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PREFACE 

C o n t i n u u m m e c h a n i c s dea l s w i th d e f o r m a b l e b o d i e s . In its ea r ly s tages it 
w a s c o n f i n e d t o a few spec ia l m a t e r i a l s a n d t o p a r t i c u l a r s i t u a t i o n s , n a m e l y 
t o idea l l iqu ids o r t o e las t ic so l ids u n d e r i s o t h e r m a l o r a d i a b a t i c c o n d i t i o n s . 
I n t h e s e specia l cases it is pos s ib l e t o so lve t h e bas i c p r o b l e m , i . e . , t o 
d e t e r m i n e t h e f low a n d p r e s s u r e d i s t r i b u t i o n s o r t h e d e f o r m a t i o n a n d s t ress 
fields in p u r e l y m e c h a n i c a l t e r m s . T h i s is d u e t o t h e fact t h a t t h e s o l u t i o n 
c a n b e d e v e l o p e d f r o m a set o f d i f fe ren t i a l e q u a t i o n s w h i c h d o e s n o t 
c o n t a i n t h e e n e r g y b a l a n c e . 

F r o m t h e v i e w p o i n t o f g e n e r a l c o n t i n u u m m e c h a n i c s , h o w e v e r , 
p r o b l e m s o f th i s t y p e a r e s i n g u l a r . A n y o n e w o r k i n g in th i s field k n o w s t h a t 
s o o n e r o r l a te r h e ge ts i nvo lved in t h e r m o d y n a m i c s . T h e r e a s o n for th is is 
t h a t in gene ra l a c o m p l e t e set o f d i f f e ren t i a l e q u a t i o n s c o n t a i n s t h e ene rgy 
b a l a n c e . S ince p a r t o f t h e e n e r g y e x c h a n g e t a k e s p l ace as h e a t f low, t h e 
a p p r o p r i a t e f o r m of t h e ene rgy b a l a n c e is t h e first f u n d a m e n t a l l aw of 
t h e r m o d y n a m i c s , a n d it b e c o m e s c lear t h e r e f o r e t h a t it is gene ra l ly 
i m p o s s i b l e t o s e p a r a t e t h e m e c h a n i c a l a s p e c t o f a p r o b l e m f r o m t h e 
t h e r m o d y n a m i c p roces se s a c c o m p a n y i n g t h e m o t i o n . T o o b t a i n a s o l u t i o n , 
t h e f u n d a m e n t a l l aws o f b o t h m e c h a n i c s a n d t h e r m o d y n a m i c s m u s t b e 
a p p l i e d . I n g a s d y n a m i c s a n d in t h e r m o e l a s t i c i t y th i s h a s l o n g b e e n 
r e c o g n i z e d . 

T h i s s i t u a t i o n h a s its c o u n t e r p a r t in t h e r m o d y n a m i c s . U n t i l r ecen t ly t h e 
in te res t in th i s field w a s a l m o s t exclus ively focused o n p a r t i c u l a r l y s imp le 
b o d i e s , m a i n l y o n invisc id g a s e s , c h a r a c t e r i z e d b y c e r t a i n s t a t e va r i ab l e s a s , 
e .g . , v o l u m e , p r e s s u r e a n d t e m p e r a t u r e . In o t h e r b o d i e s , h o w e v e r , o r if 
v iscos i ty is t o b e t a k e n i n t o a c c o u n t , o n e is c o m p e l l e d t o use c o n c e p t s f r o m 
c o n t i n u u m m e c h a n i c s , r e p l a c i n g t h e v o l u m e b y t h e s t r a i n t e n s o r a n d t h e 
p r e s s u r e b y t h e s t ress t e n s o r . I t m a y even b e neces sa ry t o h a v e r e c o u r s e t o 
t h e m o m e n t u m t h e o r e m s , a n d t o a c c o u n t for t h e k ine t i c e n e r g y in 
f o r m u l a t i n g t h e first f u n d a m e n t a l l a w . I n s h o r t , t h e r m o d y n a m i c s c a n n o t 
b e s e p a r a t e d f r o m c o n t i n u u m m e c h a n i c s . 

