Y
\
\
Vi

" An Introduction to

Quantum
Field

- Theory

@ CRC Press
aaaaaaaaaaaa is Group

- -
> L

Michael E. Peskin ® Daniel V. Schroeder



An Introduction to

Quantum
Field
Theory



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

An Introduction to
Quantum

Field
Theory

Michael E. Peskin

Stanford Linear Accelerator Center

Daniel V. Schroeder

Weber State University

THE ADVANCED Book PrRoGRrAM

CRC Press
Taylor & Francis Group
Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business




First published 1995 by Westview Press

Published 2018 by CRC Press

Taylor & Francis Group

6000 Broken Sound Parkway N'W, Suite 300
Boca Raton, FL 33487-2742

CRC Press is an imprint of the Taylor €& Francis Group, an informa business
Copyright © 1995 Taylor & Francis Group LLC
No claim to original U.S. Government works

This book contains information obtained from authentic and highly regarded sources. Reasonable efforts have been made to
publish reliable data and information, but the author and publisher cannot assume responsibility for the validity of all
materials or the consequences of their use. The authors and publishers have attempted to trace the copyright holders of all
material reproduced in this publication and apologize to copyright holders if permission to publish in this form has not been
obtained. If any copyright material has not been acknowledged please write and let us know so we may rectify in any future
reprmt.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmitted, or utilized
in any form by any electronic, mechanical, or other means, now known or hereafter invented, including photocopying,
microfilming, and recording, or in any information storage or retrieval system, without written permission from the
publishers.

For permission to photocopy or use material electronically from this work, please access www. copyright.com
(http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood Drive, Danvers, MA
01923, 978-750-8400. CCC is a not-for-profit organization that provides licenses and registration for a variety of users. For
organizations that have been granted a photocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used only for
idendification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
huep:/fwww.taylorandfrancis.com

and the CRC Press Web site at
http://www.crepress.com

Figures 5.2 and 14.2 have been adapted, with permission, from figures in Physical
Review Letters.
Table 13.1 has been adapted, with permission, from a set of tables in Physical Review

B.

Table 17.1 and Figures 5.3, 5.7, 7.9, 17.13, 1723, and 18.8 have been adapted, with
permission, from tables/figures in Physical Review D.

Figure 17.5 has been adapted, with permission, from a table in Zezschrifi fiir Physik C.

Table 20.1 and Figures 1722 and 20.5 have been reprinted, with permission, from
Physical Review D.

In all cases, the specific source is cited in the caption of the figure or table.

Library of Congress Cataloging-in-Publication Data
Peskin, Michael Edward, 1951~
Introduction to quantum field theory / Michael E. Peskin, Daniel
V. Schroeder.
p. cm.
Includes bibliographical references and index.
ISBN-13 978-0-201-50397-5 ISBN-10 0-201-50397-2

1. Quantum field theory. 2. Feynman diagrams. 3. Renormalization
(Physics) 4. Gauge fields (Physics) 1. Schroeder, Daniel V.
IL Title.
QC174.45.P465 1995
530. 1 43-dc20 89-27170

CIP
ISBN 13: 978-0-201-50397-5 (pbk)

Cover art by Michael E. Peskin and Daniel V. Schroeder

Cover design by Lynne Reed

Typeset by Daniel V. Schroeder in 10 pt. Computer Modern using TgXtures for the
Macintosh.


http://www.copyright.com
http://www.copyright.com/
http://www.taylorandfrancis.com
http://www.crcpress.com

Contents

Preface . .
Notations and Conventlons
Editor’s Foreword

Part I: Feynman Diagrams and
Quantum Electrodynamics

Invitation: Pair Production in etTe~ Annihilation

The Klein-Gordon Field

2.1
2.2

2.3
24

The Necessity of the Field Vlewpomt

Elements of Classical Field Theory .
Lagrangian Field Theory; Hamiltonian Field Theory,
Noether’s Theorem

The Klein-Gordon Field as Harmonic Oscillators
The Klein-Gordon Field in Space-Time .
Causality; The Klein-Gordon Propagator;

Particle Creation by a Classical Source

Problems .

The Dirac Field

3.1
3.2

3.3

3.4
3.5

3.6

Lorentz Invariance in Wave Equatlons
The Dirac Equation

Weyl Spinors

Free-Particle Solutions of the Dirac Equation
Spin Sums

Dirac Matrices and Dirac Field Bilinears .
Quantization of the Dirac Field

Spin and Statistics; The Dirac Propagator
Discrete Symmetries of the Dirac Theory .
Parity; Time Reversal; Charge Conjugation
Problems .

Xi

. xix

xx1i

13
13
15

19

25

33

35
35
40

45

49
52

64

71



vi

Contents

Interacting Fields and Feynman Diagrams

4.1 Perturbation Theory—Philosophy and Examples

4.2 Perturbation Expansion of Correlation Functions

4.3 Wick’s Theorem .

4.4 Feynman Diagrams

4.5 Cross Sections and the S- Matrlx R
4.6 Computing S-Matrix Elements from Feynman Dlagrams

4.7 Feynman Rules for Fermions
Yukawa Theory

4.8 Feynman Rules for Quantum Electrodynamics
The Coulomb Potential

Problems .

Elementary Processes of Quantum Electrodynamics

5.1 eTe™ — puTp~: Introduction C
Trace Technology, Unpolarized Cross Sect1on e+ — Hadrons

52 ete” — ,u 1~ : Helicity Structure

5.3 ete”™ — uTp~: Nonrelativistic Limit . .
Bound States; Vector Meson Production and Decay

5.4 Crossing Symmetry
Electron-Muon Scattering; Mandelstam Vanables

5.5 Compton Scattering . .
Photon Polarization Sums; The K]em N1shma Formula
High-Energy Behavior; Pair Annihilation into Photons

Problems .

Radiative Corrections: Introduction

6.1 Soft Bremsstrahlung . .
Classical Computation; Quantum Computamon

6.2 The Electron Vertex Function: Formal Structure

6.3 The Electron Vertex Function: Evaluation
Feynman Parameters; Precision Tests of QED

6.4 The Electron Vertex Function: Infrared Divergence
*6.5 Summation and Interpretation of Infrared Divergences .
Problems .

Radiative Corrections: Some Formal Developments
7.1 Field-Strength Renormalization

The Electron Self-Energy
7.2 The LSZ Reduction Formula

7.3 The Optical Theorem C e e
The Optical Theorem for Feynman Dzagramb Unstab]e Particles

7.4 The Ward-Takahashi Identity .

7.5 Renormalization of the Electric Charge .
Dimensional Regularization

Problems .

Final Project: Radiation of Gluon Jets .

77
77
82
88
90
99

. 108
. 115

. 123

. 126

131

. 131

. 141
. 146

. 153

. 158

. 169

175

. 176

. 184
. 189

. 199
. 202
. 208

211

. 211

. 222
. 230

. 238
. 244

. 257

259



Contents

Part II: Renormalization

8 Invitation: Ultraviolet Cutoffs and Critical Fluctuations

9 Functional Methods

9.1
9.2

9.3
9.4
9.5

*9.6

Path Integrals in Quantum Mechanlcs

Functional Quantization of Scalar Fields . .
Correlation Functions; Feynman Rules; Functional Denvamves
and the Generating Functional

Quantum Field Theory and Statistical Mechanics
Quantization of the Electromagnetic Field

Functional Quantization of Spinor Fields .

Anticommuting Numbers; The Dirac Propagator; Generatmg
Functional for the Dirac F ield; QED; Functional Determinants
Symmetries in the Functional Formalism . .

Equations of Motion; Conservation Laws; The Ward—
Takahashi Identity

Problems .

10 Systematics of Renormalization

10.1
10.2

10.3

10.4
*10.5

Counting of Ultraviolet Divergences

Renormalized Perturbation Theory
One-Loop Structure of ¢* Theory

Renormalization of Quantum Electrodynamics
One-Loop Structure of QED

Renormalization Beyond the Leading Order .
A Two-Loop Example
Problems .

11 Renormalization and Symmetry

11.1

*11.2
*11.3
*11.4

*11.5
*11.6

Spontaneous Symmetry Breaking . . .
The Linear Sigma Model; Goldstone’s Theorem

Renormalization and Symmetry: An Explicit Example
The Effective Action .

Computation of the Effective Actlon . .
The Effective Action in the Linear Sigma Model

The Effective Action as a Generating Functional

Renormalization and Symmetry: General Analysis .
Goldstone’s Theorem Revisited

Problems .

12 The Renormalization Group .

12.1
12.2

Wilson’s Approach to Renormalization Theory

The Callan-Symanzik Equation

Renormalization Conditions; The Callan- Symanmk Equauon
Computation of 3 and v; The Meaning of § and vy

vii

265

275

. 275
. 282

. 292
. 294
. 298

. 306

. 312

315

. 315
. 323

. 330

. 335
. 338
. 344

347

. 348

. 352
. 364
. 370

. 379
. 383

. 389

393

. 394
. 406



viii Contents

12.3 Evolution of Coupling Constants .
Solution of the Callan-Symanzik Equation; An Apphcamon
to QED; Alternatives for the Running of Coupling Constants

*12.4 Renormalization of Local Operators

*12.5 Evolution of Mass Parameters .
Critical Exponents: A First Look

Problems .

13 Critical Exponents and Scalar Field Theory

*13.1 Theory of Critical Exponents .
Exponents of the Spin Correlation Functwn Exponents of
Thermodynamic Functions; Values of the Crmcal Exponents

*13.2 Critical Behavior in Four Dimensions
*13.3 The Nonlinear Sigma Model
Problems .

*Final Project: The Coleman-Weinberg Potential .

Part III: Non-Abelian Gauge Theories

14 Invitation: The Parton Model of Hadron Structure

15 Non-Abelian Gauge Invariance .
15.1 The Geometry of Gauge Invariance
15.2 The Yang-Mills Lagrangian . .
*15.3 The Gauge-Invariant Wilson Loop .

15.4 Basic Facts About Lie Algebras .
Classification of Lie Algebras; Representat]on.s,
The Casimir Operator

Problems .

16 Quantization of Non-Abelian Gauge Theories

16.1 Interactions of Non-Abelian Gauge Bosons
Feynman Rules for Fermions and Gauge Bosons;
Equality of Coupling Constants; A Flaw in the Argument
16.2 The Faddeev-Popov Lagrangian .
16.3 Ghosts and Unitarity
*16.4 BRST Symmetry .
*16.5 One-Loop Divergences of Non Abehan Gauge Theory

The Gauge Boson Self-Energy; The 3 Function;
Relations among Counterterms

*16.6 Asymptotic Freedom: The Background Field Method
16.7 Asymptotic Freedom: A Qualitative Explanation
Problems .

. 418

. 428
. 432

. 438

439

. 440

. 451
. 454
. 466

469

473

481

. 482
. 486
. 491
. 495

. 502

505

. 506

. 012
. 515
. 817
. 521

. 833
. 541
. 544



Contents

17 Quantum Chromodynamics

17.1
17.2

17.3

17.4

17.5

17.6

From Quarks to QCD
ete~™ Annihilation into Hadrons . . . .
Total Cross Section; The Running of as; Gluon EHHSS)OH

Deep Inelastic Scattering .
Deep Inelastic Neutrino Scattermg, T he D1str1but1on Functwns

Hard-Scattering Processes in Hadron Collisions
Lepton Pair Production; Kinematics; Jet Pair Production

Parton Evolution .
The Equivalent Photon Approx1mat1on Mu1t1ple Sphttmg.s
Evolution Equations for QED; The Altarelli-Parisi Equations

Measurements of o
Problems .

18 Operator Products and Effective Vertices

*18.1
*18.2
*18.3
*18.4
*18.5

Renormalization of the Quark Mass Parameter
QCD Renormalization of the Weak Interactions .
The Operator Product Expansion

Operator Analysis of ete~ Annihilation

Operator Analysis of Deep Inelastic Scattering

Kinematics; Expansion of the Operator Product;

The Dispersion Integral; Operator Rescaling; Operator Mixing;
Relation to the Altarelli-Parisi Equations

Problems .

19 Perturbation Theory Anomalies

*19.1

*19.2

*19.3

*19.4
*19.5

The Axial Current in Two Dimensions . . .
Vacuum Polarization Diagrams; The Current Operator
Equation; An Example with Fermion Number Nonconservation
The Axial Current in Four Dimensions . .
The Current Operator Equation; Triangle D1agrama
Chiral Transformation of the Functional Integral
Goldstone Bosons and Chiral Symmetries in QCD .
Spontaneous Breaking of Chiral Symmetry;

Anomalies of Chiral Currents

Chiral Anomalies and Chiral Gauge Theories
Anomalous Breaking of Scale Invariance

Problems .

20 Gauge Theories with Spontaneous Symmetry Breaking

20.1

20.2

The Higgs Mechanism
An Abelian Example; Sybtcmatws of the HJggs Mechamsm
Non-Abelian Examples; Formal Description

The Glashow-Weinberg-Salam Theory of Weak Interactions .

Gauge Boson Masses; Coupling to Fermions; Experimental
Consequences of the Glashow-Weinberg-Salam Theory;
Fermion Mass Terms; The Higgs Boson; A Higgs Sector?

ix

545

. 545
. 548

. 955

. 563

. 574

. 593
. 595

599

. 599
. 605
. 612
. 615
. 621

. 647

651

. 651

. 659

. 667

. 676
. 682
. 686

689

. 690

700



X

21

22

Contents

*20.3 Symmetries of the Theory of Quarks and Leptons
Problems .

Quantization of Spontaneously Broken Gauge Theories

21.1 The R¢ Gauges
An Abelian Example; £ Dependence in Perturbamon Theory,
Non-Abelian Analysis

21.2 The Goldstone Boson Equivalence Theorem .
Formal Aspects of Goldstone Boson Equivalence;
Top Quark Decay; ete™ — WTW—
*21.3 One-Loop Corrections in Weak-Interaction Gauge Theory
Theoretical Orientation, and a Specific Problem;
Influence of Heavy Quark Corrections; Computation of
Vacuum Polarization Amplitudes; The Effect of my

Problems .

Final Project: Decays of the Higgs Boson

Epilogue

Quantum Field Theory at the Frontier .
22.1 Strong Strong Interactions .
22.2 Grand Unification and its Paradoxes .
22.3 Exact Solutions in Quantum Field Theory
22.4 Supersymmetry . . .
22.5 Toward an Ultimate Theory of Nature .

Appendix: Reference Formulae .

A.1 Feynman Rules .

A.2 Polarizations of External Partlcles .

A.3 Numerator Algebra .

A.4 Loop Integrals and D1mens1onal Regularlzatlon
A.5 Cross Sections and Decay Rates . .
A.6 Physical Constants and Conversion Factors .

Bibliography
Index .

. 719
. 728

731

. 732

. 743

. 758

. 773

75

781

. 782
. 786
. 791
. 795
. 798

801

. 801
. 803
. 805
. 806
. 808
. 809

. 811
. 817

*These sections may be omitted in a one-year course emphasizing the less formal

aspects of elementary particle physics.



Preface

Quantum field theory is a set of ideas and tools that combines three of the
major themes of modern physics: the quantum theory, the field concept, and
the principle of relativity. Today, most working physicists need to know some
quantum field theory, and many others are curious about it. The theory un-
derlies modern elementary particle physics, and supplies essential tools to
nuclear physics, atomic physics, condensed matter physics, and astrophysics.
In addition, quantum field theory has led to new bridges between physics and
mathematics.

One might think that a subject of such power and widespread application
would be complex and difficult. In fact, the central concepts and techniques
of quantum field theory are quite simple and intuitive. This is especially true
of the many pictorial tools (Feynman diagrams, renormalization group flows,
and spaces of symmetry transformations) that are routinely used by quantum
field theorists. Admittedly, these tools take time to learn, and tying the subject
together with rigorous proofs can become extremely technical. Nevertheless,
we feel that the basic concepts and tools of quantum field theory can be made
accessible to all physicists, not just an elite group of experts.

A number of earlier books have succeeded in making parts of this subject
accessible to students. The best known of these is the two-volume text written
in the 1960s by our Stanford colleagues Bjorken and Drell. In our opinion, their
text contains an ideal mixture of abstract formalism, intuitive explanations,
and practical calculations, all presented with great care and clarity. Since the
1960s, however, the subject of quantum field theory has developed enormously,
both in its conceptual framework (the renormalization group, new types of
symmetries) and in its areas of application (critical exponents in condensed
matter systems, the standard model of elementary particle physics). It is long
overdue that a textbook of quantum field theory should appear that provides
a complete survey of the subject, including these newer developments, yet still
offers the same accessibility and depth of treatment as Bjorken and Drell. We
have written this book with that goal in mind.

xi



xii Preface

An Outline of the Book

This textbook is composed of three major sections. The first is mainly con-
cerned with the quantum theory of electromagnetism, which provided the first
example of a quantum field theory with direct experimental applications. The
third part of the book is mainly concerned with the particular quantum field
theories that appear in the standard model of particle interactions. The sec-
ond part of the book is a bridge between these two subjects; it is intended to
introduce some of the very deep concepts of quantum field theory in a context
that is as straightforward as possible.

Part I begins with the study of fields with linear equations of motion, that
is, fields without interactions. Here we explore the combined implications of
quantum mechanics and special relativity, and we learn how particles arise
as the quantized excitations of fields. We then introduce interactions among
these particles and develop a systematic method of accounting for their effects.
After this introduction, we carry out explicit computations in the quantum
theory of electromagnetism. These illustrate both the special features of the
behavior of electrons and photons and some general aspects of the behavior
of interacting quantum fields.

In several of the calculations in Part I, naive methods lead to infinite re-
sults. The appearance of infinities is a well-known feature of quantum field the-
ory. At times, it has been offered as evidence for the inconsistency of quantum
field theory (though a similar argument could be made against the classical
electrodynamics of point particles). For a long time, it was thought sufficient
to organize calculations in such a way that no infinities appear in quantities
that can be compared directly to experiment. However, one of the major in-
sights of the more recent developments is that these formal infinities actually
contain important information that can be used to predict the qualitative be-
havior of a system. In Part II of the book, we develop this theory of infinities
systematically. The development makes use of an analogy between quantum-
mechanical and thermal fluctuations, which thus becomes a bridge between
quantum field theory and statistical mechanics. At the end of Part II we dis-
cuss applications of quantum field theory to the theory of phase transitions
in condensed matter systems.

Part III deals with the generalizations of quantum electrodynamics that
have led to successful models of the forces between elementary particles. To
derive these generalizations, we first analyze and generalize the fundamental
symmetry of electrodynamics, then work out the consequences of quantizing
a theory with this generalized symmetry. This analysis leads to intricate and
quite nontrivial applications of the concepts introduced earlier. We conclude
Part III with a presentation of the standard model of particle physics and a
discussion of some of its experimental tests.

The Epilogue to the book discusses qualitatively the frontier areas of
research in quantum field theory and gives references that can guide a student
to the next level of study.
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Where a choice of viewpoints is possible, we have generally chosen to ex-
plain ideas in language appropriate to the applications to elementary particle
physics. This choice reflects our background and research interests. It also
reflects our strongly held opinion, even in this age of intellectual relativism,
that there is something special about unraveling the behavior of Nature at the
deepest possible level. We are proud to take as our subject the structure of the
fundamental interactions, and we hope to convey to the reader the grandeur
and continuing vitality of this pursuit.

