QUANTUM
FIELD THEORY

Feynman Path Integrals and
Diagrammatic Techniques in
. Condensed Matter

§ \ X AN

N

\
\
\

\
\
N\
NN

@ CRC Press
Taylor & Francis Group



Quantum Field Theory

© 2014 Taylor & Francis Group, LLC



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://www.taylorandfrancis.com

Quantum Field Theory

Feynman Path Integrals and Diagrammatic
Techniques in Condensed Matter

Lukong Cornelius Fai

CRC Press
Taylor & Francis Group
Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business

© 2014 Taylor & Francis Group, LLC



ICRC Press

[Taylor & Francis Group

6000 Broken Sound Parkway N'W, Suite 300
IBoca Raton, FL 33487-2742

© 2020 by Taylor & Francis Group, LLC
ICRC Press is an imprint of Taylor & Francis Group, an Informa business

INo claim to original U.S. Government works
Printed on acid-free paper
[nternational Standard Book Number-13: 978-0-367-18574-9 (Hardback)

(This book contains information obtained from authentic and highly regarded sources. Reasonable efforts have been made
to publish reliable data and information, but the author and publisher cannot assume responsibility for the validity of al
imaterials or the consequences of their use. The authors and publishers have attempted to trace the copyright holders of all
material reproduced in this publication and apologize to copyright holders if permission to publish in this form has nof
been obtained. If any copyright material has not been acknowledged, please write and let us know so we may rectify this
in any future reprint.

[Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmitted, or utilized
in any form by any electronic, mechanical, or other means, now known or hereafter invented, including photocopying
microfilming, and recording, or in any information storage or retrieval system, without written permission from the
publishers.

[For permission to photocopy or use material electronically from this work, please access www.copyright.com (http:/
www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood Drive, Danvers, MA 01923
978-750-8400. CCC is a not-for-profit organization that provides licenses and registration for a variety of users. For orga-
nizations that have been granted a photocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks and are used only for iden
tification and explanation without intent to infringe.

Library of Congress Cataloging-in-Publication Data

Names: Fai, Lukong Cornelius, author.

Title: Quantum field theory : Feynman path integrals and diagrammatic techniques in condensed matter /
Lukong Cornelius Fai.

Description: Boca Raton, FL : CRC Press, Taylor & Francis Group, [2019] |

Includes bibliographical references and index.

Identifiers: LCCN 2019000921| ISBN 9780367185749 (hbk ; alk. paper) | ISBN 0367185741

(hbk ; alk. paper) | ISBN 9780429196942 (ebook) | ISBN 0429196946 (ebook)

Subjects: LCSH: Quantum field theory. | Feynman integrals. | Feynman diagrams. | Condensed matter.
Classification: LCC QC174.45 .F35 2019 | DDC 530.14/3-dc 3

LC record available at https://Iccn.loc.gov/2019000921

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

land the CRC Press Web site at
http://www.crcpress.com

© 2014 Taylor & Francis Group, LLC


http://www.copyright.com
http://www.copyright.com
http://www.copyright.com/
https://lccn.loc.gov
http://www.taylorandfrancis.com
http://www.crcpress.com

Contents

Preface
IAbout the Author

1 Symmetry Requirements in QFT
1.1 Second Quantization

111 Fock Space

1.1.2 Creation and Annihilation Operators

113 (Anti)Commutation Relations

1.1.4 Change of Basis in Second Quantization

115 Quantum Field Operators

11.6  Operators in Second-Quantized Form
1.1.6.1 One-Body Operator
11.6.2  Two-Body Operator

Coherent States
2.1  Coherent States for Bosons
2.2 Coherent States and Overcompleteness
221  Overcompleteness of Coherent States
222 Overlap of Two Coherent States
223  Overcompleteness Condition
224  Closure Relation via Schur’s Lemma
2.2.5  Normal-Ordered Operators
2.2.6  'The Trace of an Operator
Grassmann Algebra and Fermions
231  Grassmann Algebra
2311  Differentiation over Grassmann Variables
2.3.1.2  Exponential Function of Grassmann Numbers
2.3.13  Involution of Grassmann Numbers
2.3.1.4  Bilinear Form of Operators
2.3.1.5  Berezin Integration
2.3.1.6  Grassmann Delta Function
2.3.1.7  Scalar Product of Grassmann Algebra
2.3.2  Fermions
Fermions and Coherent States
2.41  Coherent State Overcompleteness Relation Proof.....
2.4.2  Trace of a Physical Quantity
2.43  Functional Integral Time-Ordered Property

© 2014 Taylor & Francis Group, LLC




vi Contents
2.5  Gaussian Integrals.......c.occcvecvcncencrcnncnenenen. v 45
251  Multidimensional Gaussian Integral 45
2.52  Multidimensional Complex Gaussian Integral .........ccocoeeeuveeneirerrceeccrnerneunerneennennes 46
2.53  Multidimensional Grassmann Gaussian Integral.........ccccccovenenerceccrnerneneneennennes 47
2.6 Wick Theorem for Multidimensional Grassmann
INEEEIALS . eueuceneeieiciict ittt et sttt 48
2,61 WICK TREOTEM oot ssnes 49
3 Fermionic and Bosonic Path INtegrals ........cccececeveverererererererererererereseserevesennens 51
3.1  Coherent State Path INteGrals ......c.cccveeueiniiniieieniiriiccieeeeeiseeneeisesse e ssesessesaes 51
3.2 Noninteracting Particles .............. 56
3.21 Bare Partition FUNCHION......ciiicictctt s 56
322 Inverse Matrix Of S@. ...t see s saeses 60
3.3 Bare Green’s Function via Generating Functional..........ccccvennerninincceininenccnenenenenne 62
331 Generating Functional.........cccccas 63
3.4  Single-Particle Green’s FUNCHON.........cocueiiiivcieiireieeeiieienenseie e ssessssssssessessssssssesasens 65
341  Matsubara Green’s FUNCHOMN........cocueiuiieeeieiieieenicieieneeie s ss s sessenaenes 65
3.5 Noninteracting Green’s Function
3.6 Average Value of @ FUNCHONAL.......ociiuiiiiieciececcc e naeens
4 Perturbation Theory and Feynman Diagrams...........ccccceveveverevenenrvenenerensnnnnn. 71
4.1  Representation as DIagramis ... 7]
4.2 Generating FUNCHONALS .......ccuiiiiiiiiiccc s 72
4.3 WICK TREOTOIM ...ttt 73
4.4 Perturbation TREOTY ... oo 75
4.41  Linked Cluster TheOIem.......ccccoiuiiiiiiuciiiiiciiiccic et 81
4.4.2  Green’s Function Generating Functional ..., 84
4.43  Green’s FUNCtIONS ..o
4431  Zeroth Order.
4432  First Order..... .
4.43.3  SECONd OTder.......ooiiiiiiiiiiicicicic s
5 (Anti)Symmetrized VErtices .......ccoccovviiriiiiiiiiiiiiiiiiiiiciiccieeeeceee e 93
51  Fully (Anti)Symmetrized VErtiCes.......coommmiuricecuneiriueiieieeeeseiseesesesessessess s ssesessesessensens 97
6 Generating Functionals.......c.cccoooviiiiiiiiiiiiniiiiieccceec e 101
6.1 Connected Green’s FUNCHONS. ....c.ccociueiereiiiriinieeeenenesseieneeeeesessessesessesse s esessensessessessesessenns 101
6.2 GENEIAL CASE....ouvnirececeeicicee et 103
6.3 Dyson-Schwinger EQUAatiONS........ccocuiiiiiiiiniiiiiciiciiscn s ssssssssssssees 105
6.4 Effective Action For 1PT Green’s FUNCHONS ........ccoeuemeurieeremerreierreeeneneseieeeesensesensessesenenne 107
6.41  Normal Systems .......ccccovuveuveunnenee
6.42  Self-Energy and Dyson Equation
6.421  Self-Energy and Dyson EQUation........cccininiincieninniencinincnncieinnn.
6.4.3  Higher-Order VErtices.......ooiiiiiiicicicissssesssssssssssssssssssesssens
6.4.4  GENETAL CASE ..ot e
6.45  Luttinger-Ward Functional and 2PI VErtices .........c.cceeueerrerrerriureeeeeememrerserseserenens
6.451  Normal SYStemS ..o
6.4.5.2  The Self-Consistent Dyson EQUation ...,
6.4.5.3  Diagrammatic Interpretation of LWF.......cccoccouveminininiccvcrncnerneeeenenn.
6.4.5.4  2PI Vertices and Bethe-Salpeter Equation .
6.4.5.5  Bethe-Salpeter EQUAatioN........coceieivciciniiniiciiscc e

© 2014 Taylor & Francis Group, LLC



Contents vii

7

10

Random Phase Approximation (RPA) ......cccceviiriiiiniiiniiiniiiiicnicceceeeeee, 133
7.1  Path Integral FOrmaliSm ......cccocviiiicineiniiniinieicnceieieieneeneesess s esesse s nsessesssssssensenns 135
7.1.1 Quantum Three-Dimensional Coulomb Gas .........c.ccccevevveeereerererererereeeeceeeeeeereenene 135
7.12  Translationally Invariant SYStem........ccucueieriuneieiimniineiiinnieisesesessesssaesesssanes 137
7.2 RPA Functional INte@ral........coeecieiniiniinieieeeieieenenesensesesensesesesese e ssessessessssessensenns 139
7.2.1 Gaussian FIUCTUALIONS .....c..vuveeiiiiieceecieneeeieeee e sae s ssessesessenaenns 140
7.211  Integration over Grassmann Variables.... .. 141
7.21.2  Fermionic Determinant Gaussian EXpansion.........inicnee. 143
7.21.3  Diagrammatic Interpretation of the RPA......cccccooeuimiriciccrncrncrnennenenn. 147
7.214  Saddle-Point ApProXimation........cceceeveereureureeememsenrereueeeesensensessesensenenne 148
7.21.5  Lindhard Function and Plasmon Oscillations............c.cceeecevcurerreueecnnnn. 149
7.21.6  Particle-Hole Pair EXCItation.......c.oeueveuneurerreemcnneneieeeeeenenenenseseesensenne 152
7.21.7  Lindhard FOrmula.......oociecccncreeceeeeeeeeenessessesessenenne 153
7.21.8  Spectral FUNCHOMN «..c..c.cuiuieeciereeieeeecneeessea et ssenensesessensenns 156
7.219  Plasma Oscillations And Landau Damping.........cccecceeveevcinieniuncicinnnn. 158
7.2110 Thomas-Fermi Screening .
7.2111  Friedel OSCIllations ........cceueveueureurieeicrcneirerneeneneneneeeeeensenesessesessensenns
7.21.12  Dynamic Polarization FUNCHON ......c.ccccuvimviuvericreeiiecceercenseneenenenne 164
7.2113  Ground-State Energy in the RPA......ccccooviiiiinininciniicsncccn, 165
72114 Compressibility ... 168
7.2115  One-Particle Property: Hartree-Fock Theory........cccoeuviuvciviniuncicinnnn. 169
Phase Transitions and Critical Phenomena.........cccccovviiiiiiiini, 175
8.1 Landau Theory of Phase Transition.... 177
8.2 Entropy and SPecific Heat ......cccceuuneurerreeineiniiniirceeeeieinesseieeeneineisessesessesessesseseesessessessessssenenns 179
8.3  External Field Effect on a Phase Transition..........cccceriiiiiicccsisnns 180
8.4  GINzZburg-Landau TREOTIY.......ccccirrricieiiiniirceeeeineeserseseesesessetsessesessesessessessesessessessessssessenns 182
8.5 The Scaling HYPOTRESIS ....c.ucueeeveeiiireirereieieieincirceceeeteisessesessese e tsessesessessessessesscsessessessessssensenns 188
8.6  Identities from the d-Dimensional SPACE ........c.cceueuveureuremeicieineineireeeieeineiseeeeeensessessessesenenne 188
8.7 ENErgY FIUCTUALION ...vuvuinirceieciecincicicteeseteeiscteeeesetsessesseseese st sessesesse s seb s sesessessessesssesnenns 192
Weakly Interacting Bose Gas.......cceevueeeriiiiniiiiiniiienieeenecesee e 197
9.1 Bose-Einstein Condensation..........couiiiiieciniiciniie s sssssssssaenns 199
9.2 BogoliuboV TransfOrmMation.......cccucreureuereeusimerseesssessersesssesessesssssessessessssssessesssssessessessnes 204
9.3 Nonideal Bose Gas Path Integral FormaliSm........ccccoceiiiiiocinciniiniiiniicninicccicscicccceenes 209
931 Beliaev-Dyson EQUAtIONS ........c.ccciuiuiciiiniiniiiicicciciciessesssssscscsessesssssasss s 212
Superconductivity Theory ......ccocceoviiiiiiiiiiiiiiieee,
101 BCS Superconductivity TREOTY ..ot sssssssssssses
1011  Electron-Phonon Interaction in a Solid State ... .
1012 Effective Four-Fermion BCS Theory......cccccoviiiiniincininiiiiciiseicicnsaeiesncnns
10.1.3  Effective Action FUNCHONAL........c.ocueiercrcieiieccccieceee e seseeaenaennes
10.1.4  Critical TEMPErature........ccccueuieriereercneireireieeeeenessesseaessenessessessssesaessesessessssessenses
10.2 Mean-Field TREOTY ..ot essesseae e ese e se s s saensees
10.3  Green’s Function via Bogoliubov Coeflicients .........cccocucuiviineieieviiniicininiciciiciciienes
10.4  The BCS GIound STAe ......c.cuvecvecucieieereeereiieseeeesenessessese e ssessessssessessessessssessessessessesssessens
10.5  Gauge INVATIANCE .....cuveeeeecctct ettt
10.6 Diagrammatic Approach to SupercondUuCtIVILY ........oceveveecuriereereemremrenreieeeceenensenseneeaensens
10.6.1 Ladder Approximation......