In v iew of t he se s t a t e m e n t s it b e c o m e s c lear t h a t c o n t i n u u m m e c h a n i c s 
a n d t h e r m o d y n a m i c s a r e i n s e p a r a b l e : a g e n e r a l t h e o r y o f c o n t i n u u m 
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m e c h a n i c s a l w a y s inc ludes t h e r m o d y n a m i c s a n d vice ve r sa . T h e en t i r e field 
is t ru ly i n t e rd i s c ip l i na ry a n d r equ i r e s a un i f i ed t r e a t m e n t , w h i c h m a y 
p r o p e r l y be d e n o t e d as thermomechanics. S u c h a un i f i ed t r e a t m e n t is t h e 
t o p i c of th i s b o o k . 

In o r d e r t o a m a l g a m a t e t w o b r a n c h e s of sc ience , o n e n e e d s a c o m m o n 
l a n g u a g e . C o n t i n u u m m e c h a n i c s h a s a l w a y s b e e n a field t h e o r y , even in its 
r u d i m e n t a r y f o r m s l ike h y d r a u l i c s o r s t r e n g t h o f m a t e r i a l s . T o t r e a t even 
such a s imp le p r o b l e m as b e n d i n g of a b e a m , o n e m u s t r e cogn i ze t h a t t h e 
s ta tes of s t r a in a n d s t ress d e p e n d o n p o s i t i o n a n d poss ib ly o n t i m e . T h e 
ob jec t of t h e r m o d y n a m i c s , o n t h e o t h e r h a n d , h a s a l w a y s b e e n a f ini te 
v o l u m e , e .g . , a m o l e , a n d t h e s t a t e w i th in t h e b o d y h a s b e e n tac i t ly 
a s s u m e d t o b e t h e s a m e t h r o u g h o u t t h e en t i r e v o l u m e . It is s u r p r i s i n g t h a t 
th is p h i l o s o p h y h a s b e e n m a i n t a i n e d even a t t h e age o f s ta t i s t ica l a n d 
q u a n t u m m e c h a n i c s , a l t h o u g h it is c lear ly i ncons i s t en t w i th t h e first 
f u n d a m e n t a l l aw in its c o m m o n f o r m : A t least p a r t o f t h e h e a t s u p p l y 
a p p e a r i n g in th is l aw is d u e t o h e a t f low t h r o u g h t h e s u r f a c e of t h e b o d y . 
A s l ong as this p r o c e s s goes o n , t h e t e m p e r a t u r e of t h e e l e m e n t s n e a r t h e 
su r f ace dif fers f r o m t h e o n e of t h e e l e m e n t s fu r the r ins ide t h e b o d y ; t h e 
s t a t e of t h e b o d y is t h e r e f o r e n o t h o m o g e n e o u s . 

T h e r e a r e t w o w a y s o u t o f th i s d i l e m m a . 
T h e h i s to r i ca l w a y , still d o m i n a t i n g vas t a r e a s o f t e a c h i n g in t h e r m o d y 

n a m i c s , cons i s t s in t h e r e s t r i c t ion t o inf ini te ly s low p r o c e s s e s . In p l ace of 
a c t u a l p rocesses o n e c o n s i d e r s s e q u e n c e s o f ( h o m o g e n e o u s ) e q u i l i b r i u m 
s t a t e s . E x c e p t for a few specia l cases , such idea l ized p roces ses a r e p r a c t i 
cally revers ib le , a n d th is exp la in s w h y in c lass ical t h e r m o d y n a m i c s (or 
r a t h e r t h e r m o s t a t i c s ) t h e l imi t ing case of revers ib i l i ty p l ays such a d o m i 
n a n t r o l e . H o w e v e r , t h e eng inee r e n g a g e d in t h e c o n s t r u c t i o n o f t h e r m o -
m e c h a n i c a l m a c h i n e r y c a n n o t l imit h imse l f t o inf in i te ly s low p roces ses a n d 
h e n c e h a s never t a k e n th is r e s t r i c t ion se r ious ly . T h e s i t u a t i o n s t r o n g l y re 
sembles t h e o n e in p r e - N e w t o n i a n m e c h a n i c s w i th its a t t e m p t s t o d e v e l o p 
d y n a m i c s f r o m p u r e l y s ta t ic c o n c e p t s . 