How to Use This Book

This book is an introduction to quantum field theory. By this we mean, first
and foremost, that we assume no prior knowledge of the subject on the part
of the reader. The level of this book should be appropriate for students tak-
ing their first course in quantum field theory, typically during the second
year of graduate school at universities in the United States. We assume that
the student has completed graduate-level courses in classical mechanics, clas-
sical electrodynamics, and quantum mechanics. In Part II we also assume
some knowledge of statistical mechanics. It is not necessary to have mastered
every topic covered in these courses, however. Crucially important prerequi-
sites include the Lagrangian and Hamiltonian formulations of dynamics, the
relativistic formulation of electromagnetism using tensor notation, the quan-
tization of the harmonic oscillator using ladder operators, and the theory of
scattering in nonrelativistic quantum mechanics. Mathematical prerequisites
include an understanding of the rotation group as applied to the quantum
mechanics of spin, and some facility with contour integration in the complex
plane.

Despite being an “introduction”, this book is rather lengthy. To some
extent, this is due to the large number of explicit calculations and worked
examples in the text. We must admit, however, that the total number of
topics covered is also quite large. Even students specializing in elementary
particle theory will find that their first research projects require only a part
of this material, together with additional, specialized topics that must be
gleaned from the research literature. Still, we feel that students who want
to become experts in elementary particle theory, and to fully understand its
unified view of the fundamental interactions, should master every topic in this
book. Students whose main interest is in other fields of physics, or in particle
experimentation, may opt for a much shorter “introduction”, omitting several
chapters.

The senior author of this book once did succeed in “covering” 90% of
its content in a one-year lecture course at Stanford University. But this was
a mistake; at such a pace, there is not enough time for students of average
preparation to absorb the material. Our saner colleagues have found it more
reasonable to cover about one Part of the book per semester. Thus, in planning
a one-year course in quantum field theory, they have chosen either to reserve
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Part III for study at a more advanced level or to select about half of the
material from Parts II and III, leaving the rest for students to read on their
own.

We have designed the book so that it can be followed from cover to cover,
introducing all of the major ideas in the field systematically. Alternatively,
one can follow an accelerated track that emphasizes the less formal applica-
tions to elementary particle physics and is sufficient to prepare students for
experimental or phenomenological research in that field. Sections that can be
omitted from this accelerated track are marked with an asterisk in the Table
of Contents; none of the unmarked sections depend on this more advanced
material. Among the unmarked sections, the order could also be varied some-
what: Chapter 10 does not depend on Chapters 8 and 9; Section 11.1 is not
needed until just before Chapter 20; and Chapters 20 and 21 are independent
of Chapter 17.

Those who wish to study some, but not all, of the more advanced sections
should note the following table of dependencies:

Before reading . . . one should read all of . . .
Chapter 13 Chapters 11, 12
Section 16.6 Chapter 11
Chapter 18 Sections 12.4, 12.5, 16.5
Chapter 19 Sections 9.6, 15.3
Section 19.5 Section 16.6
Section 20.3 Sections 19.1-19.4
Section 21.3 Chapter 11

Within each chapter, the sections marked with an asterisk should be read
sequentially, except that Sections 16.5 and 16.6 do not depend on 16.4.

A student whose main interest is in statistical mechanics would want
to read the book sequentially, confronting the deep formal issues of Part II
but ignoring most of Part III, which is mainly of significance to high-energy
phenomena. (However, the material in Chapters 15 and 19, and in Section
20.1, does have beautiful applications in condensed matter physics.)

We emphasize to all students the importance of working actively with the
material while studying. It probably is not possible to understand any section
of this book without carefully working out the intermediate steps of every
derivation. In addition, the problems at the end of each chapter illustrate the
general ideas and often apply them in nontrivial, realistic contexts. However,
the most illustrative exercises in quantum field theory are too long for ordinary
homework problems, being closer to the scale of small research projects. We
have provided one of these lengthy problems, broken up into segments with
hints and guidance, at the end of each of the three Parts of the book. The
volume of time and paper that these problems require will be well invested.

At the beginning of each Part we have included a brief “Invitation” chap-
ter, which previews some of the upcoming ideas and applications. Since these
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chapters are somewhat easier than the rest of the book, we urge all students
to read them.

What This Book is Not

Although we hope that this book will provide a thorough grounding in quan-
tum field theory, it is in no sense a complete education. A dedicated student of
physics will want to supplement our treatment in many areas. We summarize
the most important of these here.

First of all, this is a book about theoretical methods, not a review of
observed phenomena. We do not review the crucial experiments that led to
the standard model of elementary particle physics or discuss in detail the
more recent experiments that have confirmed its predictions. Similarly, in
the chapters that deal with applications to statistical mechanics, we do not
discuss the beautiful and varied experiments on phase transitions that led to
the confirmation of field theory models. We strongly encourage the student
to read, in parallel with this text, a modern presentation of the experimental
development of each of these fields.

Although we present the elementary aspects of quantum field theory in
full detail, we state some of the more advanced results without proof. For
example, it is known rigorously, to all orders in the standard expansion of
quantum electrodynamics, that formal infinities can be removed from all ex-
perimental predictions. This result, known as renormalizability, has important
consequences, which we explore in Part II. We do not present the general proof
of renormalizability. However, we do demonstrate renormalizability explicitly
in illustrative, low-order computations, we discuss intuitively the issues that
arise in the complete proof, and we give references to a more complete demon-
stration. More generally, we have tried to motivate the most important results
(usually through explicit examples) while omitting lengthy, purely technical
derivations.

Any introductory survey must classify some topics as beyond its scope.
Our philosophy has been to include what can be learned about quantum
field theory by considering weakly interacting particles and fields, using series
expansions in the strength of the interaction. It is amazing how much insight
one can obtain in this way. However, this definition of our subject leaves out
the theory of bound states, and also phenomena associated with nontrivial
solutions to nonlinear field equations. We give a more complete listing of such
advanced topics in the Epilogue.

Finally, we have not attempted in this book to give an accurate record of
the history of quantum field theory. Students of physics do need to understand
the history of physics, for a number of reasons. The most important is to
acquire a precise understanding of the experimental basis of the subject. A
second important reason is to gain an idea of how science progresses as a
human endeavor, how ideas develop as small steps taken by individuals to
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become the major achievements of the community as a whole.*

In this book we have not addressed either of these needs. Rather, we have
included only the kind of mythological history whose purpose is to motivate
new ideas and assign names to them. A principle of physics usually has a
name that has been assigned according to the community’s consensus on who
deserves credit for its development. Usually the real credit is only partial, and
the true historical development is quite complex. But the clear assignment of
names is essential if physicists are to communicate with one another.

Here is one example. In Section 17.5 we discuss a set of equations govern-
ing the structure of the proton, which are generally known as the Altarelli-
Parisi equations. Our derivation uses a method due to Gribov and Lipatov
(GL). The original results of GL were rederived in a more abstract language
by Christ, Hasslacher, and Mueller (CHM). After the discovery of the cor-
rect fundamental theory of the strong interactions (QCD), Georgi, Politzer,
Gross, and Wilczek (GPGW) used the technique of CHM to derive formal
equations for the variation of the proton structure. Parisi gave the first of a
number of independent derivations that converted these equations into a use-
ful form. The combination of his work with that of GPGW gives the derivation
of the equations that we present in Section 18.5. Dokhshitzer later obtained
these equations more simply by direct application of the method of GL. Some-
time later, but independently, Altarelli and Parisi obtained these equations
again by the same route. These last authors also popularized the technique,
explaining it very clearly, encouraging experimentalists to use the equations
in interpreting their data, and prodding theorists to compute the systematic
higher-order corrections to this picture. In Section 17.5 we have presented the
shortest path to the end of this convoluted historical road and hung the name
‘Altarelli-Parisi’ on the final result.

There is a fourth reason for students to read the history of physics: Often
the original breakthrough papers, though lacking a textbook’s advantages of
hindsight, are filled with marvelous personal insights. We strongly encourage
students to go back to the original literature whenever possible and see what
the creators of the field had in mind. We have tried to aid such students
with references provided in footnotes. Though occasionally we refer to papers
merely to give credit, most of the references are included because we feel the
reader should not miss the special points of view that the authors put forward.

*The history of the development of quantum field theory and particle physics has
recently been reviewed and debated in a series of conference volumes: The Birth of
Particle Physics, L. M. Brown and L. Hoddeson, eds. (Cambridge University Press,
1983); Pions to Quarks, L. M. Brown, M. Dresden, and L. Hoddeson, eds. (Cambridge
University Press, 1989); and The Rise of the Standard Model, L. M. Brown, M. Dres-
den, L. Hoddeson, and M. Riordan, eds. (Cambridge University Press, 1995). The early
history of quantum electrodynamics is recounted in a fascinating book by Schweber
(1994).



Preface xvii

Acknowledgments

The writing of this book would not have been possible without the help and
encouragement of our many teachers, colleagues, and friends. It is our great
pleasure to thank these people.

Michael has been privileged to learn field theory from three of the sub-
ject’s contemporary masters—Sidney Coleman, Steven Weinberg, and Ken-
neth Wilson. He is also indebted to many other teachers, including Sidney
Drell, Michael Fisher, Kurt Gottfried, John Kogut, and Howard Georgi, and
to numerous co-workers, in particular, Orlando Alvarez, John Preskill, and
Edward Witten. His association with the laboratories of high-energy physics
at Cornell and Stanford, and discussions with such people as Gary Feldman,
Martin Perl, and Morris Swartz, have also shaped his viewpoint. To these peo-
ple, and to many other people who have taught him points of physics over the
years, Michael expresses his gratitude.

Dan has learned field theory from Savas Dimopoulos, Leonard Susskind,
Richard Blankenbecler, and many other instructors and colleagues, to whom
he extends thanks. For his broader education in physics he is indebted to
many teachers, but especially to Thomas Moore. In addition, he is grateful to
all the teachers and friends who have criticized his writing over the years.

For their help in the construction and writing of this book, many people
are due more specific thanks. This book originated as graduate courses taught
at Cornell and at Stanford, and we thank the students in these courses for
their patience, criticism, and suggestions. During the years in which this book
was written, we were supported by the Stanford Linear Accelerator Center
and the Department of Energy, and Dan also by the Pew Charitable Trusts
and the Departments of Physics at Pomona College, Grinnell College, and
Weber State University. We are especially grateful to Sidney Drell for his
support and encouragement. The completion of this book was greatly assisted
by a sabbatical Michael spent at the University of California, Santa Cruz, and
he thanks Michael Nauenberg and the physics faculty and students there for
their gracious hospitality.

We have circulated preliminary drafts of this book widely and have been
continually encouraged by the response to these drafts and the many sugges-
tions and corrections they have elicited. Among the people who have helped
us in this way are Curtis Callan, Edward Farhi, Jonathan Feng, Donald
Finnell, Paul Frampton, Jeffrey Goldstone, Brian Hatfield, Barry Holstein,
Gregory Kilcup, Donald Knuth, Barak Kol, Phillip Nelson, Matthias Neu-
bert, Yossi Nir, Arvind Rajaraman, Pierre Ramond, Katsumi Tanaka, Xerxes
Tata, Arkady Vainshtein, Rudolf von Bunau, Shimon Yankielowicz, and Eran
Yehudai. For help with more specific technical problems or queries, we are
grateful to Michael Barnett, Marty Breidenbach, Don Groom, Toichiro Ki-
noshita, Paul Langacker, Wu-Ki Tung, Peter Zerwas, and Jean Zinn-Justin.
We thank our Stanford colleagues James Bjorken, Stanley Brodsky, Lance
Dixon, Bryan Lynn, Helen Quinn, Leonard Susskind, and Marvin Weinstein,



xviii Preface

on whom we have tested many of the explanations given here. We are espe-
cially grateful to Michael Dine, Martin Einhorn, Howard Haber, and Renata
Kallosh, and to their long-suffering students, who have used drafts of this
book as textbooks over a period of several years and have brought us back
important and illuminating criticism.

We pause to remember two friends of this book who did not see its
completion—Donald Yennie, whose long career made him one of the heroes
of Quantum Electrodynamics, and Brian Warr, whose brilliant promise in
theoretical physics was cut short by AIDS.

We thank our editors at Addison-Wesley—Allan Wylde, Barbara Holland,
Jack Repcheck, Heather Mimnaugh, and Jeffrey Robbins—for their encour-
agement of this project, and for not losing faith that it would be completed.
We are grateful to Mona Zeftel and Lynne Reed for their advice on the for-
matting of this book, and to Jeffrey Towson and Cristine Jennings for their
skillful preparation of the illustrations. The final typeset pages were produced
at the WSU Printing Services Department, with much help from Allan Davis.
Of course, the production of this book would have been impossible without
the many individuals who have kept our computers and network links up and
running.

We thank the many friends whose support we have relied on during
the long course of this project. We are particularly grateful to our parents,
Dorothy and Vernon Schroeder and Gerald and Pearl Peskin. Michael also
thanks Valerie, Thomas, and Laura for their love and understanding.

Finally, we thank you, the reader, for your time and effort spent studying
this book. Though we have tried to cleanse this text of conceptual and typo-
graphical errors, we apologize in advance for those that have slipped through.
We will be glad to hear your comments and suggestions for further improve-
ments in the presentation of quantum field theory.

Michael E. Peskin
Daniel V. Schroeder



Notations and Conventions

Units
We will work in “God-given” units, where
h=c=1.
In this system,
[length] = [time] = [energy] ! = [mass] !

The mass (m) of a particle is therefore equal to its rest energy (mc?), and
also to its inverse Compton wavelength (mc/h). For example,

Melectron = 9.109 x 1072 g = 0.511 MeV = (3.862 x 10" cm) .

A selection of other useful numbers and conversion factors is given in the
Appendix.

Relativity and Tensors

Our conventions for relativity follow Jackson (1975), Bjorken and Drell (1964,
1965), and nearly all recent field theory texts. We use the metric tensor

100 0
g =g — | 071 00
wy 0 0-1 0 |°

00 0-1

with Greek indices running over 0, 1, 2, 3 or ¢, z, y, 2. Roman indices—
i, j, etc.—denote only the three spatial components. Repeated indices are
summed in all cases. Four-vectors, like ordinary numbers, are denoted by light
italic type; three-vectors are denoted by boldface type; unit three-vectors are
denoted by a light italic label with a hat over it. For example,

O,X), Ty = g’ = (:EO, —X);

= (x
p-x = gup‘z’ =p"2° —p-x.

A massive particle has
p*=p'py = E* — [p|* = m*.

xix
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Note that the displacement vector x* is “naturally raised”, while the derivative
operator
’ _ 0 (0
N VT (610’ )’

is “naturally lowered”.
We define the totally antisymmetric tensor €**?? so that

128 = 41,
Be careful, since this implies €p123 = —1 and €!23° = —1. (This convention
agrees with Jackson but not with Bjorken and Drell.)
Quantum Mechanics

We will often work with the Schrédinger wavefunctions of single quantum-
mechanical particles. We represent the energy and momentum operators act-
ing on such wavefunctions following the usual conventions:

.0 .
E = Z@‘, P= —ZV.
These equations can be combined into
pt = io";

raising the index on 0* conveniently accounts for the minus sign. The plane
wave e~ has momentum k", since

iap(e—ik-z) — e—ik-x.

The notation ‘h.c.” denotes the Hermitian conjugate.
Discussions of spin in quantum mechanics make use of the Pauli sigma
matrices:

1 _ 0 1 2 0 —i 3 _ 1 0
=(io) =(05) =G h)

Products of these matrices satisfy the identity
olol = 6% 4 iRk,

+

It is convenient to define the linear combinations 6* = (o' +40?); then

0 1 00
+ - _
~=(00) =00

Fourier Transforms and Distributions

We will often make use of the Heaviside step function #(x) and the Dirac delta
function 6(z), defined as follows:

0w ={§ 230 b(z) = Lo(z).
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The delta function in n dimensions, denoted 6(™)(x), is zero everywhere except
at x = 0 and satisfies

/d”x 6 (x) = 1.

In Fourier transforms the factors of 27 will always appear with the mo-
mentum integral. For example, in four dimensions,

4 ~
£@) = [ Gmya e Fby

f(k) = /d4x e* f(z).

(In three-dimensional transforms the signs in the exponents will be + and —,
respectively.) The tilde on f(k) will sometimes be omitted when there is no
potential for confusion. The other important factors of 27 to remember appear
in the identity

/d4x ek T = (27r)46(4)(lc).

Electrodynamics

We use the Heaviside-Lorentz conventions, in which the factors of 47 appear
in Coulomb’s law and the fine-structure constant rather than in Maxwell’s
equations. Thus the Coulomb potential of a point charge @ is

_Q
47y’
and the fine-structure constant is
e? e? 1

T 4 T dmhe T 13T
The symbol e stands for the charge of the electron, a negative quantity (al-

though the sign rarely matters). We generally work with the relativistic form
of Maxwell’s equations:

P79, F,y = 0, O FH = ej?,

where
AF = (@,A), F;LU = a;/,Au - auA;u

and we have extracted the e from the 4-vector current density j*.

Dirac Equation

Some of our conventions differ from those of Bjorken and Drell (1964, 1965)
and other texts: We use a chiral basis for Dirac matrices, and relativistic
normalization for Dirac spinors. These conventions are introduced in Sections
3.2 and 3.3, and are summarized in the Appendix.



Editor’s Foreword

The problem of communicating in a coherent fashion recent developments in the
most exciting and active fields of physics continues to be with us. The enormous
growth in the number of physicists has tended to make the familiar channels of
communication considerably less effective. It has become increasingly difficult for
experts in a given field to keep up with the current literature; the novice can only
be confused. What is needed is both a consistent account of a field and the pre-
sentation of a definite “point of view” concerning it. Formal monographs cannot
meet such a need in a rapidly developing field, while the review article seems to
have fallen into disfavor. Indeed, it would seem that the people most actively
engaged in developing a given field are the people least likely to write at length
about it.

Frontiers in Physics was conceived in 1961 in an effort to improve the sit-
uation in several ways. Leading physicists frequently give a series of lectures, a
graduate seminar, or a graduate course in their special fields of interest. Such lec-
tures serve to summarize the present status of a rapidly developing field and may
well constitute the only coherent account available at the time. Often, notes on
lectures exist (prepared by the lecturer, by graduate students, or by postdoctoral
fellows) and are distributed in photocopied form on a limited basis. One of the
principal purposes of the Frontiers in Physics series is to make such notes avail-
able to a wider audience of physicists.

As Frontiers in Physics has evolved, a second category of book, the infor-
mal text/monograph, an intermediate step between lecture notes and formal texts
or monographs, has played an increasingly important role in the series. In an infor-
mal text or monograph an author has reworked his/her lecture notes to the point
at which the manuscript represents a coherent summation of a newly developed
field, complete with references and problems, suitable for either classroom teach-
ing or individual study.