10.6.2  Bethe-Salpeter Equation

© 2014 Taylor & Francis Group, LLC



viii

Contents

10.6.3  Cooper Instability ......cccooveeveenecneccnnenee. ..248
10.6.3.1  Finite Temperature Calculation ........cocveuveureeeeerneuniineerceceernerseuseneeenens 255
10.6.4  Small Momentum Transfer Vertex FUNCtiON.......c.ccovcuvcvvinineicininneecncineieneiens 257
10.6.5 Ward Identities: Gauge INVATIANCE . .....cveureureureeerercirerreirieneieiseiseeeeeeesensessessesensennes 265
10.6.6  Galilean INVAriance......oiiiiiii s 267
10.6.7  Response 0n Vector POtential........cccccureureereernerneineuneeneeneneineiseeeceesessessessesenennes 269
11 Path Integral Approach to the BCS Theory ......cccccevvveveveveieiereiereierereienan, 273
111  Two-Component Fermi Gas Action FUnctional........c.ceeeveueuneeneeneeeneneineineencennenneenenseenens 276
1.2 Hubbard-Stratonovich FIelds........ciiininiieieiriicceiseee e ssenssssessensesens 278
11.21  Nambu-Gorkov Representation................... . 279
11.2.2  Pairing-Order Parameter Effective ACtiOn .......cccuevveunevneeniinerccniireieneineienenenns 282
1123 ReCIPIOCAL SPACE ..cvueuiurieiiieieicirctreieieeisei ettt ssesesaenaes
113 Saddle-Point APProXimatiOn .....cocceceeeerrerriiriereeeeseeessesseseesessesessessesessesessessessesessessessessssessens
114  Generalized Correlation FUNCHONS ......ceuveivriieeeeeniieiesiseiene st ssesssssessessenens
115  Condensate FraCtiON .........vcuceeiueucemiueieieniiissiessesssssessessesssessessessssssssessessssssessesssssessessesses
1.6 Pair Correlation Length. ..ot ssessssssessessssns
1.7 Improvement of the Saddle-Point Solution
1.8 Fluctuation Partition FUNCHON ...c.ceviiiieieeiiiiececireieie it ssesssssessensnens
1.9 Fluctuation Bosonic Partition FUNCHON .....c..cvuiueeeereiieecneiineieienieiseieneesissaessenssaessensenens
11.10 Number Equation Fluctuation COntributions .........cececeeeeeencireereeeeineineineeseseesensessesseenens 308
1111 Collective Mode EXCItAtIONS ......vuuevuvereieiimreiisiiesseesiiesse s ssssssssessessssssessessssssessessesses 309
12 Green’s Function Averages over IMpurities .........cccocovevevevevevererererererererennnnn, 311
121  Scattering Potential and Disordered System ... 311
122 Disorder DIagrams .......cccoiuiciciiiniuniiniieiisssisssscisese e sssssssssssss s sssssssasas 312
12.3  Perturbation Series T-MatriX EXPansion .......ccovcereecurereurereremnererneerneserseeseeseseesesessesessesesssesees 313
12.4  T-Matrix EXpansion ......ccceveeeerencnccnenne ..314
12.5  Disorder AVEraging ........ccoecuocunciniuriinsinciniisiisissescasssssssssssse e sssssssesssssessnns ...316
12.6  Green’s Function Perturbation Series..........c.coeciecuncinienicicincincinicisicenn, ..318
12.7 Quenched Average and White Noise Potential.........ccccoeciiiniiniiinininniniccccnccccin, 318
12.8  Average over Impurities’ LOCATIONS ......ceureiuiucreeeeiierenasinesessenssisessessssssssessenssssessensessns 320
12.9 Disorder Average Green’s FUNCHON........ccccuiiuiiicicinciniiniccciccce s 322
1210 Disorder DIagrams .......cccoiuiecicicuniuniiniieiisisiissscisesessesssasss s ssssassaees 324
12.11 Gorkov Equation With IMPUIIHIES....c.cveueurieeureecirecrrecirieietrencineetseeiseeseeesesseeesseaessesesensesesenes 325
12111  Properties of Homogeneous SUperconductors ..........cceeereueemeeereueeersenuerensensces 328
13 Classical and Quantum Theory of Magnetism ..........ceeureeeurreeeineeeerieenennen. 331
131  Classical Theory of Magnetism ........c.ccuiiniuriececeneenerrieiecesessessesessesse s csessesessesessessenns
13.1.1  Molecular Field (Weiss Field)
132 Quantum Theory of MagnetiSm .........cccucuiuriureucecmnemnemnimeeeeceseeseseesessessessess s ssessessesessessensens
1321  Spin Wave: Model of Localized Magnetism.........ccceceuueeeuneunerriuneeeccescunenseneeencnnes 342
13.2.2  Heisenberg Hamiltonian.........ccoeecncininicicccncrisceseseiseicieeeesensesscseesenennes 342
1323 XY MOAELciiiiciricieiciciriciecistciste ettt sttt et es 344
13.2.4  Spin Waves in Ferromagnets ... 349
13.2.5  B0SONIZation Of OPErators .......ccoceuieeereeeereueereucurireuniseseesesessesessesessesesessesessesessesesssscses 352
13.2.6  Magnetization........cccooeuevivinicncnnnes .. 358
13.2.7  Experiments Revealing Magnons.........cccceceueecuecuncureuniureemnenneisiisesececnsessessessssenenas 359
13.2.8  Spin Waves in Antiferromagnets.......c.cccocoeeceocencunernineemseeneiseiseseceeeessensesessenennes 360
13.2.9  Bogoliubov Transformation..........cccurcureuriueeecencencererieeieeeseisesseseesensessessesessenennas 364
13200 STADIIIEY ceoveiiiiicccc e 367

© 2014 Taylor & Francis Group, LLC



Contents ix
13.2.11 Spin Dynamics, Dynamical Response FUNCtiON.......cccccveecivecrricreenercerccrrccreenenens 368
13.211.1  SpIin DYNamiCS...ciiiiicriiiiiiiiiiiicrciceensissesessssssssesesesessnnes 368
13.2.12 Response Function and Relaxation Time.......ccccccveureureeeernerneineineeeeceseusersesseensennes 376
13.2.12.1 Linear Response FUNCHION ......ccccevvviviiciiiininiiiciniiiccciicnceennes 380
13.2.12.2  The Fluctuation-Dissipation Theorem ........c.ccccoveereureerceeecrreererseneeennns 385
13.2.12.3  Onsager Relation ....c..c.ceceeeeeeceneuerneueesererneinesneseeeseneisessesessessessessesessensens 390,
13.2.13 Itinerant FerromagnetiSm.......cccccoevviieiriininiiciniiiicciieenssiseesesssssesesenenes 391
13.213.1 Quantum Impurities and the Kondo Effect.......ccocveveuvccecencncrnenneennnn. 391
13.2.13.2 Localized and Itinerant Spins Interaction..........ccocveveerceeecrrcererreueeennees 395
13.2.13.3 Ruderman-Kittel-Kasuya-Yosida (RKKY) Interaction .......c.coeceuuence. 400
13.2.13.4  ADbrikosov TEChNIQUE ......ceveuueueueueieeeeieieineiseaeneseneiseeseeeesessensessesessensens 403
13.2.13.5 Self-Energy of the Pseudo-Fermion..........cecveeeveuneunerneerceceerernerneneeenenne 411
13.2.13.6 Effective Spin Screening, Spin Susceptibility.....coccoeveurceeecrcuncrrereenennnn. 413
13.2.13.7 Second-Order Self-Energy Diagrams.........cecceeveureurerrcereeceerrensersesensensenne 415
13.2.13.8  Scattering AmPlItUdes ......cceeurerreureueeererneirerneieeerseeeireeseeeesesensesseseesenenne 42]
13.2.13.9 Scaling and Parquet EQUAtion .....c..cceceuveuneureereenernenniincescececnennenseneesennens 426
13.2.13.10 Kondo Effect and Numerical Renormalization Group ........c.cceceeeence. 426
13.2.13.11 Anisotropic Kondo Model ........ccveeeuneineinemneeenerneiniincesceeeeenensensesseenens 435
13.2.14 Schwinger-Wigner Representation........cceeceeeeeereureureerserseineesesecsesessessessesensenes 436
13.2.15  JOTAAn-WIGIIET ...cucuueueueuereieneieireiseeeesesessessessesessessessessessssessessetsessesecsessessessessssessesnes 437
13.2.16 Semi-Fermionic Representation: Hubbard Model..........cccocveuniuneeeecencenernerneenncnnes 444
13.2.16.1 Semi-Fermionic Representation..........ccccccevvivcicennininiccncnnniiccnenennenes 445

13.2.16.2 Kondo Lattice: Effective Action
14 Nonequilibrium Quantum Field Theory........cccocoevevevevererererererererereeere e, 45]
141 Keldysh-Schwinger Technique: Time CONtOUT ......ccvveuveiuriireieriiiriie i nsenssessesseneeees 45]
1411  Basic Features of the S-Matrix (OPerator).......ccccocveuveereeeeerreereireereesereeensersessesesens 453
14.1.2  Closed Time Path (CTP) FOrmaliSm .....cccoceereiiiieeeieeererererererereeecceeneserenesesesesesenns 454
142 Contour Green’s FUNCHIONS ....c.ceueueureueieieiiirieseeeisetetsetsesesse e ssetsessesessessessessessesessesessesessessens 456
143 Real-Time FOIMAliSIm ...ocuviuiuieeicieireireieieiencircireieeie ettt sessese et sese s ssessesessessens 458
1431  Real-Time Matrix RePresentation ........ceeeceneereesmemnerneiseisessesesessessessesesens 458
14.4 Two-Point Correlation Function Decomposition ..... ..459
14.5 Equilibrium Green’s FUNCtion.......ccocovcveeveeeeereennn. ..460

14.51  Spectral Function........
14511  Kubo-Martin-Schwinger (KMS) Condition ...
14.52  Sum Rule and Physical Interpretation ..

14.6  Keldysh ROtation.........cccveeuriucvecneneuercneieneinenennnns
14.7 Path Integral Representation............
14.7.1  Gross-Pitaevskii Equation.
14.8 Dyson Equation and Self-Energy...............
14.9 Nonequilibrium Generating Functional...........cccocveeveveiverneenerneneineinenennes
14.10 Gaussian Initial StAtes.......ccueieucreiuriirereinineieeseisese s nssessessensesssessens
1411 Nonequilibrium 2PI Effective ACtON ..coceviereereeeieireireireieieineiseeseieneeensenens
14111 Luttinger-Ward Functional.........c.ccocceuvineucreineineeennenenneneieseisennes
14.12 Kinetic Equation and the 2PI Effective ACtion .....ccccocveeeeeveuneuneererenernennennes
14.12.1 The Self-Consistent Schwinger-Dyson Equation...........ccccvuueueee
14.13 Closed Time Path (CTP) and Extended Keldysh Contours..........ccccceeuruneee
14.14 Kadanoff-Baym CONtOUT .........cecueweiueuereieriirenseeeissessensesssesessesssssessessssssssens
14.14.1 Green’s Function on the Extended Contour ...........ccccoveuneueeriunennee
14.14.2 Kadanoft-Baym CONtOUT........c.cccviumemererimrereneerieiensensseesensessssienaes