T h e m o d e r n w a y o u t o f t h e d i l e m m a is d i f fe ren t b u t su rp r i s ing ly s imp le : 
i n s t e a d of inf in i te ly s low p roces se s o n e c o n s i d e r s in f in i t e s ima l e l e m e n t s o f 
t h e b o d y in w h i c h a p r o c e s s t a k e s p l a c e , a d m i t t i n g t h a t t h e s t a t e va r i ab l e s 
differ f r o m e l e m e n t t o e l e m e n t . In o t h e r w o r d s : o n e conce ives 
t h e r m o d y n a m i c s as a field t h e o r y in m u c h t h e s a m e w a y as c o n t i n u u m 
m e c h a n i c s h a s b e e n t r e a t e d for m o r e t h a n 200 y e a r s . In such a field t h e o r y , 
r e a s o n a b l y fast p roces ses c a n b e t r e a t e d w i th t h e s a m e ease as s low o n e s , 
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a n d r e s t r i c t ion t o revers ib le p roces se s b e c o m e s u n n e c e s s a r y . F ina l l y , th i s 
field t h e o r y is t h e p r o p e r f o r m in w h i c h t h e r m o d y n a m i c s a n d c o n t i n u u m 
m e c h a n i c s a r e easi ly a m a l g a m a t e d . 

T h e s t r o n g i n t e r d e p e n d e n c e of c o n t i n u u m m e c h a n i c s a n d 
t h e r m o d y n a m i c s w a s gene ra l l y r e c o g n i z e d a b o u t t h r e e d e c a d e s a g o . 
V a r i o u s s choo l s h a v e s ince c o n t r i b u t e d t o t h e r m o m e c h a n i c s , e a c h f r o m its 
p o i n t o f v iew a n d in its o w n l a n g u a g e o r f o r m a l i s m . I t is n o t t h e a i m o f th is 
b o o k t o r e p o r t o n t h e v a r i o u s a p p r o a c h e s n o r t o c o m p a r e t h e m . T h e b o o k 
is i n t e n d e d as a n introduction t o th is f a sc ina t ing field, b a s e d o n t h e 
s imples t pos s ib l e a p p r o a c h . 

E x c e p t for a n i n t r o d u c t i o n t o t h e t h e o r y o f c a r t e s i a n t e n s o r s t h e first 
t h r e e c h a p t e r s a r e c o n c e r n e d w i th t h e m e c h a n i c a l l aws g o v e r n i n g t h e 
m o t i o n of a c o n t i n u u m . T h e y a r e b a s e d o n c o n s i d e r a t i o n s of m a s s 
g e o m e t r y , o n t h e p r i nc ip l e o f v i r t ua l p o w e r a n d o n a gene ra l f o r m of t h e 
r e a c t i o n p r i n c i p l e . I t is well k n o w n t h a t t h e m o s t g e n e r a l a p p r o a c h t o 
c o n t i n u u m m e c h a n i c s m a k e s use o f t h e d i s p l a c e m e n t field a n d of m a t e r i a l , 
a n d h e n c e c u r v i l i n e a r , c o o r d i n a t e s . F o r a b e g i n n e r , h o w e v e r , th i s a p p r o a c h 
p r e s e n t s c o n s i d e r a b l e m a t h e m a t i c a l d i f f icul t ies t h a t a r e a p t t o o b s c u r e t h e 
phys i ca l c o n t e n t s . S ince phys i c s dese rves p r i o r i t y in a n i n t r o d u c t i o n of th is 
t y p e , a t r e a t m e n t b a s e d o n t h e ve loc i ty field h a s m a n y a d v a n t a g e s a n d h a s 
t h e r e f o r e b e e n p r e f e r r e d . T h i s k i n d o f a p p r o a c h h a s b e e n p r e s e n t e d in a 
m a s t e r l y f a s h i o n b y P r a g e r in his " I n t r o d u c t i o n t o M e c h a n i c s o f 
C o n t i n u a " , a n d s ince t h e r e is n o t m u c h p o i n t in m a k i n g c h a n g e s j u s t for 
t h e s a k e of o r ig ina l i t y , t h e first t h r e e c h a p t e r s a n d c e r t a i n p o r t i o n s of t h e 
s u b s e q u e n t a p p l i c a t i o n s a r e s imi la r t o t h e c o r r e s p o n d i n g p a r t s o f P r a g e r ' s 
b o o k . 