During the past two decades significant advances have been made in both
the conceptual framework of quantum field theory and its application to con-
densed matter physics and elementary particle physics. Given the fact that the
study of quantum field theory has become an essential part of the education of
graduate students in physics, a textbook which makes these recent developments
accessible to the novice, while not neglecting the basic concepts, is highly desir-
able. Michael Peskin and Daniel Schroeder have written just such a book, describ-
ing in lucid fashion quantum electrodynamics, renormalization, and non-Abelian
gauge theories while offering the reader a taste of what is to come. It is therefore
quite appropriate to include this very polished text/monograph in the Frontiers
in Physics series, and it gives me pleasure to welcome them to the ranks of its
authors.

Aspen, Colorado David Pines
August 1995
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Chapter 1

Invitation: Pair Production
in et e~ Annihilation

The main purpose of Part I of this book is to develop the basic calculational
method of quantum field theory, the formalism of Feynman diagrams. We will
then apply this formalism to computations in Quantum Electrodynamics, the
quantum theory of electrons and photons.

Quantum Electrodynamics (QED) is perhaps the best fundamental phys-
ical theory we have. The theory is formulated as a set of simple equations
(Maxwell’s equations and the Dirac equation) whose form is essentially deter-
mined by relativistic invariance. The quantum-mechanical solutions of these
equations give detailed predictions of electromagnetic phenomena from macro-
scopic distances down to regions several hundred times smaller than the pro-
ton.

Feynman diagrams provide for this elegant theory an equally elegant pro-
cedure for calculation: Imagine a process that can be carried out by electrons
and photons, draw a diagram, and then use the diagram to write the mathe-
matical form of the quantum-mechanical amplitude for that process to occur.

In this first part of the book we will develop both the theory of QED
and the method of Feynman diagrams from the basic principles of quantum
mechanics and relativity. Eventually, we will arrive at a point where we can
calculate observable quantities that are of great interest in the study of ele-
mentary particles. But to reach our goal of deriving this simple calculational
method, we must first, unfortunately, make a serious detour into formalism.
The three chapters that follow this one are almost completely formal, and
the reader might wonder, in the course of this development, where we are go-
ing. We would like to partially answer that question in advance by discussing
the physics of an especially simple QED process—one sufficiently simple that
many of its features follow directly from physical intuition. Of course, this
intuitive, bottom-up approach will contain many gaps. In Chapter 5 we will
return to this process with the full power of the Feynman diagram formalism.
Working from the top down, we will then see all of these difficulties swept
away.
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Figure 1.1. The annihilation reaction eTe™ — pt ™, shown in the center-
of-mass frame.

The Simplest Situation

Since most particle physics experiments involve scattering, the most com-
monly calculated quantities in quantum field theory are scattering cross sec-
tions. We will now calculate the cross section for the simplest of all QED
processes: the annihilation of an electron with its antiparticle, a positron, to
form a pair of heavier leptons (such as muons). The existence of antiparticles
is actually a prediction of quantum field theory, as we will discuss in Chapters
2 and 3. For the moment, though, we take their existence as given.

An experiment to measure this annihilation probability would proceed by
firing a beam of electrons at a beam of positrons. The measurable quantity is
the cross section for the reaction ete™ — ptu~ as a function of the center-of-
mass energy and the relative angle 8 between the incoming electrons and the
outgoing muons. The process is illustrated in Fig. 1.1. For simplicity, we work
in the center-of-mass (CM) frame where the momenta satisfy p’ = —p and
k'’ = —k. We also assume that the beam energy E is much greater than either
the electron or the muon mass, so that |p| = |p/| = k| = |k'| = E = Ecn/2.
(We use boldface type to denote 3-vectors and ordinary italic type to denote
4-vectors.)

Since both the electron and the muon have spin 1/2, we must specify their
spin orientations. It is useful to take the axis that defines the spin quantization
of each particle to be in the direction of its motion; each particle can then
have its spin polarized parallel or antiparallel to this axis. In practice, electron
and positron beams are often unpolarized, and muon detectors are normally
blind to the muon polarization. Hence we should average the cross section
over electron and positron spin orientations, and sum the cross section over
muon spin orientations.

For any given set of spin orientations, it is conventional to write the
differential cross section for our process, with the p~ produced into a solid
angle d(Q, as

do 1

= —— M

2
dQ ~ 647n2E2 |

(1.1)
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The factor E,2 provides the correct dimensions for a cross section, since in
our units (energy)~2 ~ (length)2. The quantity M is therefore dimensionless;
it is the quantum-mechanical amplitude for the process to occur (analogous
to the scattering amplitude f in nonrelativistic quantum mechanics), and
we must now address the question of how to compute it from fundamental
theory. The other factors in the expression are purely a matter of convention.
Equation (1.1) is actually a special case, valid for CM scattering when the
final state contains two massless particles, of a more general formula (whose
form cannot be deduced from dimensional analysis) which we will derive in
Section 4.5.

Now comes some bad news and some good news.

The bad news is that even for this simplest of QED processes, the exact
expression for M is not known. Actually this fact should come as no sur-
prise, since even in nonrelativistic quantum mechanics, scattering problems
can rarely be solved exactly. The best we can do is obtain a formal expres-
sion for M as a perturbation series in the strength of the electromagnetic
interaction, and evaluate the first few terms in this series.

The good news is that Feynman has invented a beautiful way to orga-
nize and visualize the perturbation series: the method of Feynman diagrams.
Roughly speaking, the diagrams display the flow of electrons and photons dur-
ing the scattering process. For our particular calculation, the lowest-order term
in the perturbation series can be represented by a single diagram, shown in
Fig. 1.2. The diagram is made up of three types of components: external lines
(representing the four incoming and outgoing particles), internal lines (repre-
senting “virtual” particles, in this case one virtual photon), and vertices. It is
conventional to use straight lines for fermions and wavy lines for photons. The
arrows on the straight lines denote the direction of negative charge flow, not
momentum. We assign a 4-momentum vector to each external line, as shown.
In this diagram, the momentum ¢ of the one internal line is determined by
momentum conservation at either of the vertices: ¢ = p+p = k+ k'. We
must also associate a spin state (either “up” or “down”) with each external
fermion.

According to the Feynman rules, each diagram can be translated directly
into a contribution to M. The rules assign a short algebraic factor to each el-
ement of a diagram, and the product of these factors gives the value of the
corresponding term in the perturbation series. Getting the resulting expres-
sion for M into a form that is usable, however, can still be nontrivial. We
will develop much useful technology for doing such calculations in subsequent
chapters. But we do not have that technology yet, so to get an answer to our
particular problem we will use some heuristic arguments instead of the actual
Feynman rules.

Recall that in quantum-mechanical perturbation theory, a transition am-
plitude can be computed, to first order, as an expression of the form

(final state| H |initial state) , (1.2)
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T q=p+p' =k+k'

e et
Figure 1.2. Feynman diagram for the lowest-order term in the ete™ —
uT ™ cross section. At this order the only possible intermediate state is a
photon (¥).

where H; is the “interaction” part of the Hamiltonian. In our case the initial
state is |[ete™) and the final state is (u*p~|. But our interaction Hamiltonian
couples electrons to muons only through the electromagnetic field (that is,
photons), not directly. So the first-order result (1.2) vanishes, and we must go
to the second-order expression

M~ (php~| Hy ) <7|H1‘e+e—>#. (1.3)

This is a heuristic way of writing the contribution to M from the diagram in
Fig. 1.2. The external electron lines correspond to the factor |eTe™); the ex-
ternal muon lines correspond to (utu~|. The vertices correspond to Hy, and
the internal photon line corresponds to the operator |y) (y|. We have added
vector indices (u) because the photon is a vector particle with four compo-
nents. There are four possible intermediate states, one for each component,
and according to the rules of perturbation theory we must sum over interme-
diate states. Note that since the sum in (1.3) takes the form of a 4-vector dot
product, the amplitude M will be a Lorentz-invariant scalar as long as each
half of (1.3) is a 4-vector.

Let us try to guess the form of the vector (y| Hy e+e_)#. Since H; cou-
ples electrons to photons with a strength e (the electron charge), the matrix
element should be proportional to e. Now consider one particular set of initial
and final spin orientations, shown in Fig. 1.3. The electron and muon have
spins parallel to their directions of motion; they are “right-handed”. The an-
tiparticles, similarly, are “left-handed”. The electron and positron spins add
up to one unit of angular momentum in the +z direction. Since H; should
conserve angular momentum, the photon to which these particles couple must
have the correct polarization vector to give it this same angular momentum:
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I

Figure 1.3. One possible set of spin orientations. The electron and the neg-
ative muon are right-handed, while the positron and the positive muon are
left-handed.

e =(0,1,¢,0). Thus we have
(| H, ‘c*’e‘)“ x e(0,1,i,0). (1.4)

The muon matrix element should, similarly, have a polarization corre-
sponding to one unit of angular momentum along the direction of the p~
momentum k. To obtain the correct vector, rotate (1.4) through an angle
in the zz-plane:

(| Hy |t ™) o e(0,cos 6,4, —sin ). (1.5)

To compute the amplitude M, we complex-conjugate this vector and dot it
into (1.4). Thus we find, for this set of spin orientations,

M(RL — RL) = —€? (1 + cosf) . (1.6)

Of course we cannot determine the overall factor by this method, but in (1.6)
it happens to be correct, thanks to the conventions adopted in (1.1). Note
that the amplitude vanishes for § = 180°, just as one would expect: A state
whose angular momentum is in the +2z direction has no overlap with a state
whose angular momentum is in the —z direction.

Next consider the case in which the electron and positron are both right-
handed. Now their total spin angular momentum is zero, and the argument is
more subtle. We might expect to obtain a longitudinally polarized photon with
a Clebsch-Gordan coefficient of 1/4/2, just as when we add angular momenta
in three dimensions, [T|) = (1/v2)(|j = 1,m =0) +[j = 0,m = 0)). But we
are really adding angular momenta in the four-dimensional Lorentz group,
so we must take into account not only spin (the transformation properties of
states under rotations), but also the transformation properties of states under
boosts. It turns out, as we shall discuss in Chapter 3, that the Clebsch-Gordan
coefficient that couples a 4-vector to the state |epe};) of massless fermions is
zero. (For the record, the state is a superposition of scalar and antisymmetric
tensor pieces.) Thus the amplitude M(RR — RL) is zero, as are the eleven
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other amplitudes in which either the initial or final state has zero total angular
momentum.

The remaining nonzero amplitudes can be found in the same way that we
found the first one. They are

M(RL — LR) = —€* (1 — cos ),
M(LR — RL) = —€? (1 — cos¥), (1.7)
M(LR — LR) = —€* (1 + cos ).

Inserting these expressions into (1.1), averaging over the four initial-state spin
orientations, and summing over the four final-state spin orientations, we find

do a?
m = ZIE—Q(I‘{‘COSQG), (18)

where o = €2?/4r ~ 1/137. Integrating over the angular variables 6 and ¢
gives the total cross section,

4ma?

Ttotal 3Egm . (19)
Results (1.8) and (1.9) agree with experiments to about 10%; almost all of
the discrepancy is accounted for by the next term in the perturbation series,
corresponding to the diagrams shown in Fig. 1.4. The qualitative features
of these expressions—the angular dependence and the sharp decrease with
energy—are obvious in the actual data. (The properties of these results are
discussed in detail in Section 5.1.)

Embellishments and Questions

We obtained the angular distribution predicted by Quantum Electrodynamics
for the reaction ete™ — uTp~ by applying angular momentum arguments,
with little appeal to the underlying formalism. However, we used the simpli-
fying features of the high-energy limit and the center-of-mass frame in a very
strong way. The analysis we have presented will break down when we relax
any of our simplifying assumptions. So how does one perform general QED
calculations? To answer that question we must return to the Feynman rules.

As mentioned above, the Feynman rules tell us to draw the diagram(s) for
the process we are considering, and to associate a short algebraic factor with
each piece of each diagram. Figure 1.5 shows the diagram for our reaction,
with the various assignments indicated.

For the internal photon line we write —ig,, /q®, where g,, is the usual
Minkowski metric tensor and g is the 4-momentum of the virtual photon. This
factor corresponds to the operator |v) (7| in our heuristic expression (1.3).

For each vertex we write —iey*, corresponding to H; in (1.3). The objects
~* are a set of four 4 x 4 constant matrices. They do the “addition of angular
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1994
999!

Figure 1.4. Feynman diagrams that contribute to the o term in the
ete™ — uTu~ cross section.

Figure 1.5. Diagram of Fig. 1.2, with expressions corresponding to each
vertex, internal line, and external line.

momentum” for us, coupling a state of two spin-1/2 particles to a vector
particle.

The external lines carry expressions for four-component column-spinors
u, v, or row-spinors 4, v. These are essentially the momentum-space wavefunc-
tions of the initial and final particles, and correspond to |eTe™) and (™|
in (1.3). The indices s, s, r, and r’ denote the spin state, either up or down.
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We can now write down an expression for M, reading everything straight
off the diagram:

/

M =" () (~ier*)u (p) (‘Zgw) @ (k) (~iey")o” (K)

’ ’

= _2(178 (p’)7”us(p)) (’TLT(/C)’Y#UT (kl))

(1.10)

It is instructive to compare this in detail with Eq. (1.3).

To derive the cross section (1.8) from (1.10), we could return to the an-
gular momentum arguments used above, supplemented with some concrete
knowledge about - matrices and Dirac spinors. We will do the calculation
in this manner in Section 5.2. There are, however, a number of useful tricks
that can be employed to manipulate expressions like (1.10), especially when
one wants to compute only the unpolarized cross section. Using this “Feyn-
man trace technology” (so-called because one must evaluate traces of prod-
ucts of y-matrices), it isn’t even necessary to have explicit expressions for
the y-matrices and Dirac spinors. The calculation becomes almost completely
mindless, and the answer (1.8) is obtained after less than a page of algebra.
But since the Feynman rules and trace technology are so powerful, we can
also relax some of our simplifying assumptions. To conclude this section, let
us discuss several ways in which our calculation could have been more difficult.

The easiest restriction to relax is that the muons be massless. If the beam
energy is not much greater than the mass of the muon, all of our predic-
tions should depend on the ratio m,, /Ecm. (Since the electron is 200 times
lighter than the muon, it can be considered massless whenever the beam en-
ergy is large enough to create muons.) Using Feynman trace technology, it is
extremely easy to restore the muon mass to our calculation. The amount of
algebra is increased by about fifty percent, and the relation (1.1) between the
amplitude and the cross section must be modified slightly, but the answer is
worth the effort. We do this calculation in detail in Section 5.1.

Working in a different reference frame is also easy; the only modification
is in the relation (1.1) between the amplitude and the cross section. Or one
can simply perform a Lorentz transformation on the CM result, boosting it
to a different frame.

When the spin states of the initial and/or final particles are known and
we still wish to retain the muon mass, the calculation becomes somewhat
cumbersome but no more difficult in principle. The trace technology can be
generalized to this case, but it is often easier to evaluate expression (1.10)
directly, using the explicit values of the spinors v and v.

Next one could compute cross sections for different processes. The process
ete™ — ete™, known as Bhabha scattering, is more difficult because there is
a second allowed diagram (see Fig. 1.6). The amplitudes for the two diagrams
must first be added, then squared.

Other processes contain photons in the initial and/or final states. The
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Figure 1.6. The two lowest-order diagrams for Bhabha scattering, eTe™ —
+ —
eTe .

e

Figure 1.7. The two lowest-order diagrams for Compton scattering.

paradigm example is Compton scattering, for which the two lowest-order di-
agrams are shown in Fig. 1.7. The Feynman rules for external photon lines
and for internal electron lines are no more complicated than those we have
already seen. We discuss Compton scattering in detail in Section 5.5.

Finally we could compute higher-order terms in the perturbation series.
Thanks to Feynman, the diagrams are at least easy to draw; we have seen
those that contribute to the next term in the ete™ — ptpu™ cross section in
Fig. 1.4. Remarkably, the algorithm that assigns algebraic factors to pieces
of the diagrams holds for all higher-order contributions, and allows one to
evaluate such diagrams in a straightforward, if tedious, way. The computation
of the full set of nine diagrams is a serious chore, at the level of a research
paper.

In this book, starting in Chapter 6, we will analyze much of the physics
that arises from higher-order Feynman diagrams such as those in Fig. 1.4.
We will see that the last four of these diagrams, which involve an additional
photon in the final state, are necessary because no detector is sensitive enough
to notice the presence of extremely low-energy photons. Thus a final state
containing such a photon cannot be distinguished from our desired final state
of just a muon pair.
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The other five diagrams in Fig. 1.4 involve intermediate states of several
virtual particles rather than just a single virtual photon. In each of these di-
agrams there will be one virtual particle whose momentum is not determined
by conservation of momentum at the vertices. Since perturbation theory re-
quires us to sum over all possible intermediate states, we must integrate over
all possible values of this momentum. At this step, however, a new difficulty
appears: The loop-momentum integrals in the first three diagrams, when per-
formed naively, turn out to be infinite. We will provide a fix for this problem,
so that we get finite results, by the end of Part I. But the question of the
physical origin of these divergences cannot be dismissed so lightly; that will
be the main subject of Part II of this book.

We have discussed Feynman diagrams as an algorithm for performing
computations. The chapters that follow should amply illustrate the power of
this tool. As we expose more applications of the diagrams, though, they be-
gin to take on a life and significance of their own. They indicate unsuspected
relations between different physical processes, and they suggest intuitive ar-
guments that might later be verified by calculation. We hope that this book
will enable you, the reader, to take up this tool and apply it in novel and
enlightening ways.



Chapter 2

The Klein-Gordon Field

2.1 The Necessity of the Field Viewpoint

Quantum field theory is the application of quantum mechanics to dynamical
systems of fields, in the same sense that the basic course in quantum mechanics
is concerned mainly with the quantization of dynamical systems of particles.
It is a subject that is absolutely essential for understanding the current state
of elementary particle physics. With some modification, the methods we will
discuss also play a crucial role in the most active areas of atomic, nuclear,
and condensed-matter physics. In Part I of this book, however, our primary
concern will be with elementary particles, and hence relativistic fields.

Given that we wish to understand processes that occur at very small
(quantum-mechanical) scales and very large (relativistic) energies, one might
still ask why we must study the quantization of fields. Why can’t we just
quantize relativistic particles the way we quantized nonrelativistic particles?

This question can be answered on a number of levels. Perhaps the best
approach is to write down a single-particle relativistic wave equation (such as
the Klein-Gordon equation or the Dirac equation) and see that it gives rise to
negative-energy states and other inconsistencies. Since this discussion usually
takes place near the end of a graduate-level quantum mechanics course, we will
not repeat it here. It is easy, however, to understand why such an approach
cannot work. We have no right to assume that any relativistic process can be
explained in terms of a single particle, since the Einstein relation E = mc?
allows for the creation of particle-antiparticle pairs. Even when there is not
enough energy for pair creation, multiparticle states appear, for example, as
intermediate states in second-order perturbation theory. We can think of such
states as existing only for a very short time, according to the uncertainty
principle AE - At = h. As we go to higher orders in perturbation theory,
arbitrarily many such “virtual” particles can be created.

The necessity of having a multiparticle theory also arises in a less obvious
way, from considerations of causality. Consider the amplitude for a free particle
to propagate from x¢ to x:

U(t) = (x| e |xo)

13
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In nonrelativistic quantum mechanics we have E = p?/2m, so

U(t) = (x| e 1®/2m) |

3
= [ el ) (o)
1

— /d3 —i(p? /2m)t _ip-(x—Xo)
(2m)?