© 2014 Taylor & Francis Group, LLC



X Contents

14.15 Kubo-Martin-Schwinger (KMS) Boundary Conditions........ccceeceeveeemneeenierrecrnercreererensenes 487
14.15.1 Remark on KMS Boundary Conditions .........cccreereeererneeneineenceeceeesensersesseensennes 488
14.15.2  Generalization of an Average ValUe ........covecevcrncuncureneernenneineinceeeeceensessessesensens 488
1416 Neglect of Initial Correlations and Schwinger-Keldysh Limit.......ccccocvereveeccenernerncrneennees 489
14.16.1 Equation of Motion for the Nonequilibrium Green’s Function...........cccececuueeuce. 490
14.16.1.1 Nonequilibrium Green’s Function Equation of Motion:
Auxiliary Fields and Functional Derivatives Technique...........ccccccc.... 492,
14.16.1.2  Keldysh Initial CONAition ......coceceeeeeeererneincrneererneneineeseeeesenensensesensenens 497
14.16.1.3  Perturbation Expansion and Feynman Diagrams........c.ccccecereurcereennces 498
14.16.1.4 Right- and Left-Hand Dyson EQUatiOns ........cccuveueureerceccecreenernereeenenn. 501
14.16.1.5  Self-Energy Self-Consistent EQUAtions ..........cccecveureurevrcececreunernerenensenn. 501
14.17 Kadanoff-Baym (KB) Formalism for Bose Superfluids ..........ccocovcuveeuvcneineinceeccrncnncnnenneennes 506
14171  Kadanoff-Baym EQUAtiONS.......c..cvcueeeecurcuneuneueceererneinerseanesenessetseiseseesessessessessesessesns 507
14.17.1.1  Fluctuation-Dissipation Theorem.......cocveveureeurerneeiuneercececrrerserseneeenens 509
14.17.1.2  Wigner or Mixed Representation ..........cceceeeeveeneecureerceeeerensessesensenenne 510
14.18 Green’s Function Wigner Transformation .........ccccccvcneureeeeereuneeneeneeesemnenesnesecsensessessessesenenne 510
LS 3 3 1 Lot X U 513
| U 519

© 2014 Taylor & Francis Group, LLC



Pretace

This book of quantum field theory (QFT) is the continuation of Chapter 13 (Functional Integration
in Statistical Physics) of the book entitled Statistical Thermodynamics: Understanding the Properties of
Macroscopic Systems published by CRC Press in 2002. QFT is a universal tool for the quantum mechani-
cal description of processes permitting transitions among states that differ in their particle content and
has applications ranging from condensed matter physics to elementary particle physics. As the quan-
tum mechanics of an arbitrary number of particles, QFT provides an efficient tool describing quantum
statistics of the particles. This implies antisymmetrization and symmetrization of the states of identical
fermions or bosons, respectively, under interchange of pairs of identical particles. QFT facilitates the
treatment of spontaneously symmetrical broken states, such as superfluids as well as critical phenomena
with regard to phase transitions. This book uses the strength of Feynman functional and diagrammatig
techniques as a presentation foundation that comfortably applies QFT to a broad range of domains
in physics and shows the universality of the techniques for a broad range of phenomena. The power-
ful QFT functional techniques and the renormalization group techniques applicable to equilibrium as
well as nonequilibrium field theory processes are extended to treat nonequilibrium states and subse-
quently transport phenomena. The Green’s and correlation functions and the equations derived from
them are used to solve real physical problems as well as to describe processes in real physical systems—
in particular quantum fluid, electron gas, electron transport, optical response, superconductivity, and
superfluidity.

This book should be of interest not only to condensed matter physicists but to other physicists as well
because the techniques discussed apply to high-energy as well as soft condensed matter physics. The
universality of the techniques is confirmed as a unifying tool in other domains of physics. This book is
written for graduate students and researchers who are not necessarily specialists in QFT. It begins with
elementary concepts and a review of quantum mechanics and builds the framework of QFT, which is
now applied to current problems of utmost importance in condensed matter physics. In most cases, the
problem sets represent an integral part of the book and provide a means of reinforcing the explanation
of QFT in real situations. The material in this book is clear, and its illustrations emphasize the subject
and aid the reader in an essential understanding of the important concepts. This book should be highly,
recommended for all theoretical physicists in QFT.

This book is the product of lecture notes given to graduate students at the Universities of Dschang
and Bamenda, Cameroon. Chapter 1 studies symmetry requirements in quantum mechanics as well as
bosonic and fermionic quantum fields operating on multiparticle state space (Fock space). The chapter
examines creation and annihilation operators and applies the method of second quantization, a tech-
nique that underpins the formulation of quantum many-particle theories. It also treats, in a unified
manner, systems of bosons (fermions) with a fixed or variable number of particles. Chapter 2 exam-
ines bosonic and fermionic coherent states. It also studies Grassmann algebra, Berezin integration, and
Gaussian integrals as well as Wick theorem for multidimensional Grassmann integrals and the trace of 4
physical quantity. Chapter 3 studies the path integral approach for fermions and bosons considering the
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Grassmann algebra. Apart from providing a global view of the entire system, this approach has proven|
to be an extremely useful tool for understanding and handling quantum mechanics, quantum field
theory, and statistical mechanics. This chapter also examines the Green’s functions that serves as tools
for describing quantum dynamics of many-body systems. In addition, noninteracting particles are also
studied, with their Green’s function computed via path integrals as well as via generating functionals.
In Chapter 4, perturbation theory is comfortably constructed from the average value of a functional
This chapter studies the perturbation theory in many-particle systems based on Wick theorem, which is
formulated in terms of Feynman functional integral and diagrammatic techniques that are very useful
for providing an insight into the physical process that they represent. This chapter also examines the
cornerstone of the functional technique, which is the concept of generating functionals sufficient to
derive all propagators. Chapter 5 examines the (anti)symmetrized vertex, making it simpler and more
convenient to formulate perturbation theory. Discussions are facilitated by introducing fully (anti)sym-
metrized vertices via a uniform and compact notation for the creation and annihilation fermion opera-
tors. Chapter 6 examines connected Green’s functions with one-particle (1PI) and two-particle (2PI)
irreducible vertices as well as the Dyson-Schwinger equations that are most conveniently studied via|
path integrals and that employ the approach of generating functions in the context of the path integral
The Luttinger-Ward functional and the 2PI vertices are used to set up approximations satisfying con-
servation laws as well as nonperturbative approaches. Chapter 7 examines the random phase approxi-
mation via the Feynman functional integral and diagrammatic technique: screened interactions and
plasmons. Here, we study a model describing electrons in a metal that considers a system of electrons
interacting with each other via the instantaneous Coulomb force (Jellium model).
Chapter 8 examines the theory of phase transitions and critical phenomena as well as Ginzburg-
Landau phenomenology and the connection to statistical field theory. Chapter 9 examines weakly inter-
acting Bose gas via quantum field theory. Application to Bogoliubov theory of the weakly interacting
Bose gas and superfluidity is considered as well. This chapter also studies the path integral formalism
for nonideal Bose gas considering the electron-electron interaction.
Chapter 10 studies superconductivity theory via the functional integral and diagrammatic approaches
where the statistical model is built on classical field configurations. The mean-field theory is also con-
sidered as well as its applications to Cooper instability and the BCS condensate. The vertex function for
small momentum transfers is considered, that is, electron-electron interaction. Chapter 11 examines
the path integral approach to the BCS theory where we study an accurate theory of interacting Fermi
mixtures with spin imbalance. Chapter 12 discusses Green’s functions’ averages over impurities and
in particular, scattering potentials and disordered systems as well as disorder diagrams, perturbation
series solution via T-matrix, and quenched and disorder averages. The diagrammatic cross technique i
extended to superconductors considering the Nambu-Gorkov propagators.
Chapter 13 studies in detail the classical and quantum theory of magnetism and spin wave theory spin
representations as well as spin liquids. The strongly interacting system and, in particular, the Kondo
problem are studied in detailed where methods of quantum statistical field theory play a central role,
Chapter 14 considers the nonequilibrium quantum field theory, where we study nonequilibrium Green’s
functions as well as Keldysh-Schwinger diagrammatic and 2PI effective action techniques relating to
nonequilibrium dynamics.
I would like to acknowledge those who have helped at various stages of the elaboration and writing
through discussions, criticism, and especially, encouragement and support. I single out Prof. Nicolas
Dupuis (Directeur de Recherche at CNRS Laboratoire de Physique Théorique de la Matiére Condensée
CNRS UMR, Université Pierre et Marie Curie Paris, France) for allowing me to use some of his pictures
I am very thankful to my wife, Dr. Mrs. Fai Patricia Bi, for all her support and encouragement, and to
my four children (Fai Fanyuy Nyuydze, Fai Fondzeyuv Nyuytari, Fai Ntumfon Tiysiy, and Fai Jinyuy
INyuydzefon) for their understanding and moral support during the writing of this book. I acknowledge
with gratitude the library support received from the Abdus Salam International Centre for Theoretical
Physics ICTP), Trieste, Italy.
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Symmetry Requirements in QFT]

Introduction

Quantum field theory (QFT) is a universal tool that has applications ranging from atomic, molecular
and particle physics to condensed matter and statistical physics as well as modern quantum chemistry,
Recently, quantum field theory has also had an unexpected and profound impact on pure mathematics
Symmetries, which are at the heart of the universality shown by many physical systems, play a crucial
role. Nowadays, quantum theory is the most complete microscopic method describing the physics of
energy and matter. Considering the quantization of the electromagnetic field [1] and the representa-
tion of particles by quantized fields [2, 3] results in the development of quantum electrodynamics and
quantum field theory. By convention, the original form of quantum mechanics is denoted by the first
quantization, whereas quantum field theory is formulated in the language of second quantization that is
an essential tool for the development of interacting many-body field theories.

The fundamental difference between classical and quantum mechanics relates to the concept of indis-
tinguishability of identical particles. Each particle can be equipped with an identifying marker without
influencing its behavior in classical mechanics. In addition, each particle follows its own continuous
path in phase space. So, principally, each particle in a group of identical particles can be identified; but
this is not the case in quantum mechanics. It is not possible to mark a particle without influencing its
physical state. In addition, if a number of identical particles are brought to the same region in space
their wave functions will spread out rapidly and will overlap with one another. Eventually, it will be
impossible to say which particle is where. One of the fundamental assumptions for n-particle systems
therefore, is that identical particles (i.e., particles characterized by the same quantum numbers such as
mass, charge, and spin) are, in principle, indistinguishable.

1.1 Second Quantization
1.1.1 Fock Space

[This chapter introduces and applies the method of second quantization, a technique that underpins
the formulation of quantum many-particle theories. Second quantization formalism treats systems of

bosons or fermions with a fixed or variable number of particles in a unified way. In this section, we
review the key aspects of this formalism.

In quantum mechanics, the state of a system of n identical (indistinguishable) particles is described
by a state vector belonging to a Hilbert space (a complete multiparticle system [Fock space]) as the direct
sum

H=H,®H, ®---=®,_,H, 6y
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2 Quantum Field Theory

e Hilbert space, H,, corresponds to the n-particle states that are properly symmetrized (bosons) of
antisymmetrized (fermions). It is a subspace of the direct tensor product

H,=H,®H,®---H, 2)

IAlso, H, corresponds to the vacuum state, |0}, H, corresponds to the single-particle state, and so on.
Consider the orthogonal bases {\oc’>} and{ 0L>} of H,, where o” and o are discrete quantum numbers

\a>=2\a'><a'\a> o)

Particles of the same species are completely indistinguishable in a quantum many-body system. Second
quantization provides a general approach to many-body systems where the vector of state plays a minor
role. Second quantization entails raising the Schrodinger vector of state to an operator that satisfies
certain canonical (anti)commutation algebra. It is instructive to note that in first quantized physics
physical properties of a quantum particle such as density, kinetic energy, and potential energy can be
expressed in terms of a one-particle vector of state. The essence of the second quantization is the eleva-
tion of each of these quantities to the status of an operator. This is done by replacing the one-particle
vector of state with its corresponding field operator.

Knowing the orthonormal basis {\OL>} of H, allows us to obtain an orthonormal basis of H,, from the
tensor product of the single-particle basis that is the n-particle state

\(xl-~~0cn)=\oc1>®\(x2>®--~®\ocn> (4)

where the defined states utilize a curved bracket in the ket symbol. The first ket on the right-hand side
of this equation refers to particle 1, the second to particle 2, and so on. Then the overlap of two vectors
of the basis is given as follows:

(of -+ aupf oty -t ) = (| ® (005 | @+ @ (0t ) | 001 ) B[ 0t ) @+ B ) ) = {0t [0t )+ (007 et ) ()
From here, the orthogonality relation may be written as follows:
(000 -0, ) = (0tf |0ty )+ (0tf | 0t ) = Bty By, ©)

where the Kronecker symbol is used to include the possibility of d-function normalization for continu-
ous quantum numbers.

The completeness of the basis is obtained from the tensor product of the completeness relation for
the basis {|o)} and yields the closure relation

2 o0, ) (0401

O -0l

A

=1 (7)

where 1 is the unit operator in H,. In the case of continuous quantum numbers, integration must be
used in (7) instead of a summation; or a combination of both may be used in the case of mixed spectra.

Therefore, we see from the previous information that the Hilbert space describing the n-particle sys-
tem is spanned by all the n™-rank tensors, such as in (4). We define the state in which the i" particle is
localized at a point with radius vector 7; as:

(i 7| = (7| ® (| ®--®) N

If we multiply the ket vector in equation (4) by the bra vector in (8), this permits us to express the
n-particle wave function in coordinate space:

Woog (7)) = (e Floy o0 ) = (Rlow ) (B o) (7 0t) = 0o, (1) 0as ()0, (7o) 9)
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Symmetry Requirements in QFT 3

is is a squarable-integrable function and represents the probability amplitude for finding particles af
the n positions 7 ---7,. It satisfies the following condition:

[l G 5)

It is useful to note that a vector of state in quantum mechanics is a scalar product on Hilbert space of

Ay dF, < oo (10)

the corresponding state and eigenstates of the position operator, that is,
0 () = (Floy) (1)

Here, @, (7 ) is a single-particle wave function in the state |o.) that forms a complete set of orthonormal
functions satisfying the following orthonormal and completeness relations:

[0 Fou(F)=u D 0i()0u(F)=8(7-7) 12

It is physically obvious that the space H, is generated by linear combinations of products of single-
particle wave functions as seen previously.