C h a p t e r 4 dea l s w i th t h e r m o d y n a m i c s . I t s t a r t s f r o m t h e c lass ical 
r e p r e s e n t a t i o n , f ami l i a r f r o m t e x t b o o k s in th i s f ield, i n t r o d u c e s a n d 
d i scusses t h e c o n c e p t o f ( i n d e p e n d e n t a n d d e p e n d e n t ) s t a t e v a r i a b l e s , a n d 
s h o w s h o w t h e f u n d a m e n t a l l aws c a n b e f o r m u l a t e d in t e r m s o f a field 
t h e o r y . A c h a r a c t e r i s t i c p o i n t o f t h e p r e s e n t t r e a t m e n t is t h e fact t h a t t h e 
s t ress a p p e a r s a s t h e s u m o f a q u a s i c o n s e r v a t i v e a n d a d i s s ipa t ive s t ress . 
T h e first is a s t a t e f u n c t i o n , d e p e n d e n t o n t h e free e n e r g y , t h e s e c o n d is 
c o n n e c t e d w i th t h e d i s s i p a t i o n f u n c t i o n . I n v iew of la te r d e v e l o p m e n t s 
( C h a p t e r 14) t h e ro l e o f t h e t w o f u n c t i o n s is e m p h a s i z e d . T h e d e f o r m a t i o n 
h i s t o r y is r e p r e s e n t e d in t h e s imples t pos s ib l e m a n n e r , n a m e l y b y i n t e r n a l 
p a r a m e t e r s . 

C h a p t e r 5 dea l s w i t h t h e c h a r a c t e r i s t i c p r o p e r t i e s o f v a r i o u s m a t e r i a l s . A 
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r o u g h c lass i f ica t ion o f b o d i e s is p r e s e n t e d , a n d t h e c o n s t i t u t i v e e q u a t i o n s 
of s o m e c o n t i n u a a r e d i scussed . T h e gene ra l t h e o r e m s e s t ab l i shed in t h e 
p r e c e d i n g c h a p t e r s , s u p p l e m e n t e d b y t h e p r o p e r c o n s t i t u t i v e r e l a t i o n s , 
d e t e r m i n e t h e t h e r m o m e c h a n i c a l b e h a v i o r of a g iven b o d y . T h i s is 
i l lus t ra ted in C h a p t e r s 6 t h r o u g h 1 1 , w h i c h dea l w i th t h e a p p l i c a t i o n o f t h e 
t h e o r y t o v a r i o u s t ypes of c o n t i n u a . 

C h a p t e r s 12 a n d 13 c o n t a i n a s h o r t o u t l i n e o f g e n e r a l t e n s o r s a n d the i r 
a p p l i c a t i o n in t h e s t u d y of l a rge d i s p l a c e m e n t s . T h e r e p r e s e n t a t i o n fo l lows 
t h e l ines of G r e e n a n d Z e r n a in the i r excel lent b o o k o n " T h e o r e t i c a l 
E l a s t i c i t y

,
\ T h e inc lus ion of th i s m a t e r i a l m a k e s it pos s ib l e , in p a r t i c u l a r , 

t o p o i n t o u t (a) t h e i m p o r t a n c e of a p r o p e r cho ice o f t h e s t r a in m e a s u r e a n d 
of t h e c o r r e s p o n d i n g s t ress , a n d (b) t h e d i f f e rence b e t w e e n c o v a r i a n t a n d 
c o n t r a v a r i a n t c o m p o n e n t s of a t e n s o r , essent ia l for t h e p r o o f of t h e 
o r t h o g o n a l i t y c o n d i t i o n in C h a p t e r 14. 