— ( m >3/2 eim(x——xn)z/Qt
2mit ’

This expression is nonzero for all z and ¢, indicating that a particle can prop-

agate between any two points in an arbitrarily short time. In a relativistic

theory, this conclusion would signal a violation of causality. One might hope

that using the relativistic expression E = y/p? + m? would help, but it does

not. In analogy with the nonrelativistic case, we have

U(t) = (x| e VP |x)

— (21)3 /d3pe—it\/p2+m2 . eip-(x—xo)
s

I/ dpp sin(p|x — xo|)e VP,

27r2|x x

This integral can be evaluated explicitly in terms of Bessel functions.* We
will content ourselves with looking at its asymptotic behavior for 22 > t2
(well outside the light-cone), using the method of stationary phase. The phase
function pz—t\/p? + m? has a stationary point at p = imzx/v/x? — t2. We may
freely push the contour upward so that it goes through this point. Plugging
in this value for p, we find that, up to a rational function of x and ¢,

U(t) ~ 6—777,\/:1:2—152 )

Thus the propagation amplitude is small but nonzero outside the light-cone,
and causality is still violated.

Quantum field theory solves the causality problem in a miraculous way,
which we will discuss in Section 2.4. We will find that, in the multiparticle
field theory, the propagation of a particle across a spacelike interval is indis-
tinguishable from the propagation of an antiparticle in the opposite direction
(see Fig. 2.1). When we ask whether an observation made at point zo can
affect an observation made at point x, we will find that the amplitudes for
particle and antiparticle propagation exactly cancel—so causality is preserved.

Quantum field theory provides a natural way to handle not only multipar-
ticle states, but also transitions between states of different particle number.
It solves the causality problem by introducing antiparticles, then goes on to

*See Gradshteyn and Ryzhik (1980), #3.914.



2.2 Elements of Classical Field Theory 15

Figure 2.1. Propagation from zg to x in one frame looks like propagation
from z to zg in another frame.

explain the relation between spin and statistics. But most important, it pro-
vides the tools necessary to calculate innumerable scattering cross sections,
particle lifetimes, and other observable quantities. The experimental confir-
mation of these predictions, often to an unprecedented level of accuracy, is
our real reason for studying quantum field theory.

2.2 Elements of Classical Field Theory

In this section we review some of the formalism of classical field theory that
will be necessary in our subsequent discussion of quantum field theory.

Lagrangian Field Theory

The fundamental quantity of classical mechanics is the action, S, the time
integral of the Lagrangian, L. In a local field theory the Lagrangian can be
written as the spatial integral of a Lagrangian density, denoted by £, which is
a function of one or more fields ¢(z) and their derivatives 0,¢. Thus we have

S:/Ldt= /£(¢, 0,¢) d*z. (2.1)

Since this is a book on field theory, we will refer to £ simply as the Lagrangian.

The principle of least action states that when a system evolves from one
given configuration to another between times ¢; and ts, it does so along the
“path” in configuration space for which S is an extremum (normally a mini-
mum). We can write this condition as

0=46S
' oL oL
= [d%z{Z= =
Ja { 9500+ a(@m)‘w“d”}

. /d% {%g&p ~ 9, (%) 56+, (mg—jwéas) } L (22)

The last term can be turned into a surface integral over the boundary of the
four-dimensional spacetime region of integration. Since the initial and final
field configurations are assumed given, d¢ is zero at the temporal beginning
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and end of this region. If we restrict our consideration to deformations §¢ that
vanish on the spatial boundary of the region as well, then the surface term is
zero. Factoring out the 6¢ from the first two terms, we note that, since the
integral must vanish for arbitrary 6¢, the quantity that multiplies §¢ must
vanish at all points. Thus we arrive at the Euler-Lagrange equation of motion

for a field,
oL oL
ol=———)——=—=0. 2.3

. (3(3,@)) 99 (23)

If the Lagrangian contains more than one field, there is one such equation for
each.

Hamiltonian Field Theory

The Lagrangian formulation of field theory is particularly suited to relativistic
dynamics because all expressions are explicitly Lorentz invariant. Nevertheless
we will use the Hamiltonian formulation throughout the first part of this
book, since it will make the transition to quantum mechanics easier. Recall
that for a discrete system one can define a conjugate momentum p = 9L/9q
(where ¢ = dq/0t) for each dynamical variable q. The Hamiltonian is then
H =) pg— L. The generalization to a continuous system is best understood
by pretending that the spatial points x are discretely spaced. We can define

oL B .
X)=—=— [ , a3
PX) = s = s / (6(y), d(y)) &
P .
~—-=> L , d3
530) 2 (o(y), d(y))d’y

= n(x)d’z,

where

oL
9¢(x)

is called the momentum density conjugate to ¢(x). Thus the Hamiltonian can

be written )
H=> p(x)$(x) - L.

m(x) = (2.4)

Passing to the continuum, this becomes

H = /d3x [ﬂ(X)d)(x) -L] = /dgaz’H. (2.5)

We will rederive this expression for the Hamiltonian density H near the end
of this section, using a different method.
As a simple example, consider the theory of a single field ¢(x), governed
by the Lagrangian )
L= %¢2 _ %(v(z))Q _ %m2¢2

. > 120 (2.6)
= 5(0u0)” — gm°¢".
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For now we take ¢ to be a real-valued field. The quantity m will be interpreted
as a mass in Section 2.3, but for now just think of it as a parameter. From
this Lagrangian the usual procedure gives the equation of motion

92

<a_ti vy m2> 6=0 or (90, +m?)o=0,  (27)

which is the well-known Klein-Gordon equation. (In this context it is a classi-
cal field equation, like Maxwell’s equations—not a quantum-mechanical wave
equation.) Noting that the canonical momentum density conjugate to ¢(x) is
m(x) = ¢(z), we can also construct the Hamiltonian:

H= /d%H = /d% (372 + 3(Vo)? + 3m*¢?]. (2.8)

We can think of the three terms, respectively, as the energy cost of “moving”
in time, the energy cost of “shearing” in space, and the energy cost of having
the field around at all. We will investigate this Hamiltonian much further in
Sections 2.3 and 2.4.

Noether’s Theorem

Next let us discuss the relationship between symmetries and conservation
laws in classical field theory, summarized in Noether’s theorem. This theorem
concerns continuous transformations on the fields ¢, which in infinitesimal
form can be written

¢(z) = ¢'(z) = ¢(z) + aAg(2), (2.9)

where « is an infinitesimal parameter and A¢ is some deformation of the field
configuration. We call this transformation a symmetry if it leaves the equa-
tions of motion invariant. This is insured if the action is invariant under (2.9).
More generally, we can allow the action to change by a surface term, since the
presence of such a term would not affect our derivation of the Euler-Lagrange
equations of motion (2.3). The Lagrangian, therefore, must be invariant un-
der (2.9) up to a 4-divergence:

L(z) — L(x) + a0, T"(z), (2.10)

for some J*. Let us compare this expectation for AL to the result obtained
by varying the fields:

oL oL
aAL = a—¢(aA¢) + <W> 8;L(O‘A¢)

oL oL oL (211)
=20 (5,62¢) + 255 - % (35,912
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The second term vanishes by the Euler-Lagrange equation (2.3). We set the
remaining term equal to ad,J* and find

Ouj*(z) =0, for j#(x)= —%—Aqﬁ - JH. (2.12)

9(0,9)
(If the symmetry involves more than one field, the first term of this expression
for j#(x) should be replaced by a sum of such terms, one for each field.)
This result states that the current j*(z) is conserved. For each continuous
symmetry of £, we have such a conservation law.
The conservation law can also be expressed by saying that the charge

Q= / O dz (2.13)
all space

is a constant in time. Note, however, that the formulation of field theory in
terms of a local Lagrangian density leads directly to the local form of the
conservation law, Eq. (2.12).

The easiest example of such a conservation law arises from a Lagrangian
with only a kinetic term: £ = $(8,¢)?. The transformation ¢ — ¢+ «, where
« is a constant, leaves £ unchanged, so we conclude that the current j* = 9 ¢
is conserved. As a less trivial example, consider the Lagrangian

L =0, = m?|o?, (2.14)

where ¢ is now a complez-valued field. You can easily show that the equation
of motion for this Lagrangian is again the Klein-Gordon equation, (2.7). This
Lagrangian is invariant under the transformation ¢ — e*®¢; for an infinitesi-
mal transformation we have

al¢ = iag; alAo* = —iag*. (2.15)

(We treat ¢ and ¢* as independent fields. Alternatively, we could work with
the real and imaginary parts of ¢.) It is now a simple matter to show that the
conserved Noether current is

" =i[(0"¢")¢ — ¢"(8"9)]. (2.16)

(The overall constant has been chosen arbitrarily.) You can check directly that
the divergence of this current vanishes by using the Klein-Gordon equation.
Later we will add terms to this Lagrangian that couple ¢ to an electromagnetic
field. We will then interpret j* as the electromagnetic current density carried
by the field, and the spatial integral of jO as its electric charge.

Noether’s theorem can also be applied to spacetime transformations such
as translations and rotations. We can describe the infinitesimal translation

zt — ot —at
alternatively as a transformation of the field configuration

¢(z) = ¢(x + a) = o(z) + a9, ().
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The Lagrangian is also a scalar, so it must transform in the same way:
L—L+ad'0L=L+a"0, (6“,,[,).

Comparing this equation to (2.10), we see that we now have a nonzero JH.
Taking this into account, we can apply the theorem to obtain four separately
conserved currents: or
T, = ———0,¢0 — LO",. 2.17
= a5 000~ L (217)
This is precisely the stress-energy tensor, also called the energy-momentum
tensor, of the field ¢. The conserved charge associated with time translations
is the Hamiltonian:

H= /T"” d3r = /’Hd3:c. (2.18)

By computing this quantity for the Klein-Gordon field, one can recover the
result (2.8). The conserved charges associated with spatial translations are

P = /TOi Bz = —/m')id) d*z, (2.19)

and we naturally interpret this as the (physical) momentum carried by the
field (not to be confused with the canonical momentum).

2.3 The Klein-Gordon Field as Harmonic Oscillators

We begin our discussion of quantum field theory with a rather formal treat-
ment of the simplest type of field: the real Klein-Gordon field. The idea is to
start with a classical field theory (the theory of a classical scalar field gov-
erned by the Lagrangian (2.6)) and then “quantize” it, that is, reinterpret the
dynamical variables as operators that obey canonical commutation relations.
We will then “solve” the theory by finding the eigenvalues and eigenstates of
the Hamiltonian, using the harmonic oscillator as an analogy.

The classical theory of the real Klein-Gordon field was discussed briefly
(but sufficiently) in the previous section; the relevant expressions are given in
Egs. (2.6), (2.7), and (2.8). To quantize the theory, we follow the same pro-
cedure as for any other dynamical system: We promote ¢ and 7 to operators,
and impose suitable commutation relations. Recall that for a discrete system
of one or more particles the commutation relations are

[Qi’l’j] =10;j;
[gi-;] = [pi,ps] = 0.

TThis procedure is sometimes called second quantization, to distinguish the re-
sulting Klein-Gordon equation (in which ¢ is an operator) from the old one-particle
Klein-Gordon equation (in which ¢ was a wavefunction). In this book we never adopt
the latter point of view; we start with a classical equation (in which ¢ is a classical
field) and quantize it exactly once.
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For a continuous system the generalization is quite natural; since m(x) is the
momentum density, we get a Dirac delta function instead of a Kronecker delta:

[p(x), 7(y)] = 6@ (x — y);
[6(x),6(¥)] = [r(x),7(y)] = 0.

(For now we work in the Schrodinger picture where ¢ and 7 do not depend
on time. When we switch to the Heisenberg picture in the next section, these
“equal time” commutation relations will still hold provided that both opera-
tors are considered at the same time.)

The Hamiltonian, being a function of ¢ and 7, also becomes an operator.
Our next task is to find the spectrum from the Hamiltonian. Since there is
no obvious way to do this, let us seek guidance by writing the Klein-Gordon
equation in Fourier space. If we expand the classical Klein-Gordon field as

3
o) = [ e oip)

(with ¢*(p) = ¢(—p) so that ¢(x) is real), the Klein-Gordon equation (2.7)
becomes

(2.20)

82
[ﬁ + (Ip]* + m2)] #(p,t) = 0. (2.21)

This is the same as the equation of motion for a simple harmonic oscillator

with frequency
wp = V/|p|? + m?2. (2.22)

The simple harmonic oscillator is a system whose spectrum we already
know how to find. Let us briefly recall how it is done. We write the Hamiltonian
as

Hyno = 3p° + Lu?¢?.

To find the eigenvalues of Hgpo, we write ¢ and p in terms of ladder operators:

1 w
=——(a+al); = —iy/=(a—ah). 2.23
6= —=(a+a) p=-iffa—ah (2:23)
The canonical commutation relation [¢, p] = ¢ is equivalent to
la,al] = 1. (2.24)

The Hamiltonian can now be rewritten
Hgyo = w(aTa + %)

The state |0) such that a|0) = 0 is an eigenstate of H with eigenvalue fw,
the zero-point energy. Furthermore, the commutators

[Hsno, a'] = wa', [Hsno,a] = —wa
make it easy to verify that the states

n) = (a")" |0)
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are eigenstates of Hsgo with eigenvalues (n + %)w These states exhaust the
spectrum.

We can find the spectrum of the Klein-Gordon Hamiltonian using the
same trick, but now each Fourier mode of the field is treated as an independent
oscillator with its own a and af. In analogy with (2.23) we write

d3p 1 ip-X —ip-x

m(x) = /(;jrl))d (—i)\/%(apeip'x - a;r)e_ip"‘). (2.26)

The inverse expressions for ap and aL in terms of ¢ and 7 are easy to derive
but rarely needed. In the calculations below we will find it useful to rearrange
(2.25) and (2.26) as follows:

d3p 1 T ip-X
P(x) = W \/TTP (Clp + a_p)e ; (2.27)
d3p ; w ip-X
760 = [ Gz (=00 R (o = aly)e™ (229)
The commutation relation (2.24) becomes
[ap,al,] = (27)*6® (p — P'), (2.29)

from which you can verify that the commutator of ¢ and = works out correctly:

d3d3/_- ; . o
(800, 76)] = [ TEEE 5 22 ([alpo0r] = [ap,al ] )e=re)

=63 (x — x). (2.30)

(If computations such as this one and the next are unfamiliar to you, please
work them out carefully; they are quite easy after a little practice, and are
fundamental to the formalism of the next two chapters.)

We are now ready to express the Hamiltonian in terms of ladder operators.
Starting from its expression (2.8) in terms of ¢ and 7, we have

dSp dgpl . 7 WalWn!

_ 3 i(p+p’)x) _ V*pYp N | . f
H= /d :17/7(2@6 e — (ap —aly) (ap: afp,)
—p-p’ +m? (

4/ wpwp

-/ é’%wp (abap + $lapab). | (231)

The second term is proportional to §(0), an infinite c-number. It is simply
the sum over all modes of the zero-point energies wp/2, so its presence is
completely expected, if somewhat disturbing. Fortunately, this infinite energy

+ ot aly) (0 +al )}
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shift cannot be detected experimentally, since experiments measure only en-
ergy differences from the ground state of H. We will therefore ignore this
infinite constant term in all of our calculations. It is possible that this en-
ergy shift of the ground state could create a problem at a deeper level in the
theory; we will discuss this matter in the Epilogue.

Using this expression for the Hamiltonian in terms of ap and aL, it is easy
to evaluate the commutators

[H, an] = wpa;f,; [H, ap] = —wpap. (2.32)

We can now write down the spectrum of the theory, just as for the harmonic
oscillator. The state |0) such that ap |0) = 0 for all p is the ground state or
vacuum, and has E = 0 after we drop the infinite constant in (2.31). All other
energy eigenstates can be built by acting on |0) with creation operators. In
general, the state af,af - - |0) is an eigenstate of H with energy wp +wq -+ -
These states exhaust the spectrum.

Having found the spectrum of the Hamiltonian, let us try to interpret its
eigenstates. From (2.19) and a calculation similar to (2.31) we can write down
the total momentum operator,

3
P= —/d3x T(x)Vop(x) = /((2171))3 pafpap. (2.33)

So the operator aL creates momentum p and energy wp = \/|p|? + m?. Sim-
ilarly, the state afaf - --|0) has momentum p +q+ - -. It is quite natural to
call these excitations particles, since they are discrete entities that have the
proper relativistic energy-momentum relation. (By a particle we do not mean
something that must be localized in space; a;f) creates particles in momentum
eigenstates.) From now on we will refer to wp as Ep (or simply E), since it
really is the energy of a particle. Note, by the way, that the energy is always
positive: Ep = ++/|p|? + m2.

This formalism also allows us to determine the statistics of our particles.
Consider the two-particle state af,af, |0). Since a}, and a}, commute, this state
is identical to the state a};a}; |0) in which the two particles are interchanged.
Moreover, a single mode p can contain arbitrarily many particles (just as a
simple harmonic oscillator can be excited to arbitrarily high levels). Thus we
conclude that Klein-Gordon particles obey Bose-FEinstein statistics.

We naturally choose to normalize the vacuum state so that (0|0) = 1.
The one-particle states |p) o aI) |0) will also appear quite often, and it is
worthwhile to adopt a convention for their normalization. The simplest nor-
malization (p|q) = (27)36®)(p — q) (which many books use) is not Lorentz
invariant, as we can demonstrate by considering the effect of a boost in the
3-direction. Under such a boost we have py = v(p3 + BE), E' = v(E + Op3).
Using the delta function identity

5(f(x) - f(z0)) = m«su o), (2.34)
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we can compute

dp,
§®(p—q)=863(p —q) . 23
(Pp—a) P -d) ps

dE
— 5B _ o aty
68 (p q)v(1+ﬁdp3)

= 6@ (p' — ) L(E + Bps)

El

f.

The problem is that volumes are not invariant under boosts; a box whose
volume is V in its rest frame has volume V/~ in a boosted frame, due to

Lorentz contraction. But from the above calculation, we see that the quantity
E,6®) (p — q) is Lorentz invariant. We therefore define

=6¥(p' - d)

[p) = \/2Bp a;, [0). (2.35)
so that
(pla) = 2E,(21)*6®) (p — ). (2.36)
(The fact;)r of 2 is unnecessary, but is convenient because of the factor of 2 in
Eq. (2.25).)

On the Hilbert space of quantum states, a Lorentz transformation A will
be implemented as some unitary operator U(A). Our normalization condition
(2.35) then implies that

U(A) lp) = [Ap) . (2.37)

If we prefer to think of this transformation as acting on the operator aL, we

can also write
E
-1 _ A t
UA) e, UT(A) =, /E—: al,- (2.38)

With this normalization we must divide by 2E}, in other places. For ex-
ample, the completeness relation for the one-particle states is

3
(l)l—particle = /Zg;r% |p> i <p| ) (239)

where the operator on the left is simply the identity within the subspace of
one-particle states, and zero in the rest of the Hilbert space. Integrals of this
form will occur quite often; in fact, the integral

dp 1 d*p
/WE = / (27)4(2706(1)2 —m?) s (2.40)

is a Lorentz-invariant 3-momentum integral, in the sense that if f(p) is
Lorentz-invariant, so is [ d®p f(p)/(2Ep). The integration can be thought of
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p" > 0 branch
p

p° < 0 branch

Figure 2.2. The Lorentz-invariant 3-momentum integral is over the upper
2

branch of the hyperboloid p? = m?2.
as being over the p° > 0 branch of the hyperboloid p? = m? in 4-momentum
space (see Fig. 2.2).

