o f  

the  b a s ic  problems concern ing  the e l a s t i c  s t a b i l i t y  o f  c i r c u 

l a r  c y l i n d r i c a l  s h e l ls  under t y p i c a l  lo a d in g  c o n d i t io n s .  Numer

ous research es  have been made on t h i s  s u b je c t  s ince  th e  t h i n -  

w a l le d  c i r c u l a r  c y l i n d r i c a l  s h e l l  c o n s t i t u t e s  a fundam enta l  

s t r u c t u r a l  e lem ent most w id e ly  used in  the  l i g h t - w e i g h t  s t r u c 

t u r e s .  However, owing to  i t s  m a th e m a t ic a l  d i f f i c u l t y  to g e th e r  

w i t h  p h y s ic a l  c o m p le x i ty ,  a c c u ra te  r e s u l t s ,  bo th  t h e o r e t i c a l  

and e x p e r im e n ta l ,  have become a v a i l a b l e  o n ly  r e c e n t l y  w i t h  the  

advent o f  h ig h  speed computers and h ig h ly  e l a s t i c  t e s t  m ate 

r i a l s  .

Because o f  space l i m i t a t i o n s ,  we s h a l l  d e a l  w i t h  on ly  the  

b u c k l in g  problems under s t a t i c  c o n s e r v a t iv e  fo r c e s ,  t h a t  i s ,  

the  b u c k l in g ,  p o s tb u c k l in g  and i n i t i a l  p o s tb u c k l in g  problems  

under one o f  the  th re e  fundam ental loads as w e l l  as the  b u c k l in g  

and p o s tb u c k l in g  problems under the  in f lu e n c e  o f  e i t h e r  the  

combined loads or the c o n ta in e d  l i q u i d .  The emphases a re  p laced  

on the a c c u ra te  a n a ly s is  and comprehensive n u m e r ic a l  r e s u l t s  

f o r  the  b u c k l in g  problem , e x p e r im e n ta l  v e r i f i c a t i o n  o f  the t h e 

o r e t i c a l  a n a ly s is  f o r  the  p o s tb u c k l in g  problem and c l a r i f i c a 

t i o n  o f  the  range o f  a p p l i c a b i l i t y  o f  the  p e r t u r b a t i o n  method 

f o r  the  i n i t i a l  p o s tb u c k l in g  problem.

In  t h i s  c h a p te r ,  we s h a l l  b r i e f l y  e x p la in  th e  t y p i c a l  non

l i n e a r  th e o r ie s  o f  c i r c u l a r  c y l i n d r i c a l  s h e l l s ,  t h a t  i s ,  those  

developed by D on n e ll  , F lügge and Sanders, which w i l l  p ro v id e  

the  govern ing  equat ions  f o r  the  ensuing an a lyses  throughout  

the book.

1 . 2  DONNELL THEORY

Donnell 's  n o n l in e a r  th e o ry  o f  c i r c u l a r  c y l i n d r i c a l  s h e l ls  was 

e s ta b l is h e d  by D o n n e ll  in  1933, in  co nn ec t io n  w i t h  th e  a n a ly s is  

o f t o r s i o n a l  b u c k l in g  o f  t h i n - w a l l e d  tubes [ 3 8 ] .  Owing to  i t s  

r e l a t i v e  s i m p l i c i t y  and p r a c t i c a l  accuracy, t h i s  th e o ry  has been  

most w id e ly  used f o r  a n a ly s in g  bo th  b u c k l in g  and p o s tb u c k l in g  

problem s, d e s p i te  c r i t i c i s m s  concern ing  i t s  a p p l i c a b i l i t y .

We s h a l l  c o ns id er  m o d era te ly  la r g e  d e fo rm a t io n  o f  a c i r -
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c u la r  c y l i n d r i c a l  s h e l l  w i t h  ra d iu s  

R, le n g th  L and th ic k n e s s  h ,  which is  

made o f  homogeneous, i s o t r o p i c  e l a s t i c  

m a t e r i a l  w i t h  Young's modules E and 

P o is s o n 's  r a t i o  v. Along th e  m id d le  

s u r fa c e  o f  the  s h e l l ,  th e  c o o r d in a te  

system is  taken  as shown in  F ig .  1 . 1 ,  

and the  d isp lacem ent components w i l l  

be denoted by U, V and W, r e s p e c t i v e 

l y .  The D o n n e l l  th e o ry  is  based on 

the fo l lo w i n g  assumptions:
F i g .  1 . 1  S h e l l  geometry

X

0
y

z

2R

L

(1 )  The s h e l l  i s  s u f f i c i e n t l y  t h i n ,  and c o o r d in a te  system , 
i . e . , h /R  «  1, h /L  «  1.