U p t o a n d i n c l u d i n g C h a p t e r 13 t h e sub jec t m a t t e r , in sp i te o f a p e r s o n a l 
t inge in t h e p r e s e n t a t i o n , r e m a i n s w i th in con f ines t h a t a p p e a r t o b e 
genera l ly a c c e p t e d b y n o w . T h e r e m a i n d e r o f t h e b o o k t r a n s g r e s s e s these 
t r a d i t i o n a l l imi t s . It m a y b e c o n s i d e r e d , t o g e t h e r w i th C h a p t e r 4 , as a 
synops i s of t h e a u t h o r ' s c o n t r i b u t i o n s t o t h e r m o m e c h a n i c s , p u b l i s h e d 
f r o m 1957 o n w a r d s , o c c a s i o n a l l y w i th t h e a s s i s t ance o f D r . J u r g N a n n i a n d 
P r o f e s s o r C h r i s t o p h W e h r l i . It is c lear t h a t in a synops i s of th i s t y p e m a n y 
p o i n t s w h i c h o n c e s e e m e d essen t ia l b u t h a v e lost t he i r i m p o r t a n c e c a n b e 
d r o p p e d , a n d it is equa l l y o b v i o u s t h a t m a n y t h o u g h t s w h i c h o n c e 
a p p e a r e d v a g u e h a v e s ince a s s u m e d a m o r e conc i se f o r m . I n c i d e n t a l l y , in a 
field w h i c h is still in a s t a t e of d e v e l o p m e n t a c e r t a in a m o u n t of 
c o n t r o v e r s y c a n n o t b e a v o i d e d ; in th is r e spec t I a s s u m e full r e spons ib i l i t y 
for t h e f inal c h a p t e r s . 

C h a p t e r 14 r e t u r n s t o t h e bas i s of t h e r m o d y n a m i c s . T h e c lass ical t h e o r y , 
res t r i c ted t o revers ib le p r o c e s s e s , tac i t ly exc ludes g y r o s c o p i c fo rces . W i t h 
exac t ly t h e s a m e r igh t t hey m a y b e exc luded in t h e i r revers ib le case . T h e 
o b v i o u s w a y of d o i n g th is is t o a s s u m e t h a t t h e d i s s ipa t ive s t resses a r e 
d e t e r m i n e d b y t h e d i s s i p a t i o n f u n c t i o n a l o n e m u c h in t h e s a m e w a y as t h e 
q u a s i c o n s e r v a t i v e forces d e p e n d o n t h e free e n e r g y . F o r c e r t a i n s y s t e m s , t o 
be cal led e l e m e n t a r y , t h e c o n n e c t i o n b e t w e e n d i s s ipa t ive s t resses a n d 
d i s s i pa t i on f u n c t i o n t h e n t u r n s o u t t o h a v e t h e f o r m of a n orthogonality 
condition, a n d it fo l lows t h a t t w o sca la r f u n c t i o n s , t h e free en e rg y a n d t h e 
d i s s i pa t i on f u n c t i o n (or t h e r a t e o f e n t r o p y p r o d u c t i o n ) c o m p l e t e l y g o v e r n 
a n y k i n d of p r o c e s s . 
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C H A P T E R 1 