Finally let us consider the interpretation of the state ¢(x)|0). From the
expansion (2.25) we see that

— d3p 1 —ip-X
009 10) = [ 5 5e ) (241)
is a linear superposition of single-particle states that have well-defined mo-
mentum. Except for the factor 1/2E},, this is the same as the familiar nonrel-
ativistic expression for the eigenstate of position |x); in fact the extra factor
is nearly constant for small (nonrelativistic) p. We will therefore put forward
the same interpretation, and claim that the operator ¢(x), acting on the vac-
uum, creates a particle at position x. This interpretation is further confirmed
when we compute

d3p/ 1 ip-x —ip'x
(0lo(x) Ip) = <0|/@T)32—\/T<ap/ep +az),e P )\/QEP aL |0)
p/
eip-x

(2.42)

We can interpret this as the position-space representation of the single-particle
wavefunction of the state |p), just as in nonrelativistic quantum mechanics
(x|p) x e'P* is the wavefunction of the state |p).
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2.4 The Klein-Gordon Field in Space-Time

In the previous section we quantized the Klein-Gordon field in the Schrédinger
picture, and interpreted the resulting theory in terms of relativistic particles.
In this section we will switch to the Heisenberg picture, where it will be easier
to discuss time-dependent quantities and questions of causality. After a few
preliminaries, we will return to the question of acausal propagation raised in
Section 2.1. We will also derive an expression for the Klein-Gordon propagator,
a crucial part of the Feynman rules to be developed in Chapter 4.

In the Heisenberg picture, we make the operators ¢ and 7 time-dependent
in the usual way:

¢(z) = ¢(x,1) = e o(x)e M, (2.43)
and similarly for 7(z) = w(x,t). The Heisenberg equation of motion,
0
i—O0 =[0,H 2.44
50 = [0, H), (2.44)

allows us to compute the time dependence of ¢ and m:
e,
i00et) = [o6c,0), [ da {200 + § (Vo )" + dmte?(x'0)}]
= /d3x' (ié(?’) (x — x')w(x’,t))

= im(x,1);
i rx 1) = [W(x,t),/ P {372 1) + 3o ) (<97 + m?) g 1) }]

ot
= /d3x'<—i6(3)(x —x)(=V? + m?)o(x, t))
= —i(—=V?+ m?)p(x,1).
Combining the two results gives
92
ot?

which is just the Klein-Gordon equation.
We can better understand the time dependence of ¢(z) and 7(z) by writ-
ing them in terms of creation and annihilation operators. First note that

Hap = ap(H — Ep),

¢ = (V2 —m?)g, (2.45)

and hence
H"ap = ap(H — Ep)",

for any n. A similar relation (with — replaced by +) holds for al,. Thus we
have derived the identities

iHt —iHt _

—iBpt iHt § ,—iHt _ 1 JiEpt
e tape ape” 7PY, e tale = ape"?, (2.46)

P
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which we can use on expression (2.25) for ¢(x) to find the desired expression
for the Heisenberg operator ¢(z), according to (2.43). (We will always use the
symbols ap and a;f, to represent the time-independent, Schrodinger-picture
ladder operators.) The result is

d3p 1 - )
— oy - —ip-x 1t ipx
P(x,t) /(27r)3 \/E(ape +ale )

m(x,t) = % (x,1).

It is worth mentioning that we can perform the same manipulations with
P instead of H to relate ¢(x) to ¢(0). In analogy with (2.46), one can show

e*ip'xaLeiP'x = aLe'ip'x, (2.48)

)
pOZEp

(2.47)

—iP-x iPx __ ip-xX
(& ape = ape€ s

and therefore
d(x) = }‘(Ht—P-X)¢(O)e—i(Ht—P-x)

, . (2.49)
— eszgb(O)e—zP‘m’

where P* = (H, P). (The notation here is confusing but standard. Remember
that P is the momentum operator, whose eigenvalue is the total momentum of
the system. On the other hand, p is the momentum of a single Fourier mode
of the field, which we interpret as the momentum of a particle in that mode.
For a one-particle state of well-defined momentum, p is the eigenvalue of P.)

Equation (2.47) makes explicit the dual particle and wave interpretations
of the quantum field ¢(x). On the one hand, ¢(x) is written as a Hilbert space
operator, which creates and destroys the particles that are the quanta of field
excitation. On the other hand, ¢(z) is written as a linear combination of solu-
tions (e”7* and e~"'*) of the Klein-Gordon equation. Both signs of the time
dependence in the exponential appear: We find both e~"t and e+t al-
though p° is always positive. If these were single-particle wavefunctions, they
would correspond to states of positive and negative energy; let us refer to
them more generally as positive- and negative-frequency modes. The connec-
tion between the particle creation operators and the waveforms displayed here
is always valid for free quantum fields: A positive-frequency solution of the
field equation has as its coefficient the operator that destroys a particle in
that single-particle wavefunction. A negative-frequency solution of the field
equation, being the Hermitian conjugate of a positive-frequency solution, has
as its coefficient the operator that creates a particle in that positive-energy
single-particle wavefunction. In this way, the fact that relativistic wave equa-
tions have both positive- and negative-frequency solutions is reconciled with
the requirement that a sensible quantum theory contain only positive excita-
tion energies.
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Causality

Now let us return to the question of causality raised at the beginning of this
chapter. In our present formalism, still working in the Heisenberg picture, the
amplitude for a particle to propagate from y to z is (0| ¢(z)¢(y) |0). We will
call this quantity D(z — ). Each operator ¢ is a sum of a and a operators,
but, only the term (0] apaf, [0) = (27)36®) (p — q) survives in this expression.
It is easy to check that we are left with

3
D(z—y) = (0] $(z)d(y) |0) = / (;“—7&, %H (2.50)

We have already argued in (2.40) that integrals of this form are Lorentz in-
variant. Let us now evaluate this integral for some particular values of = — y.

First consider the case where the difference x — y is purely in the time-
direction: 2° —y® = ¢, x —y = 0. (If the interval from y to x is timelike, there
is always a frame in which this is the case.) Then we have

oo
Dz — 47 /dp e—iV/PPHmit
INCLE J VP2 +m?
oo
4B \ET i i (251
m
~ e—imt
t—oo ’

Next consider the case where x —y is purely spatial: 2°—¢° = 0, x—y =r.
The amplitude is then

dp 1
D(z — — Y - ipr
S /(2“)3 2Ep ‘

_ o /d p2 eiPr _ g—ipT
-~ (2n)3 ) P 2F, ipr
oo
—z' pe”’r

~ 22m)r \/p +m?

The integrand, considered as a complex function of p, has branch cuts on the
imaginary axis starting at +im (see Fig. 2.3). To evaluate the integral we
push the contour up to wrap around the upper branch cut. Defining p = —ip,
we obtain

oo
1 pe T

47!’2 1/p —TI’L2 T—00

e~ (2.52)
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im

3 >
push
—im contour

Figure 2.3. Contour for evaluating propagation amplitude D(z — y) over a
spacelike interval.

So again we find that outside the light-cone, the propagation amplitude is
exponentially vanishing but nonzero.

To really discuss causality, however, we should ask not whether particles
can propagate over spacelike intervals, but whether a measurement performed
at one point can affect a measurement at another point whose separation from
the first is spacelike. The simplest thing we could try to measure is the field
¢(x), so we should compute the commutator [¢(z), ¢(y)]; if this commutator
vanishes, one measurement cannot affect the other. In fact, if the commu-
tator vanishes for (z — y)? < 0, causality is preserved quite generally, since
commutators involving any function of ¢(z), including 7(z) = d¢/0t, would
also have to vanish. Of course we know from Eq. (2.20) that the commutator
vanishes for 2 = y°; now let’s do the more general computation:

[ dp 1 d3q¢ 1
[(b(x)’(b(y)] _/(271_)3 /—2Ep / (27‘(’)3 /———2Eq

% [(ape—ipx + a;eip'x), (aqe—iqy + aLeiq-y)]

d3p 1 —ip-(z— ip-(z—
:/(27r)32—E—p(e P o) _ ina=)

=D(z—y)— D(y — x). (2.53)

When (z — y)? < 0, we can perform a Lorentz transformation on the second
term (since each term is separately Lorentz invariant), taking (z —y) —
—(x —y), as shown in Fig. 2.4. The two terms are therefore equal and cancel
to give zero; causality is preserved. Note that if (z — y)? > 0 there is no
continuous Lorentz transformation that takes (z—y) — —(z—y). In this case,
by Eq. (2.51), the amplitude is (fortunately) nonzero, roughly (e~ — ¢i™?)
for the special case x —y = 0. Thus we conclude that no measurement in the
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Figure 2.4. When z — y is spacelike, a continuous Lorentz transformation
can take (z —y) to —(z — y).

Klein-Gordon theory can affect another measurement outside the light-cone.
Causality is maintained in the Klein-Gordon theory just as suggested at
the end of Section 2.1. To understand this mechanism properly, however, we
should broaden the context of our discussion to include a compler Klein-
Gordon field, which has distinct particle and antiparticle excitations. As was
mentioned in the discussion of Eq. (2.15), we can add a conserved charge to
the Kiein-Gordon theory by considering the field ¢(z) to be complex- rather
than real-valued. When the complex scalar field theory is quantized (see Prob-
lem 2.2), ¢(x) will create positively charged particles and destroy negatively
charged ones, while ¢ (x) will perform the opposite operations. Then the com-
mutator [#(z), ¢! (y)] will have nonzero contributions, which must delicately
cancel outside the light-cone to preserve causality. The two contributions have
the spacetime interpretation of the two terms in (2.53), but with charges at-
tached. The first term will represent the propagation of a negatively charged
particle from y to x. The second term will represent the propagation of a
positively charged particle from z to y. In order for these two processes to
be present and give canceling amplitudes, both of these particles must exist,
and they must have the same mass. In quantum field theory, then, causality
requires that every particle have a corresponding antiparticle with the same
mass and opposite quantum numbers (in this case electric charge). For the
real-valued Klein-Gordon field, the particle is its own antiparticle.

The Klein-Gordon Propagator

Let us study the commutator [¢(z),d(y)] a little further. Since it is a
c-number, we can write [¢(z), #(y)] = (0] [¢(z), ¢(y)] |0). This can be rewritten
as a four-dimensional integral as follows, assuming for now that z° > y°:

3
(0} [6(x), o] 10) = / @p 1

= (e—tp(m—y) _ ip(z—y)
(2m)3 2E, (c ¢ )
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:/ d3p {Le—izr(z—y)
(2m)3 | 2Ep

p°=Ep
1 —ip-(z—y)
i _2Epe p’=—Ep
Bp [dp® -1
= e —ip-(z—y)
20> /(27r)3 / omi p? — m2° . (2.54)

In the last step the p° integral is to be performed along the following contour:

e

~Ep +E,

Y

For 2% > 3° we can close the contour below, picking up both poles to obtain
the previous line of (2.54). For z° < y° we may close the contour above,
giving zero. Thus the last line of (2.54), together with the prescription for
going around the poles, is an expression for what we will call

Dr(z —y) = 0(z° - y°) (0] [$(2), (1)] |0) - (2.55)

To understand this quantity better, let’s do another computation:

(6% +m?) Dr(x — y) = (8°0(=° — 1)) (0] [6(x), 6(v)] [0)
+2(8,0(2° — %)) (8" (0] [6(2), 8(1)]10))
+0(2® —y°) (8% +m?) (0] [6(z), 6(y)]0)
= —6(2" = y°) (0| [7 (=), &(y)] |0)
+26(z° —3°) (0] [ (2), ¢(y)] [0) + 0
= —i6W(z —y). (2.56)
This says that Dr(z — y) is a Green’s function of the Klein-Gordon operator.
Since it vanishes for z° < 3°, it is the retarded Green’s function.

If we had not already derived expression (2.54), we could find it by Fourier
transformation. Writing

4 ~
Dr(z —y) = / (;lﬂ’; e~ @9 Dr(p), (2.57)

we obtain an algebraic expression for Dg(p):
(=p* +m®)Dg(p) = —i.

Thus we immediately arrive at the result
d*p i

Dr(z—y) = | 7553

—ip(e=y), 2.58
) P —m2 © (2.58)
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The p°-integral of (2.58) can be evaluated according to four different con-
tours, of which that used in (2.54) is only one. In Chapter 4 we will find that
a different pole prescription,

=
T e

is extremely useful; it is called the Feynman prescription. A convenient way
to remember it is to write

4 .
Drw—y) = [ -LP ! e~ P (@=v) (2.59)
E v= (2m)4 p2 —m?2 +ie ' '

since the poles are then at p° = +(E,—ie), displaced properly above and below
the real axis. When 20 > ° we can perform the p° integral by closing the
contour below, obtaining exactly the propagation amplitude D(z — y) (2.50).
When z° < 3 we close the contour above, obtaining the same expression but
with z and y interchanged. Thus we have

v _|Dx—-y) forz>y°
Dr( y)_{D(y—x) for 29 < 40

= 0(a° — 4°) (0 $(a)b(y) 10) + 6(3° — 2°) (0] () () [0)
= (0| Té(2)$(y) [0). (2.60)

The last line defines the “time-ordering” symbol 7', which instructs us to
place the operators that follow in order with the latest to the left. By applying
(0%24+m?) to the last line, you can verify directly that D is a Green’s function
of the Klein-Gordon operator.

Equations (2.59) and (2.60) are, from a practical point of view, the most
important results of this chapter. The Green’s function Dp(z — y) is called
the Feynman propagator for a Klein-Gordon particle, since it is, after all, a
propagation amplitude. Indeed, the Feynman propagator will turn out to be
part of the Feynman rules: Dp(z—y) (or Dr(p)) is the expression that we will
attach to internal lines of Feynman diagrams, representing the propagation of
virtual particles.

Nevertheless we are still a long way from being able to do any real calcu-
lations, since so far we have talked only about the free Klein-Gordon theory,
where the field equation is linear and there are no interactions. Individual par-
ticles live in their isolated modes, oblivious to each others’ existence and to
the existence of any other species of particles. In such a theory there is no hope
of making any observations, by scattering or any other means. On the other
hand, the formalism we have developed is extremely important, since the free
theory forms the basis for doing perturbative calculations in the interacting
theory.
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Particle Creation by a Classical Source

There is one type of interaction, however, that we are already equipped to
handle. Consider a Klein-Gordon field coupled to an external, classical source
field j(x). That is, consider the field equation

(0% + mHop(z) = j(x), (2.61)

where j(z) is some fixed, known function of space and time that is nonzero
only for a finite time interval. If we start in the vacuum state, what will we
find after j(x) has been turned on and off again?

The field equation (2.61) follows from the Lagrangian

£ = 10,0 - m?¢” + j(2)6(a). (2.62)

But if j(z) is turned on for only a finite time, it is easiest to solve the problem
using the field equation directly. Before j{x) is turned on, ¢(x) has the form

d3p 1 —ip-T ip-x
¢0($) :/@TPT_E‘I)((LP@ P +a£ep )

If there were no source, this would be the solution for all time. With a source,
the solution of the equation of motion can be constructed using the retarded
Green’s function:

$(z) = dola) + i / d*y Dz — 4)j(y)

|

4 (@ — ¢°

+Z/d/% 2E, v)
X

3
(e—zp (z—y) _ eip'(m—y))j(y)_ (263)

If we wait until all of j is in the past, the theta function equals 1 in the whole
domain of integration. Then ¢(x) involves only the Fourier transform of j,

jlp) = / d*y e Vj(y),

evaluated at 4-momenta p such that p? = m?2. It is natural to group the
positive-frequency terms together with ap and the negative-frequency terms
with aT this yields the expression

#(z) = / gr% ﬁ{ (ap + %Ep Jp))e e + h.c.}. (2.64)

You can now guess (or compute) the form of the Hamiltonian after j(x)
has acted: Just replace ap with (ap + ij(p)//2Ep) to obtain

H= /(—S;%Ep (af, - %Epj*(p» (ap + %Epj(p))'
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The energy of the system after the source has been turned off is

3
O = [5t5 Sliw)k, (2.65)

where |0) still denotes the ground state of the free theory. We can interpret
these results in terms of particles by identifying |j(p)|?/2Ep as the probability
density for creating a particle in the mode p. Then the total number of particles

produced is
dBp 1
/dN: /Wﬁb(iﬂﬂ?' (2.66)
P

Only those Fourier components of j(z) that are in resonance with on-mass-
shell (i.e., p> = m?) Klein-Gordon waves are effective at creating particles.

We will return to this subject in Problem 4.1. In Chapter 6 we will study
the analogous problem of photon creation by an accelerated electron (brems-
strahlung).

Problems

2.1 Classical electromagnetism (with no sources) follows from the action
S = /d4:c (—iFM,,F“"), where Fy, = 8,4, — 0, A,..

(a) Derive Maxwell’s equations as the Euler-Lagrange equations of this action, treat-
ing the components A, (z) as the dynamical variables. Write the equations in
standard form by identifying E* = —F% and €9¥Bk = —FW

(b) Construct the energy-momentum tensor for this theory. Note that the usual
procedure does not result in a symmetric tensor. To remedy that, we can add to
THY a term of the form 9y K ¥, where K ¥ is antisymmetric in its first two
indices. Such an object is automatically divergenceless, so

THY = THY 4 9\ KM

is an equally good energy-momentum tensor with the same globally conserved
energy and momentum. Show that this construction, with

K/\;uz — F""\Au,

leads to an energy-momentum tensor T that is symmetric and yields the standard
formulae for the electromagnetic energy and momentum densities:

£=3%(E*+B%; S=ExB.

2.2 The complex scalar field. Consider the field theory of a complex-valued scalar
field obeying the Klein-Gordon equation. The action of this theory is

S = /d‘*z(am*aw—m?gs*(b).
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It is easiest to analyze this theory by considering ¢(z) and ¢*(z), rather than the real
and imaginary parts of ¢(z), as the basic dynamical variables.

(2)

(b)
(c)

(d)

Find the conjugate momenta to ¢(z) and ¢*(x) and the canonical commutation
relations. Show that the Hamiltonian is

H= /d% (m*m + V¢* - Vo +m?¢*¢).

Compute the Heisenberg equation of motion for ¢(x) and show that it is indeed
the Klein-Gordon equation.

Diagonalize H by introducing creation and annihilation operators. Show that
the theory contains two sets of particles of mass m.

Rewrite the conserved charge
Q= /d3x %((p*n* —7¢)

in terms of creation and annihilation operators, and evaluate the charge of the
particles of each type.