(2 )  The s t r a i n s  ε a re  s u f f i c i e n t l y  s m a l l ,  ε «  1, and Hooke's  

law h o ld s .

(3 )  S t r a i g h t  l i n e s  normal to  the  undeformed m idd le  s u r fa c e  

rem ain s t r a i g h t  and normal to  the deformed m id d le  s u r fa c e  w i th  

t h e i r  le n g th  unchanged.

(4 )  The normal s t re s s  a c t i n g  in  the  d i r e c t i o n  normal to  the  

m idd le  s u r fa c e  may be n e g le c te d  in  comparison w i t h  the  s t re s s e s  

a c t i n g  in  th e  d i r e c t i o n  p a r a l l e l  to  the  m idd le  s u r fa c e .

(5 )  D isp lacem ents  U and V a re  i n f i n i t e s i m a l ,  w h i le  W is  o f  the

same o rd e r  as the  s h e l l  th ic k n e s s ,  t h a t  i s ,  |U| «  h , |V| «  h,

IWI = 0 (h) .

(6 )  The d e r i v a t i v e s  o f  W a re  s m a l l ,  bu t  t h e i r  squares and 

p roductes  a re  o f  the  same o rd e r  as th e  s t r a i n  h ere  co n s id e re d .

(7 )  C u rv a tu re  changes a re  sm all  and th e  in f lu e n c e s  o f  U and 

V a re  n e g l i g i b l e  so t h a t  th ey  can be re p re s e n te d  by l i n e a r  fu n c 

t io n s  o f  W o n ly .

The assumptions (3) and (4) c o n s t i t u t e  the  s o - c a l l e d  K i r c h h o f f  

-Love hypotheses w h i le  those from (5 )  to  (7 )  correspond to  the  

s h a llo w  s h e l l  a p p ro x im atio n s  a p p l ic a b l e  f o r  d e fo rm atio n s  domi

n a te d  by the  normal d isp lacem ent W.

Based upon the  fo re g o in g  assum ptions, we have th e  s t r a i n -

H ence,
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εχ = ε χΟ+ ζ κ χ ’ ey = e yO+ Z K y ’ Υχγ = YxyO + z Kxy > d · 2·!)

displacement relations in the shell as

where

εχ0 = U,x + I W ,2x> £y0 = V >y - R- 1W + j  W 2y, 

^xyO = U ,y + V ,x + W ,xW ,y ·
(1.2.2)

KX = ~w ,xx> K y = _ W , y y >  Kx y = -2 w ,xy· ( 1 . 2 . 3 )

In the foregoing, subscripts following a comma stand for partial 
differentiation. The stress-strain relations are given by

Εεχ = σχ -  VV  Ε ε γ  = σ γ - ν σ χ , Ύ χ γ  = Τ χ γ  ,

from which the stresses in the shell become

0χ _ ι-v2(εχ + vey } ’ ay ~ ι-v2(£y + ν£χ) ’ Τχ? = 2(i+v) Yxy '

( 1 . 2 . 4 )

Here we define the stress resultants and stress couples per unit 
length, acting along the x = const, and y = const, sections, as

r h / 2(Νχ , NXy , Qx) - (σχ, TXy , τχ ) dz ,
J J - h / 2  y

<Nyx· V  Qy) “ |_h/2(Tyx’ °y’ Tyz)dz ’
fh/2(Μχ, Μ ) = (σχ, τχ ) zdz ,J-h/2 J
fh/2(MyX, Μγ) = j (xyx , σy)zdz , (1.2.5)

which lead to
Nx J (exQ + ^(£y0 νεχ0^ » ^xy ^yx 2  ^xyO *

(1.2.6)
Μ χ = ϋ ( κ χ  + ν κ γ ) ,  My = D ( K y + V K x ) ,  Mxy =M y x = D . i ^ K xy .