MATHEMATICAL PRELIMINARIES 

I n o r d e r t o d e s c r i b e t h e configuration o f a n a r b i t r a r y b o d y , w e need a 
reference system, e .g . , a r ig id b o d y o r f r a m e se rv ing a s a ba s i s fo r t h e 
o b s e r v e r . A n y q u a n t i t a t i v e t r e a t m e n t r e q u i r e s a coordinate system f ixed t o 
th is r e f e rence f r a m e . O u r first t a s k is t o d e v e l o p t h e m a t h e m a t i c a l t o o l s 
n e e d e d for t h e d e s c r i p t i o n o f t h e m o t i o n o r , m o r e gene ra l ly , o f a n y p r o c e s s 
in w h i c h t h e b o d y in c o n s i d e r a t i o n t a k e s p a r t . T h e m a t h e m a t i c a l 
f r a m e w o r k m u s t b e c o n s i s t e n t w i t h t h e fact t h a t t h e c h o i c e of t h e 
c o o r d i n a t e s y s t e m is a r b i t r a r y . In c o n s e q u e n c e , o u r s t a r t i n g p o i n t m u s t b e 
t h e s t u d y o f c o o r d i n a t e t r a n s f o r m a t i o n s . Res t r i c t i ng ou r se lves in th is 
c h a p t e r t o c a r t e s i a n c o o r d i n a t e s y s t e m s , w e will d e v e l o p t h e c o n c e p t o f t h e 
c a r t e s i a n t e n s o r . 

1 .1 . Cartesian tensors 

Le t u s re fer (F ig . 1.1) t h e t h r e e - d i m e n s i o n a l phys i ca l s p a c e t o a g iven 

Fig. 1.1. Cartesian coordinate systems. 
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re fe rence f r a m e a n d h e r e t o a cartesian, i . e . , r e c t a n g u l a r a n d rec t i l inea r , 

coordinate system x u x 2 , x 3 w i th un i t vec to r s #Ί, ι 2, 1 3 a l o n g t h e c o o r d i n a t e 

axes . T h e axes Xp (p= 1 ,2 ,3 ) w i t h un i t vec to r s Ip de f ine a n o t h e r c a r t e s i a n 

c o o r d i n a t e sys tem wi th t h e s a m e o r ig in O . D e n o t i n g t h e cos ines b e t w e e n 

t h e axes Xp a n d xt b y c p h we h a v e , for a r b i t r a r y ind ices ρ a n d / b e t w e e n 1 

a n d 3 , 

cpi = cos (Xp, xi) = Ip-ii. (1 .1) 

Le t Ρ b e a p o i n t w i th c o o r d i n a t e s in t h e first s y s t e m . I t s c o o r d i n a t e s in 

t h e s e c o n d sys t em a r e t h e p r o j e c t i o n s o f t h e r a d i u s v e c t o r (o r , equ iva l en t ly , 

o f t h e s e q u e n c e of s t r a igh t s e g m e n t s r e p r e s e n t i n g t h e xi) o n t o t h e axes Xp. 
M a k i n g use of (1 .1 ) , w e o b t a i n 

X\=cuxx+cnx2 + c n x 3 , 

X2 = c2\X\ + c22x2 + C23X3, (1 .2) 

^ 3 = ^ 3 , ^ + 0 3 2 ^ 2 + ^ 3 

as c o o r d i n a t e t r a n s f o r m a t i o n s b e t w e e n t h e t w o c o o r d i n a t e s y s t e m s . It is 

easy t o see t h a t t h e inve r s ions a r e 

xl=cuXl+c2\X2 + c3lX39 

x2 = cnX\ + c22X2 + c32X3 > (1-3) 
x
3 -

 C
\?>X\ +

 c
2 3 - ^ 2 +

 c
3 3 - ^ 3 · 

A m o r e c o m p a c t w a y t o wr i t e (1 .2) a n d (1.3) is 

3 3 

ΧΡ=Σ Cpi*b ^ = Σ cpiXp, (1 .4) 
1=1 p=\ 

w h e r e ρ is free in t h e first e q u a t i o n , a n d / in t h e s e c o n d o n e . W e m a y even 
d i spense of t h e s u m m a t i o n s y m b o l b y a d o p t i n g , o n c e a n d for a l l , t h e so -
cal led summation convention s t i p u l a t i n g t h a t w h e n e v e r a le t te r i ndex 
a p p e a r s twice in a p r o d u c t t h e s u m is t o b e t a k e n ove r th i s i n d e x . W e t h u s 
wr i t e , in p l ace of (1 .4 ) , 