Consider the case of two complex Klein-Gordon fields with the same mass. Label
the fields as ¢q(z), where a = 1,2. Show that there are now four conserved
charges, one given by the generalization of part (c), and the other three given
by

Q' = [ 56200 aa; = malo i)
where o® are the Pauli sigma matrices. Show that these three charges have the

commutation relations of angular momentum (SU(2)). Generalize these results
to the case of n identical complex scalar fields.t

2.3 Evaluate the function
d3p 1 ;
0 , )10 = D(z — — _r ‘"117'(3?—!/).
0169w 10) = D 1) = [ Gtsaree ,
for (x — y) spacelike so that (z — y)2 = —r2, explicitly in terms of Bessel functions.

tWith some additional work you can show that there are actually six conserved

charges in the case of two complex fields, and n(2n — 1) in the case of n fields, corre-
sponding to the generators of the rotation group in four and 2n dimensions, respec-
tively. The extra symmetries often do not survive when nonlinear interactions of the
fields are included.
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The Dirac Field

Having exhaustively treated the simplest relativistic field equation, we now
move on to the second simplest, the Dirac equation. You may already be
familiar with the Dirac equation in its original incarnation, that is, as a single-
particle quantum-mechanical wave equation.* In this chapter our viewpoint
will be quite different. First we will rederive the Dirac equation as a classical
relativistic field equation, with special emphasis on its relativistic invariance.
Then, in Section 3.5, we will quantize the Dirac field in a manner similar to
that used for the Klein-Gordon field.

3.1 Lorentz Invariance in Wave Equations

First we must address a question that we swept over in Chapter 2: What do
we mean when we say that an equation is “relativistically invariant”? A rea-
sonable definition is the following: If ¢ is a field or collection of fields and D
is some differential operator, then the statement “D¢ = 0 is relativistically
invariant” means that if ¢(z) satisfies this equation, and we perform a rota-
tion or boost to a different frame of reference, then the transformed field, in
the new frame of reference, satisfies the same equation. Equivalently, we can
imagine physically rotating or boosting all particles or fields by a common
angle or velocity; again, the equation D¢ = 0 should be true after the trans-
formation. We will adopt this “active” point of view toward transformations
in the following analysis.

The Lagrangian formulation of field theory makes it especially easy to
discuss Lorentz invariance. An equation of motion is automatically Lorentz
invariant by the above definition if it follows from a Lagrangian that is a
Lorentz scalar. This is an immediate consequence of the principle of least
action: If boosts leave the Lagrangian unchanged, the boost of an extremum
in the action will be another extremum.

*This subject is covered, for example, in Schiff (1968), Chapter 13; Baym (1969),
Chapter 23; Sakurai (1967), Chapter 3. Although the present chapter is self-contained,
we recommend that you also study the single-particle Dirac equation at some point.

35
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As an example, consider the Klein-Gordon theory. We can write an arbi-
trary Lorentz transformation as

zh — 2" = A aY, (3.1)

for some 4 x 4 matrix A. What happens to the Klein-Gordon field ¢(z) under
this transformation? Think of the field ¢ as measuring the local value of some
quantity that is distributed through space. If there is an accumulation of this
quantity at z = xg, ¢(z) will have a maximum at z. If we now transform the
original distribution by a boost, the new distribution will have a maximum at

x = Axg. This is illustrated in Fig. 3.1(a). The corresponding transformation
of the field is

¢(z) — ¢'(z) = p(A7 ). (32)
That is, the transformed field, evaluated at the boosted point, gives the same
value as the original field evaluated at the point before boosting.

We should check that this transformation leaves the form of the Klein-
Gordon Lagrangian unchanged. According to (3.2), the mass term 3m?¢?(z)
is simply shifted to the point (A™ ). The transformation of 9, ¢(z) is

0ud(z) — 0, (d)(A‘lx)) = (A1)".(0,0) (A 2). (3.3)

Since the metric tensor g#¥ is Lorentz invariant, the matrices A™' obey the
identity
(A—l)pﬂ (A_l)av gt =g (3'4)

Using this relation, we can compute the transformation law of the kinetic term
of the Klein-Gordon Lagrangian:

(0u0(x))* — g (0.0 (2)) (0,9 (z))
=g [(A1)"u0,8] [(A)%050] (A7)
= 9”7 (9,9) (9,0) (A" 2)
= (0u9)*(A"2).
Thus, the whole Lagrangian is simply transformed as a scalar:
L(z) — L(A x). (3.5)

The action .S, formed by integrating £ over spacetime, is Lorentz invariant.
A similar calculation shows that the equation of motion is invariant:

(0% +m?)¢/ (z) = [(A)"u8, (A1) 705 + m?] $(A' )
= (9"70,0, + m*)p(A 7 x)
=0.
The transformation law (3.2) used for ¢ is the simplest possible transfor-
mation law for a field. It is the only possibility for a field that has just one

component. But we know examples of multiple-component fields that trans-
form in more complicated ways. The most familiar case is that of a vector field,
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N
N N

D

(a) scalar field (b) vector field

Figure 3.1. When a rotation is performed on a vector field, it affects the
orientation of the vector as well as the location of the region containing the
configuration.

such as the 4-current density j#(z) or the vector potential A#(z). In this case,
the quantity that is distributed in spacetime also carries an orientation, which
must be rotated or boosted. As shown in Fig. 3.1(b), the orientation must be
rotated forward as the point of evaluation of the field is changed:

under 3-dimensional rotations, Vi(z) — RYVI(R'z);

under Lorentz transformations, VHE(z) — A% VY (A ).

Tensors of arbitrary rank can be built out of vectors by adding more indices,
with correspondingly more factors of A in the transformation law. Using such
vector and tensor fields we can write a variety of Lorentz-invariant equations,
for example, Maxwell’s equations,

O*F, =0 or 0°A,—-0,0"A,=0, (3.6)
which follow from the Lagrangian
AC'Ma.xwell = _%(Fll,l/)z = —%(ap,Au - auA/_L)2' (37)

In general, any equation in which each term has the same set of uncontracted
Lorentz indices will naturally be invariant under Lorentz transformations.
This method of tensor notation yields a large class of Lorentz-invariant
equations, but it turns out that there are still more. How do we find them?
We could try to systematically find all possible transformation laws for a field.
Then it would not be hard to write invariant Lagrangians. For simplicity, we
will restrict our attention to linear transformations, so that, if &, is an n
component multiplet, the Lorentz transformation law is given by an n x n
matrix M(A):
By (x) = Map(A)Dy(A ). (3.8)
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It can be shown that the most general nonlinear transformation laws can be
built from these linear transformations, so there is no advantage in considering
transformations more general than (3.8). In the following discussion, we will
suppress the change in the field argument and write the transformation (3.8)
in the form

d — M(A)D. (3.9)

What are the possible allowed forms for the matrices M(A)? The basic
restriction on M (A) is found by imagining two successive transformations, A
and A’. The net result must be a new Lorentz transformation A”; that is,
the Lorentz transformations form a group. This gives a consistency condition
that must be satisfied by the matrices M(A): Under the sequence of two
transformations,

& — M(AN)M(A)® = M(A")®, (3.10)

for A” = A’A. Thus the correspondence between the matrices M and the
transformations A must be preserved under multiplication. In mathematical
language, we say that the matrices M must form an n-dimensional represen-
tation of the Lorentz group. So our question now is rephrased in mathemati-
cal language: What are the (finite-dimensional) matrix representations of the
Lorentz group?

Before answering this question for the Lorentz group, let us consider a sim-
pler group, the rotation group in three dimensions. This group has representa-
tions of every dimensionality n, familiar in quantum mechanics as the matrices
that rotate the n-component wavefunctions of particles of different spins. The
dimensionality is related to the spin quantum number s by n = 2s + 1. The
most important nontrivial representation is the two-dimensional representa-
tion, corresponding to spin 1/2. The matrices of this representation are the
2 X 2 unitary matrices with determinant 1, which can be expressed as

U =eif'e'/2, (3.11)

where 0 are three arbitrary parameters and o are the Pauli sigma matrices.
For any continuous group, the transformations that lie infinitesimally close
to the identity define a vector space, called the Lie algebra of the group.
The basis vectors for this vector space are called the generators of the Lie
algebra, or of the group. For the rotation group, the generators are the angular
momentum operators .J¢, which satisfy the commutation relations

[J%, J7] = i€k J*. (3.12)

The finite rotation operations are formed by exponentiating these operators:
In quantum mechanics, the operator

R = exp[—i6'J'| (3.13)

gives the rotation by an angle |f| about the axis 6. The commutation rela-
tions of the operators J* determine the multiplication laws of these rotation
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operators. Thus, a set of matrices satisfying the commutation relations (3.12)
produces, through exponentiation as in (3.13), a representation of the rotation
group. In the example given in the previous paragraph, the representation of
the angular momentum operators

J— — (3.14)

2

produces the representation of the rotation group given in Eq. (3.11). It is
generally true that one can find matrix representations of a continuous group
by finding matrix representations of the generators of the group (which must
satisfy the proper commutation relations), then exponentiating these infinites-
imal transformations.

For our present problem, we need to know the commutation relations
of the generators of the group of Lorentz transformations. For the rotation
group, one can work out the commutation relations by writing the generators
as differential operators; from the expression

J=xxp=xx(-iV), (3.15)

the angular momentum commutation relations (3.12) follow straightforwardly.
The use of the cross product in (3.15) is special to the case of three dimensions.
However, we can also write the operators as an antisymmetric tensor,

JU = —i(a'VI — 2TV,

so that J2 = J'2 and so on. The generalization to four-dimensional Lorentz
transformations is now quite natural:

TR = (210 — 2V OM). (3.16)

We will soon see that these six operators generate the three boosts and three
rotations of the Lorentz group.

To determine the commutation rules of the Lorentz algebra, we can now
simply compute the commutators of the differential operators (3.16). The
result is

[J#, JP7) = i(g"P JHT — g JT — gP7 JHP 4 ghTJvP). (3.1T)

Any matrices that are to represent this algebra must obey these same com-
mutation rules.

Just to see that we have this right, let us look at one particular represen-
tation (which we will simply pull out of a hat). Consider the 4 x 4 matrices

(TH)ap = i(6"6" — 6¥56%%). (3.18)

(Here p and v label which of the six matrices we want, while o and 8 la-
bel components of the matrices.) You can easily verify that these matrices
satisfy the commutation relations (3.17). In fact, they are nothing but the
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matrices that act on ordinary Lorentz 4-vectors. To see this, parametrize an
infinitesimal transformation as follows:

Ve (6% — %ww(jw)aﬁ)vﬁ, (3.19)
where V is a 4-vector and w,,, an antisymmetric tensor, gives the infinites-
imal angles. For example, consider the case wis = —ws; = 60, with all other
components of w equal to zero. Then Eq. (3.19) becomes

1 0 00
01 -60

V- 08 1 0 v, (3.20)
0 0 01

which is just an infinitesimal rotation in the zy-plane. You can also verify
that setting wog; = —wi9 = B gives

1 800
T gé(l)g v, (3.21)
00 0 1

an infinitesimal boost in the z-direction. The other components of w generate
the remaining boosts and rotations in a similar manner.

3.2 The Dirac Equation

Now that we have seen one finite-dimensional representation of the Lorentz
group, the logical next step would be to develop the formalism for finding
all other representations. Although this is not very difficult to do (see Prob-
lem 3.1), it is hardly necessary for our purposes, since we are mainly interested
in the representation(s) corresponding to spin 1/2.

We can find such a representation using a trick due to Dirac: Suppose
that we had a set of four n x n matrices v* satisfying the anticommutation
relations

{7“7’)"/} = YHyY AP = 20" X 1axn (Dirac algebra). (3.22)

Then we could immediately write down an n-dimensional representation of
the Lorentz algebra. Here it is:

SHY = é[y“,’y”}. (3.23)

By repeated use of (3.22), it is easy to verify that these matrices satisfy the
commutation relations (3.17).

This computation goes through in any dimensionality, with Lorentz or
Euclidean metric. In particular, it should work in three-dimensional Euclidean
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space, and in fact we can simply write
v =0l (Pauli sigma matrices),
so that {+', 47} = —26Y.

The factor of 4 in the first line and the minus sign in the second line are purely
conventional. The matrices representing the Lorentz algebra are then

§9 = Letikok (3.24)

which we recognize as the two-dimensional representation of the rotation
group.

Now let us find Dirac matrices v* for four-dimensional Minkowski space.
It turns out that these matrices must be at least 4 x 4. (There is no fourth
2 x 2 matrix, for example, that anticommutes with the three Pauli sigma
matrices.) Further, all 4 x 4 representations of the Dirac algebra are unitarily
equivalent.” We thus need only write one explicit realization of the Dirac
algebra. One representation, in 2 x 2 block form, is

0 __ 01 . i 0 O'i

This representation is called the Weyl or chiral representation. We will find
it an especially convenient choice, and we will use it exclusively throughout
this book. (Be careful, however, since many field theory textbooks choose a
different representation, in which 7° is diagonal. Furthermore, books that use
chiral representations often make a different choice of sign conventions.)

In our representation, the boost and rotation generators are

0i __ 3 0 i) _ _i ot 0 )
S _4[7 97]_ 2(0 _0_z>7 (326)
and
L A | k 1 ..
S = %[’YWJ] = %ewk ("0 fk) = iewkzk. (3.27)

A four-component field ¥ that transforms under boosts and rotations accord-
ing to (3.26) and (3.27) is called a Dirac spinor. Note that the rotation gen-
erator S% is just the three-dimensional spinor transformation matrix (3.24)
replicated twice. The boost generators S% are not Hermitian, and thus our
implementation of boosts is not unitary (this was also true of the vector rep-
resentation (3.18)). In fact the Lorentz group, being “noncompact”, has no
faithful, finite-dimensional representations that are unitary. But that does not
matter to us, since v is not a wavefunction; it is a classical field.

tThis statement and the preceding one follow from the general theory of the
representations of the Lorentz group derived in Problem 3.1.
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Now that we have the transformation law for v, we should look for an
appropriate field equation. One possibility is simply the Klein-Gordon equa-
tion:

(0% + m?)y = 0. (3.28)
This works because the spinor transformation matrices (3.26) and (3.27) op-
erate only in the “internal” space; they go right through the differential oper-
ator. But it is possible to write a stronger, first-order equation, which implies
(3.28) but contains additional information. To do this we need to know one

more property of the v matrices. With a short computation you can verify
that

[v*, 8771 = (TP,
or equivalently,
(1+ 3wp0 827)7# (1 = §wpo877) = (1 = 5wpe T*7) 07"
This equation is just the infinitesimal form of
ATyAy = Ay, (3.29)

where
)
A% = exp(—iwwS’“’) (330)
is the spinor representation of the Lorentz transformation A (compare (3.19)).
Equation (3.29) says that the v matrices are invariant under simultaneous
rotations of their vector and spinor indices (just like the o under spatial
rotations). In other words, we can “take the vector index u on y* seriously,”
and dot y* into 9, to form a Lorentz-invariant differential operator.
We are now ready to write down the Dirac equation. Here it is:

(17" — m)yp(z) = 0. (3.31)

To show that it is Lorentz invariant, write down the Lorentz-transformed
version of the left-hand side and calculate:

[i’y”@u — m]w(x) — [i'y"(A_l)”Ha,, — m]A%'z/)(A‘lz)
= Ay AT [iv* (A7)0, — m] A (A7)
= Ay [iATy*A 1 (A7)0, — m]y(A™ )
=A; [iA%y7 (A™1)".0, — m]p(A a)

Ay [iv"8, — m]w(A ' z)

0.

Il
-
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To see that the Dirac equation implies the Klein-Gordon equation, act on the
left with (—iy*0, —m):
0= (—iy*0y — m)(iv" 0, — m)y
= (10,0, + m?)y
(307*,7"}8u8y + m?)y
= (8% + m?)y.

To write down a Lagrangian for the Dirac theory, we must figure out how
to multiply two Dirac spinors to form a Lorentz scalar. The obvious guess,
T4, does not work. Under a Lorentz boost this becomes WAT%A%M if the
boost matrix were unitary, we would have Al = A7 and everything would be

2 2
fine. But A, is not unitary, because the generators (3.26) are not Hermitian.
The solution is to define

¥ = iqL. (3.32)
Under an infinitesimal Lorentz transformation parametrized by w,,, we have
¢ — T (14 2w, (S#)1)4°. The sum over  and v has six distinct nonzero
terms. In the rotation terms, where p and v are both nonzero, (S#*)! = SH
and S* commutes with 4°. In the boost terms, where p or v is 0, (S¥*)! =
—(S*) but S#¥ anticommutes with 7°. Passing the 7° to the left therefore
removes the dagger from S*#¥, yielding the transformation law

¥ — AT, (3:33)

and therefore the quantity 17)_11) is a Lorentz scalar. Similarly you can show
(with the aid of (3.29)) that ¥y* is a Lorentz vector.
The correct, Lorentz-invariant Dirac Lagrangian is therefore

Lpirac = ¢(1’7”<9u - m)¢ (334)

The Euler-Lagrange equation for ¢ (or ) immediately yields the Dirac equa-
tion in the form (3.31); the Euler-Lagrange equation for 1 gives the same
equation, in Hermitian-conjugate form:

—i0,y* — my = 0. (3.35)

Weyl Spinors

From the block-diagonal form of the generators (3.26) and (3.27), it is apparent
that the Dirac representation of the Lorentz group is reducible.* We can form
two 2-dimensional representations by considering each block separately, and

writing ’
_ (YL
P = <¢R>' (3.36)

tIf we had used a different representation of the gamma matrices, the reducibility
would not be manifest; this is essentially the reason for using the chiral representation.
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The two-component objects ¢ and g are called left-handed and right-
handed Weyl spinors. You can easily verify that their transformation laws,
under infinitesimal rotations @ and boosts 3, are

Y — (1-140-F — B F)¥r;
Yr— (1-i0- 5+ 8- F)¢r.

These transformation laws are connected by complex conjugation; using the
identity

(3.37)

o?c* = —a0?, (3.38)

it is not hard to show that the quantity o%¢} transforms like a right-handed
spinor.
In terms of ¢, and ¥ g, the Dirac equation is

- (i ey W) o

The two Lorentz group representations 1y and ©¥g are mixed by the mass
term in the Dirac equation. But if we set m = 0, the equations for ¥y and ¥
decouple:

i(0o — o - V) =0;
(0o +0o-V)r =0.

These are called the Weyl equations; they are especially important when treat-
ing neutrinos and the theory of weak interactions.
It is possible to clean up this notation slightly. Define

ot =(Q1,0), ot =(Q1,-o), (3.41)

o ( 0 "0“> : (3.42)

ot

(3.40)

so that

(The bar on & has absolutely nothing to do with the bar on %.) Then the
Dirac equation can be written

R [

and the Weyl equations become

G-, =0; o OPr =0. (3.44)
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3.3 Free-Particle Solutions of the Dirac Equation

To get some feel for the physics of the Dirac equation, let us now discuss its
plane-wave solutions. Since a Dirac field ¥ obeys the Klein-Gordon equation,
we know immediately that it can be written as a linear combination of plane
waves:

Y(z) = u(p)e P, where p? = m?. (3.45)

For the moment we will concentrate on solutions with positive frequency, that
is, p® > 0. The column vector u(p) must obey an additional constraint, found
by plugging (3.45) into the Dirac equation:

(v*pu — m)u(p) = 0. (3.46)

It is easiest to analyze this equation in the rest frame, where p = py = (m, 0);
the solution for general p can then be found by boosting with A 1 In the rest
frame, Eq. (3.46) becomes

(m2® =~ myuteo) =m (7} _ ) utm) =0,

and the solutions are

u(po) = vV'm (g) , (3.47)

for any numerical two-component spinor £&. We conventionally normalize € so
that £¢ = 1; the factor \/m has been inserted for future convenience. We can
interpret the spinor £ by looking at the rotation generator (3.27): £ transforms
under rotations as an ordinary two-component spinor of the rotation group,
and therefore determines the spin orientation of the Dirac solution in the
usual way. For example, when £ = (é), the particle has spin up along the
3-direction.