(1.2.7)
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I n  th e  f o r e g o i n g ,  we have  i n t r o d u c e d  the  n o t a t i o n s

T “ Eh D = 7^7T^-2T< (1.2.8)1-v 2 ’ 12(l-v2) ’

w h ic h  s t a n d  f o r  the  e x t e n s i o n a l  and f l e x u r a l  r i g i d i t i e s  o f  the  

s h e l l ,  r e s p e c t i v e l y .

Now we s h a l l  d e r i v e  the  b a s i c  e q u a t i o n s  t h r o u g h  a v a r i a 

t i o n a l  p r i n c i p l e .  The e l a s t i c  s t r a i n  e n e r g y ,  Ue (U, V, W ) , w i l l

be g i v e n  by
fL ̂ R  rh/2I fL r^Rrh/2

e = 2 L L  J_ ( σ * ε *  + ay ey + Tx y Y x y )dx dy dz

p fL Γ 2πR fh / 2 ί _λ)
2 Ü-v2T  U o  J-h/2(C" + ^  + 2V£x£y + —  Yxy)dxdy dz>

E (L(2wR(h/2 , 1-V- -
( 1 . 2 . 9 )

w h i l e ,  u n d e r  th e  a s s u m p t i o n  o f  th e  c o n s e r v a t i v e  l o a d i n g ,  the  

p o t e n t i a l  o f  e x t e r n a l  f o r c e s ,  V f (U, V, W ) , may be e x p r e s s e d  a s  

rLr2πR
V f = - ( p xU + p V + pW) dx dyJ 0*1 0 y

- J^TTR[P jU  + P *V  + P*W - M * W ; X ] ^ Q d y ,  ( 1 . 2 . 1 0 )

where ρχ , p y and p a r e  the  x ,  y and z com pone n ts ,  r e s p e c t i v e l y ,  

o f  th e  d i s t r i b u t e d  f o r c e s  p e r  u n i t  a r e a  o f  the  s h e l l .  F u r t h e r ,  

P J , Py and P *  a re  th e  com ponents  o f  the  e x t e r n a l  l o a d s ,  w h i l e  

M* i s  th e  e x t e r n a l  b e n d in g  moment, each  p e r  u n i t  l e n g t h ,  a p p l i e d  

a l o n g  th e  edges. The t o t a l  p o t e n t i a l  e n e r g y  n (U ,  V, W) i s  g i v e n  

by  Π = Ue + V f . When the  s h e l l  i s  i n  e q u i l i b r i u m ,  the  v a r i a t i o n  

o f  the  t o t a l  p o t e n t i a l  e n e r g y  a s su m e s  a s t a t i o n a r y  v a l u e  i n  the  

v i r t u a l  d i s p l a c e m e n t  c o n s i s t e n t  w i t h  th e  p r e s c r i b e d  g e o m e t r i c a l  

c o n s t r a i n t  a l o n g  the  b o u n d a r i e s .  T h u s ,  we have

6Π = 6Ue + <5Vf = 0, ( 1 . 2 . 1 1 )

where
γL i ^ R  rh/2

6Ue = η L  ν / ο < σ χ δ ε *  + ay 6ey + Tx y 6Yx y )dx  dy dz•'O-'O ■' -h / 2

"  + Ny5£y0  + N x y 6yxy0

+ Μ χ ό κ χ  + 6ky + M xy0Kxy) dx d y ,
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6 Vr
|*L f ^ R

(p 6U + p 6V + p6W) dx dy
J oJ 0 y

f2^R _ T

- J  [P*6U + Py 6V + P*6W -  Mj6W)X ]^~Q dy .