Xp
 = c

pi
x
i>

 x
i
 =

 CpiXp · (1 · 5) 

It is c lear t h a t a n i n d e x a p p e a r i n g o n c e in a t e r m of a n e q u a t i o n l ike (1.5) 
m u s t a p p e a r in every s ingle t e r m . O n t h e o t h e r h a n d , t h e s u m m a t i o n i n d e x 
is s o m e t i m e s cal led a dummy index s ince it m a y b e r e p l a c e d b y a n y o t h e r 
le t te r . S u c h a r e p l a c e m e n t m a y b e c o m e neces sa ry t o a v o i d indices 
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a p p e a r i n g m o r e t h a n tw ice . T o inse r t ( 1 . 5 ) 2 i n t o ( 1 . 5 ) i , e .g . , it is neces sa ry 

t o wr i t e ( 1 . 5 ) 2 in t h e f o r m 

T h u s , 

ΛΓ/ — CqiXq. 

XP = cPi CqiXq a n d s imi la r ly *,· = cpicpJXj, 

(1 .6) 

(1 .7) 

w h e r e t h e r i g h t - h a n d s ides a r e d o u b l e s u m s . 

I t is o b v i o u s t h a t t h e coef f ic ien t o f Xq in (1 .7) ! m u s t b e 1 for q-p a n d 0 

for q^p. A s imi la r s t a t e m e n t h o l d s for ( 1 . 7 ) 2. I n t r o d u c i n g t h e so-ca l led 

Kronecker symbol 

Π forp = q, 
p q

 ( 0 fo r ρ Φ q, 

w e t h u s h a v e 

Cpi^qi ~ 3pq> 
C
pi

C
PJ ~ ^U' 

(1 .8) 

(1 .9) 

T h e s e e q u a t i o n s m i g h t b e i n t e r p r e t e d a s o r t h o n o r m a l i t y c o n d i t i o n s ; t h e y 

a r e va l id o n l y in o r t h o g o n a l c o o r d i n a t e s y s t e m s . 

T h e cpi m a y b e w r i t t e n as a m a t r i x , 

C\2 

C22 

J>1\ 
C
3 3 . 

(1 .10) 

H e r e t h e first i n d e x i nd i ca t e s t h e l ine , t h e s e c o n d t h e c o l u m n in w h i c h a 

g iven e l e m e n t is s i t u a t e d . F o r a n y fixed v a l u e of ρ t h e c p h a p p e a r i n g in t h e 

/ 7 - t h l ine o f t h e m a t r i x (1 .10) , a r e , a c c o r d i n g t o (1 .1 ) , t h e c o m p o n e n t s o f 

t h e u n i t v e c t o r Ip in t h e c o o r d i n a t e s y s t e m x h T h u s , t h e d e t e r m i n a n t of t h e 

m a t r i x is t h e t r ip l e p r o d u c t 

detcpi = Il ( / 2 X / 3 ) . 

I t fo l lows t h a t 

det cpi = ± 1 , 

(1 .11) 

(1 .12) 

w h e r e t h e pos i t ive s ign c o r r e s p o n d s t o t h e case w h e r e b o t h c o o r d i n a t e 
sys t ems a r e r igh t - o r l e f t - h a n d e d , t h e n e g a t i v e s ign t o t h e case w h e r e o n e o f 
t h e m is r i g h t - h a n d e d a n d t h e o t h e r o n e l e f t - h a n d e d . I n t h e first case t h e 
s e c o n d c o o r d i n a t e s y s t e m is o b t a i n e d f r o m t h e first o n e b y a r o t a t i o n a b o u t 
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Ο , in t h e s e c o n d case a r e f l ec t ion o n a p l a n e p a s s i n g t h r o u g h Ο m u s t b e 
a d d e d . 