Notice that after applying the Dirac equation, we are free to choose only
two of the four components of u(p). This is just what we want, since a spin-1/2
particle has only two physical states—spin up and spin down. (Of course we
are being a bit premature in talking about particles and spin. We will prove
that the spin angular momentum of a Dirac particle is /2 when we quantize
the Dirac theory in Section 3.5; for now, just notice that there are two possible
solutions u(p) for any momentum p.)

Now that we have the general form of u(p) in the rest frame, we can obtain
u(p) in any other frame by boosting. Consider a boost along the 3-direction.
First we should remind ourselves of what the boost does to the 4-momentum
vector. In infinitesimal form,

()= Lo (o)l (6)
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where 7 is some infinitesimal parameter. For finite n we must write

() === (1 )] (5)
osnn(p 1) +smn (3 0)](5) o
- (e,

The parameter 7 is called the rapidity. It is the quantity that is additive under
successive boosts.

Now apply the same boost to u(p). According to Egs. (3.26) and (3.30),

1Mp)=exp[—%"<zf )] ( >
= [oian (3 ) ~amcen (5 %)]vm(§)
=(en/2<1a—03>;e—n/2<% en/z( ' ey ) V()

) e (2 ¢
[VET# () +

_ 3 (3.49)
[\/W(”" ) + (L2 ]5
The last line can be simplified to give
VP'Uf)
u(p) = _> ), 3.50
0= (Vs (3.50)

where it is understood that in taking the square root of a matrix, we take
the positive root of each eigenvalue. This expression for u(p) is not only more
compact, but is also valid for an arbitrary direction of p. When working with
expressions of this form, it is often useful to know the identity

(p-o)(p-7)=p* =m’ (3.51)

You can then verify directly that (3.50) is a solution of the Dirac equation in
the form of (3.43).

In practice it is often convenient to work with specific spinors £. A useful
choice here would be eigenstates of o>. For example, if £ = () (spin up along
the 3-axis), we get

0= (Vi)

0
laxge boost ¥ 27 ((;))’ (3:52)
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while for ¢ = (°) (spin down along the 3-axis) we have

3(0 0
<,/E +p ((1))) . \/2—];((1))
A E — p3 (1) large boost 0
In the limit n — oo the states degenerate into the two-component spinors of
a massless particle. (We now see the reason for the factor of v/m in (3.47): It
keeps the spinor expressions finite in the massless limit.)
The solutions (3.52) and (3.53) are eigenstates of the helicity operator,

u(p) = (3.53)

. 1, /fa* O
h:p.S—2pi<0 ai>' (3.54)
A particle with h = +1/2 is called right-handed, while one with h = —1/2 is
called left-handed. The helicity of a massive particle depends on the frame of
reference, since one can always boost to a frame in which its momentum is
in the opposite direction (but its spin is unchanged). For a massless particle,
which travels at the speed of light, one cannot perform such a boost.

The extremely simple form of u(p) for a massless particle in a helicity
eigenstate makes the behavior of such a particle easy to understand. In Chap-
ter 1, it enabled us to guess the form of the eTe™ — u* ™ cross section in the
massless limit. In subsequent chapters we will often do a mindless calculation
first, then look at helicity eigenstates in the high-energy limit to understand
what we have done.

Incidentally, we are now ready to understand the origin of the notation
¥, and ¥ g for Weyl spinors. The solutions of the Weyl equations are states of
definite helicity, corresponding to left- and right-handed particles, respectively.
The Lorentz invariance of helicity (for a massless particle) is manifest in the
notation of Weyl spinors, since ¢, and g live in different representations of
the Lorentz group.

It is convenient to write the normalization condition for u(p) in a Lorentz-
invariant way. We saw above that v/T1 is not Lorentz invariant. Similarly,

utu= (61Vp-a, € 5) - <W§>

VP& (3.55)
= 2Ep€Tf .
To make a Lorentz scalar we define
u(p) = ul (p)y°- (3.56)
Then by an almost identical calculation,
au = 2meTE. (3.57)

This will be our normalization condition, once we also require that the two-
component spinor ¢ be normalized as usual: £7¢ = 1. It is also conventional to
choose basis spinors ¢! and €2 (such as (}) and ({)) that are orthogonal. For
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a massless particle Eq. (3.57) is trivial, so we must write the normalization
condition in the form of (3.55).

Let us summarize our discussion so far. The general solution of the Dirac
equation can be written as a linear combination of plane waves. The positive-
frequency waves are of the form

Y(a) =ulp)e™*,  p*=m?  p’>0 (3.58)
There are two linearly independent solutions for u(p),
VP o¢ s)
u®(p) = _ , s=1,2 3.59
0= (Ve (359
which we normalize according to
" (p)u®(p) = 2mo"* or u" (p)u®(p) = 2Ep6™. (3.60)

In exactly the same way, we can find the negative-frequency solutions:
P(z) =v(p)et™”,  pP=m?  p’>0. (3.61)

(Note that we have chosen to put the + sign into the exponential, rather than
having p° < 0.) There are two linearly independent solutions for v(p),

v*(p) = (_%";J, s=1,2 (3.62)

where 7° is another basis of two-component spinors. These solutions are nor-
malized according to

" (p)v®(p) = —2mé"™* or o™ (p)v*(p) = +2Ep6™. (3.63)
The u’s and v’s are also orthogonal to each other:
w’ (p)v*(p) = v"(p)u’(p) = 0. (3.64)
Be careful, since u"f(p)v*(p) # 0 and v"T(p)u®(p) # 0. However, note that
u"T(p)v*(=p) = o' (-p)u’(p) = 0, (3.65)

where we have changed the sign of the 3-momentum in one factor of each
spinor product.

Spin Sums

In evaluating Feynman diagrams, we will often wish to sum over the polar-
ization states of a fermion. We can derive the relevant completeness relations
with a simple calculation:

> wwee) =5 (V28 @i 1)
s=1,2 s

_ <\/p-0\/p‘6 \/p-cf\/pv)
Vp-o\p-G p-o\p-o

Ql
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_(m po
“\pd¢ m /)’

In the second line we have used ,
1 0
sest 1 —
Seer=1-(p 1)
s=1,2

Thus we arrive at the desired formula,
> ut(p)ut(p) =y p+m. (3.66)
S

Similarly,
> v (o (p) =7-p—m. (3.67)

The combination «y-p occurs so often that Feynman introduced the notation
# = y*p,. We will use this notation frequently from now on.

3.4 Dirac Matrices and Dirac Field Bilinears

We saw in Section 3.2 that the quantity 1t is a Lorentz scalar. It is also
easy to show that 1)y is a 4-vector—we used this fact in writing down the
Dirac Lagrangian (3.34). Now let us ask a more general question: Consider the
expression YT, where I is any 4 x 4 constant matrix. Can we decompose this
expression into terms that have definite transformation properties under the
Lorentz group? The answer is yes, if we write I in terms of the following basis
of sixteen 4 x 4 matrices, defined as antisymmetric combinations of y-matrices:

1 1 of these
A 4 of these
AR = %[’Y””Y”] = Al = _jorv 6 of these
,.),;LVP — /y[“/yuryp] 4 Of theSe
AHPPT — ,Ylu,yu,yp»ya] 1 of these

16  total

The Lorentz-transformation properties of these matrices are easy to deter-
mine. For example,

vy — (DAY (5071 (A4 9)
= SU(APP AL ANy — AP A AT A )Y
= A A 1y *P ).

Each set of matrices transforms as an antisymmetric tensor of successively
higher rank.
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The last two sets of matrices can be simplified by introducing an addi-
tional gamma matrix,

- /l. vpo
V' =i’y = = 5 N e (3.68)
Then Y#P7 = —jetP7~5 and y*P = +ie"P?~,~5. The matrix v° has the

following properties, all of which can be verified using (3.68) and the anti-
commutation relations (3.22):

() =% (3.69)
(v°)? =1; (3.70)
{v*,7"} =0. (3.71)

This last property implies that [y®, S#¥] = 0. Thus the Dirac representation
must be reducible, since eigenvectors of v whose eigenvalues are different
transform without mixing (this criterion for reducibility is known as Schur’s

lemma). In our basis,
5 (-1 0
v = ( 0 1) (3.72)

in block-diagonal form. So a Dirac spinor with only left- (right-) handed com-
ponents is an eigenstate of 7° with eigenvalue —1 (+1), and indeed these
spinors do transform without mixing, as we saw explicitly in Section 3.2.

Let us now rewrite our table of 4 x4 matrices, and introduce some standard
terminology:

1 scalar 1

yH vector 4

ot = Lk, 4] tensor 6
yHAS pseudo-vector 4

AP pseudo-scalar 1

16

The terms pseudo-vector and pseudo-scalar arise from the fact that these
quantities transform as a vector and scalar, respectively, under continuous
Lorentz transformations, but with an additional sign change under parity
transformations (as we will discuss in Section 3.6).

From the vector and pseudo-vector matrices we can form two currents out
of Dirac field bilinears:

@) = dla)y () (@) = D)y (). (3.73)

Let us compute the divergences of these currents, assuming that 1 satisfies
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the Dirac equation:
gt = (@LE’)’Y“Tﬁ + 17’7Hau1/)
= (imap)y + (—imy)) (3.74)
=0.

Thus j* is always conserved if 1(x) satisfies the Dirac equation. When we
couple the Dirac field to the electromagnetic field, 7# will become the electric
current density. Similarly, one can compute

0, 3"° = 2imapy>ep. (3.75)
If m = 0, this current (often called the azial vector current) is also conserved.
It is then useful to form the linear combinations

#=vr (50w =t (D). (3.76)

When m = 0, these are the electric current densities of left-handed and right-
handed particles, respectively, and are separately conserved.

The two currents j#(x) and j#°(z) are the Noether currents corresponding
to the two transformations

Y(x) — e p(z)  and  P(z) — € Y(a).

The first of these is a symmetry of the Dirac Lagrangian (3.34). The second,
called a chiral transformation, is a symmetry of the derivative term in £ but
not the mass term; thus, Noether’s theorem confirms that the axial vector
current is conserved only if m = 0.

Products of Dirac bilinears obey interchange relations, known as Fierz
identities. We will discuss only the simplest of these, which will be needed
several times later in the book. This simplest identity is most easily written
in terms of the two-component Weyl spinors introduced in Eq. (3.36).

The core of the relation is the identity for the 2 x 2 matrices o* defined
in Eq. (3.41):

(U”)aﬂ(gu)vé‘ = 2€a~€35- (3.77)

(Here a, B, etc. are spinor indices, and € is the antisymmetric symbol.) One
can understand this relation by noting that the indices «, v transform in the
Lorentz representation of v, while 3, 6 transform in the separate representa-
tion of ¥ g, and the whole quantity must be a Lorentz invariant. Alternatively,
one can just verify the 16 components of (3.77) explicitly.

By sandwiching identity (3.77) between the right-handed portions (i.e.,
lower half) of Dirac spinors w1, us, us, u4, we find the identity

(@1ro"u2R)(USROLULR) = 2€0~T1 RaU3RYEBSU2RBUARS (3.78)

= —(U1ro"usr)(UsROLUZR)-
This nontrivial relation says that the product of bilinears in (3.78) is anti-
symmetric under the interchange of the labels 2 and 4, and also under the
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interchange of 1 and 3. Identity (3.77) also holds for o#, and so we also find
(w120%u2r ) (3,0 uuar) = — (U106  uar ) (U300 yuar)- (3.79)

It is sometimes useful to combine the Fierz identity (3.78) with the iden-
tity linking o# and o#:

€ap(0") gy = (7" )apesy- (3.80)

This relation is also straightforward to verify explicitly. By the use of (3.80),
(3.79), and the relation
olo, =4, (3.81)

we can, for example, simplify horrible products of bilinears such as

(125" 075 Mu2L) (U315 00T AUsL) = 2€0an U Lal3r€65(07 T U2r)3(0,F AUL)s
= 2601 La 3L~ €sU2L3 (070G 0, T \UsL)s
=2 (4)% €ayli1Lali3L€asUaLaUALS
= 16(ﬁ1L5“U2L)(7_1/3L5'“U4L)- (3.82)

There are also Fierz rearrangement identities for 4-component Dirac
spinors and 4 x 4 Dirac matrices. To derive these, however, it is useful to
take a more systematic approach. Problem 3.6 presents a general method and
gives some examples of its application.

3.5 Quantization of the Dirac Field

We are now ready to construct the quantum theory of the free Dirac field.
From the Lagrangian

L =@ —m)yp = p(iv" 8, — m)y, (3.83)

we see that the canonical momentum conjugate to ¢ is iy!, and thus the
Hamiltonian is

H= /d%ﬂ)(—i'y -V +m)y = /d?’:c [~y -V +mr]y.  (3.84)
If we define o = 7%+, 3 = 7°, you may recognize the quantity in brackets as
the Dirac Hamiltonian of one-particle quantum mechanics:

hp = —ia- V +mp. (3.85)

How Not to Quantize the Dirac Field:
A Lesson in Spin and Statistics

To quantize the Dirac field in analogy with the Klein-Gordon field we would
impose the canonical commutation relations

[wa(x), ZZJZ (y)] = 6@ (x — y)bap, (equal times) (3.86)



3.5 Quantization of the Dirac Field 53

where a and b denote the spinor components of . This already looks peculiar:
If ¢(x) were real-valued, the left-hand side would be antisymmetric under
X <y, while the right-hand side is symmetric. But v is complex, so we
do not have a contradiction yet. In fact, we will soon find that much worse
problems arise when we impose commutation relations on the Dirac field. But
it is instructive to see how far we can get, in order to better understand the
relation between spin and statistics. So let us press on; just remember that
the next few pages will eventually turn out to be a blind alley.

Our first task is to find a representation of the commutation relations in
terms of creation and annihilation operators that diagonalizes H. From the
form of the Hamiltonian (3.84), it will clearly be helpful to expand ¥(z) in a
basis of eigenfunctions of hp. We know these eigenfunctions already from our
calculations in Section 3.3. There we found that

[(°80 + iy -V — m]u’(p)e™ " =0,

so u®(p)e’P* are eigenfunctions of hp with eigenvalues Ep. Similarly, the
functions v®(p)e~P* (or equivalently, v®(—p)e*™*) are eigenfunctions of
hp with eigenvalues —Ey,. These form a complete set of eigenfunctions, since
for any p there are two u’s and two v’s, giving us four eigenvectors of the 4 x 4
matrix hp.

Expanding v in this basis, we obtain

w00 = [ s = 3 (@) +o0ee). 68T

where a, and by, are operator coefficients. (For now we work in the Schrédinger

picture, where 1 does not depend on time.) Postulate the commutation rela-
tions

[ah, a5l] = [b5, 03] = (2m)%6®) (p — q)6™. (3.88)

It is then easy to verify the commutation relations (3.86) for ¢ and w1:
d3pdiq 1

[w(x),wT(Y)]=/ (2m)6 \/W
xz(a agfJur (p)aa) + [87,, b4]0" (-p)3%(-a) )°

- / d’p 1 ipxy)
(2n)3 2E,
X [(fyOEp —y-p+m)+ ('yoEp+'y-p—m)]fy°

= (5(3) (X - y) X 1axs. (389)

el(Px—qy)

In the second step we have used the spin sum completeness relations (3.66)
and (3.67).
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We are now ready to write H in terms of the a’s and b’s. After another
short calculation (making use of the orthogonality relations (3.60), (3.63), and
(3.65)), we find

d3p S S S S
H= / O (Bpagap - Eobyity ). (3.90)

Something is terribly wrong with the second term: By creating more and
more particles with bf, we can lower the energy indefinitely. (It would not
have helped to rename b < b, since doing so would ruin the commutation
relation (3.89).)

We seem to be in rather deep trouble, but again let’s press on, and inves-
tigate the causality of this theory. To do this we should compute [1(z), ¥ (y)]
(or more conveniently, [t)(z),%(y)]) at non-equal times and hope to get zero
outside the light-cone. First we must switch to the Heisenberg picture and
restore the time-dependence of 9 and 1. Using the relations

iHt s —iHt _ s —iEpt iHtps ,—iHt _ ps +iEpt
e tage = ape” "7PY, e hpe = bpe™ P, (3.91)

we immediately have
d3p 1 s,8 —ip-x S ,.8 ip-x
w(x):/(27r)3 zEpZ<aP“ (P)e™* + by ().
v dsp 1 st~s ip-x st =s —ip-x
50 = [ G (0 + 0,

We can now calculate the general commutator:

(3.92)

3
[1/111(18)71_%(34)] = /(—;—T%i Z(ug(p)ﬁi(p)e—ip(z—y) +U2(p)1—)z(p)eip‘(z—y))

3
= /fgw_z))?’% ((p(_,_ m)ape” P @Y 4 (g — m)abeip‘(z—y)>
P

: d’p 1 —ip-(z—y) _ ip-(z—y)
_(ﬁz+m)ab/Wﬁ<e — e )
| = (i, +m) ,[6(x), 6(w)]-

Since [¢(z),¢(y)] (the commutator of a real Klein-Gordon field) vanishes
outside the light-cone, this quantity does also.

There is something odd, however, about this selution to the causality
problem. Let |0) be the state that is annihilated by all the af, and bg: a3, |0) =
bg, 0) = 0. Then

[%(11?),27)1;(3/)] = <0| [dja(‘r)v ;bb(y)] |O>
= (01 Pa(2)9s(y) 10) — (019 (y)¢a(z) [0),
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just as for the Klein-Gordon field. But in the Klein-Gordon case, we got one
term of the commutator from each of these two pieces: the propagation of
a particle from y to z was canceled by the propagation of an antiparticle
from x to y outside the light-cone. Here both terms come from the first piece,
(0] ¥(z)4(y) |0), since the second piece is zero. The cancellation is between
positive-energy particles and negative-energy particles, both propagating from
y to .

This observation can actually lead us to a resolution of the negative-
energy problem. One of the assumptions we made in quantizing the Dirac
theory must have been incorrect. Let us therefore forget about the postulated
commutation relations (3.86) and (3.88), and see whether we can find a way
for positive-energy particles to propagate in both directions. We will also have
to drop our definition of the vacuum |0) as the state that is annihilated by all
ap, and by,. We will, however, retain the expressions (3.92) for 9 () and ()
as Heisenberg operators, since if 1(x) and 9(z) solve the Dirac equation, they
must be decomposable into such plane-wave solutions.