With the help of a Gauss’s theorem, the foregoing condition 
leads to an equation in the following form:

(L (2ffR
j j [ L l 6U + L 2 6V + L 3 6W] dx dy

r 2πR
+ j [B^<5U + B2 6V + B3 6W + B4 0W(X ]^ =q dy = 0. ( 1 . 2 . 1 2 )

Hence, by  s e t t i n g  L i  = 0 ( i  = 1 , 2 , 3 ) ,  we o b t a i n  the  e q u i l i b r i u m  

e q u a t i o n s  a s

Nx ,x  + Nx y ,y + Px = °>

^ x y , x  ^ Ny ,y Py
( 1 . 2 . 1 3 )

Mx ,x x  + 2Mx y ,x y  + My ,y y  + R ' ^ y

+ (NXW)X + NxyW>y) (X + (NxyW)X + NyW>y) >y + p = 0,  

where the  l a s t  e q u a t i o n  becomes

■I. ..
y >yy

i n  w h ic h

D V ^ W - R ^ N y  - N XW>XX - 2Nx y W>xy - N y W^vy  - ρ + Ρχ\ν>χ + P / >y=0,
( 1 . 2 . 1 4 )

v 2 = a 2 / 3 x 2 + 3 2 / 9 y 2 . ( 1 . 2 . 1 5 )

F u r t h e r ,  th e  n a t u r a l  b o u n d a ry  c o n d i t i o n s  w i l l  be g i v e n  b y  B i  = 0 

( i = 1 ^ 4 ) ,  a l o n g  th e  b o u n d a r y  where th e  d i s p l a c e m e n t s  a n d / o r  the  

r o t a t i o n  a r e  n o t  s p e c i f i e d .  Hence,  a p p r o p r i a t e  b o u n d a ry  c o n d i 

t i o n s  a l o n g  x = 0 and x  = L  may be g i v e n  by

Νχ = Ρ χ o r  U = U * ,

N = Ρ ί  o r  V = V * ,xy - y

Mx,x + 2Mx y ; y + N xW> x + N xyW>y = P* o r  W = W* , 

Mx = Mx W>x = W*.

( 1 . 2 . 1 6 )
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y

Fig. 1.2 Forces and moments acting on the shell element.

where U * , V * , W* and W*, r e s p e c t i v e l y ,  a r e  th e  p r e s c r i b e d  v a l u e s  

o f  the  d i s p l a c e m e n t  com ponents  and  th e  r o t a t i o n  a l o n g  the  b o u n d 

a r y .  V a r i o u s  b o u n d a ry  c o n d i t i o n s  can  be c o n s t r u c t e d  by  s e l e c t 

i n g  one c o n d i t i o n  f rom  each  p a i r s  i n  e q u a t i o n s  ( 1 . 2 . 1 6 ) .  I t  i s  

to  be added  t h a t  the  f o r e g o i n g  e q u a t i o n s  ( 1 . 2 . 1 3 )  and  ( 1 . 2 . 1 4 )  

can  a l s o  be d e r i v e d  by  e x a m in in g  the  e q u i l i b r i u m  o f  an i n f i n i 

t e s i m a l  s h e l l  e le m e nt  a f t e r  d e f o r m a t i o n .  We n o t i c e  t h a t  the  

i n t e n s i t y  a s  w e l l  a s  th e  p o s i t i v e  d i r e c t i o n  o f  the  f o r c e s  and  

moments a c t i n g  on th e  s h e l l  e le m e nt  a r e  a s  shown i n  F i g .  1 .2 .  

Then, th e  e q u i l i b r i u m  c o n d i t i o n s  o f  th e  moments a b o u t  the  x  and  

y a x e s  y i e l d  the  e x p r e s s i o n s

w h i l e  t h o s e  o f  the  f o r c e s  i n  th e  x, y  and  z d i r e c t i o n s ,  t o g e t h e r  

w i t h  t h e s e  e x p r e s s i o n s ,  l e a d  to  th e  same r e s u l t s  a s  b e f o r e .

The a f o r e s t a t e d  e q u i l i b r i u m  e q u a t i o n s  and th e  b o u n d a ry  c o n 

d i t i o n s  a r e  the  r e q u i r e d  D o n n e l l  b a s i c  e q u a t i o n s  f o r  a n a l y s i n g  

m o d e r a t e l y  l a r g e  d e f o r m a t i o n s  o f  c y l i n d r i c a l  s h e l l s .  The b a s i c  

e q u a t i o n s  f o r  a n a l y s i n g  n o n l i n e a r  f r e e  v i b r a t i o n s  o f  th e  s h e l l

Qy = M x y .x  + My , y

Qx -
( 1 . 2 . 1 7 )
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a r e  g i v e n  by  r e p l a c i n g  p x , p y and p w i t h  - p h U > t t , - p h V > tt  and  

-phW t t , r e s p e c t i v e l y ,  where p i s  the  d e n s i t y  o f  the  s h e l l  and  

t  i s  t im e .  I t  i s  to  be n o t e d  t h a t  the  e q u i l i b r i u m  e q u a t i o n s  

r e p r e s e n t  a s e t  o f  t h r e e  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a 

t i o n s  i n  te rm s  o f  U, V and W.