So far, in defining the Hilbert space H,, the symmetry properties of the wave function have not been|
taken into account. We can define mathematically only those totally (anti)symmetric states observed
in nature. This is in contrast to the multitude of pure and mixed symmetry states. We find the basis
of H, by first (anti)symmetrizing the tensor product (4):

ul"'an}z\/mlsxal"'an)z\/%XXP‘QP(U”'(XP(M) (13)

In these (anti)symmetrized states, we utilize the curly bracket in the ket symbol. Here, P runs through
all permutations of n objects where  =+1 for bosons and ) =1 for fermions; the symbol %" equals
unity for bosons and (—1)P for fermions, and P, is the symmetrization operator for bosons and the

antisymmetrization operator for fermions; s the normalization factor.
n

From (13), the Pauli Exclusion Principle is ailtomatically satisfied for antisymmetric states: Two
fermions cannot occupy the same quantum state. For example, let us say that two identical states
o) =[0) =[a):

‘(xb(xba@»"'an}: \/mﬁx‘a«l)aba{h”'a«n)z _\/mlsx|a«2>a«1)a3)"'an)= 0 (14)

I[n this case, no acceptable many-fermion state exists.
We define the (anti)symmetrization operator P by its action on the many-body wave function|
\p(?l'--Fn) in (9) as

llfou-uan(?1“'7;1)=(71"'7;1|0€1"'0€n)51|!(71"'ﬁ) (15)
Considering (13), we have
~ Lo 1 - -
wa(ﬁ~~~m)=;Ep,x"w(rpmww) (16)
Then
A L. 11 . - -
Py (--7,)= E;% x XPW("P'P(l) " '7’P'P(n)) 17)
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4 Quantum Field Theory

Here, PP’ denotes the group composition of P’ and P. From %"*" = "”, the summation over P and P’
can be swapped with the summation over M =P’P and P:

LG Z[n,z,x WAy H,ZPN Fefi)=Pu(RF)  (8)

This equality holds for any wave function y, as well as for the operator itself, where the (anti)symmetri-
zation operator is a pro]ector

It is easy to show that P P For x =+1, the implication is that, for bosons, several particles can|
occupy the same one- partlcle state. This was shown empirically for the first time by the Indian physicist
Satyendra Nath Bose (1894-1974) by proving the relation:

Py (-7) =y (o o) = W (- 7) (19)

Examples of bosons are photons, pions, mesons, gluons, phonons, excitons, plasmons, magnons, cooper
pair, and Helium-4 atoms. These are particles with integral spins {0,1,2,:--}. The wave function of n
bosons is totally symmetric and satisfies the relation in (19).

From equation (19), we see that bosons are genuinely indistinguishable when enumerating the dif-
ferent possible states of the particles. For y =—1, the state (13) vanishes if two of o;, s are identical]
This implies that any two fermions cannot occupy the same particle state (Pauli Exclusion Principle),
The Pauli Exclusion Principle was developed empirically by the German physicist Wolfgang Pauli
(1900-1958) [4]. It is instructive to note that this principle follows directly from the symmetry require-|
ments on vector states. The Pauli Exclusion Principle is a corollary to the principle of indistinguish-
ability of particles. This principle poses a severe constraint on vector of states of many-fermion systems
and limits the number of them that are physically admissible. Fermions take their name from the Italian
physicist Enrico Fermi, who first studied the properties of fermion gases. Several important many-
particle systems have fermions as their basic constituents. Examples of fermions are protons, electrons,

1
muons, neutrinos, quarks, and helium-3 atoms. These are particles with half-integral spins {5,§,~ . }

Note that the statistics of composite particles are determined by the number of fermions. If the
fermion number is odd, then the net result is a fermion. Otherwise, for energies sufficiently low
compared to their binding energy, the net result is a boson.

The states {ocl . -(x,,} constitute a basis of H,. So, the closure relation (7) in H, becomes a closure rela-
tion in H,:

s 1
1= 2 Px‘al"'an)(al"'(xn " _7' 2 |a1...an}{al...an (20)
010ty " o
The overlap between two states constructed from the same basis |o) is given by
{(Xf"'OL;|OLl"'(Xn}=”!(O€I ‘P ‘(xl )Z”I(a;"'a;‘Px‘al"'OLn)zZXP(OCI'"OL;‘OLP(I)"'(XP(V:))
P
1)

From the orthogonality of the basis |}, the only nonvanishing terms at the right-hand side of (21) are
the permutations P contributing to the given sum:

o = (XP<1> s o, = (Xp{ 2 (22)
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For fermions, all o;,s should be different for each one-particle state |} So, there is only one such per
mutation P that transforms o, - -0, into o] ---0.”. The overlap (21) reduces to one term. If the states \OL,-
are normalized, then

P

{a{--~a;\oc1~~-an}:(—l) (23)

For bosons, several particles can occupy the same one-particle state. So, any permutation that inter-
changes particles in the same state contributes to the sum in (21). The number of these permutations is
W, !Ny, |, which transforms a,; - -0, into 1 - - -0, Here, 1, is the number of bosons in the one-particle
state |0L;) where Olp(y) -+~ Olp(,) are distinct with

{oc{ma;\(xl -~~0cn}:na,,(l) e g ! (24)

For both fermions and bosons, the sum of the occupation numbers that counts the total number of
occupied states is equal to the number of particles:

n= 2 Mg, (25)

o

For bosons, these occupation numbers are a priori not restricted, whereas for fermions, they can take
only the value 0 or 1.
If we use the convention that 0! =1, then formulae (23) and (24) yield the equivalent single expression

P
{ofarjon-o } =" [ ! (26)
i=1

So, the orthonormal basis for the Hilbert space H, can be obtained by normalizing the states ‘ocl . -ocn}
with the help of (26):

..OLP(”)) (27)

[The prefactor ———— normalizes the many-body wave function. Here, 1,, is the number of particles

in the state o; and, for fermions, considering the Pauli Exclusion Principle, n,, =0,1. The summation
over n! permutations P of {c, -0, } is required by particle indistinguishability; the parity " is the num-
ber of transpositions of two elements that brings permutations (P(l),- . ~,P(n)) back to ordered sequence
1,---,n). Note that the normalized (anti)symmetric state defined in (27) uses an angular bracket in the
ket symbol in contrast to the states defined earlier in (4). Since orthonormality is used in the calculation
of the normalization factor, then hereafter it is understood that whenever the symbol |o,---t,, ) is used
the basis {|OL,->} is orthonormal.

The overlap of the tensor product |7 -- 7‘,,) and the (anti)symmetric state |0t -+ 0L, ):

(ﬁ...a‘al...an>:71 ZXP<?1‘OCP(1)><EI (Xp(n)>:4 ZXP(PaP(I)(ﬁ)"'(paP(n)(?;I)
P P

n!I Inm!

(28)
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6 Quantum Field Theory

jor

(7o ---01,) = a8 (F ;) = - ——— (A (29)

n!llnm! n!IInm!

i=1 i=1

Here, S(Aij) is expressed in the following relation for fermions (bosons):

det[A,J:| N 2 Alp A ) , fermions

(?1-'~7n|0€1'“0€n>= per U ZA“) , bosons (30)
/ ! ”'H”a, ’
i= 1 i=1
or
%det[(pm(ﬁ)} , fermions
n!
(GREACARSE ; per[(pai(Fj)J , bosons @D
n!Hnm!
i=1

We therefore obtain a basis of permanents for bosons (sign-less determinant) and Slater determinants
for fermions as seen earlier in equations (19) through (21). From (27) and the normalization in (20), we
obtain the following closure relation:

Z "ZIT\OhmanXoclmanFl (32)

0Oty

We define an (anti)symmetrized many-particle state in the following coordinate representation vial
the states |F,0) not normalized:

7,01 7,0 | = x To(1)sOp(1) " “To()s O () =L,1 exp{i(Ki7 ++ -+ K7, ) ‘ﬁl,cl---,ﬁn,cy,}
\/— VE Riyonfen
(33)

Here, 6 denotes the spin index (as well as other discrete indices, if necessary) and K the momentum.

1.1.2 Creation and Annihilation Operators

[The formalism of second quantization treats systems of bosons (fermions) with a fixed or variable num-
ber of particles in a unified manner. In many physical processes, the particle number does change
Examples include electron-hole annihilations in metals or semiconductors, electron-phonon processes
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nsemble, we must deal with states having different numbers of particles. For Fock space to be a concepf]

f interest, there must be operators connecting the different n-particle sectors; these are the creation \y}

nd annihilation \, operators (with each being the Hermitian adjoint of the other) that add a particle
or remove a particle, respectively, in the one-particle state o thereby (anti)symmetrizing the resulting
many-particle state:

Voo ) =loon o} W ons o) = ng + 100y o) (34)

Here, 1,, is the occupation number of the state |o) in |0, -+ +01, ). The annihilation operator s, is the adjoint
of the creation operator .. These operators provide a convenient representation of many-particle states|
and many-particle operators, generate the entire Hilbert space by their action on a single reference state,
and provide a basis for the algebra of operators of the Hilbert space.

The operator ), physically adds a particle in state |o.) to the state on which it operates and (anti)sym-
metrizes the new state. Because there can be at most one fermion in a given state, equation (34) takes
the following form:

) ool 0Ly s o) eloy o,
S| ) e o
0 , o) e|oy o)

Writing ' (7)|0) and |o) = &,|0), where |0) is the vacuum state containing no particles at all and is|
distinguished from the zero of the Hilbert space, then we have the following relation between creation
(annihilation) operators in the r-basis and the o.-basis:

Y= D 0uPEL W)=Y 0u(7)E (36)

The most relevant example is when |0) =|K,0), where K and & are the momentum and spin variables,
respectively. It is important to note that like all other quantum variables, the quantum field in general
is a strongly fluctuating degree of freedom. It only becomes sharp in certain special eigenstates. This
function adds or subtracts particles to the system.

Since any basis vector ‘0(1 -0, } or |0y ---0L,) may be generated by the repeated action of a creation
operator on the vacuum state

Ve/0)=a) (37)

then, generally,

‘al...an}z\ifle...\ifzxn 0> R ‘0(1"' (38)

We see that the creation operators generate the entire Fock space by repeated action on the vacuum state,
From relation (34), we have

{ou- o Wlof o, } =[{(x{--~0cin\ﬁ!£\(xl--~ocn}]* ={ oot o0, -0, } (39)

This result can only be finite when n=m—1, so that \Jy,, removes a particle from the state on which it acts|
In the case of a vacuum, this implies that \,|0) = (0, =0 for any state |o). This is evidence that the|
vacuum is the kernel of the annihilation operators
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From the closure relation in the Fock space then

z Z i'|al...an}{(x1...(xn = (4())
n=0 o---0ly n:
Using (21), we have
“ ’ ’ N 1 o ’ ’
\Ila‘al"'am}zz Z a{al"'an|\|ju‘al"'am}‘al"'an}
n—0 o0y (41)
1 ’ ’
=) Z {00001+t | 06f -0, Yot -0t }
O+ Q1
\With the help of (6) and (21), we now have
7 ’ 1 7 ’ ’
0€1"'0Cm}=WZP:XP<OL‘OLP(1)>‘(XP(2)'"(Xp(m)} (42)
Because the permutation (P(2)-+-P(m)) = (L,++,P(1)~1,P(1)+1,-,m) has the signature x"*""", this
allows us to arrive at
\il(x Ia;n}:( P(l)_lsa,(xfx(l) aia;() I:OLP ZX’ 18,1 ol (x:n} (43)

Here, &/ indicates that o/ is removed from the many-particle state ‘0({- --07, }. For a similar result for the
normalized state \(x{ . ~(x;n> with occupation number n, for the state o, we have

o0 0c> (44)

Voo \/—Zx’ o0

From here, we observe that the effect of \, acting on any state is to annihilate one particle in the state
o. from a given state. In the case of bosons, the general result is conveniently expressed in occupation
number representation:

(45)

jor

0) (46)

no(,
Mgy ++ Mgy ) \/n_
O

Here, n,, is the occupation number of the one-particle state o;. From (46), an arbitrary state in the Fock
space can be obtained by acting on |0) with some polynomial of creation operators . This also follows
that a fundamental property of creation (annihilation) operators is that they provide a basis for all
operators in the Fock space. So, any operator can be expressed as a linear combination of the set of all
products of the operators { Wiy }
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The states (46) form an orthonormal basis for the complete multiparticle system and satisfy thé
following closure relation:

Z\nal---na;--><na1---na,-~~\=1 (47)

{oi}

Let us now define the creation and annihilation operators s}, and s, for the 0. type boson such that

P
\ij;‘nm"'ntxp>= [nu+1|nm...(na+l)...nup> s \Ija‘nm“'nup>=28u,ai lna‘nul...(nu_l)...nap>
i=1

(48)

Here, s}, increases, by one, the number of particles in the 0" eigenstates; its adjoint s, reduces, by one
the number of particles. The operators (48) are therefore eigenstates of the operator 1, = Wi, which
measures the number of particles in the one-body state |o):

P
’aa‘nm "'nup>=28a,mna|na1 "'notp> (49)

i=1

1.1.3 (Anti)Commutation Relations

We now examine the (anti)commutation of creation and annihilation operators. The (anti)symmetry,
properties of the many-particle states impose (anti)commutation relations among the creation opera-
tors. We consider the case in which any two single-particle states |o) and |t} belong to the orthonormal
basis {\ oc>} for any state ‘otl -0l 1, then

Vil oo, b =|ooron o, = xlooo o, b = Wbk oo, } (50)
From here,
(lifl;\ifl' —X\i/&'\l}jx)‘al---(x,,} =0 (51)
So,
VoW — el =0 (52)

and taking the adjoint of (52), then
\ila\i[oc’ - X\I!a"ifoc =0 (53)

We may also write

A oA

W&W&’ - X‘ijg\i[(; = I:\i[(;)liﬂ;’ :I—X = \i!oaliloc’ - X‘i’a’ﬁla = [qfowli[(x’ ]—X =0 (54)

In equations (52) and (53), for the case of bosons ¢ = +1, we have the commutators

A

\i/jxﬁf&' _\ij’\ifzx = li}(x‘i}a’ _li}oc'\l}a =0 (55)
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10 Quantum Field Theory

and for the case of fermions, we have the anticommutators

VoW +WoWs = Wola + ol =0 (56)
Comparing
VoWl 06, } = o o0t -0, } = 8|00y -0, }+ZXSW 00t Gty 0L | (57)
and
ViWalon o, = \ifl'zn:x"’lﬁw,- R Z”,x“Sw,- 00 -Gyt | (58)
p p
then also

\ijoclif& - X\If&’\ifot = I:\ifwli[&’:lx = 80«1’ (59)

We consider relation (36) and calculate the following anti(commutation) relation
L)' (7)] = Z(PZ(?)% () wewl—xwhye }= 2% F)9 (7) 8o Z"’“ )0u(F)  (60)

So,

v(™)w' (F)-xw Zcpa F)Qu (F')Suar 2% 7)9a(7)=8(7 ~7") Q)

This means that the operator function ' (7) creates a particle with coordinate 7. It is instructive to not¢
that if v,y were not operators but the c-numbers, then y(7) and W' (7) in (36) would be considered|
as one-particle conjugated wave functions. Generally, to introduce wave functions for a particle, it is
necessary to change from classical to quantum mechanics by performing a so-called first quantization
Therefore, in the transformation from wave functions to operator functions y(7) and y'(7), with the
help of (61), we perform a so-called second quantization.

1.1.4 Change of Basis in Second Quantization

Different quantum operators are expressed most naturally in different representations, which makes
basis changes an essential issue in quantum physics. Next, we characterize the Fock space bases intro-
duced earlier to a full reformulation of many-body quantum mechanics and then introduce general
transformation rules that will be exploited further in this book. To find out how changes from one
ordered single-particle basis {\oc>} to another {\&>} affect the operator algebra {\y“}

=D Joolald)= " (6o o 62)

For single-particle systems, we conveniently define creation operators ., and s}, which correspond to
the two basis sets {\ 6L>}, to another {|or)}:

Voo, b =Gy o, } = 2<a\d>\o&xl---an> = 2<a\d>\pl|ocl~-(xy,} (63)

o
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erefore, the transformation rules for creation (annihilation) field operators

W=D (G s e = D (6o 64

o o

[The general validity of equation (64) stems from applying the first quantization single-particle result in
lequation (62) to the n-particle first quantized basis states |0t1 -0, . This yields

0)= [Zmlalml ]---[ananwf&n]

o O

(AR 0) (65)

The transformation rules (64) lead to two important results:

1. The basis transformation preserves the bosonic or fermionic particle statistics

e ], = D oo

d’>{\i]a\if&’ - X\i’&'\ifa} = 2<6L‘ OL> <0L,‘ &I>6aa’ = 8&&’ (66)
2. The basis transformation leaves the total number of particles invariant

2 e = X (0/6)(8]a e = 3 (010! Wi = 3 Buaithr = 3 Wi (@)

o oo oo’

When the new basis is orthonormal, the (anti)commutation relations are preserved and the following
transformation is unitary:

{Whve } = {0l ve } (68)

1.1.5 Quantum Field Operators

For many applications, the coordinate representation turns out to be suitable, which leads to the defini-
tion of quantum field operators. We define the second-quantized field operators at every point in space

as follows
Yi(F)=D (o

=%Zexp{iﬁ?}¢c(ﬁ)

)= D, esp{-RFNL(R) | io(7)= Y F.ola)

o

(69)

Here, the sum extends over all states o of the orthonormal basis. In (69), the last relations are achieved
f(,oc>}. The field operators satisfy the following (anti)

by selecting the momentum-representation basis {
commutation relations

LW (7) e (7) ] =[We(F) o ()] =0 5 [Wra(F) W (7) ] =808(7=7) (70)

In a way, the quantum field operators express the essence of the wave/particle duality in quantum phys-
ics. On the one hand, they are defined as fields. This implies some type of waves. However, on the other
and, they exhibit the commutator properties associated with particles
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12 Quantum Field Theory

Considering equations (34) and (43), we have

qu(?)ﬁ’Gl)"')ﬁl;Gn}: *) ’* 61)"')?n>cn} (71)

n
ﬁa(Sl;"')Fn)Gn} = inils(?_ﬁ)

i=1

V()

;‘i)cl)"');‘;)cia"'ﬁwcn} (72)

where 7,0, implies that 7,0, is omitted. So, the field operator \ (7) adds a spin-G particle at point 7 and
(anti)symmetrizes the resultant many-body state.

1.1.6 Operators in Second-Quantized Form

Second quantization provides a natural formalism for describing many-particle systems. In this section
we examine the case of a system of n interacting particles. We note that, in reality, particles do interact
with one another. We present a general theory in which the particles not only interact with the exter-
nal potential, say the operator #*), but also interact with each other via the potential, say #*. The state
operators describing physical states should be (anti)symmetric under the exchange of two particles. This
depends on the statistics of the particles and whether they are fermions or bosons. We note that any
operator acting within the Fock space may be written in second quantization. When all operators are
expressed in terms of the fundamental creation and annihilation operators, we consider the example of
one-, two-, and n-body operators.

1.1.6.1 One-Body Operator
The operator vWisa one-body operator that acts on each particle separately:

n

“)|oc1~~-(xn)=;f/,~ O e0ly) s \ o, )= \/—Zx 21/1 oy ~0ap(,,)) (73)
where 7; operates only on the i" particle. For example, say
Doy o) =(v]ou)) ®os) ®---®)a,) (74)
Suppose we first choose a basis where the operator v is diagonal:
vjo)) = (ofvioy]o) = ve o) (75)

So,

\ocl o, )= \/—Zx Zvap by ocp()) zn:vui o

i=1 i=1

-~an}=2vuﬁu‘a1~-an} (76)

Here, the sum extends over the complete set of one-body states 0. and the number operator 71, = i\,
From the aforementioned, we see that

W= (il 77)

o

To obtain the action of 7", we must sum over all states |ot), multiplying v, by the number of particles
in state |ou).
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From equation (77), we arrive at the general expression for one-body operators that is valid in any
complete basis in terms of the field operators:

W= oo ke (79)

oo’

Formula (78) is precisely the expression of »" in the second quantization that can be rewritten ag
follows

0= [atrate 3 7,000,007 () 9

oo
In order to obtain the action of 7", we have to sum over all states |oty and multiplying v,, by the number
of particles in state |o). It is instructive to note that expressions (78) and (79) make no reference to the

total number of particles actually present in the system.
We may compute another operator of basic importance—particle density at the point 7:

(7)= [ d'nd’s, Y (7.008(F~F o i (7D ()= D W (7)) (50)

oo

The particle number operator:
K= [dri()= Y i )

This applies for any complete basis of the one-body states |a.).
Considering the one-body potential

1 =Zv(7‘,) (82)
then

y :J.ddrlddrzZ(ﬁ,(x

oo

{7 Nk i () = [ v 7)Y W (P (F) = [ @ (7)) 59

£2
Considering that T= ZP—’ is the kinetic energy operator, then in the second-quantized form, one

—t D111
i=1

obtains the following:

~2
- = b AP AN =\ = K™ » = \4 by
T= 2 <K,(x\§—m K00 )W (K)o (K )=2*‘I’3(K)\I’a(‘<)

KK ool Kot

(84)

[This expression is simple and intuitive because the underlying basis diagonalizes the kinetic energy.
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1.1.6.2 Two-Body Operator

sum of the 7% on all distinct pairs of particles:

n

1’}(2)‘0(1...()(”):Z&Hal...an) , {1(2)‘
ij=1

(i<j)

1
al...un}zﬁsz
TP

In this section, we introduce a two-body operator e acting on the state |0L1~~-0c,1) of n particles as the

n

z,"zj

i,j=1
(i<j)

(85)

Op(r)* '“P(n))

Here, v; acts only on theiand j particles. The restrictioni < j results in a summation over distinct pairs
Considering the basis {|o)} where 7 is diagonal, then

7o) = (oB| /o) oB) = vegB) (86)
and
o) ‘0(1 . } - 72 XPE &ap(i)ap(j) Op(y) .OLP(n))
T
(87)
= 1;0(,'0&1‘0(1- an}:%z‘(&ww _sij{}aiai)al.“a"}
i)
or
1)(2)|a1 .. .an} = %2 Vop (ﬁaﬁﬁ _Suﬁﬁa)‘al .. -OLn} (88)

o

Here, the sum extends over all states o, of the complete basis of the one-body states. From the (anti)
commutation of the field operators, we find the operator g that counts the number of pairs in the
states |o) and |B). If o) and |B) are different, then the number of pairs is n,ng; if |o) =|B), the number of
pairs is 15, (1, —1). Hence, the operator counting pairs may be written

©op =Nty — Soplte, = WEWaWhWE = SopWiWa = WEXWIWaWp = VLW iWaY, (89)
then
N 1 R
e =EZ( Bl7/oB ) Wi whwave (90)

af

Similar to the case of the one-body operator, the action of a two-body operator is obtained by summa-
tion over pairs of single-particle states |o) and |B). Then, we multiply the matrix element (OLBM(XB) by
the number of pairs of such particles present in the physical state.

Transforming from the diagonal representation to an arbitrary basis, we find the general expression
of a two-body operator:

» 1 - ’ g’
DN CEALCA AT AT

[OARERI VL)

(1)
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jor

~ 1 - - =1yl 2~ A =40 =\ AT =7
. 7_[ dird'rs ) (7 0ta, o, Ol V(701,705 i, (7 ), (B s () (7) 92)

o --0Lh

Simplicity and convenience are among the great virtues of representing operators via creation and anni-
hilation operators that concisely handle all the bookkeeping for Fermi and Bose statistics. Sometimes, it
is convenient to use (92) where the matrix element is indeed (anti)symmetrized:

o 1 A Y4
e = Z {0(1(12\v\alaz}\pgl\pgzw%wai (93)
-0
with
{ouon|v]oas } = (ouoes|viodor )+ (oo vjasar ) (94)

We examine the example of a two-body potential

=3 i) o

such that
o 1 - = 2 S Nz s o \ N =\,7 =\, AT =/
) =Ejddr1ddrz’ 2 (ﬁ,al,rz,az\V(r—r )n,al,rz,uz)\u&l (AW () Wes (B)Wer (7)) (96)
ior
o) 1 et v
v = Ejddﬁddfzzv(ﬁ =) Wau (7)) We (72) Woo (72) W (71) 97)

00

[Here, we consider the fact that 13(71 —?2) is diagonal in the coordinate representation:

v(?—?’)