M a k i n g o n c e m o r e use of (1 .1 ) , w e o b t a i n 

IP = (IP · */)// = cpiii, // = {irlp)lp = cpiIp. (1 .13) 

C o m p a r i n g th is t o (1 .5 ) , w e n o t e t h a t t h e b a s e v e c t o r s o f t h e t w o c a r t e s i a n 

c o o r d i n a t e sys t ems t r a n s f o r m as t h e c o o r d i n a t e s o f a p o i n t (o r , 

equ iva l en t ly , as t h e c o m p o n e n t s o f its r a d i u s v e c t o r ) . I n n o n - c a r t e s i a n 

c o o r d i n a t e s y s t e m s , th is w o u l d n o t b e t r u e . 

O u r p r e s e n t i n t e r p r e t a t i o n o f (1 .2) is th i s : P i s a p o i n t f ixed in s p a c e , i . e . , 

in o u r r e fe rence f r a m e , a n d (1 .2) c o n n e c t s its c o o r d i n a t e s in d i f fe ren t 

c a r t e s i an s y s t e m s . A n o t h e r i n t e r p r e t a t i o n , t o b e u s e d la te r , c o n s i d e r s (1 .2) 

as r e p r e s e n t i n g a d i s p l a c e m e n t w i t h r e spec t t o t h e r e f e r ence f r a m e : t h e 

c o o r d i n a t e sys tem is fixed a n d t h e Xp a r e t h e i n s t a n t a n e o u s p o s i t i o n s o f t h e 

p o i n t s w i th o r ig ina l p o s i t i o n s x , . T h e d i s p l a c e m e n t is o b v i o u s l y a r o t a t i o n 

a b o u t O, poss ib ly c o m b i n e d w i t h a re f lec t ion o n a p l a n e p a s s i n g t h r o u g h 

O . 

A scalar A is a q u a n t i t y w h i c h is i n d e p e n d e n t of t h e c o o r d i n a t e sy s t em. 

D e n o t i n g t h e c o r r e s p o n d i n g q u a n t i t y in t h e sys t em Xp b y Λ, w e t h u s h a v e 

Λ=λ. (1 .14) 

A vector ν h a s a d i r e c t i o n a n d h e n c e t h r e e c o m p o n e n t s υ,·. T h e v e c t o r 

itself is i n d e p e n d e n t o f t h e c o o r d i n a t e sy s t em; its c o m p o n e n t s t r a n s f o r m as 

t h e c o o r d i n a t e s of a p o i n t ( the e n d p o i n t of ν w h e n t h e c o o r d i n a t e o r ig in is 

c h o s e n as t h e s t a r t i n g p o i n t ) , i . e . , a c c o r d i n g t o (1 .5 ) , 

Vp = cPiVi9 Vi = cpiVp. (1 .15) 

T h u s , a vec to r m i g h t b e de f ined as a t r ip le t o f c o m p o n e n t s t r a n s f o r m i n g 
a c c o r d i n g t o (1 .15) , a n d th is de f in i t i on m i g h t b e u s e d t o o b t a i n s o m e of t h e 
ru les of vec to r a l g e b r a , s u p p l y i n g , e .g . , t h e p r o d u c t λν o f a sca la r a n d a 
v e c t o r o r t h e sca la r p r o d u c t u*v o f t w o v e c t o r s . 

G e n e r a l i z i n g (1 .15) , let u s de f ine a cartesian tensor of o r d e r η a s a set o f 
3" c o m p o n e n t s //,.../ t r a n s f o r m i n g a c c o r d i n g t o 

Tpq...s
 =

 Cpi^qj · · ·
 c
s/lij.../> Uj

c
pi^qj · · · ^sl^pq...s* 0 · 1 6 ) 

N o t e t h a t t h e o r d e r o f t h e t e n s o r is g iven b y t h e n u m b e r of i ts i nd ices . I n 

a c c o r d a n c e w i th th i s de f in i t i on , a sca la r λ m a y b e c o n s i d e r e d as a t e n s o r o f 

o r d e r z e r o . A v e c t o r is a t e n s o r o f o r d e r o n e , symbolically d e n o t e d b y v. 