I n  c a se  when p x = p y = 0, b o t h  e q u i l i b r i u m  e q u a t i o n s  (1 .2 .1 3 )  

a r e  i d e n t i c a l l y  s a t i s f i e d  w i t h  th e  u se  o f  the  s t r e s s  f u n c t i o n  F 

d e f i n e d  by

N = F N = F N = - F ( 1 2  18)LNx x , yy ’ λ y , xx’ "xy ,xy ’

w h i l e  the  f o l l o w i n g  r e l a t i o n s  w i l l  be o b t a i n e d  from  ( 1 . 2 . 6 ) .

E h [ U )X + ( 1 / 2 ) W^x ] = Nx - v Ny = F >yy - v F > x x ,

E h [ V >y - R _1W + (1 /2 )W  ]y ] = Ny - v N x = F >xx - v F >yy , 

E h ( U >y + V jX + W ;X W>y ) = 2 ( l + v ) N xy = - 2 ( l + v ) F > x y .

( 1 . 2 . 1 9 )

E l i m i n a t i n g  U and V f rom  t h e s e ,  we o b t a i n  th e  c o m p a t i b i l i t y

c o n d i t i o n  a s

V"*F + E h ( R " 1W xx - W2 + W χχ W ) = 0 ,  ( 1 . 2 . 2 0 )>xx jxy »xx , yy

w h i l e  the  r e m a i n i n g  e q u i l i b r i u m  e q u a t i o n  i s  r e w r i t t e n  a s

DV 4W - R -  1F - F  W + 2 F W - F  W - d = 0.ix , x x ,yy ,xx ,xy ,xy r , x x vv,yy ^ υ ·
(1.2.21)

E q u a t i o n s  ( 1 . 2 . 2 0 )  and ( 1 . 2 . 2 1 )  c o n s t i t u t e  a n o t h e r  s e t  o f  the  

D o n n e l l ' s  b a s i c  e q u a t i o n s  w i t h  two unknown f u n c t i o n s  F and  W, 

w h ic h  seem to  be more c o n v e n ie n t  i n  p r a c t i c a l  a p p l i c a t i o n s  th an

the  p r e c e d in g  o ne s .  F i n a l l y ,  i t  i s  to  be n o t e d  t h a t  i n  c a se

when R becomes i n d e f i n i t e l y  l a r g e ,  t h e se  e q u a t i o n s  re d u c e  to  

the  w e l l - k n o w n  Kärmän e q u a t i o n s  f o r  l a r g e  d e f l e c t i o n s  o f  t h i n  

p l a t e s .

1 . 3  M O D I F I E D  FLÜGGE THEORY

D o n n e l l ' s  t h e o r y  h a s  a d e f i c i e n c y  i n h e r e n t  to  the  s h a l l o w  

s h e l l  a p p r o x im a t io n  t h a t  i s  n o t  a p p l i c a b l e  to  the a n a l y s i s  o f  the
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d e f o r m a t i o n s  o f  a c y l i n d e r  i n  w h ic h  the  m a g n itu d e  o f  the  i n - p l a n e  

d i s p l a c e m e n t  i s  o f  th e  same o r d e r  a s  t h a t  o f  the  d e f l e c t i o n ,  f o r  

exam ple ,  b e n d in g  d e f o r m a t i o n s  o f  a l o n g  c y l i n d e r  w i t h  the  c i r 

c u m f e r e n t i a l  wave number N l e s s  th a n  f o u r .  On the  o t h e r  hand,  