If we consider the Fourier space, then equation (97) yields the second-quantized form of the two-body
potential in the momentum space:

ﬁ;an;;z»(xz):V(;’i_?z);’i,ah?z,az) (98)

Tav

. 1 Nt e Nkt () N s e
W= 3 (@ (R (R =)W (R (%) 99)

K,K’,4,0,0"
Here, v(é) is the Fourier transformed of the interaction potential v(7). This may be thought of as one
particle with initial momentum K’ interacting with another particle with initial momentum K by
exchanging a momentum g; V(Eg) is then the matrix element of such a process
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We may make a generalization for the case of an n-body operator in second-quantized form:

= D (oo oo ity kg
“{ou,of}

(100)

:W 2 {al"'an‘v‘al"'un}w.&]'”WT«V,W&;"'W&{
7 {onof}

Next, it will be useful to examine the normal ordering for a many-particle operator: An operator is
normal-ordered if all the creation operators are to the left of all the annihilation operators. As an
example, the right-hand side of (89) is in normal order. Regardless, any expression not in normal order
may be brought into normal order by a sequence of applications of (anti)commutation relations for cre-
ation and annihilation operators.
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Coherent States

Introduction

The minimum uncertainty wave packets for the harmonic oscillator were published as coherent states by
Schrodinger [5]. Recently, coherent states have played an important role in many branches of physics
and, in particular, quantum field theory and quantum optics. We have seen earlier that second quan-
tization is the natural formalism for studying many-particle systems. In this chapter, we show how to
construct path integral representation using a closure relation based on the eigenstates of the creation or
the annihilation operators. We show, in particular, how coherent states are used to obtain a path integral
representation of the partition function as well as calculating directly the trace defining the partition
function. Quantum field theory combines classical field theory with quantum mechanics and provides
analytical tools to understand many-body and relativistic quantum systems. Recently, there have been
many advances in controlled fabrication of phase coherent electron devices on the nanoscale and in
the realization that ultracold atomic gases exhibit strong interaction and condensation phenomena
in Fermi and Bose systems. These advances, along with many others, have resulted in new perspectives
on quantum physics of many-particle systems.

This book aims to introduce the ideas and techniques of quantum field theory for the many-particle
system. This begins with the introduction of path integrals that provide a description of quantum
mechanical time evolution in terms of trajectories. Further, perturbation theory and Feynman dia-
grams, which provide powerful techniques to approximately evaluate path integrals of more com-
plicated systems, are also introduced to further generalize path integral formalism to many-particle
systems. Particular attention is paid to the treatment of fermionic many-particle systems because the
corresponding path integral has to be formulated in terms of anticommuting (Grassmann) variables
This also aids us in examining the concept of supersymmetry. To begin, we look at bosonic coherent
states and then generalize to the fermionic case.

2.1 Coherent States for Bosons

In the preceding chapter, we used permanents or Slater determinants as a natural basis for the Fock
space

H:Hoc‘BH]@“':@::()H,, (101)

IAnother useful basis of the Fock space is that of coherent states, which are an analog to the basis of posi-
tion eigenstates in quantum mechanics. Though it is not an orthonormal basis, it spans the entire Fock
space. Position states |F) are defined as eigenstates of 7, while coherent states are defined as eigenstates
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lof the annihilation operators. To see why annihilation operators are selected rather than creation opera
tors, we denote by |§> a general vector of the Fock space:

:i 2 &al---oc,, 0

n=0 o0ty

) (102)

So,
the minimum number of particles in ‘Q is observed to be increased by one. Hence, the resulting state

§> has a component with a minimum number of particles. Applying any creation operator ' to |§>

cannot be a multiple of the initial state, and a creation operator ' cannot have an eigenstate. Applying
an annihilation operator s to |§) decreases the maximum number of particles in |§) by one. Since |§
may contain components with all particle numbers, nothing a priori prohibits ‘§> from havmg eigen-
states. Our goal is to find eigenstates of the (non-Hermitian) Fock space operators {" and .

2.2 Coherent States and Overcompleteness

Coherent States

It is useful to note that an important property needed for setting up path integration is the completeness
of the states. We now examine coherent states and define eigenstates of the operator . The physicall
meaning of the bosonic coherent states can be understood from a study of the system of harmonic oscil-
lators described by the following Hamiltonian equation:

D2 2 A2
=Y By o =y M0 Qu (103)
21’}’Zk 2
with
[QuioPer =B (104)

Here, my, ®q,, Qo and Py, are the mass, frequency, position, and momentum operators, respectively, of
the oscillator. The ladder operators

» mg, P, - MW, f’ . )
ok — ot 5 o = o 5 P(x =— 105
Wop =4[~ 5 [Q " lmwak] Wor =4/~ 5 Qo — mwak " laQak (105)

satisfy the canonical bosonic commutation relations

[‘i"xk ’\il(xk’ :| = [lif'&k ’ﬁ[&k' ] =0, |:ll}0(k ’ll}&k' ] = Suktxk' (106)

This permits us to rewrite the Hamiltonian equation as follows:
N
H = 2 mak \llock l|Iotk + E (107)
Ok

Singling out the ground state |0) then

Ve 0)=0 , (0[Py,]0)=(0/Qq,[0)=0 (108),
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e eigenstates of the Hamiltonian equation (107) can be obtained from the tensor product of the stateg

o, ):

A4 \M A4 \Mom
=i @0l = ) VT )= 3 3

(109)

Itis instructive to note that one of the drawbacks of the given states is that they do not serve as eigen+
states of either the position Q or the momentum P operator. Moreover, the commutation relation (104)
prevents us from searching eigenstates for both operators. Notwithstanding, it is possible to define a
so-called coherent state | p;,q j> having average position and momentum given by some classical value

Pid;):
(pqPulpa)=pu » (P Qu|p.a) =4 (110)
We find such a state by considering
’ >=eXP{—A}\§> (111)
and the identity
cxp{AJBespl-A} =B+ L[AB]+ L[A[AB]]1- a

that ends at the second term when [A,B:| is the c-number. So (110) sets the condition

€)=10) (113)

and
A== i pu Qui— e Pes (114)

with
q)=exp{-AJl0) (115)

Then, from (105) and

_ f@ Pou f . Poy
= 5 (qak +i "o j &ak = (%k m(l)j (116)

we have

, >=exp{2(auk¢;;k ~& Vo )}0>=exp{\if*é—&*\if}0> (117)
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ere,
2 &
W= E , E=| (118)
\ilotp &dP
It can be easily verified that
A 2 A 2 1
<§‘(P0€k _Pock) ‘§>=<E.:‘(Q(Xk_q0€k) ‘§>=E (119)
Therefore, §> is as near as possible to a classical state. Considering (112) and (115), then we rewrite (117)
as follows:
A goq\if&l " gan “ijf;n "
g)=exp{ig}io)= ) ( W) A " !) 0) (120)
Since
Ap o\ A4 \lon
\nul-~-nun>=(\v“l) ...(W“”) 0) (121)
Mg, ! My, !

then the given coherent state is defined by the following eigenvector [6]:

&)= Z (i«zz! (3% oy 1, ) 122)

The eigenstate ‘nu, ey, >, as seen earlier in equation (25), has a total number of particles, n= Znuk

Ok
while the Hilbert space (generically referred to as the Fock space) is written as the direct sum, such as
in equation (1).

2.2.1 Overcompleteness of Coherent States

IAssume we have constructed an eigenstate \§> of the annihilation operators \,; then the eigenstates and
eigenvalues of the bosonic operator can be obtained via the eigenvalue equation:

£)= o exp{¥'E, }{0)= Wzéu )10)= waz Z =
DN

\/—\nl

Vo

O

ga =8 eXP{‘Inga}‘O ga‘§>

(123)

Similarly, the adjoint

(124)

(&we=(&
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[The action of a creation (annihilation) operator v (‘Ifu) on a coherent state is obtained as

WilE) waexp{Zwa Lo }0 \§> (&

It is useful to show that the operators Wi and ,, act in the coherent state representation in the same way]

-9
8o

(g (125)

as the operators 7 and p act in coordinate representation. From equations (123), (124), and (125), then

(&l )=E50(¢) (126)

0)= aéa o) » (&

So, symbolically, we can write

o= PR az(*x 12
v %, Vo =& (127)

[This is consistent with the bosonic commutation rules:

d 0
[&a:&u :I |:a§(; > aaa i| > |:a§(; 7&01 :| oo (128)

We observe that the behavior of \y,, an \y}, in the coherent state representation is thus analogous to thaf

of 7 and p p in coordinate representation.
It is important to note that the coherent state with & = 0 is identical to the Fock vacuum |0). The eigen-
value &, of the bosonic annihilation operator \,, may be any real or complex number. What is unusual
about this definition is that ﬁlu is not a Hermitian operator (and so is not observable in the usual sense)
[Nevertheless, the states |§> defined in such a way form a complete set—indeed an overcomplete set—and
define a new representation, the coherent state representation. Introducing the overcomplete base of
coherent states widens the concept of the path integral formalism in areas of many-particle systems [3, 7]
Because ‘§> is an eigenstate of the annihilation operators \,, then the (anti)commutation relations

[Worlro ] =0 (129)

This implies that

‘ifoc\l}a’ ‘ §> = ﬁ’a&a"E) = E.augoc"@ = X‘i’a’ﬁla‘@ = X‘i’a’&a‘@ = X&a’&a‘@ (130)

In the case of fermions, the main difficulty encountered is the lack of a classical limit for the eigenvalue
€. This implies that c-numbers cannot reflect the anticommuting character of fermions. As a way of
introducing anticommuting objects, we present anticommuting variables called Grassmann numbers
which follow the same concepts used in constructing coherent states for bosons.

2.2.2 Overlap of Two Coherent States

We examine the following inner product or overlap of two coherent states given by:

Z Z acxl é';ocp )MP (E.»ou )mM .(&'&P )n&P <nzx1 g ‘”t’xl ""’l(,xp> (131)

’
Ny ! g, ! Mgy !

Ny +Hop My Nop
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Because the basis |o) is orthonormal, the scalar product

’ ~~~n&p>=5 S (132)

<na1 *Hp naynéy " Onapnip

and, so,

=exp{2§2&a} (133)

It is instructive to note that the coherent states corresponding to two different values of £ are not
orthogonal states because they do not form a proper basis and are eigenvectors of a non-Hermitian
operator. The overlap quickly falls off exponentially with the distance between the two points and gives
fa measure of the intrinsic uncertainty of the coherent state as probability amplitude in phase space.

From their definition, it is obvious that coherent states do not have a fixed number of particles but

. . . L . 2
that the occupation numbers n,, in the coherent state ‘§> are Poisson distributed with mean values ‘&a‘ :

- £ = H‘ﬁ
ol Otp -

So, the distribution of the total particle number has the average value
. A g

2 (ElAS) _ (Eaal)
< > <&|§> é‘& zgaaa (135)

2ng,

(134)

with the variance
o = (= (i) )= Y. Ei&u =) (136)

In the thermodynamic limit, where #n — o, the relative width

E:%%o (137)
n

n

In this case, the particle number distribution becomes sharply peaked around ». This indicates that a
product of Poisson distributions approaches a normal distribution.

2.2.3 Overcompleteness Condition

[The most important property of coherent states is their overcompleteness in the Fock space, which
implies that any vector of the Fock space can be expanded in terms of coherent states. To obtain a path
integral representation, a closure relation for the coherent states is needed. We examine the closure rela-
tion (resolution identity) for the bosonic coherent states, which is defined as:

A& . o
[T 58 ool g w9
In (138), 1 is the Fock space identity operator, and the measure is given by

d&idS, _ d(Relq)d(ImE, )

2mi T

(139)

© 2014 Taylor & Francis Group, LLC



Coherent States 23

As shown in (133), because the coherent states are in general not orthogonal, the set of coherent
states is overcomplete, while formula (138) shows that the coherent states form a basis in the Fock
space. Nonetheless the coherent states are very useful, particularly for deriving path integrals. In this
book, they are important as an example of states where the creation and annihilation operators have
nonvanishing expectation values. This factor will be essential in the discussion on Bose-Einstein
condensates.

2.2.4 Closure Relation via Schur’s Lemma

We prove the closure relation via Schur’s lemma, which in this case states: If an operator commutes
with all creation and annihilation operators, then it is proportional to the unit operator in the
Fock space.

From equation (125), then

[l

1[5 Jord @40

And, by evaluating the commutator (138) and performing integration by parts, we have

. A8 S _ J‘ dCordSer
I:Wa;j];[ i CXP{ ;éa’&a }E.r><é:l_ ];[ Py Zéa E_,tx E_;oc |E_,><§‘
(141)
If we look at the adjoint of (141), we observe that the left-hand side of (138) commutes with all of the
creation as well as the annihilation operators. Therefore, it must be proportional to the unit operator.