First consider the propagation amplitude (0] 1(x)%(y) |0), which is to rep-
resent a positive-energy particle propagating from y to z. In this case we
want the (Heisenberg) state ¢(y)|0) to be made up of only positive-energy,
or negative-frequency components (since a Heisenberg state ¥y = et 7t W),
Thus only the aff term of ¥(y) can contribute, which means that bsl must
annihilate the vacuum. Similarly (0] ¥(z) can contain only positive-frequency
components. Thus we have

dp —i:c
O 0 = 0] [ 555 = o e
d3 S S 'L
X/ \/WZGT Je 10

We can say something about the matrix element (0| a‘as* |0) even without
knowing how to interchange ay, and aq , by using translatlonal and rotational
invariance. If the ground state |0) is to be invariant under translations, we
must have |0) = e’F*|0). Furthermore, since a/ creates momentum q, we
can use Eq. (2.48) to compute

(3.93)

r_s T iP-x
(0] apag! [0) = (0] apagle™ ™ 0)
z(p—q) x <0| iP-x a” sT |0>

= P> (| g7 f;|o>.

This says that if (0] a;af;f |0) is to be nonzero, p must equal q. Similarly, it
can be shown that rotational invariance of |0) implies r = s. (This should be
intuitively clear, and can be checked after we discuss the angular momentum
operator later in this section.) From these considerations we conclude that
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the matrix element can be written
(0] apagl 10) = (27)%6%) (p — q)6™ - A(p),

where A(p) is so far undetermined. Note, however, that if the norm of a state
is always positive (as it should be in any self-respecting Hilbert space), A(p)
must be greater than zero. We can now go back to (3.93), and write

3
01(@iw 0 = [ ks 5= 3w )it Al

S
_ / d*p 1

~J (2m)3 2E,
This expression is properly invariant under boosts only if A(p) is a Lorentz

scalar, i.e., A(p)=A(p?). Since p?> = m?, A must be a constant. So finally we
obtain

01 6a@)B0) [0) = (19 +m),,, [

(94 m) A(p)e= 7).

d’p 1

(27‘{')3 Ee—lp(x—y) . A (394)

Similarly, in the amplitude (0| (y)¢(z)|0), we want the only contri-
butions to be from the positive-frequency terms of (y) and the negative-
frequency terms of ¥(z). So aj, still annihilates the vacuum, but b3, does not.
Then by arguments identical to those given above, we have

0 By (y)tha(@) [0) = — (i Ip 1 we— . p 3.95

OB (W)bel@) 0) = ~(i0+m),,, [ Fagge?e B (399)
where B is another positive constant. The minus sign is important; it comes
from the completeness relation (3.67) for > vo and the sign of z in the ex-
ponential factor. It implies that we cannot have (0] [¢)(z), % (y)]|0) = 0 out-
side the light-cone: The two terms (3.94) and (3.95) would indeed cancel if
A = —B, but this is impossible since A and B must both be positive.

The solution, however, is now at hand. By setting A = B =1, it is easy
to obtain (outside the light-cone)

(Ol 9a(@)dhy () 10) = = (0] P (y)a() [0) .

That is, the spinor fields anticommute at spacelike separation. This is enough
to preserve causality, since all reasonable observables (such as energy, charge,
and particle number) are built out of an even number of spinor fields; for any
such observables O; and Oy, we still have [O1(x), O2(y)] = 0 for (z —y)? < 0.

And remarkably, postulating enticommutation relations for the Dirac field

solves the negative energy problem. The equal-time anticommutation relations
will be

{va(x), 0} (y)} = 8®)(x — y)ba;

3.96
{6a(x), 95(3)} = {0160, 0} ()} =0. (3.96)
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We can expand 9(x) in terms of aj, and b, as before (Eq. (3.87)). The creation
and annihilation operators must now obey

{a,ast} = {5,651} = (27)3%6®) (p — q)6™* (3.97)

(with all other anticommutators equal to zero) in order that (3.96) be satisfied.
Another computation gives the Hamiltonian,

/ 32 Epagfag — Epbity),

which is the same as before; bfj still creates negative energy. However, the
relation {b;,bf;} = (2m)36®) (p — q)6™ is symmetric between b], and bgf. So
let us simply redefine

by =0l by =05 (3.98)

These of course obey exactly the same anticommutation relations, but now
the second term in the Hamiltonian is

—Epbiibf, = +Epbsb;, — (const).

If we choose |0) to be the state that is annihilated by aj, and B;’ then all
excitations of |0) have positive energy.

What happened? To better understand this trick, let us abandon the field
theory for a moment and consider a theory with a single pair of b and bf
operators obeying {b,b'} = 1 and {b,b} = {bf,b'} = 0. Choose a state |0)
such that b|0) = 0. Then b' |0) is a new state; call it |1). This state satisfies
b|1) = |0) and b |1) = 0. So b and b' act on a Hilbert space of only two states,
|0) and |1). We might say that |0) represents an “empty” state, and that b
“fills” the state. But we could equally well call [1) the empty state and say
that b = bf fills it. The two descriptions are completely equivalent, until we
specify some observable that allows us to distinguish the states physically. In
our case the correct choice is to take the state of lower energy to be the empty
one. And it is less confusing to put the dagger on the operator that creates
positive energy. That is exactly what we have done.

Note, by the way, that since (b)? = 0, the state cannot be filled twice.
More generally, the anticommutation relations imply that any multiparticle
state is antisymmetric under the interchange of two particles: aLa]; |0) =
—a:flan |0). Thus we conclude that if the ladder operators obey anticommuta-
tion relations, the corresponding particles obey Fermi-Dirac statistics.

We have just shown that in order to insure that the vacuum has only
positive-energy excitations, we must quantize the Dirac field with anticom-
mutation relations; under these conditions the particles associated with the
Dirac field obey Fermi-Dirac statistics. This conclusion is part of a more gen-
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eral result, first derived by Pauli*: Lorentz invariance, positive energies, pos-
itive norms, and causality together imply that particles of integer spin obey
Bose-Einstein statistics, while particles of half-odd-integer spin obey Fermi-
Dirac statistics.

The Quantized Dirac Field

Let us now summarize the results of the quantized Dirac theory in a systematic
way. Since the dust has settled, we should clean up our notation: From now
on we will write b, (the operator that lowers the energy of a state) simply

as bp, and ETP as bl,. All the expressions we will need in our later work are

listed below; corresponding expressions above, where they differ, should be
forgotten.
First we write the field operators:

W(z) = /d3 \/§E_Z( (p)e™ " + blv (p)e™?);  (3.99)
B(x) = / \/TZ(U‘ 7 w-ua;TaS(p)eiP'z). (3.100)

The creation and annihilation operators obey the anticommutation rules
{aL,asT} = {5,051} = (2m)36®) (p — )67, (3.101)

with all other anticommutators equal to zero. The equal-time anticommuta-
tion relations for 1 and 1! are then

{va(x), 9} (y)} = 6<3>(x—y)5ab;

T (3.102)
{va(x),96(y)} = {5 (%), 03 (y)} =0.
The vacuum |0) is defined to be the state such that
as 0) = b5, 10) = 0. (3.103)

The Hamiltonian can be written

H= /( 3ZE ( stgs +bSTbS> (3.104)

where we have dropped the infinite constant term that comes from anticom-
muting by, and bfj. From this we see that the vacuum is the state of lowest
energy, as desired. The momentum operator is

/d"x D (—iV)y = / 32 S’f s +bsfb3) (3.105)

*W. Pauli, Phys. Rev. 58, 716 (1940), reprinted in Schwinger (1958). A rigorous
treatment is given by R. F. Streater and A. S. Wightman, PCT, Spin and Statistics,
and All That (Benjamin/Cummings, Reading, Mass., 1964).
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Thus both af and b3 create particles with energy +Ep and momentum p.
We will refer to the particles created by af;' as fermions and to those created
by b3l as antifermions.

The one-particle states

Ip, s) = \/2Epad! |0) (3.106)
are defined so that their inner product
(p,rla,s) = 2Ep(27)%6®) (p — q)é™* (3.107)

is Lorentz invariant. This implies that the operator U(A) that implements
Lorentz transformations on the states of the Hilbert space is unitary, even
though for boosts, A% is not unitary.

It will be reassuring to do a consistency check, to see that U(A) imple-
ments the right transformation on ¥(z). So calculate

Uy(z) U™ =U / 3’ ﬁZ( pe T 455 v’ (p)e zZ””)U- (3.108)

We can concentrate on the first term; the second is completely analogous.
Equation (3.106) implies that aj, transforms according to

U(A)as U™ (A) = /—Eﬁ . (3.109)
P

assuming that the axis of spin quantization is parallel to the boost or rotation
axis. To use this relation to evaluate (3.108), rewrite the integral as

d3p 1 s
/ T 27r @ 2E V2Bt

The second factor is transformed in a simple way by U, and the first is a
Lorentz-invariant integral. Thus, if we apply (3.109) and make the substitution
p = Ap, Eq. (3.108) becomes

35
UMp@UT(4) = / (sw):’» 2119 Z u* (A1) /2Epaie AT 4.
But u®(A~'p) = A'% u*(p), so indeed we have
Uaw@U W) = [ 45 e LA e
— AJv(Aa).

(3.110)

This result says that the transformed field creates and destroys particles
at the point Az, as it must. Note, however, that this transformation appears
to be in the wrong direction compared to Eq. (3.2), where the transformed
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field ¢ was evaluated at A~'z. The difference is that in Section 3.1 we imag-
ined that we transformed a pre-existing field distribution that was measured
by ¢(x). Here, we are transforming the action of ¢(x) in creating or destroy-
ing particles. These two ways of implementing the Lorentz transformation
work in opposite directions. Notice, though, that the matrix acting on ¢ and
the transformation of the coordinate x have the correct relative orientation,
consistent with Eq. (3.8).

Next we should discuss the spin of a Dirac particle. We expect Dirac
fermions to have spin 1/2; now we can demonstrate this property from our
formalism. We have already shown that the particles created by gl and b3
each come in two “spin” states: s = 1,2. But we haven’t proved yet that this
“spin” has anything to do with angular momentum. To do this, we must write
down the angular momentum operator.

Recall that we found the linear momentum operator in Section 2.2 by
looking for the conserved quantity associated with translational invariance.
We can find the angular momentum operator in a similar way as a consequence
of rotational invariance. Under a rotation (or any Lorentz transformation), the
Dirac field ¢ transforms (in our original convention) according to

¥(a) = /(@) = Ayu(Aa).

To apply Noether’s theorem we must compute the change in the field at a
fixed point, that is,

& =9’ (x) —y(x) = Ayp(Az) — ¥(a).

Consider for definiteness an infinitesimal rotation of coordinates by an angle
0 about the z-axis. The parametrization of this transformation is given just
below Eq. (3.19): w12 = —ws; = 6. Using the same parameters in Eq. (3.30),
we find

AL~ 1—fw, " =1- 1053

1
2

We can now compute
§¢(z) = (1 - 205%)9(t,z + Oy, y — bz, 2) — Y(x)
= —0(20y — Y0, + $5%)Y(z) = 0AY.
The time-component of the conserved Noether current is then

0 _ oL
77 B(00w)

Similar expressions hold for rotations about the z- and y-axes, so the angular
momentum operator is

J= /d%; Pl <x>< (—=iV) + %z)w. (3.111)

AY = —ithy° (20, — yO, + LE3)1p.

For nonrelativistic fermions, the first term of (3.111) gives the orbital angular
momentum. The second term therefore gives the spin angular momentum.
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Unfortunately, the division of (3.111) into spin and orbital parts is not so
straightforward for relativistic fermions, so it is not simple to write a general
expression for this quantity in terms of ladder operators.

To prove that a Dirac particle has spin 1/2, however, it suffices to consider
particles at rest. We would like to apply J, to the state aOJr |0) and show that
this state is an eigenvector. This is most easily done using a trick: Since
J, must annihilate the vacuum, J,a3'|0) = [J,,a3'] [0). The commutator is
nonzero only for the terms in J, that have annlhlhatlon operators at p = 0.
For these terms, the orbital part of (3.111) does not contribute. To write the
spin term of (3.111) in terms of ladder operators, use expansions (3.99) and
(3.100), evaluated at t = 0:

J, = Bz d3 d3 ' 1 e—ip’~xeip-x
)% 2E 2FEy

X ) ) 5 o ) )

Taking the commutator with a‘ST, the only nonzero term has the structure
[agap,a ] = (2m)36® (p)ag'67; the other three terms in the commutator
either vanish or annihilate the vacuum. Thus we find

3 3
gl [0) = 5 ‘;(us*m)%u"(m)ag* 0) = ;(58*%8)%* 0),

where we have used the explicit form (3.47) of u(0) to obtain the last expres-
sion. The sum over r is accomplished most easily by choosing the spinors &”
to be eigenstates of o®. We then find that for £* = (}), the one-particle state
is an eigenstate of J, with eigenvalue +1/2, while for £* = ((1)), it is an eigen-
state of J, with eigenvalue —1/2. This result is exactly what we expect for
electrons.

An analogous calculation determines the spin of a zero-momentum an-
tifermion. But in this case, since the order of the b and b! terms in J, is
reversed, we get an extra minus sign from evaluating [bpbl, bj] = —[b},bp, b)-
Thus for positrons, the association between the spinors 7° and the spin angular
momentum is reversed: ((1]) corresponds to spin —1/2, while ((1)) corresponds
to spin +1/2. This reversal of sign agrees with the prediction of Dirac hole
theory. From that viewpoint, a positron is the absence of a negative-energy
electron. If the missing electron had positive J,, its absence has negative J,.

In summary, the angular momentum of zero-momentum fermions is given
by

J.agh |0y = £1agh 10y, 65T |0) = Fi85T(0), (3.112)

where the upper sign is for £° = ((1)) and the lower sign is for £° = ([1))
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There is one more important conserved quantity in the Dirac theory. In
Section 3.4 we saw that the current j# = ~y*1 is conserved. The charge
associated with this current is

Q= /d%w* ()9 () /dPSZ( *Ta;+bfpbff,),

or, if we ignore another infinite constant,

d3p
Q=/(2—7r)—32 ;T ad - bsTbS) (3.113)
So a3l creates fermions with charge +1, while b3 creates antifermions with

charge —1. When we couple the Dirac field to the electromagnetic field, we
will see that @ is none other than the electric charge (up to a constant factor
that depends on which type of particle we wish to describe; e.g., for electrons,
the electric charge is Qe).

In Quantum Electrodynamics we will use the spinor field 1 to describe
electrons and positrons. The particles created by af;f are electrons; they have
energy Ep, momentum p, spin 1/2 with polarization appropriate to £°, and
charge +1 (in units of e). The particles created by b;T are positrons; they have
energy Ep, momentum p, spin 1/2 with polarization opposite to that of &£°,
and charge —1. The state 1), (z)|0) contains a positron at position x, whose
polarization corresponds to the spinor component chosen. Similarly, ¥, () |0)
is a state of one electron at position x.

The Dirac Propagator

Calculating propagation amplitudes for the Dirac field is by now a straight-
forward exercise:

OB 0 = [kt S
3
— (’L@z + m)ab /.(gT)gﬁe—ip.(m—y)’ (3-114)
3
O 10) = /(;LWI)%% > vp)vi(p)e v

Bp 1 :
=—(i@, + m /——e—""(y—z). (3.115)
( )ab (2m)3 2E,

Just as we did for the Klein-Gordon equation, we can construct Green’s
functions for the Dirac equation obeying various boundary conditions. For
example, the retarded Green’s function is

Sz —y) = 0(z° — y°) (0] {ta(2), ¥y (y) } 10) - (3.116)
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It is easy to verify that
Sr(z —y) = (i@, + m)Dr(z —y), (3.117)

since on the right-hand side the term involving 9y8(z® — 3°) vanishes. Using
(3.117) and the fact that @@ = 9%, we see that Sg is a Green’s function of
the Dirac operator:

(i@, —m)Sr(z —y) = i6™W(z — y) - Laxa. (3.118)

The Green’s function of the Dirac operator can also be found by Fourier
transformation. Expanding Sg(x —y) as a Fourier integral and acting on both
sides with (1@, — m), we find

50w -0 = [T me IS, )
and hence ) [+ m)
i 1 m

Sr(p) = (3.120)

-m p2 —m?2’
To obtain the retarded Green’s function, we must evaluate the p° integral in
(3.120) along the contour shown on page 30. For z° > y° we close the contour
below, picking up both poles to obtain the sum of (3.114) and (3.115). For
2% < 3° we close the contour above and get zero.

The Green’s function with Feynman boundary conditions is defined by
the contour shown on page 31:

d4p 2(1”/+m) —ip-(z—
Sp(x—y):/(27r)4 pz—m2+iee ey

_ { (0] (x)Y(y) [0) for 2° > y° (close contour below)
T L= (0] 9(y)(x)|0)  for 2° < y° (close contour above)

= (0| Ty(z)¥(y) 0) , (3.121)
where we have chosen to define the time-ordered product of spinor fields with
an additional minus sign when the operators are interchanged. This minus
sign is extremely important in the quantum field theory of fermions; we will
meet it again in Section 4.7.

As with the Klein-Gordon theory, the expression (3.121) for the Feynman
propagator is the most useful result of this chapter. When we do perturbative
calculations with Feynman diagrams, we will associate the factor Sg(p) with
each internal fermion line.
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3.6 Discrete Symmetries of the Dirac Theory

In the last section we discussed the implementation of continuous Lorentz
transformations on the Hilbert space of the Dirac theory. We found that for
each transformation A there was a unitary operator U(A), which induced the
correct transformation on the fields:

UMy (@)U (A) = A7y (Ax). (3.122)

In this section we will discuss the analogous operators that implement various
discrete symmetries on the Dirac field.

In addition to continuous Lorentz transformations, there are two other
spacetime operations that are potential symmetries of the Lagrangian: par-
ity and time reversal. Parity, denoted by P, sends (t,x) — (t, —X), reversing
the handedness of space. Time reversal, denoted by T, sends (t,x) — (—t,x),
interchanging the forward and backward light-cones. Neither of these opera-
tions can be achieved by a continuous Lorentz transformation starting from
the identity. Both, however, preserve the Minkowski interval z? = t2 — x2. In
standard terminology, the continuous Lorentz transformations are referred to
as the proper, orthochronous Lorentz group, LI'_. Then the full Lorentz group
breaks up into four disconnected subsets, as shown below.

LL i» L = PLT+ “orthochronous”

TI T
Lf,_ = TLT,_ — L' = PTLE_ “pnonorthochronous”
P

“proper” “improper”

At the same time that we discuss P and T, it will be convenient to discuss a
third (non-spacetime) discrete operation: charge conjugation, denoted by C.
Under this operation, particles and antiparticles are interchanged.

Although any relativistic field theory must be invariant under LE_, it need
not be invariant under P, T', or C. What is the status of these symmetry op-
erations in the real world? From experiment, we know that three of the forces
of Nature— the gravitational, electromagnetic, and strong interactions—are
symmetric with respect to P, C, and T. The weak interactions violate C and
P separately, but preserve CP and T. But certain rare processes (all so far
observed involve neutral K mesons) also show C'P and T violation. All obser-
vations indicate that the combination CPT is a perfect symmetry of Nature.

The currently accepted theoretical model of the weak interactions is the
Glashow-Weinberg-Salam gauge theory, described in Chapter 20. This theory
violates C and P in the strongest possible way. It is actually a surprise (though
not quite an accident) that C and P happen to be quite good symmetries in the
most readily observable processes. On the other hand, no one knows a really
beautiful theory that violates C'P. In the current theory, when there are three
(or more) fermion generations, there is room for a parameter that, if nonzero,