F l ü g g e  d e r i v e d  b a s i c  e q u a t i o n s  f o r  th e  b u c k l i n g  o f  c i r c u l a r  c y 

l i n d r i c a l  s h e l l s  u n d e r  t y p i c a l  l o a d i n g  c o n d i t i o n s  [3 9 ] ,  w i t h o u t  

r e s o r t  to  th e  s h a l l o w  s h e l l  a p p r o x i m a t i o n .  T h e se  e q u a t i o n s  a re  

a p p l i c a b l e  to  the  p r o b le m  w i t h  any  b u c k l i n g  c o n f i g u r a t i o n ,  i n 

c l u d i n g  th e  E u l e r  b u c k l i n g  o f  l o n g  s h e l l s  u n d e r  a x i a l  c o m p re s 

s i o n  . Howe ve r  , t h e y  a re  n o t  s u f f i c i e n t l y  a c c u r a t e  i n  the  se n se  

t h a t  the  p r e b u c k l i n g  s t a t e  i s  a ssum ed to  be a membrane s t r e s s  

s t a t e ,  n e g l e c t i n g  the  e f f e c t  o f  b e n d in g  d e f o r m a t i o n .  W it h  the  

m ain  o b j e c t  o f  o b t a i n i n g  more a c c u r a t e  g o v e r n i n g  e q u a t i o n s  

f o r  th e  b u c k l i n g  p ro b le m ,  we s h a l l  d e r i v e  th e  n o n l i n e a r  b a s i c  

e q u a t i o n s  o f  the  c y l i n d r i c a l  s h e l l ,  on the  b a s i s  o f  a s s u m p t i o n s  

s i m i l a r  to  t h o s e  a d o p te d  i n  the  f o r e - s t a t e d  F lü g g e  e q u a t i o n s .

I n  a d d i t i o n  to  th e  a s s u m p t i o n s  (1 )  to  (4 )  s t a t e d  i n  th e  p r e 

c e d i n g  s e c t i o n ,  i . e . ,  th o s e  f o r  t h i n n e s s  o f  th e  s h e l l ,  s m a l l  

s t r a i n s  and  K i r c h h o f f - L o v e  h y p o t h e se s ,  we assum e the  f o l l o w i n g  :

(1 )  I n  d e r i v i n g  e x p r e s s i o n s  f o r  s t r e s s  r e s u l t a n t s ,  we 

r e t a i n  te rm s  w i t h  o r d e r s  up to  ( h / R ) 2 f r om  u n i t y .

(2 )  The r o t a t i o n s  a r e  m o d e r a t e l y  s m a l l  b u t  th e  e f f e c t  o f  t h e i r  

p r o d u c t  and s q u a r e s  on th e  m i d - s u r f a c e  s t r a i n s  w i l l  be c o n s i d 

e re d .

(3 )  The c u r v a t u r e  c h a n g e s  a r e  s m a l l  enough  to  a l l o w  l i n e 

a r i z e d  e x p r e s s i o n s  f o r  th e  b e n d in g  moment.

The f o r e g o i n g  a s s u m p t i o n s  seem to  be v a l i d  a t  l e a s t  f o r  f i n i t e  

d e f o r m a t i o n s  im m e d ia t e ly  a f t e r  b u c k l i n g .

We ta k e  the  c o o r d i n a t e  s y s t e m  o f  th e  c y l i n d e r  a s  shown i n  

F i g .  1.1  and  d e n o te  th e  d i s p l a c e m e n t  com pone nts  by  U, V and  W, 

a s  b e f o r e .  L e t t i n g  U, V and  W be the d i s p l a c e m e n t  com ponents  o f  

th e  s h e l l  a l o n g  th e  s u r f a c e  w h ic h  i s  d i s t a n t  z f r o m  the  m id d le  

s u r f a c e ,  we have

Ü = U - zW , V = V - zW V) = W. ( 1 . 3 . 1 )
y x  κ  * y

F o r  f i n i t e  d e f o r m a t i o n s ,  th e  c o r r e s p o n d i n g  s t r a i n s  may be g e n 

e r a l l y  e x p r e s s e d  a s
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εχ = ö fX+ i  (ο:χ + ^ χ + » ϊ χ).

'y - Ä ? .y - K e + l (R ^ )Il0:y + (,. y - | ö), + (ä.yt 5',)·1'

γ . . . .  = v „ + ~ ϋ  „ + ^ - [ 0  ν ΰ  „ + ν  „ ( t f  „ -  j i J ) + t . T ( 8 v + ^ ) l ·• xy »χ  r - z  »y r - z  >x »y >x »y R x »y R

( 1 . 3 . 2 )

R e t a i n i n g  the  n o n l i n e a r  te rm s  f o r  o n l y  th e  s t r a i n  com ponents  

a l o n g  the  m id d le  s u r f a c e  o f  the  s h e l l ,  we have

ε χ  = U ,x -  zW,xx + 4 θ >

p = v  - —  z W
y »y r - z  »yy r - z

1 « + ε<20>.