We can calculate the proportionality factor by taking the expectation value of the left-hand side of (138)
in the vacuum:

_[ Hdéj‘:f“exp{—zﬁsééu}<0£><&o> = jn%e@{—z&é&u}mgxaw =1 (42)

Therefore, we prove the closure relation in (138).
For a single degree of freedom, we write & in polar form

=[glexplio} , & =|glexp{-ip} (143)

then this changes the variables from (&,é*) to (
variable transformation is 2i ‘,

, ) Considering that the Jacobian determinant of this

dEde’ _ 2ilgdede

144
2T 21 (144)

Hence,

n+m

Idgd& ~[¢ He)el = _L Zl‘g‘dgz \g\ exp{-1g"} mlf exp{i(n—m)o}do  (145)
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jor

f%ji;%exp{_mnxmmm:m [ 2‘%\d€z\€f" o a46)

Changing variables again, z =

dezexp{—z}z” =T(n+1)=n! (147)

then

o \aMaZ‘i‘ {18 o= dzzfexp{ M)l = 2\ (145)

For one degree of freedom and considering the position eigenstates |q> and the coherent states |§>
then it makes sense to compute their inner product:

(ale)= 2%@@ (149)

In this case, the wave function <q|n> of the n™ excited state of the harmonic oscillator:

<q">-("$)4p{\/zn—j}m[(”§°jz q} (150)
e
mao

<q‘n>=—,72”n!\/§ H,(0g) , o= T (151)

Here H,, (x) is the Hermite polynomial with argument x. The generating function for the Hermite poly-
nomials H, (x):

exp ny y ZH o (152)

Therefore, from the aforementioned,

fp{w)}
had n bl n 2
A=Y, frlan= Y e ) e
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jor

@@:\/E exp{-mg)z}i;(i)nm(aq)j/g exp{—(of)z }exp{ﬁaiq—a;g} (154)

jor

<q\§>=(%))1 eXp{—g;a—rZ;)qz N meqﬁ} (155),

2.2.5 Normal-Ordered Operators

In this section, we will examine one property of coherent states—the simple form of matrix elements
of normal-ordered operators between coherent states. An operator A(\iIL,\iIu) is said to be normal-
ordered when all creation operators stand to the left of the annihilation operators . The matrix
element between coherent states of such an operator takes the form

—exp{Z&.@q} (g.8) (156)

(ElA (Nl ) 8

One example is a two-body potential:

le)=3 >, (ool

ao/BR’

(gt

) (157)

BLSLATRY
or

52)

gy

)

*'ié' ’

&)= Y (ooy

oaoBR”

&’>exp{2§:;§a} (158)

2.2.6 The Trace of an Operator

[The overcompleteness relation can be used to represent a state of the extended Fock space in terms of
coherent states. The completeness relation provides a useful expression for the trace of any operator A
Denoting {\ n>} as a complete set of states, then

TrA=2<n|A\n>=de§ff“ { Z&a&a}z n|E) (€[ Alm) =
IHdaadau {Zguga} (€] Alm){rlE) j]‘[dﬁﬂdia {—Z&zaa}@z&@

(159)

jor

TrA = j H%exp{—;axa}@m (160)
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From quantum mechanics, the completeness of position eigenstates permits us to represent a state
\\p>:_[d?¢(7)|?> (161)

Here, the coordinate representation of the state ‘\|1> is

A

W (7) =7y (162)

Similarly, equation (139) implies any state ‘W> of Fock space can be represented:

VT “ensf j>< 2001 et j> E

=) (163)

where

3

by definition, is the coherent state representation of the state ‘\|I>, with & denoting the set {ﬁ&} The
coherent state representation for bosons often is referred to as the holomorphic representation. This is
due to the fact that W is an analytic function of the variables ;. Physically, the quantity \V(é*) simply]
is the wave function of the state ‘\|I> in the coherent state representation. This implies the probability|

V) =w(E) (164)

amplitude to find the system in the coherent state |E_,>
In the case of holomorphic functions \p(&), the unit operator can be achieved via (138):

(gr)= jHLﬁ;‘?& exp{—z‘,&::&:, }<é

it

W) (165)
Therefore, it follows that
i) [T 5 o352 o) 60

It is instructive to note that this simply is a general form in the complex plane for the familiar represen-
tation of a Dirac delta function:

S(x—x’)zj%exp{ik(x—x’)} (167)

2.3 Grassmann Algebra and Fermions

2.3.1 Grassmann Algebra

[The path integral approach is easy to employ for bosonic systems due to commuting functions instead
of anticommuting operators [8, 9]. However, such an advantage is not obvious for fermionic systems
because the integration variables are anticommuting. We will now discuss a fermionic system within
the framework of the fermionic coherent state path integral. When dealing with fields instead of opera-

r ly Grassmann algebra, which maintains the Pauli Exclusion Principle. Grassmann algebr:
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allows us to elaborate all necessary calculation rules to derive the path integral and, subsequently, the
Dyson equation for fermionic functionals that are accordingly functionals of Grassmann functions.
We consider the distribution law for Grassmann variables:

(E_,1+§2)§3:E_,1&_,3+§2E_,3 > E_;I(E_;Z+E_>3):E_;IE_;Z+E_;IE_,3 > 7‘-(&1&2):(7\4&1)&2:&1(7@2) (168)

as well as the anticommutative property

{§i>§j}=§f§/‘+§j‘gf =0 (169)
This permits us to arrive at the square of any generator vanishing for any k:
& =0 (170)

This is a particular important property of the anticommutation relation of equation 169.
We can construct a finite dimensional Grassmann algebra from 7 such elements, which are called|
generators {E_,k} , k=1,---,n. Then, from property (170), all elements of the given algebra can now be
expressed via a linear combination of these generators:

{LE1-En & rErsEn - Eny | (171)

Here, 0<&; <n, and we assume that the elements, by convention, are ordered by the indices
A <A, <-+-<A,. From (170), there exists no element of the higher products containing more than one
Ex. So now, any element of the n-dimensional Grassmann algebra can be expressed as a polynomial of
first order in the generators:

FE &)= fot D Jubit D fuwb&tt D, fumwbube e (72)

0 <02 0 <0l << 0Ly

where the complex valued coefficients f; € C are complex numbers or complex functions. So, f is a
function of the generators and a complex variable; therefore, we refer to objects shown in equation (172)
as Grassmann functions.

In order to operate using Grassmann functions, it is necessary to define analog operations of differ-
entiation and integration for Grassmann functions.

2.3.1.1 Differentiation over Grassmann Variables

We define differentiation over a Grassmann variable (generator) as:

%ﬁxlixz By =80 Ea — 8 By e (-1) T 85,6080 iy (173)
j

[The derivative over Grassmann numbers is precisely left-sided. In essence, we have to anticommute the
variable to the left and apply the rules

Ay 4

dg; 3 5=5 (7%

(This is a linear operation that is the same for ordinary numbers
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2.3.1.1.1 Grassmann Function Differentiation Rules

To examine differentiation rules for Grassmann functions, we consider some important properties
of Grassmann generators. This can be done by first examining the following commutation of two
Grassmann numbers with a single Grassmann number:

[nmz,é] =nME-Enm. =-nign, - &nimz =Enm, —&nim. =0 (175)

From induction, it is obvious that any even number of Grassmann numbers commutes with a single
Grassmann number:

[E:&:+E2m]=0 (176)
Similarly, we assume
(M2 Ma,&] =0 (177)
[Then we examine the case:
(MM Moz &] = MMz MM Mani2& = EMM2 MM Mznsz =
= =Mz NaaMawrr&Manez = EMM2 NN Mansz = (178)

= MMz M2uEManriManr2 = EMM2  ManMonsi Mansz = (nmz MG =My M )n2n+ln2n+2

(With the swap in positions of 1,+, and & in the first term, there is a sign change for that term and

[nmz - 'Tl2n+2a<t3] ==MM2 Mo M2ns1EN2ns2 = EMMa ** Mau M1 Mans2 =
(179)

= MMz N2nENans1Manse2 = EMM2* ManMans1 M2 = [nmz . 'n2n>a]n2n+ln2n+2

By induction from (177), then

[N+ Maws2 E] =0 (180)

We also show that the commutation of an arbitrary number of even Grassmann numbers with any]
other number of Grassmann numbers:

[nlnz‘ Moy 612 gk] =0 (181)
We examine the case:

[nmz EEL | PR TSR ] =NM2 - Manbi&a - Giin —Ei6a - Ei&rnMiMz - Maw (182)

Swapping the positions of & and &, in the second term, then

[nmz < Mans&i&a-Ein ] =NMa Nanbi&a-Eilinn —Ei&a - ExmiMa - Manina (183)

jor

[ﬂmz < Mos 8o ] = [nmz < Mans&ia -éklém (184)
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So, from induction and considering (181), then
[nmz Mo, 616 'E.,kﬂ] =0 (185)
We show that two arbitrary odd numbers of Grassmann numbers anticommute:
{nmz Mo 616 'E_kaJrl} =0 (186)

One Grassmann number anticommutes with an odd number of Grassmann variables and we assume
that

{nme Mo &} =0 (187)
Hence,

{nln2 . 'n2n+3)E_,} = MMz MawssE+HENM - Manes = MMz ManeiMane2M2n3G + ENM2 - Mo Mane 2 Manes
(188)

After swapping Grassmann variables in the first term of the last relation, then

{Thnz ©Man+3 >§} =Mz Mawrr&Nane2Nanes +ENM - Mane Mane2Nanss = {Thnz “Mann >§}n2n+2n2n+3

(189)
From (187) and by induction, we arrive at
{nm2- Maes &) =0 (190)
Therefore, for an arbitrary n >0 and for any k by induction, we have
M Mo, €12 -Eatn =0 (191)
We now consider
(s Mo &8 B F = MM Monnn&iGoEarrs + &8+ EtrsMiMa++ Mot (192)

and insert the Grassmann variables &,,,; and &,,, in the terms so that

{ﬂmz Mo, 616a '§2k+3} =NM2 Nonnn&i&a - Earss 7818 - Eakni&araaorasMiMa - Manns (193)
A fter swapping the Grassmann variables in the last term, we have
M2 Mo, €182+ -Eares f = M2 Mann i+ -Eotrs + &2+ - EateMMa - ManeiCoiores  (194)

This relation can also be rewritten as

{nmz o Mone,616o '§2k+3} = {T]mz Mo 6180 Eaknt }E_»zk+2<t;2k+3 (195)

So, by induction from (191), we have

{Tllnz - 'n2n+1>§1§2 c ‘§2k+3} =0 (196)

© 2014 Taylor & Francis Group, LLC



30 Quantum Field Theory

The previous demonstrations allow us to summarize some important properties of Grassmann|
generators:

o Two even numbers of Grassmann variables commute with each other:

[nmz"‘nzfnéléz“'&zk]=0 (197)

o Even and odd numbers of Grassmann variables commute with each other:

[nln2 Mo, 616 'é2k+1] =0 (198)

o Two odd numbers of Grassmann variables anticommute with each other:

{ﬂmz Mansn> 616 '&2k+1} =0 (199)

Considering these properties and (172), then we see that two arbitrary Grassmann functions do not
commute. Thus,

[ f(n).g(n)]=0 (200)

Generally, this may lead to the definition of even and odd Grassmann functions.
We may also characterize an element of Grassmann algebra by introducing an automorphism, P, that]
acts as a parity operator

P(&, €, )=(-1)"8 &, (201)
So, if f is an even function, then
P(f)=f (202)
and if it is an odd function, then
P(f)=-f (203)
Consider again the last relation in (174). In this case, the anticommutation relations (169) imply
{B‘Za‘;k =0 (204)

So, the operator 9 is nilpotent, =0, thereby showing that the function f(&;,-+,&,) is at most of

82
9, 98

order 1 in each variable. The last relation in (174) defines a left differentiation

9

5 S5 =5 88="8 1 (%)) (205)

d
a&;

'When % acts on &;, we shift first &; to the left of the monomial. The chain rule for differentiation can

then be written

9 ()98 9f
&, (g)_ d&; Jg (200)

owever, contrary to ordinary variables, the order of the terms on the right-hand side is important
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Integration and differentiation for Grassmann numbers are identical:

)
=3

Jaesr(tg) =0 f(za) (207)

This is a condition ensuring that two fundamental properties of ordinary integrals over functions van-
ishing at infinity are satisfied. The integral of an exact differential is zero:

ad
d&;— ,5Gn ) =0 208
Jee s sz (208)
The integral over &; of f(&,,-++,&, ) is independent of &; so that its derivative vanishes:
0
a—g_‘[déif(al,m,&n):o (209)

Properties in (208) as well as in (209) follow from (207) and the nilpotence of the differential operator

. If we consider a Grassmann algebra with a single generator

dE;
f(&)=fo+ £i& 10)

then

J
ij.déﬁfl ()

2.3.1.2 Exponential Function of Grassmann Numbers

We examine the following exponential function of Grassmann variables:

exp{z SRSV S } = Hexp{ixkﬁm SR EEN {i H‘ixk } = ﬁ eXP{H@xk } (212)
Ak k k k

s M M

This permits us to write

[exp{Zax.aM---am},m---m]=H[exp{axlaxz---am}>m---nﬂ]=]—[[l—axlaxz-~-axzk,nl---nn]
A

Ak Ak
(213)
or
[Ti-8.8 - &onen =TT 00 n0-[E8 &) (214)
Ak Ak
IBecause
[Lne-M]=0 5 [&n&wn &M ]=0 (215)
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then

[exp{z,&x.&xz "'é?xzk}’ﬂl"'ﬂn]zo (216)
n

IAnd this takes into consideration the relations

{exp{zaéx}»n]ﬂ , {eXP{Zéiéx},nwm]:O o)
A A

Consider the general Hamiltonian determinant in normal order to be an operator of the form

~ 1
f=— z e Ao, VEL o8] B ooy (218)

n!
A At i

Therefore, for any operator, there is always an even combination of creation and annihilation operators,
Hence,

[exp{—ieH[\Iﬂ ,\i;]},gk]=o (219)
)Also, for any even Grassmann function f (&) and any Grassmann function g(ﬁ), it follows that

[exp{f(&)}.8(8) =0 (220)

2.3.1.3 Involution of Grassmann Numbers

\We consider each even Grassmann algebra of n =2/ for which we introduce an involution operation
This is done by associating one generator &; with each generator &, and requesting that

P

(&) =&+ (&) =& » (&) =A%, (Gn.bun8a) =888 (221)
Here, A is complex valued index. Note that the generators &, and &; are completely independent. Hence

all rules previously derived are applicable. Involuted Grassmann numbers as well as objects of the
form &, +&, are sometimes called complex Grassmann numbers.