- ¥ , ,i + K u .y - (1 + sh> z H ,*y + 4y0.

( 1 . 3 . 3 )

where

" x  0  2  v u » x ^  v , x  ^

-(2) = I
' yO 2 1' >y

ε < «  = 4  ( U 2 + V 2 + W 2 ) ,

ε.(3? = i  [U 2 + (V  - R" 1W) 2 + (W + R - 1V ) 2], ( 1 . 3 . 4 )

4 y 0  = U ,x U ,y + V . x ^ . y - R " ^ )  + W, χ ( W;y + R~1V ) .

The c o r r e s p o n d i n g  s t r e s s e s  a r e

= ■=-----5- ( ε γ + ν ε ν ) ,  σ =  -----5"(ε__ + νε__), τ
Ε

1 -ν  χ y 1 - ν 2 y χ Ιχγ za+vf^y ’ 
( 1 . 3 . 5 )

w h i l e  th e  s t r e s s  r e s u l t a n t s  and  s t r e s s  c o u p l e s  a r e  d e f i n e d  by

(Νχ > Nx y ) = fh /2
<σχ>

J - h /2 V ( 1 -
f )  dz

(N y , Nyx> =
fh /2

l - h / 2 <ay
Tyx)dz ,

(Μχ, Mxy> = (h / !J - h / 2  x
TxyMl- f ) z d z

(My, My x } V

fh /2
(σ ν>

J - h / 2  y
τ ) zdzyx

( 1 . 3 . 6 )

Performing integration, we finally obtain
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Nx = J [ U >x + v ( V >y - R " ^ )  + ε ^ ο ) + ν ε ^ ο )] + R - 1 DW) X X ,

Ny = J [ V >y - R - 1W + v U (X + £^20) + v £ ^20)] - R _1D (W jy y + R - 2W) ,

Nxy = i ^ f J d J . y + V ^  + Y ^ )  + R - 1D ( R - 1V > x + W ( X y ) ] (

N y x  =  ^ [ J ( U >y + V ) x  +  Y x 2y O ) + R ' l D ( R ‘ 1 U , y - W ) x y ) i >

M x  =  - D I W . x x  +  ^ . y y + R - ^ U ^  +  W . y ) ] ,

My = -D(W(yy + R ' 2W + VW>XX) ,

MXy = - ( l - v ) D ( W  Xy + R - 1V X ) ,

Myx = - ( l - v ) D [ W > x y + ( 1 / 2 R ) ( V >X - U fy ) ] ,  ( 1 . 3 . 7 )

where J and  D have  been d e f i n e d  by  ( 1 . 2 . 8 ) .

The e q u i l i b r i u m  e q u a t i o n s  and  th e  a p p r o p r i a t e  b o u n d a ry  c o n 

d i t i o n s  w i l l  be o b t a i n e d  w i t h  th e  u se  o f  th e  s t a t i o n a r y  p r i n c i 

p l e  o f  the  t o t a l  p o t e n t i a l  e n e r g y  a s  b e f o r e .  The v a r i a t i o n  o f  

th e  e l a s t i c  s t r a i n  e n e r g y  U0 i s  

rL | ^ R f h / 2
6Ue

1 f L f zttR fh/Z 2
2 J0 j 0 J_h / 2 ( a x <5£x + c' y <Sey + Txy6Yxy)(1 ' r } dx dy dz ’

8)
w h i l e  t h a t  o f  the  p o t e n t i a l  o f  th e  e x t e r n a l  f o r c e s  V f may be  

e x p r e s s e d  a s

6Vf = " 0 ^ 7ΓΚί ρ χ δυ + ργ ,5ν + ρ [ ' 1ί, χ δυ '  (W> y + R " 1V ) S V  

+ (1 + U (X + V -  R - 1 W)6W] } dx dy

-  | 27TR[P*6U + P*<5V + P*SW -  M^6W(X ] * ” q dy , ( 1 . 3 . 9 )

where p x and  p y , r e s p e c t i v e l y ,  a r e  th e  x  and  y  com ponents  o f  

the  d i s t r i b u t e d  f o r c e  a p p l i e d  p e r  u n i t  a r e a  o f  th e  unde fo rm ed  

m id d le  s u r f a c e  w h i l e  p i s  th e  i n t e n s i t y  o f  th e  l a t e r a l  p r e s s u r e  

a c t i n g  n o r m a l  t o  the  d e fo rm ed  m id d le  s u r f a c e  p e r  u n i t  de fo rm ed  

a r e a .  F u r t h e r ,  P * , P* , P* and  Μ * , r e s p e c t i v e l y ,  a r e  th e  com

p o n e n t s  o f  th e  e x t e r n a l  l o a d  and  b e n d in g  moment a p p l i e d  p e r  u n i t
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o r i g i n a l  l e n g t h  o f  the  s h e l l  edges  x  = 0 and x  = L .  Then, f rom  

the  v a r i a t i o n a l  p r i n c i p l e

6Ue + 6Vf = 0, ( 1 . 3 . 1 0 )

we f i n a l l y  o b t a i n  the e q u i l i b r i u m  e q u a t i o n s  a s  f o l l o w s :  

[Nx ( l + U >x) ] > x + [ N y x ( l + U >x) ] >y + <NyU >y) >y + (NxyU >y) >x

+ Px - PW )X = 0, (1.3.11a)

[Nx y ( l  + V >y - R- 1 W) ] >x + [Ny ( l  + V >y - R " l W)] >y

- R " 1 ( Μ  + Μ  ) + ( Ν  V ) + ( Ν  V ) -  R- 1 N Wy>y xy ,x v x , x 7 , x v y x , x ' , y yx ,x

+ Py -  (p + R_1Ny ) ( W >y + R_1V) = 0, ( 1 . 3 .1 1 b )

Μ  + ( Μ  +M ) + M + R-1 N ( 1 + V  - R _1W)χ ,χ χ  v xy y x ' , xy y>yy y >y

+ [NXW)X + N x y (W>y + R ” 1V) ] >x + [NyxW>x + N y (W)Y + R“ 1V) ] >y 

+ R- 1 NyxV ;X + p ( l + U >X+ V >y -  R_1W) = 0. ( 1 . 3 . 1 1 c )

The a p p r o p r ia te  boundary c o n d i t io n s  a t  x = 0 and x = L a re  a ls o  

o b ta in e d  as

Nx < 1 + U ,x> + Nx y u ,y = K  °r  U = U* ’

Nx y ( l + V (Y - R_1W) + NXV >X - R_1Mxy = P* o r  V = V * ,

Mx ,x  + ( Μ χ γ + Μ γ χ } ^  + NXW;X + Nxy (W (y + R " 1V) = P* o r  W = W* ,

Μ χ  = M* or W)X = W*. ( 1 . 3 . 1 2 )

In  th e  fo re g o in g ,  U * , V * ,  W* and W *, r e s p e c t i v e l y ,  a re  the  p r e -

s c r i b e d  v a l u e s  o f  th e  d i s p l a c e m e n t  com ponents  and  the  r o t a t i o n

a l o n g  th e  b o u n d a ry .  E q u a t i o n s  ( 1 . 3 . 1 1 )  t o g e t h e r  w i t h  ( 1 . 3 . 1 2 )  

a r e  the  m o d i f i e d  F l ü g g e  e q u a t i o n s  f o r  the  f i n i t e  d e f o r m a t i o n  o f  

the  c y l i n d r i c a l  s h e l l ,  w h ic h  r e p r e s e n t  a s e t  o f  t h r e e  c o u p le d  

n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i n  U, V and W. The  

c o r r e s p o n d i n g  l i n e a r  b a s i c  e q u a t i o n s  w i l l  be o b t a i n e d  by  o m i t 

t i n g  th e  n o n l i n e a r  te rm s  i n  the  e x p r e s s i o n s  ( 1 . 3 . 3 )  a s  w e l l  a s

( 1 . 3 . 7 ) .  I n  t h i s  c a s e ,  th e  e q u i l i b r i u m  e q u a t i o n s  become