2.3.1.4 Bilinear Form of Operators

'We simplify notation by considering the general element of Grassmann algebra with two generators
{&,Y;} which are analytic functions of &" and & with bilinear form:

f(EE )= fot fiE + fil+ filE (222)

Via the differentiation and integration rules, we find that

of _ _ e Of e f [ ger e oo
E i A e L et LT A -
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rom here, we see that

o f _ o f _
T fi2 (224)

and so

9 0.
{ag,a&}_o (225)

J . . 9’
This again confirms the fact that the operator f is nilpotent, a_éz
most of order 1 in each variable. So, for the two generators {E_,*,E_,} the algebra is generated by the four
numbers {1,&,&",&"&}. Further, the linear function in equation (210) will be the coherent state rep-
resentation of a wave function, and the coherent state representation of an operator in Grassmann
lalgebra will be a function of §" and & that should have the form of equation (222).

=0, and that the function f is af

2.3.1.5 Berezin Integration

When explaining the definite integral, there is no equivalent for the familiar sum motivating the
Riemann integral for ordinary variables. Therefore, integration over Grassmann variables can be
defined as linear mapping with the fundamental property of ordinary integrals over functions vanish-
ing at infinity. In this case, the integral of an exact differential form is zero. This constraint means the
integral of 1 is zero because 1 is the derivative of €. The nonvanishing integral is only &" because § is not
a derivative. So, the Berezin definite integral over Grassmann numbers is defined as [10]:

_[ de1=0 jd§§=1 (226)

In the case of a derivative, to apply the second equation in (226), we must first anticommute the
variable & so as to bring it next to d€. This definition simply imitates Grassmann integration, which i
equivalent to Grassmann differentiation. Because half of the generators &; are defined arbitrarily to be
conjugate variables but are otherwise equivalent to the generators &;, we define integration over conju-
igate variables similarly:

Id§*1=0 , _[ dEE =1 (227)

This implies again that integration is equivalent to differentiation. The aforementioned definitions tailox
integration to obey the usual rules of partial integration and in particular

Jd&ag(;’) =0 (228)

for any function f (&)= f,+ £;£. Note that condition (228) requires the satisfaction of the first equations
in (226) and (227). Therefore, the last equations in (226) and (227) are solely for normalization purposes
Then the integral of the function f (&):

fd&f (€)= _[ d&(fo+ fiE)= fi (229)
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rom here, we see that for the Grassmann integral to have meaning, we have

fd&f (&+n)= fd&f (€) (230)

where 1 is a Grassmann variable.
Similarly, we have

Jaea =0, [aeae-o . Jaeae -0 . [azere-1, [aeae--1 e

2.3.1.6 Grassmann Delta Function

The Grassmann delta function can be defined by
3(&.8)= jdnexp{—n(é—ﬁ’)} = _[dn(l—n(é—i’)) =—(&-¢) (232)

Here, 1 is a Grassmann variable. We verify that this definition has the desired behavior by using the
function f (&)= f,+ f&, and we have

Jd&’f?(&&’)f(&’)=—jdé'(&—&')(fo+ﬁ&')= fot+ fiE=f(8) (233)

2.3.1.7 Scalar Product of Grassmann Algebra

We define the scalar product in such a way that, on the one hand, it imitates the form of a scalar product
with bosonic coherent states, and on the other hand, it allows functions of a Grassmann variable to have
the structure of a Hilbert space.

(1g)= [ dede expf-26 ) (&) ()= [ deae (1-82 ) (5 + 8 ) g+ 8) =
(234)

—- [aeac e fig, +jd£d§*&*§figl = figo+ g

The results presented for the two generators & and & can be applied to 2k generators &, ---&,;, & -+ &}

2.3.2 Fermions

Employing anticommuting Grassmann variables for calculating physical quantities for fermionic sys-
tems is a well-established technique [11]. This involves, in particular, the calculation of expectation
values of quasifree (Gaussian) fermion states. This notion entails replacing the linear combinations of
canonically anticommuting Fermi field operators with complex coeflicients by linear combinations with
coefficients that are anticommuting Grassmann numbers [11]. Consequently, these linear combina-
tions achieve canonical commutation relations.

This section provides a mathematical background that imports the Grassmann calculus into the
description of fermion systems. We set up a formalism that can be viewed as the fermionic analog of a
quantum harmonic analysis on phase space. We present basic theorems that will aid in the understand-

ing of Grassmann alaehra
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Consider the anticommuting fermionic operators ' and \ that create or annihilate, respectively, a
fermion in state ‘Ej and that serve as a basis for many-particle operators:

YWy =1 (235)
We find
i = () =G (1) (236)
Then, from \* = 0, we have
A2 = (Y) =i (1) = = (237)

We see that n* = . This implies that the occupation number in each state can onlybe n=0orn=1.
Consider the eigenstates of the fermionic creation ' or annihilation operator :

0=l =) a={ ) o n)( 50 ] e § o)< 05

where

o=( 8] w3 ) o)

From here, there should be a problem in dealing with the anticommuting behavior of the fermionig
creation ' and annihilation \y operators:

ie [0 1 ][00 (10 ar (00 01) (00 S eea I SR
YV¥=loo 1o 0o W 10J)loo 01 | YVTW 01

(240)

Therefore, we require Grassmann numbers to define fermionic coherent states where we resort to the
Grassmann numbers £ and &’ when considering the anticommuting eigenvalues of the operators \y'
and . The set {l,i,i*,é*é}, and their linear combinations with complex coefficients, form Grassmann
falgebra (this mimics the behavior of Fock space algebra). Therefore, the regular Fock space is a buildup
of the direct sum of all n-dimensional Hilbert spaces (1) and has to be extended in order to contain
Grassmann numbers. In this case, the extended Fock space is then formed by building the linear combi-
nation of the regular Fock space states and the Grassmann coefficients. Hence, the basis of Grassmann
algebra is all distinct products, and we show that Grassmann numbers can be multiplied together and
anticommute under multiplication from the following definitions:

g0)=10)g . gn=-ng , &o[=(0lg" , Q& ==& (24D)
go)l+0){1g=0 , (0/[0)=~(1/g1) (242)
{&0}=E0)1]+0)1E=|0E(-1E)+lo)aig=0 , E[=-(]¢ (243)
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e presence of the sign change when there is a swap is a direct consequence of the anticommutation|
relations between Grassmann variables and Fock space operators as seen earlier. So, the Grassmann
numbers can be multiplied together and anticommute under multiplication:

fegl=0 , &=0, (&) =0 (244)

This guarantees any analytic function will be linear in Grassmann algebra.
Grassmann numbers can be multiplied by complex numbers, and the multiplication by a complex
number is distributive:

0‘(‘21 +E.~2) =ag, +0k, (245)

Considering the fact that Grassmann numbers occur only inside time-ordered products, then it suffices
to define the adjoint in such a way that it also anticommutes. So, the quantities

E=8&,+i, , &=&-i&, (246)

can be treated as independent Grassmann variables:

leg}=0 (247)

Considering that the square and higher powers of a Grassmann number vanish, then the Taylox
expansion of a wave function with Grassmann variables has only two terms. For example, say,

exp{&} =1+§

2.4 Fermions and Coherent States

Considering the aforementioned, we see that fermionic systems such as electrons in a metal or ultracold
fermionic atoms in a magnetic trap can be described by Grassmann variables. So, to construct coherent
states for fermions, we must enlarge the fermion Fock space. It is useful to note that an important prop-
erty needed for setting up path integration is the completeness of the states. We now examine coherent
states and define them as eigenstates of the operator y:

&) =exp{-&y" H0)=(1-89") 0)=[0)=&11) , (E[=(0lexp{~Eir}=(0l(1-&"F)=(0]-(1}E"

(248)

We apply \ or ' on these states, and then we have
W[E)=w0)= V1) = o)+ &1) = E(|0)-E[1)) =[€) (249)
V(g =¢lg) (250)
(g =(g
Relations (250) and (251) are fundamental properties of fermionic coherent states and are also true for

bosons. It is important to note that in addition to the space-time variables, fermionic fields require 4
spin index o =T, {. So, if

g (251)

a>=exp{—2m;}o>=H(1—aa\ifL)o> (252)
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then we again prove relations (250) and (25I):

‘I’a(l_&saﬁ[&)‘w:\aa‘0>_¢a&u|l>:§a‘1’a‘l> &a‘0>:(&u_0)‘0>:(§0¢ éa‘“a)‘w (_éa‘iﬂx)‘w
(253)

So,

Wal&) = o [ [ (1-2owp o) = e [ [ (1-owh)(1-2ait)0) = [ T (W + &gty )(1- 200t 0)

B Bzo Bzo
(254)

Swapping the positions of the operators \, and lilg in the first term of the product in the last expression
there is a sign change, and we have

\ifa‘§>: H(Wu _éﬁlif[g‘ila)(l_éa‘i’jxﬂm = H(l—iﬁ%)%(l—ia\if&)@ =

Ba Bo

H( aB\VB)E: ( éa\ufx ‘0> H(l_éﬁ\;fg)(l_&a\p:x)‘w:&uH(l_&a¢;)‘0>=&a‘&>

Bzo B#o

(255)

[Therefore \§> is an eigenstate, which implies that it is a coherent state. From the coherent state, its adjoint
is a left eigenstate of the creation operator:

<a¢a=<0exp{—2¢ﬁa;}¢;=<oH(l—ﬁfﬁaa)au;=<o(1—¢aa;)¢;1‘[(1—waa)=
B B

pro (256)

SR | [(EASE O\H i i = (/8

Bzo

So
(SIS

It is useful to note that these coherent states are not orthonormal.
Similarly, we consider the application of a creation operator on a coherent state as for bosons:

\if;&>=¢;exp{—2amg}o>=¢;]'[(1—wg)|o>=qf;(l—aa\if;)]'[(l—aaxvg)|o> (259)

B B Bro

(257)

A 2
Consider that (\VL) =0 in the last expression, then

ufe) = (e (0 )T T (-0 0 = . T T (-8 Jor= (124 [T (-3

Bzo Bzo Bzo
(259)

jor

) | (TR H “Hio=—sg 8 e

Bo
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So,

Velg)=- 5 \§> (261)
Similarly,

= O -85 )i o =50 0T [ = 28 (262
B=o o B o
or
P)

(EWo = % —(¥| (263)

IAlso,

(Ehprs = <oexp{—2am}¢a = (0| T T (-8 ot = 0/(1- & it [ [ (1-855) (269
B B

Bo

From where

<&‘\|foc O‘WaWuéaH(l_&E\&B) =<0‘H( &BWB)& %‘%a (265)

B B

[Here, we considered that
(O Yol ], =0 (266)

The inner product of two coherent states:

&Ex>=<0exp{Z&’&%}exp{—Zéa\n}0>=<0H(1+§:;\ifa)]_[ L) 0)=

= (0| [ J(1+&aa)(1-E052 )0 O\H — Ll + B — Er o )|0) = (267)

= [ T (t0/0)—&x (0lox)+ (0[&iniral0) + Ei (01l o)

o

From
Vel0)=0 , (0o \re|0)=1 (268)

then

(ge)= H(1+§3§&) = eXP{E&E&&} (269)

o
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Using the overcompleteness relation, we represent a state of the extended Fock space in terms o
coherent states as follows:

deaadauexp{ Zaaaa}m (&) j]‘[daadauexp{ Zaaaa}

(270)

where

(Ely)=y(&) 71)

2.4.1 Coherent State Overcompleteness Relation Proof

We show also that the overcompleteness relation for a coherent state basis is reflected in the closure
relation:

j]‘[d&adaaexp{ 2&@}& &= jdaad&a =& ) (1-&ah ) 0)(0l(1- Fas )
=T Tox0l+[1)=1

o

(272)

Therefore,

f l_[d‘t’z‘difx eXP{‘Z ﬁééa}|§><§ =1 273)

and this also holds for bosons when

&) =exp {Xzau‘ij h } 0) (274)

In (273), 1is the Fock space identity operator. As shown in (273), because the coherent states generally are
not orthogonal, the set of coherent states is overcomplete. We can then rewrite the overcompleteness
relation in (273) as follows

| d[gg]d[aa]exp{—Za;aa}&><<2=i : N={ T 7

>

so as to include the bosonic case. The integration measure in this case:

Jd[&i]d[gu]sIH@Td‘t’“ 276)

Relation (273) can be proven exactly as in the case of bosons via Schur’s lemma
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